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Abstract 20 

 21 

The present study focuses on reliability analysis of linear discretized structures with uncertain mass 22 

and stiffness parameters subjected to stationary Gaussian multi-correlated random excitation. Under 23 

the assumption that available information on the uncertain parameters is poor or incomplete, the 24 

interval model of uncertainty is adopted. The reliability function for the extreme value stress 25 

process is evaluated in the framework of the first-passage theory. Such a function turns out to have 26 

an interval nature due to the uncertainty affecting structural parameters. The aim of the analysis is 27 

the evaluation of the bounds of the interval reliability function which provide a range of structural 28 

performance useful for design purposes. To limit detrimental overestimation caused by the 29 

dependency phenomenon, a sensitivity-based procedure is applied. The main advantage of this 30 

approach is the capability of providing appropriate combinations of the endpoints of the uncertain 31 

parameters which yield accurate estimates of the bounds of the interval reliability function for the 32 

extreme value stress process as long as monotonic problems are dealt with. Two case studies are 33 

analyzed to demonstrate the accuracy and efficiency of the presented method. 34 

 35 
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1. INTRODUCTION 40 

The actual values of parameters involved in any engineering design are affected by several sources 41 

of uncertainties ensuing from manufacturing inaccuracies, model or measurement errors etc. (see 42 

e.g., [1]-[3]). Such uncertainties have been traditionally incorporated into structural reliability 43 

analysis using well-established probabilistic approaches. Failure probabilities are highly sensitive to 44 

the assumed probabilistic distribution of input parameters, especially in the tails [4],[5]. This entails 45 

that the outcomes of the classical probabilistic reliability analysis may be considered accurate as 46 

long as sufficient information is available to define the probability density function of the uncertain 47 

parameters. If only vague, incomplete or fragmentary data are available, the use of non-probabilistic 48 

approaches (see e.g., [6],[7]) is deemed more appropriate to retrieve reliable predictions of the 49 

safety level. This issue has been first addressed by Ben-Haim [4] who introduced a non-50 

probabilistic concept of reliability in the context of the convex model of uncertainty. The 51 

underlying idea was to define a range of structural performance rather than deriving a single value 52 

of the failure probability.  53 

The awareness of possible limitations of traditional probabilistic methods [8] has motivated the 54 

use of non-probabilistic uncertainty descriptions, such as the interval model [9],[10], convex models 55 

[11] or fuzzy-sets [12], in conjunction with classical methods for structural reliability analysis (see 56 

e.g.,[13]-[27]) and reliability-based optimization (see e.g.[28],[29]). Over the last decade, several 57 

studies have also been devoted to structural safety assessment in the presence of hybrid 58 

uncertainties, i.e. aleatory and epistemic (see e.g., [30]-[35]). 59 

Besides the unavoidable uncertainty of design parameters, another key factor influencing 60 

structural safety assessment is the inherent random nature of environmental loads, such as 61 

earthquake ground motion, sea waves or gusty winds (see e.g., [36]-[39]). Studies relying on the 62 

traditional probabilistic uncertainty model have shown that reliability analysis becomes quite 63 

challenging when uncertainties affecting geometrical and/or mechanical properties and the random 64 
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nature of excitations are simultaneously taken into account (see e.g., [39]-[41]). From a 65 

computational viewpoint, the main difficulty lies in the need to consider two nested loops on the 66 

uncertain parameters and random excitation. 67 

To the best of the authors’ knowledge, in literature only a few studies have focused on reliability 68 

analysis of structures subjected to random excitation with uncertain structural parameters described 69 

using non-traditional models. Among these, the most popular approach is the interval model which 70 

describes the uncertain parameters as interval variables with given lower bound and upper bound 71 

[9],[10], while no information on the probability of occurrence between such bounds is given. 72 

Under this assumption, the statistics of structural response in the presence of random excitation 73 

have an interval nature and the measure of structural performance is provided by a lower and upper 74 

value of reliability or failure probability, rather than by a single value. To estimate the range of the 75 

interval reliability, all possible combinations arising between the lower bound and upper bound of 76 

the uncertain parameters need to be explored for any sample of the random excitation. This 77 

approach requires tremendous computational effort and proves to be unfeasible for real engineering 78 

problems with a large number of degrees-of-freedom and uncertain parameters. It follows that 79 

efficient procedures able to predict the influence of both random excitations and interval parameters 80 

on structural safety need to be developed. In this context, the dynamic response and reliability of 81 

truss systems with fuzzy-random parameters under stationary stochastic excitation have been 82 

analyzed by Ma et al. [42] by applying a novel two-factor method. An improved particle swarm 83 

optimization algorithm for evaluating the range of dynamic reliability of structures with interval 84 

design parameters and interval safe bounds under stationary random excitation has been proposed 85 

by Do et al. [43]. Muscolino et al. [44]-[46] addressed the reliability analysis of linear discretized 86 

structures with interval stiffness properties subjected to stationary Gaussian random excitation by 87 

interval extension of the formulation of the first-passage problem, under the Poisson assumption of 88 

independent up-crossings of a prescribed threshold [36],[38]. As a result of interval uncertainties, 89 
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the cumulative distribution function (CDF) of the extreme value response process, also called 90 

reliability function, is described by an interval function which depends on the interval mean-value 91 

and interval spectral moments of zero- and second-order of the selected stationary random response 92 

process. In this context, the aim of reliability analysis is the evaluation of the lower bound and 93 

upper bound of the interval reliability function which define a probability-box (p-box) [47] 94 

representative of the range of structural performance under prescribed variations of the uncertain 95 

parameters within their respective intervals. By applying the so-called Interval Rational Series 96 

Expansion (IRSE) [48], first an approach based on first-order interval Taylor series expansion [44] 97 

has been proposed, later on, approximate explicit bounds of the interval reliability function [45] and 98 

of the interval fractile of order p [46] have been derived by considering suitable combinations of the 99 

endpoints of the interval mean-value and spectral moments of zero- and second-order of the 100 

response process. In both cases, interval uncertainties have been described by means of the 101 

Improved Interval Analysis via Extra Unitary Interval (IIA via EUI) [49] in order to limit 102 

conservatism affecting computations based on the Classical Interval Analysis (CIA) [9],[10]. Such 103 

conservatism is caused by the so-called dependency phenomenon which is related to the inability of 104 

the CIA to treat multiple occurrences of the same interval variables in a mathematical expression as 105 

dependent ones. Furthermore, in Ref. [44]-[46] structural failure has been assumed to occur when a 106 

displacement component firstly exceeds a critical value. Assuming a selected stress process as the 107 

response measure responsible of structural failure is much more challenging due to the high 108 

overestimation of the range of stress-related interval functions which typically affects structural 109 

analysis based on the rules of the CIA. Indeed, stresses are more sensitive to the dependency 110 

phenomenon than displacements since their expression involves multiple occurrences of the same 111 

interval variables. Recently, this issue has been successfully addressed by Sofi et al. [50] who 112 

proposed a sensitivity-based procedure for estimating the bounds of the interval reliability function 113 

for structures with interval axial stiffness assuming the axial stress at a critical location as 114 

responsible of structural failure. Recent efforts in literature have been devoted to the solution of the 115 
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interval first-passage problem taking into account epistemic uncertainties in the stochastic loading 116 

model [51],[52]. 117 

The main purpose of the present study is the extension of the sensitivity-based procedure 118 

proposed by Sofi et al. [50] to general finite element models involving both mass and stiffness 119 

uncertainties subjected to stationary Gaussian multi-correlated random excitation with deterministic 120 

parameters. The formulation is developed in the context of the first-passage theory, under the 121 

Poisson assumption of independent up-crossings of a prescribed threshold [36],[38]. It is assumed 122 

that the structure fails as soon as a selected stress process at a critical location firstly exceeds a 123 

prescribed safe domain. The issue of overestimation is tackled by describing interval uncertainties 124 

affecting the mass and stiffness matrices of the structure through the IIA via EUI [49]. The key idea 125 

of the sensitivity-based approach is to examine the sign of sensitivities of the interval reliability 126 

function with respect to the uncertain parameters in order to identify suitable combinations of the 127 

endpoints of interval uncertainties which yield accurate estimates of its bounds as long as 128 

monotonic problems are dealt with. Thus, the lower bound and upper bound of the interval 129 

reliability function are evaluated by performing two stochastic analyses of the randomly excited 130 

structure one for each of the two sets of uncertain parameters identified by sensitivity analysis. The 131 

same approach is applied to estimate the bounds of the interval fractile of order p of the selected 132 

stress process. The knowledge of sensitivities of the interval reliability function is also exploited to 133 

analyze the relative importance of the uncertain parameters on structural performance. To enhance 134 

the computational efficiency, only the most influential uncertain parameters can be conveniently 135 

modeled as interval variables while the remaining parameters can be set to their nominal values.  136 

For validation purpose, a steel telecommunication antenna mast and a ten-story shear-type frame 137 

under wind excitation are selected as case-studies.  138 

The rest of the paper is organized as follows. In Section 2, first some basic notions on the 139 

interval model of uncertainty [9], [10], with special focus on the IIA via EUI [49], are given, then 140 
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the problem formulation is presented. Sections 3 and 4 outline the evaluation of the bounds of the 141 

interval reliability function and of the interval fractile of order p of the selected stress process by 142 

means of the proposed sensitivity-based procedure. In Section 5, two numerical examples are 143 

presented to assess the effectiveness of the presented method.  144 

 145 

2. PROBLEM FORMULATION 146 

 147 

2.1 Interval model of uncertainty 148 

 149 

The interval model may be viewed as the most popular among non-probabilistic approaches for 150 

representing uncertainties occurring in engineering problems. The key idea is to describe the thi   151 

uncertain parameter as an interval variable  ,I

i i i     [9],[10], where the apex I denotes 152 

interval variables;  indicates the set of all closed real interval numbers, while i  and i  are the 153 

lower bound (LB) and upper bound (UB) of I

i , respectively. No information on the likelihood of 154 

occurrence of parameter values between the LB and UB is provided. The thi   real interval variable 155 

I

i , also referred to as uncertain-but-bounded, is characterized by the midpoint value and the 156 

deviation amplitude, defined, respectively, as [9],[10]:  157 

 0 ;      .
2 2

i i i i
i i

   
   

 
 (1a,b) 158 

The main drawback of the Classical Interval Analysis (CIA) [9],[10] lies in the overestimation 159 

of the interval solution range caused by the so-called dependency phenomenon which arises when 160 

the same interval variable occurs more than once in a mathematical expression. To reduce 161 

conservatism in the framework of interval structural analysis, the so-called Improved Interval 162 

Analysis (IIA) via Extra Unitary Interval (EUI) has been proposed by Muscolino and Sofi [49]. 163 

According to this approach, the thi   interval variable I

i  is expressed in the following affine form: 164 

 0
ˆI

i i i ie      (2) 165 
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where ˆ [ 1, 1]I

ie    is a particular unitary interval, called EUI, which does not obey the rules of the 166 

CIA. An EUI is associated with each interval variable, so that uncertainties can be traced throughout 167 

computations. If i

  is a symmetric interval variable, Eq. (2) reduces to ˆ I

i i ie    since i i    168 

and, therefore, 0 0i  . 169 

In the framework of interval symbolism, a generic interval-valued function f  and a generic 170 

interval-valued matrix function A  of the interval vector 
I

α  will be denoted in equivalent form, 171 

respectively, as: 172 

 

 

( ) ( ), , ;

( ) ( ), , .

I I I

I I I

f f f   

   

α α α α α α

A A α A α α α α α
  (3a,b) 173 

 174 

2.2 Equations of motion 175 

Let us consider a linear-elastic structure subjected to a stationary Gaussian multi-correlated 176 

stochastic process ( )tF . The structure is discretized into 
( )eN  finite elements (FEs) resulting into a 177 

n -DOFs model. Young’s modulus and mass density of the i -th FE are assumed uncertain and are 178 

described as interval variables by means of the IIA via EUI [49], i.e.  179 

   ( ) ( ) ( )

(K) 0 (K) 0 (K) (K) K
ˆ( ) 1 1 ,     1,2, ,i I i I i I

i i i iE E E e i r         (4) 180 

and 181 

   ( ) ( ) ( )

(M) 0 (M) 0 (M) (M) M
ˆ( ) 1 1 ,     1,2, ,i I i I i I

i i i ie i r            (5) 182 

where the subscripts K and M mean that the uncertain Young’s moduli and mass densities affect the 183 

stiffness and mass matrices of the structure; 
( )

K

er N  and 
( )

M

er N  denote the number of FEs with 184 

uncertain stiffness and mass matrix, respectively; 
(K)

I

i  and (M)

I

i  are symmetric interval variables 185 

denoting the dimensionless fluctuations of Young’s modulus and mass density around the nominal 186 

values 
( )

0

iE  and 
( )

0

i , respectively; (K)i , (M)i  and 
(K)

ˆI

ie , 
(M)

ˆI

ie  represent the associated 187 
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deviation amplitudes and EUIs. It is assumed that the fluctuations 
(K)

I

i  and 
(M)

I

i  vary 188 

independently. 189 

Taking into account Eq.(4), the elastic matrix of the i -th FE can be expressed as: 190 

 ( ) ( )

(K) (K) (K) 0
ˆ( ) 1i I I i

i i ie   E E  (6) 191 

where 
( )

0

i
E  is the element elastic matrix with nominal Young’s modulus 

( )

0

iE . 192 

Let I rα  be a bounded interval vector, defined as 193 

     
T

T T

K M,I I I  
  

α α α α α    (7) 194 

where the apex T denotes the transpose matrix operator; K

K

rI α  and 
M

M

rI α  are interval 195 

vectors collecting the fluctuations 
(K)

I

i  and 
(M)

I

i , such that (K)
I I
i i   if Ki r  and (M)

I I
i i   if 196 

Ki r , with K Mr r r   being the total number of uncertain parameters; the symbols α  and α  denote 197 

the vectors gathering the LB and UB of the interval parameters I

i  K M( 1,2, , )i r r r   , 198 

respectively, such that  α α α . The midpoint values and the deviation amplitudes of I

i , 0i  and 199 

i , are collected into the vectors 0α  and α , respectively. For the sake of simplicity, it is assumed 200 

that 
( )

K M

er r N  , so that the number of uncertain parameters is 
( )

K M 2 er r r N   .  201 

It is worth mentioning that uncertain material properties generally exhibit a spatial variability 202 

which requires a suitable mathematical representation. To this aim, within the interval framework, 203 

the interval field model has been developed [53]. This model describes spatially dependent 204 

properties as a superposition of suitable basis functions representing the spatial character, weighted 205 

by independent interval coefficients accounting for uncertainty. The interval field description of an 206 

uncertain property can be incorporated into the standard FEM by applying a suitable discretization 207 

procedure, which reduces the spatially dependent property to a set of independent interval variables 208 

[54]. This entails that the present formulation can be readily extended to the case of uncertain 209 

properties modelled as interval fields. 210 
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Let 
T

1 2 3[ ]x x xx  indicate the position vector of a generic point referred to a Cartesian 211 

coordinate system 1 2 3( , , )O x x x . Following the standard displacement-based FE formulation, the 212 

interval displacement field within the i -th FE can be approximated as follows: 213 

( ) ( ) ( )( , , ) ( ) ( , )i I i i It tu α x N x d α  (8) 214 

where ( )( )i
N x  denotes the shape-function matrix; ( )( , )i I td α  is the nodal displacement vector of the 215 

i -th FE depending both on time t  and on the interval fluctuations collected into the vector 
I

α  (see 216 

Eq. (7)). 217 

The strain-displacement equations and the linear-elastic constitutive equations yield the 218 

following expressions of the interval strain and stress fields within the i -th FE:  219 

( ) ( ) ( )( , , ) ( ) ( , )i I i i It tε α x B x d α  (9) 220 

and 221 

 ( ) ( ) ( ) ( ) ( ) ( )

(K) (K) (K) 0
ˆ( , , ) ( ) ( , , ) 1 ( ) ( , )i I i I i I I i i i I

i i it t e t    σ α x E ε α x E B x d α  (10) 222 

where ( )( )i
B x  is the strain-displacement matrix and the definition of the interval elastic matrix 223 

( )

(K)( )i I

iE  in Eq. (6) has been taken into account. 224 

The stiffness matrix of the i -th FE is an interval matrix, formally analogous to the one pertaining 225 

to the deterministic FE, i.e.: 226 

 
( )

( ) ( )T ( ) ( ) ( ) ( )

(K) (K) (K) (K) 0
ˆ( ) ( ) ( ) ( )d 1

i

i I i i I i i I i

i i i i

V

V e     k B x E B x k  (11) 227 

where 
( )i

V  is the volume of the i -th FE; 
(K)

( ) ( )

0 (K) 0
( )

i

i i

i 



k k  is the nominal element stiffness 228 

matrix and ( )

(K)( )i I

iE  is the interval elastic matrix given by Eq. (6). 229 

The mass matrix of the i -th FE is an interval matrix as well, defined as: 230 

 
( )

( ) ( ) ( )T ( ) ( ) ( )

(M) (M) (M) (M) 0
ˆ( ) ( ) ( ) ( )d 1

i

i I i I i i i I i

i i i i

V

V e      m N x N x m  (12) 231 

where 
(M)

( ) ( )

0 (M) 0
( )

i

i i

i 



m m  is the nominal element mass matrix.  232 
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Notice that the interval stiffness and mass matrices of the i -th FE in Eqs. (11) and (12) depend 233 

only on the i -th uncertain Young’s modulus and mass density, respectively, through the associated 234 

EUIs. Such a feature plays a crucial role in order to reduce overestimation in the context of interval 235 

FE analysis since the generic uncertain physical property is linked to the pertinent FE by means of 236 

the associated EUI. This allows us to treat multiple occurrences of the same interval variable as 237 

dependent ones both in the assembly and solution phases of interval FE analysis [55].  238 

The nodal displacement vector of the i -th FE, 
( )( , )i I td α , can be related to the global nodal 239 

displacements collected into the interval vector ( , )I tU α  as:  240 

( ) ( )( , ) ( , )i I i It td α L U α  (13) 241 

where 
( )i

L  is a Boolean matrix defined so as to take into account the boundary conditions. Then, 242 

assuming for the sake of simplicity that all the quantities are referred to the global coordinate 243 

system, the standard assembly procedure yields the following interval global equations of motion: 244 

 ( ) ( ) ( ) ( )I I I I I It t t t  M U C U K U F  (14) 245 

where ( ) ( , )I It tU U α  is the interval stationary Gaussian vector process of global nodal 246 

displacements; a dot over a variable denotes differentiation with respect to time t ; 
I

K  and 
I

M  are 247 

the interval global stiffness and mass matrices, defined as: 248 

K

K 0 (K) (K)

1

ˆ( )
r

I I I

i i i

i

e


   K K α K K  (15) 249 

and 250 

M

M 0 (M) (M)

1

ˆ( )
r

I I I

i i i

i

e


   M M α M M  (16) 251 

where 
K

0 K( )
α =0

K K α  and 
M

0 M( )
α =0

M M α  are the nominal global stiffness and mass matrices, 252 

respectively; and the matrices iK  and iM  are given by: 253 
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K M

( )T ( ) ( ) ( )T ( ) ( )K M
0 0

(K) (M)

( ) ( )
;       .

I I
i i i i i i

i i

i i 
 

 
   

 
α 0 α 0

K α M α
K L k L M L m L  (17a,b) 254 

Notice that both the interval matrices in Eqs. (15) and (16) are expressed as sum of the nominal 255 

value plus an interval deviation given by the superposition of the contributions of the pertinent 256 

uncertain parameters which are identified by the associated EUIs. 257 

By adopting the Rayleigh model, the global damping matrix 
I

C  turns out to be an interval 258 

matrix as well, defined as: 259 

 
M K

0 1 0 0 (M) (M) 1 (K) (K)

1 1

ˆ ˆ( )
r r

I I I I I I

i i i i i i

i i

c c c e c e 
 

        C C α M K C M K  (18) 260 

where 0 0 0 1 0c c C M K  is the nominal damping matrix; 0c  and 1c  denote the Rayleigh damping 261 

constants, herein evaluated setting the uncertain parameters equal to their nominal values. 262 

As customary, the external load vector ( )tF  in Eq. (14) can be expressed as sum of the mean-263 

value =E ( )tFμ F , with E  denoting the stochastic average operator, plus a zero-mean random 264 

fluctuating component ( )tFX , i.e. ( ) ( )t t F FF μ X . Thus, in the frequency domain, the full 265 

probabilistic characterization of the external load vector ( )tF  requires the knowledge of the mean-266 

value vector, =E ( )tFμ F , and of the one-sided Power Spectral Density (PSD) function matrix 267 

( )
F FX X

G  of the fluctuating component ( )tFX . 268 

 269 

2.3 Interval stationary Gaussian stochastic response process 270 

 271 

The interval stationary Gaussian stochastic response process ( )I tU , ruled by the equations of 272 

motion in Eq.(14), is completely characterized in the frequency domain by the interval mean-value 273 

vector: 274 

 1

K K( ) E ( ) ( )I I I It   U U Fμ μ α U K α μ  (19) 275 

and by the interval one-sided PSD function matrix, ( ) ( , )I I UU UUG G α , defined as follows: 276 

 
* T( ) ( , ) ( , ) ( ) ( , )I I I I     

F F
UU UU X X

G G α H α G H α  (20) 277 
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where the asterisk means complex conjugate, and ( , )I H α  is the interval Frequency Response 278 

Function (FRF) matrix, or Transfer Function matrix, given by: 279 

 
1

2( ) ( , ) jI I I I I   


      H H α M C K  (21) 280 

with j 1   denoting the imaginary unit.  281 

The generic response quantity of interest (e.g., displacement, strain or stress at a critical point), 282 

can be determined from the knowledge of the vector ( ) ( , )I It tU U α  of global nodal displacements.  283 

Attention is herein focused on the j -th component of the interval stationary Gaussian random 284 

stress vector process ( )( , , )h I tσ α x  (see Eq. (10)) at a given position x  within the h -th FE:  285 

 ( ) ( ) ( )T

(K) (K)
ˆ( ) ( , , ) 1 ( ) ( , )h I h I I h I

j j h h jY t t e t    α x r x U α  (22) 286 

where ( )T( )h

jr x  is the j -th row of the n n  matrix  287 

( ) ( ) ( ) ( )

0( ) ( ) .h h h hR x E B x L  (23) 288 

To simplify the notation, the dependence of ( )h

jr  on x  is hereinafter omitted since the stress is 289 

evaluated at a given position. 290 

By inspection of Eq.(22), it is readily inferred that the interval variable (K) (K) (K)
ˆI I

h h he    occurs 291 

more than once. It follows that quantities related to interval stresses are more vulnerable to the 292 

dependency phenomenon than displacements.  293 

The interval stationary Gaussian stress random process in Eq.(22) can be expressed as sum of the 294 

interval mean-value value, ( )h
j

I

Y
 , plus a zero-mean random fluctuation, ( ) ( )h I

jY t , i.e. 295 

( )

( ) ( )( ) ( )h
j

h I I h I

j jY
Y t Y t  . Its complete probabilistic characterization in the frequency domain thus 296 

requires the knowledge of the interval mean-value, ( )h
j

I

Y
 , and of the interval one-sided PSD 297 

function, ( ) ( ) ( ) ( )( ) ( )h h h h
j j j j

I I

Y Y Y Y
G G  , of the zero-mean random fluctuation process ( ) ( )h I

jY t . The 298 
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interval mean-value ( )h
j

I

Y
  can be evaluated by applying the stochastic average operator to both sides 299 

of Eq.(22), i.e.: 300 

 ( ) ( )

( ) ( )T

K (K) (K) K
ˆ( ) E ( ) 1 ( )h h

j j

I I h I I h I

j h h jY Y
Y t e      

U
α r α  (24) 301 

where K( )I

U
α  is the interval mean-value of the displacement vector given in Eq. (19), which 302 

obviously does not depend on the fluctuations M

I
α  of the uncertain mass densities.  303 

Based on Eqs. (20) and (22), the interval one-sided PSD function ( ) ( ) ( ) ( )( ) ( )h h h h
j j j j

I I

Y Y Y Y
G G   of 304 

the interval stress random process ( ) ( )h I

jY t  takes the following form: 305 

 ( ) ( ) ( ) ( )

2
( )T * T ( )

(K) (K)
ˆ( ) ( , ) 1 ( , ) ( ) ( , ) .h h h h

j j j j

I I I h I I h

h h j jY Y Y Y
G G e        

F FX X
α r H α G H α r   (25) 306 

Notice that the same interval variables occur more than once in the previous equation. This implies 307 

that the statistics of the interval stress random process may be affected by serious overestimation 308 

due to the dependency phenomenon.  309 

 310 

3. BOUNDS OF THE INTERVAL RELIABILITY FUNCTION 311 

 312 

3.1 Interval reliability function  313 

 314 

Failure or unsatisfactory performance of a structural system is herein identified with the first-315 

passage failure which occurs when the extreme value random process for some response measure 316 

(e.g., displacement, strain or stress) firstly exceeds a prescribed safe domain within a specified time 317 

interval [0, ]T . Specifically, it is assumed that the structure fails in a first-passage sense if the j -th 318 

component of the interval stationary Gaussian random stress vector process ( )( , , )h I tσ α x  (see Eq. 319 

(10)) at a given position x  within the h -th FE, i.e. ( ) ( , )h I

jY tα  (see Eq. (22)), reaches a prescribed 320 

threshold.  321 

The extreme value random process of ( ) ( , )h I

jY tα , over the time interval [0, ]T , has an interval 322 
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nature and is mathematically defined as: 323 

 ( ) ( ) ( )

,max ,max
0

( ) ( , ) max ( , )h I h I h I

j j j
t T

Y T Y T Y t
 

 α α  (26) 324 

where the symbol | |  denotes absolute value.  325 

The probability that ( )

,max( , )h I

jY Tα  is equal to or less than the critical level 0b   within the time 326 

interval [0, ]T  is defined by the cumulative distribution function (CDF), also called reliability 327 

function, which has an interval nature as well: 328 

( ) ( ) ( ) ( )
,max ,max ,max ,max

( )

,max( , ) ( , , ) Pr ( , ) ( , ), ( , ) .h h h h
j j j j

I I h I

jY Y Y Y
L b T L b T Y T b L b T L b T         

α α   (27) 329 

The LB (or right bound) and UB (or left bound) of the interval CDF define a probability box (p-box) 330 

[47] representative of the range of structural performance under prescribed variations of the 331 

uncertain parameters within their respective intervals. 332 

For stochastic processes having mean-value different from zero, it is known that the interval 333 

CDF, ( )
,max

( , , )h
j

I

Y
L b Tα , of the extreme value random process ( )

,max( , )h I

jY Tα  formally coincides with 334 

the interval CDF of the extreme value random process 335 

( )

( ) ( ) ( )

,max ,max
0

( , ) max ( , ) ( , ) ( )h
j

h I h I h I I

j j j
t T Y

Y T Y t Y T
 

  α α α α , where ( ) ( , )h I

jY tα  denotes the zero-mean 336 

interval stationary stochastic process describing the random fluctuation of ( ) ( , )h I

jY tα  around the 337 

interval mean-value ( )h
j

I

Y
  (see e.g., [56]). 338 

If the Poisson assumption of independent up-crossings of a prescribed threshold is applied, then 339 

the interval CDF for unit initial probability can be expressed as (see e.g., [36]): 340 

( )

( ) ( )
,max

( )

2

( )

,max

0,

( )

( , ) Pr ( , ) exp ( )exp
2 ( )

h
j

h h
j j

h
j

I

I h I I

j IY

Y

Y

Y

b

L b T Y T b T








   
   

          
  
    

α

α α
α

 (28) 341 

where 342 
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( )

( )

( )

2,

0,

( )
1

( )
2 π ( )

h
j

h
j

h
j

I

I

I

Y

Y

Y






 

α

α
α

 (29) 343 

is the mean up-crossing rate at level ( ) ( ) ;h
j

I

Y
 α  ( )0,

( )h
j

I

Y
 α  and ( )2,

( )h
j

I

Y
 α  are the interval spectral 344 

moments of zero- and second-order, respectively, of the interval stress random process, ( ) ( )h I

jY t , 345 

given by  346 

 ( ) ( ) ( )

0
,

( ) ( , )d , ( 0, 2)h h h
j j j

I I

Y Y Y
G   



 α α  (30) 347 

where ( ) ( ) ( , )h h
j j

I

Y Y
G α  is the one-sided interval PSD function of ( ) ( )h I

jY t  defined in Eq.(25). 348 

Once the interval CDF is known, the interval probability of failure can be evaluated as follows:  349 

( ) ( ) ( ) ( )
,max ,max ,max ,max

( )

,max, ,  , ,
( , ) ( , , ) Pr ( , ) ( , ), ( , )h h h h

j j j j

I I h I

jf Y f Y f Y f Y
P b T P b T Y T b P b T P b T         

α α  350 

 (31) 351 

where the LB and UB are given by: 352 

( ) ( ) ( ) ( )
,max ,max ,max ,max ,  ,

( , ) 1 ( , );     ( , ) 1 ( , ).h h h h
j j j jf Y Y f Y Y

P b T L b T P b T L b T     (32a,b) 353 

 354 

3.2 Proposed sensitivity-based procedure 355 

 356 

Reliability analysis of structures with interval parameters under random excitation leads to a range 357 

of structural performance rather than providing a crisp value of the reliability or failure probability. 358 

In the context of the first-passage theory, the aim of reliability analysis is the evaluation of the LB 359 

and UB of the interval reliability function defined by Eq. (28). This might be a challenging task 360 

when the response measure responsible of structural failure is a stress component at some critical 361 

location. Indeed, interval stress-related quantities are more affected by overestimation than 362 

displacements. In order to reduce conservatism, which may be detrimental in reliability analysis, the 363 

bounds of the interval reliability function of the extreme value stress random process ( )

,max( , )h I

jY Tα  364 

are herein evaluated by applying a sensitivity-based procedure. The key idea of this procedure is to 365 
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perform a preliminary sensitivity analysis to identify suitable combinations of the endpoints of the 366 

interval parameters which provide accurate estimates of the LB and UB of the interval CDF as long 367 

as monotonic problems are dealt with.  368 

The chain rule of differentiation yields the following expression of the sensitivity of the CDF of 369 

the extreme value stress random process ( )

,max( , )h I

jY Tα  with respect to the uncertain parameters 370 

I

i i   ( 1,2, , )i r  [50]: 371 

 ( )( )

( )

( )

( )
,max

( )
,max

( )

( )
( ) ( ) ( )

( ) ( )

2
(0) (0)(0)

0,(0)

(0) (0) (0)

0, 2,
0, 2,

,

,

, ,

( , , )
( , )

                ( , ) 2 1
hh

jj

h
j

h
j

h
j

h
j

h
j

h
h h hj Y

j h hj j
j j

Y

i

YY

Y

Y

Y

Y Y

Y

iY

Y Y

L i

i i

L b T
S b T

b
C b T b S S S  



 


  








  
   

        
   

 

α 0

α


 


 
  

 372 

  (33) 373 

where ( )

(0)
h

jY
  and ( )

(0)

,
h

jY
  ( 0 ,2)  denote the nominal mean-value and spectral moments of the 374 

selected stress process, given by Eqs. (24) and (30) with α 0 ; the function ( ) ( , )h
jY

C b T  is defined 375 

as follows: 376 

 ( )

( )( ) ( )
,max

( ) ( )( ) ( )

2

(0)(0) (0)

2,

(0) (0)(0) (0)

0, 0,0, 2,

( , )
( , ) exp

4 π 2
h

j

hh h
jj j

h hh h
j jj j

Y

YY Y

Y YY Y

bL b T
T

C b T



  

  
  

    
 
 
 

 (34) 377 

with ( ) ( )
,max ,max

(0) ( , ) ( , , )h h
j jYY

L b T L b T



0

α


 denoting the nominal CDF. Furthermore, in Eq.(33) 
( ) ,h

Y
j

iS  is 378 

the sensitivity of the mean-value ( ) K( )h
jY

 α  of the interval stress random process (see Eq. (24)) with 379 

respect to the uncertain parameter (K)i i  , which can be evaluated as: 380 

 
( )

( )

K

( )

K
(0) ( )T 1 1

0 0,

( )
if     then   

h
j

h
jh

Y
j

Y h

j hY
i

ii h S






 




   


F

α 0

α
r K K K   (35) 381 
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( )

K

( )

K
( )T 1 1

0 0,

( )
if     then   

h
j

h
Y

j

Y h

j i

i

ii h S





 




   


F

α 0

α
r K K K   (36) 382 

where 0K  is the nominal stiffness matrix; iK  is given by Eq. (17a); and 
1 1

0 0i

 

FK K K   is the thi   383 

sensitivity of 
K( )U α  (see Eq. (19)).  384 

Finally, in Eq.(33), 
( ),

,h
j

Y
i

S  denotes the sensitivity of the spectral moment of order  of the 385 

interval stress random process ( ) ( , )h I

jY tα  with respect to the thi   parameter i : 386 

 
( )

( ) ( )( )

,

0
,

,,

( )
( )d ,    ( 0,2).

h
j

h hh Y Y
j jj i

Y

Y

iGiS S


  








  

 
α 0

α
 (37) 387 

In the previous expression, 
( ) ( ) ,

( )
h h

Y Y
j j

iGS   is the thi   sensitivity of the one-sided PSD function 388 

( ) ( ) ( , )h h
j j

I

Y Y
G α  (see Eq. (25)) which has to be evaluated distinguishing the following two cases: 389 

 390 

Case 1: (K)i i   391 

( ) ( )

( ) ( )
( ) ( )

(0) ( )T ( )

,

( , )
if     then   ( ) 2 ( ) ( )

h h
j j

h h
h h j jY Y

j j

h h

j h j

i

Y Y

i Y YG

G
i h S G


  





   


α 0

α
r P r  (38) 392 

( ) ( )

( ) ( )

( )T ( )

,

( , )
if     then    ( ) ( )

h h
j j

h h
Y Y

j j

h h

j i j

i

Y Y

iG

G
i h S


 





  


α 0

α
r P r  (39) 393 

where ( ) ( )

(0) ( )h h
j jY Y

G   is the nominal one-sided PSD function of the selected stress process, given by 394 

Eq. (25) with α 0 . Furthermore, in the previous equations the matrix ( )i P  is defined as 395 

 
* T * T

0 0( ) ( ) ( ) ( ) ( ) ( ) ( )i i i       
F F F FX X X X

P S G H H G S  (40) 396 

with 397 

 1 0 0

(K)

( , )
( ) (1 j ) ( ) ( )i i

i

c


   





   


α 0

H α
S H K H  (41) 398 
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where 
iK  is given by Eq.(17a) and 399 

 
1

2

0 0 0( ) j  


     H M C K  (42) 400 

is the nominal FRF matrix. 401 

Case 2: (M)i i   402 

( ) ( )

( ) ( )

( )T ( )

,

( , )
( ) ( )

h h
j j

h h
Y Y

j j

h h

j i j

i

Y Y

iG

G
S


 





 


α 0

α
r Q r  (43) 403 

where 404 

 
* T * T

0 0( ) ( ) ( ) ( ) ( ) ( ) ( )i i i       
F F F FX X X X

Q T G H H G T  (44) 405 

with 406 

 
2

0 0 0

(M)

( , )
( ) ( j ) ( ) ( )i i

i

c


    





   


α 0

H α
T H M H  (45) 407 

iM  being defined by Eq. (17b). 408 

Once 
( ) ( ) ,

( )
h h

Y Y
j j

iGS   is evaluated (Eqs.(38), (39) or (43)), substitution into Eq.(37) yields the 409 

thi   sensitivity of the spectral moments of the interval stress random process ( ) ( , )h I

jY tα . 410 

The knowledge of the sensitivity 
( )
,max

, 
h

j
Y

L iS  defined in Eq.(33) allows us to predict the influence 411 

of a small variation of the thi   uncertain parameter i  on the interval reliability function 412 

( )
,max

( , , )h
j

I

Y
L b Tα . Specifically, within a small range around α 0 , ( )

,max

( , , )h
j

I

Y
L b Tα  is a monotonic 413 

increasing or decreasing function of  ,I

i i i i      depending on whether 
( )
,max

, 0
h

j
Y

L iS   or 414 

( )
,max

, 0
h

j
Y

L iS  , and its bounds, therefore, correspond to suitable combinations of the endpoints of the 415 

uncertain parameter, i  and i . Relying on the monotonic increasing or decreasing behaviour 416 

predicted by studying the sign of sensitivities, the combinations of the extreme values of the 417 

uncertain parameters which yield accurate estimates of the LB and UB of the interval reliability 418 
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function ( )
,max

( , , )h
j

I

Y
L b Tα , denoted as ( )

,max

(LB)

,
h

j iY
α  and ( )

,max

(UB)

,
h

j iY
α , ( 1,2, , )i r , can be identified as follows: 419 

 

( ) ( )
( ) ,max ,max
,max

( ) ( )
( ) ,max ,max
,max

(UB) (LB)

, ,

(UB) (LB)

, ,

,

,

if  0,  then   ,    ;

if  0,   then   ,    .

h h
h j j

j

h h
h j j

j

i i

i i

Y

Y

i iY Y

i iY Y

L i

L i

S α α

S α α

 

 

  

  
 (46a,b) 420 

Such combinations can be collected into the following two vectors: 421 

 

( ) ( ) ( ) ( )
,max ,max ,max ,max

( ) ( ) ( ) ( )
,max ,max ,max ,max

T
(LB) (LB) (LB) (LB)

,1 ,2 ,

T
(UB) (UB) (UB) (UB)

,1 ,2 ,

;

.

h h h h
j j j j

h h h h
j j j j

Y Y Y Y r

Y Y Y Y r

α α α

α α α

 
  

 
  

α

α

 (47a,b) 422 

Finally, the LB and UB of the interval reliability function for the interval stress random process 423 

( ) ( )h I

jY t  can be obtained by evaluating Eq.(28) for ( )
,max

(LB)
h

jY
α α  and ( )

,max

(UB)
h

jY
α α , respectively: 424 

 

 

 

( )
,max

( )
,max

( )
,max

( )
,max

( )
,max

( )

( ) ( )
,max

( )

( )

( ) ( )
,max

2

(LB)

(LB)

(LB)

(UB)

(UB)

0,

( )

, exp ( )exp ;
2 ( )

( )

, exp ( )exp

h
j

h
j

h
j

h
j

h
j

h
j

h h
j j

h
j

h
j

h h
j j

Y

Y

Y

Y

Y

Y

Y Y

Y

Y

Y Y

b

L b T T

b

L b T T














   
   

      
  
    




  

α

α
α

α

α
( )
,max

( )

2

(UB)

0,

.
2 ( )h

j
h

j
YY



  
   
    

  
    

α

 (48a,b) 425 

Summarizing, the sensitivity-based procedure requires only two stochastic analyses of the 426 

structure for assigned values of the uncertain parameters given by Eqs (47a,b) in order to evaluate 427 

the mean-value and spectral moments of zero- and second-order of the interval stress random 428 

process ( ) ( , )h I

jY tα  entering the definition of the CDF (see Eq. (28)). 429 

Equations (48a,b) provide the right bound and left bound of the p-box (see Eq. (27)) which 430 

defines the range of the interval reliability function resulting from the fluctuations of the uncertain 431 

Young’s moduli and mass densities within their intervals.  432 
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The worst case scenario, which guarantees a conservative design, corresponds to the LB of the 433 

interval CDF (see Eq. (48a)) and the associated UB of the interval failure probability. The latter can 434 

be evaluated substituting Eq.(48a) into Eq. (32b), i.e.: 435 

( LB)
( )
,max

( ) ( ) ( )
,max ,max ,max ,

( , ) 1 ( , ) 1 ( , , )
h

Y
j

h h h
j j jf Y Y Y

P b T L b T L b T


   
α

α


 (49a,b) 436 

The knowledge of the sensitivities of the interval CDF of the extreme value stress random 437 

process ( )

,max( , )h I

jY Tα  in Eq. (33) can also be exploited to enhance the computational efficiency of 438 

the proposed procedure. As known, sensitivity analysis allows identifying the most influential 439 

parameters on the response quantity of interest. To this aim, the so-called function of sensitivity of 440 

the CDF ( )
,max

( , )h
j

I

Y
L b T  is evaluated: 441 

( )
,max

( )
( ),max
,max

(0) (Q)(Q) ,

, ( , )

( , )(%) 100,    Q=K, M
( , )

h
j

h
hj

j

i

Y

Y
i

Y

L i

L

S b T

b T
L b T

     (50) 442 

where 
( )
,max

, ( , )
h

j
Y

L iS b T  is the thi   sensitivity of the interval CDF ( )
,max

( , , )h
j

I

Y
L b Tα , defined in Eq. 443 

(33); ( )
,max

(0) ( , )h
jY

L b T  is the CDF pertaining to the nominal system; (Q)i
  denotes the deviation 444 

amplitude of the thi   interval parameter 
(Q)

ˆI I

i i ie    where the subscript in parenthesis 445 

identifies the stiffness ( Q=K ) and mass parameters ( Q=M ). The function of sensitivity represents a 446 

percentage measure of the influence of the generic interval variable 
I

i  on the CDF of the selected 447 

extreme value stress process. This implies that the crucial uncertain parameters are those 448 

characterized by higher values of the function of sensitivity. The least influential parameters can be 449 

reasonably assumed deterministic and set equal to their nominal values. 450 

It is worth remarking that, for randomly excited structures, the assumption of monotonic 451 

dependency of response statistics on the mass and stiffness parameters is not always satisfied, 452 

especially when resonance conditions occur (see e.g. [36],[52]) and large degrees of uncertainty are 453 
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considered. In such situations, which are not very common in practical engineering, the accuracy of 454 

the proposed approach might worsen since the bounds of the interval CDF of the selected response 455 

process are attained for intermediate values of the interval parameters. As a preliminary step of the 456 

presented procedure, the monotonic behaviour of the response quantity of interest with respect to 457 

the i -th uncertain parameter [ , ]
I

i i i i      should be checked by verifying that the sign of the 458 

sensitivity to i  remains unchanged over the pertinent interval (see e.g., [57]). 459 

 460 

4. BOUNDS OF THE INTERVAL FRACTILES  461 

For structures with uncertain-but-bounded parameters, the so-called fractile of order p, i.e. the 462 

response level which has a specified probability, p, of not being exceeded during the observation 463 

time [0, ]T , has an interval nature as well [46], [50]. 464 

The LB and UB of the interval fractile of order p,    ( ) ( )
,max ,max

, , ,h h
j j

I I

Y Y
Z p T Z p T α , of the interval 465 

stress random process ( ) ( , )h I

jY tα  can be computed by solving the following nonlinear equations 466 

[46],[50]: 467 

     ( ) ( ) ( ) ( )
,max ,max ,max ,max

, , ; , ,h h h h
j j j jY Y Y Y

p L Z p T T p L Z p T T    (51a,b) 468 

where ( )
,max
h

jY
L  and ( )

,max
h

jY
L  are the UB and LB of the interval CDF (see Eqs. (48a,b)). 469 

Alternatively, the interval fractile of order p can be defined by interval extension of the 470 

approximate analytical expression holding under the Poisson assumption of independent up-471 

crossings [58], i.e.:  472 

     ( ) ( ) ( ) ( ) ( )
,max ,max 0,

, , , , ; ( ) ( )h h h h h
j j j j j

I I I I I

Y Y Y Y Y
Z p T Z p T p T    α α α α  (52) 473 

where 474 
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       

 
( ) ( ) ( )

( )

ln ln( )
, , ; 2 ln ( ) .

2 ln ( )

h h h
j j j

h
j

I I I

I
Y Y Y

Y

p
p T p T T

T

  








  α α

α

 (53) 475 

Notice that Eq. (52) involves only the mean-value and spectral moments of zero- and second-order 476 

of the interval stress random process ( ) ( , )h I

jY tα . 477 

The sensitivity-based procedure outlined above for the interval reliability function is herein 478 

applied to evaluate the LB and UB of the interval fractile of order p defined by Eq. (52). 479 

By applying the chain rule of differentiation, the following expression of the thi   sensitivity of 480 

the interval fractile of order p is obtained [50]: 481 

 

 

( )
,max

( ) ( )

( )

( )

( )

( ) ( )

( )
,max

( )
0,

(0) (0)

0,

(0)

(0)

(0)

0,

(0)

2,

,

,

, , 1

2 2ln( )

1
           2 ln( ) 1 ln ln( ) 1

2ln( )

            
2 2 ln(

h
j

h h
j j

h
j

h
j

h
j

h h
j j

h
Y

j

h
Y

j

Y

i
Y Y

Y

Y

Y

Y Y

Z i

i

Z p T
S

T

T p S
T



  






 












 



  
 

      
    



α 0

α

  ( )

( ) ( )
( ) ( )2,

(0)

(0) (0)(0) , ,

ln ln( )
1

2ln( ))

h
j

h h
j j

h hY Yj j

Y

Y Y

i i

p
S S

TT
 



 

 
  
 
 

  (54) 482 

where 
( ) ,h

Y
j

iS  and 
( )

,
,h

Y
j

iS  ( 0 ,2)  are the thi   sensitivities of the interval mean-value and 483 

spectral moments of ( ) ( )h I

jY t  defined in the previous section; ( )

(0)
h

jY
  and ( )

(0)

, h
jY

  ( 0 ,2)  denote the 484 

nominal mean-value and spectral moments of the selected stress process; and ( )

(0)
h

jY
 

 is defined by 485 

Eq.(29) for α 0 .  486 

The combinations of the extreme values of the uncertain parameters which provide accurate 487 

estimates of the bounds of the interval fractile of order p of the interval stress random process 488 

( ) ( )h I

jY t , herein denoted by 
( )

,max

(LB)

,h
j

Y
Z i  and 

( )
,max

(UB)

,h
j

Y
Z i , ( 1,2, , )i r , can be evaluated by examining 489 

the sign of the pertinent sensitivities 
( )
,max

,h
Y

j

Z iS  (Eq.(54)), as follows: 490 
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( ) ( )

( ) ( )

( )
,max ,max,max

( )
,max ,max,max

(UB) (LB)

, ,

(UB) (LB)

, ,

,

,

if  0,  then   ,  ;

if  0,   then   ,  .

h h
j j

h h
j j

h Y YY
j

h Y YY
j

Z i Z i

Z i Z i

Z i i i

Z i i i

S

S

   

   

  

  
  (55a,b) 491 

Such combinations can be gathered into the following two vectors: 492 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

,max ,max ,max ,max

,max ,max ,max ,max

T

(LB) (LB) (LB) (LB)

,1 ,2 ,

T

(UB) (UB) (UB) (UB)

,1 ,2 ,

;

.

h h h h
j j j j

h h h h
j j j j

Y Y Y Y

Y Y Y Y

Z Z Z Z r

Z Z Z Z r

  

  

 
  
 

 
  
 

α

α

 (56a,b) 493 

The LB and UB of the interval fractile of order p of the interval stress random process ( )I

hY t  can 494 

be estimated by evaluating Eq. (52) for 
( )

,max

(LB)

h
j

Y
Zα α  and 

( )
,max

(UB)

h
j

Y
Zα α , respectively: 495 

 

 

( ) ( ) ( )
,max ,max ,max

( ) ( ) ( )
,max ,max ,max

( ) ( ) ( ) ( )
,max

( ) ( ) ( ) ( )
,max

(LB) (LB) (LB)

(UB) (UB) (UB)

0,

0,

, , ; ( ) ;

, , ; ( ) ( ) .

h h h
Y Y Y

j j j

h h h
Y Y Y

j j j

h h h h
j j j j

h h h h
j j j j

Z Z Z

Z Z Z

Y Y Y Y

Y Y Y Y

Z p T p T

Z p T p T

  

  

   
    

   

 
  

 

α α α

α α α

 (57a,b) 496 

These bounds enclose the values of the interval stress random process ( ) ( )h I

jY t  having probability p 497 

of not being exceeded during the observation time [0, ]T . In order to ensure a conservative design, 498 

the worst case scenario, corresponding to the UB of the selected fractile of order p, should be 499 

considered. 500 

The flowchart in Fig. 1 summarizes the proposed sensitivity-based procedure for evaluating the 501 

bounds of the interval reliability function and of the interval fractile of order p of the selected 502 

response process. 503 

 504 

5. NUMERICAL APPLICATIONS 505 

The effectiveness of the proposed procedure is assessed by performing first-passage reliability 506 

analysis of two structures with interval uncertainties subjected to wind excitation modelled as a 507 
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stationary Gaussian multi-correlated random process: a steel telecommunication antenna mast and a 508 

ten-story shear-type frame.  509 

The model of wind loads assumed for both the selected case-studies is briefly summarized in the 510 

following. The along wind force ( x -direction) exerted on the i -th node at height iz  of the 511 

discretized structure is defined by the well-known formula [59]: 512 

2

,

1
( , ) ( ) ( , ) ( )

2
x i i D i s i D i i s iF z t C Aw z C AW z t w z    (58) 513 

where the contribution of the nodal velocities of the structure and the square of the fluctuating 514 

component of wind speed have been neglected. In Eq. (58), 31.25 kg/m   is the air density; DC  is 515 

the drag coefficient; iA  is the tributary area of the i -th node; sw  is the mean wind velocity which is 516 

assumed to vary with the elevation z  following a power law, i.e.: 517 

,10( )
10


 

  
 

s s

z
w z w  (59) 518 

where ,10sw  is the mean wind speed measured at height 10 mz   above ground and   is a 519 

coefficient depending on surface roughness, herein taken equal to ,10 25 m/ssw   and 0.3  , 520 

respectively. Furthermore, ( , )W z t  denotes the fluctuating component of wind velocity field, which 521 

is modelled as a zero-mean stationary Gaussian random field, fully described from a probabilistic 522 

point of view by the one-sided PSD function [60]: 523 

 

2
2

0 ,10 4/3
2

( ) 4
1

sWW
G K w




 



 (60) 524 

where 0K  is the non-dimensional roughness coefficient, herein set equal to 0 0.03K , and 525 

1 ,10/ ( )sb w    with 1 600 mb  . The vector ( )W t  collecting wind velocity fluctuations at the 526 

wind-exposed nodes located at different heights iz  is characterized from a probabilistic point of 527 
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view by the one-sided PSD function matrix ( )
WW

G . If the imaginary part (q-spectrum) [59] is 528 

neglected, the cross-PSD components of ( )
WW

G  can be expressed as follows: 529 

( , ; ) ( ) ( )
i j

i j ijWW WW
G z z G f        (61) 530 

where ( )ijf  is the so-called coherence function, defined as 531 

2 2
( )

( ) Exp
( ) ( )






  
  

    

z i j

ij

s i s j

C z z
f

w z w z
    (62) 532 

with zC  denoting an appropriate decay coefficient to be determined experimentally, herein set 533 

equal to 10zC . 534 

Preliminary numerical investigations, omitted for conciseness, have shown that, for the selected 535 

case studies, the spectral moments of the response quantity of interest are monotonic functions of 536 

each uncertain mass and stiffness parameter. Thus, the presented sensitivity-based procedure is 537 

expected to provide very accurate results. For validation purposes, the proposed bounds of the 538 

interval reliability function and of the interval fractiles of order p of the selected stress process are 539 

compared with those provided by the vertex method [61]. The latter is a computationally intensive 540 

combinatorial procedure which provides the exact bounds of the solution when the latter is a 541 

monotonic function of the uncertain parameters. In the context of first-passage reliability analysis, 542 

the vertex method requires to evaluate the reliability function for all the 2r
 possible combinations of 543 

the endpoints of the r  uncertain parameters. Then, for each barrier level b , the LB and UB of the 544 

interval reliability function are obtained as the minimum and maximum among the 2r
 values 545 

pertaining to the vertex analysis.  546 

 547 

 548 
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5.1 Steel telecommunication antenna mast under wind excitation 550 

The first case study is represented by the 28.50 m high steel communication antenna mast 551 

subjected to wind excitation shown in Fig.2a. The antenna is discretized into ( ) 19eN   two-node 552 

Euler-Bernoulli beam FEs resulting in a 38n   DOFs system (Fig. 2b). A lumped mass model is 553 

assumed. The properties of the FE model of the antenna are listed in Table 1, where the masses 554 

lumped at nodes and the tributary areas iA  entering the definition of wind loads , ( , )x i iF z t  (see Eq. 555 

(58)) are also reported. The nominal Young’s modulus is set equal to 0=210 GPaE  for the whole 556 

structure. The values 
1

0 0.149575sc   and 
1 0.00316358 sc   are assumed for the Rayleigh 557 

damping constants in Eq. (18) in such a way that the modal damping ratio of the first and third 558 

modes of the nominal structure is 
0 0.01  . The fundamental period of the nominal structure is 559 

0 0.723 sT  .  560 

It is assumed that Young’s modulus of the material is affected by uncertainty. In a first stage, in 561 

order to make comparisons with the vertex method computationally feasible, only the first K 12r   562 

FEs (see Fig. 2b) are assumed to be characterized by interval Young’s moduli i.e. 563 

 ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 12)i r  , where the same deviation amplitude is considered. 564 

Under this assumption, the application of the vertex method involves K 122 2r   stochastic analyses 565 

of the structure while the proposed method requires to evaluate the reliability function only twice, 566 

regardless of the number of uncertain parameters. The maximum interval axial stress, 
(1)

1 ( )IY t , at 567 

the antenna base section, i.e. at node 1 of FE 1, is assumed as the response quantity responsible of 568 

structural failure. To predict the range of structural performance, the bounds of the interval 569 

reliability function, (1)
1,max

( , )I

Y
L b T , (see Eq. (28)) and of the interval failure probability (1)

1,max,
( , )I

f Y
P b T570 

(see Eq. (31)) are evaluated. The observation time is assumed equal to 01000T T , 0T  being the 571 

fundamental period of the structure with nominal Young’s moduli. 572 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



27 

 

In Figs. 3 and 4, the proposed LB and UB of (1)
1,max

( , )I

Y
L b T  and (1)

1,max,
( , )I

f Y
P b T  (the latter in semi-573 

logarithmic scale) are compared with those provided by the vertex method. Two different 574 

deviation amplitudes of the uncertain parameters, 0.10   and 0.20  , are considered. 575 

The nominal CDF, (1)
1,max

(0) ( , )
Y

L b T , and failure probability, (1)
1,max

(0)

,
( , )

f Y
P b T , are also reported. An 576 

excellent agreement between the proposed sensitivity-based procedure and the vertex method can 577 

be observed. As expected, the region describing structural performance becomes wider as the 578 

degree of uncertainty increases. The deviation of the LB and UB of both the CDF and failure 579 

probability from the nominal solution proves that assuming the nominal value of Young’s 580 

moduli may lead to misleading predictions of structural safety level.  581 

In order to provide a measure of the dispersion of structural performance around the midpoint 582 

value, the so-called coefficient of interval uncertainty of the interval CDF (1)
1,max

( , )I

Y
L b T  can be 583 

estimated, i.e.: 584 

 
(1) (1)

1,max 1,max

(1)
1,max

(1) (1)
1,max 1,max

( , ) ( , )
. . .[ ( , )]

( , ) ( , )

I Y Y

Y

Y Y

L b T L b T
c i u L b T

L b T L b T





.  (63) 585 

For instance, assuming a barrier level 90.00 MPab  , based on the proposed bounds of the 586 

interval CDF (1)
1,max

( , )I

Y
L b T , shown in Figs. 3 and 4, the (1)

1,max

. . .[ ( , )]I

Y
c i u L b T  takes the values 0.05  and 587 

0.11  for 0.10   and 0.20  , respectively. 588 

In order to predict the influence of a small change of Young’s moduli on the performance of the 589 

telecommunication antenna mast, the function of sensitivity of the CDF (1)
1,max

( , )I

Y
L b T  is evaluated (see 590 

Eq. (50)) under the assumption that all Young’s moduli are described by intervals. In Fig. 5, the 591 

functions of sensitivity 
(1)

1,max

(K) , ( , )
Y

i L b T  of (1)
1,max

( , )I

Y
L b T  with respect to the fluctuations 592 

(K) (K)
ˆI I

i ie    of a selected number of interval Young’s moduli 593 
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0 (K) 0 (K)
ˆ(1 ) (1 )I I I

i i iE E E e     , ( 1,2, ,8,12,13,14,16,17)i   versus the deterministic barrier 594 

level b  are plotted ( 0.10  ). For the sake of clarity, the functions of sensitivity with respect to 595 

the fluctuations of the remaining Young’s moduli are omitted. It is observed that the most 596 

influential Young’s moduli are those of FEs 1 and 16 for any value of the barrier level. A close 597 

inspection of Fig. 5 also shows that a small increase of Young’s moduli of the first eight FEs would 598 

produce an increment of structural reliability since the pertinent functions of sensitivity are positive. 599 

Conversely, a small increase of Young’s moduli of FEs 12,13,14,16,17  would lead to a lower 600 

safety level. 601 

Figure 6 shows the values of the function of sensitivity 
(1)

1,max

(K) , ( , )
Y

i L b T  of the CDF (1)
1,max

( , )I

Y
L b T  602 

with respect to the fluctuations (K) (K)
ˆI I

i ie    ( 1,2, ,19i  ) of Young’s moduli of all the FEs for 603 

a given barrier level 89.44 MPab  , selected as the one having a probability 0.50p   of not being 604 

exceeded during the observation time 01000T T  when all the uncertain parameters are set equal to 605 

the nominal value. The results reported in Fig. 6 allow ranking the uncertain parameters from the 606 

most to the least influential ones based on the corresponding absolute value of the function of 607 

sensitivity. It can be readily inferred that the least influential parameters are Young’s moduli of FEs 608 

11,9,15,18,10,19, listed in decreasing order of importance. Thus, in order to enhance the 609 

computational efficiency of the proposed method, such parameters can be reasonably set equal to 610 

their nominal values and only 13Kr   uncertain parameters,  ( )

0 (K)
ˆ1i I I

iE E e   , 611 

( 1,2, ,8,12,13,14,16,17)i   (see Fig. 6), out of 
( ) 19e

Kr N   might be retained in reliability 612 

analysis.  613 

In Fig. 7, the bounds of the interval reliability function (1)
1,max

( , )I

Y
L b T  evaluated by applying the 614 

proposed sensitivity-based approach considering Young’s moduli of all the 
( )

K 19er N   FEs as 615 

uncertain (full) are contrasted with the ones computed retaining only the 13Kr   most influential 616 
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uncertain parameters (reduced) identified by sensitivity analysis (see Fig. 6). For comparison 617 

purpose, the bounds pertaining to the structure with the first 6Kr   most influential uncertain 618 

Young’s moduli  ( )

0 (K)
ˆ1i I I

iE E e   , ( 1,2,3,4,5,16)i  , are also plotted. Also in this case, two 619 

different deviation amplitudes of the uncertain parameters, 0.10   and 0.20  , are 620 

considered. It can be observed that the left and right bounds of the p-box describing structural 621 

performance obtained considering only the first 6Kr   uncertain parameters are enclosed by the 622 

bounds pertaining to full uncertainty. This entails that some of the neglected parameters play a 623 

crucial role in the prediction of the safety level. Conversely, the region of the interval CDF 624 

predicted retaining 13Kr   uncertain Young’s moduli is almost coincident with the one obtained 625 

performing full uncertainty analysis. This implies that the dimension of the uncertainty input space 626 

can be reduced to 13Kr   without significantly affecting the accuracy of the results.  627 

In Fig. 8, the bounds of the interval fractiles of order 0.50p   and 0.95p   of the extreme 628 

value stress process 
(1)

1,max ( )IY T  versus the deviation amplitude of the interval Young’s moduli 629 

 ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 12)i r  , of the first K 12r   FEs (see Fig. 2) are plotted. As 630 

expected, the proposed estimates of the LB and UB are in excellent agreement with the ones 631 

provided by the vertex method. Furthermore, the region of the interval fractiles broadens as the 632 

degree of uncertainty of Young’s moduli increases.  633 

 634 

5.2 Ten-story shear-type frame under wind excitation 635 

As second case-study, the ten-story shear-type frame under wind excitation depicted in Fig. 9 is 636 

considered. The geometrical properties of the frame are reported in Fig. 9 and Table 2. The mass of 637 

the structure is assumed uniformly distributed on each floor with nominal value 0 0 60 tim m   (638 

1,2, ,10i  ). The structure is made of concrete with nominal Young’s modulus 0=25 GPaE . 639 

Wind loads , ( , )x i iF z t  exerted at each floor located at height iz  are defined by Eq. (58) with 640 
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tributary areas 
212.00 miA  , ( 1,2, ,9i  ), and 

2

10 6.00 mA  . The values 1

0 0.483378 sc   and 641 

1 0.00315051sc   are assumed for the Rayleigh damping constants in Eq. (18) in such a way that the 642 

modal damping ratio of the first and third modes of the nominal structure is 
0 0.05  . The 643 

fundamental period of the nominal structure is 0 1.055 sT  .  644 

Young’s modulus of the material of two columns at the same floor is assumed to be described by 645 

the same interval variable  ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 10)i r  , as a result of the actual 646 

concrete casting. Floor masses are also described as interval variables  ( )

0 (M)
ˆ1i I I

im m e   , 647 

M( 1,2, , 10)i r  . For the sake of simplicity, the same deviation amplitude is assumed for all the 648 

uncertain parameters.  649 

The shear stress at the base of column 2, 
(2)

2 ( )IY t , is assumed as critical response quantity. The 650 

aim of the analysis is the evaluation of the range of the interval reliability function, (2)
2,max

( , )I

Y
L b T , and 651 

of the interval fractiles of order 0.50,0.95p  , (2)
2,max

( , )I

Y
Z p T , of the extreme value process 

(2)

2,max ( )IY T , 652 

where the observation time is assumed equal to 01000T T , 0T  being the fundamental period of the 653 

nominal structure. 654 

First, the relative importance of the uncertain mass and stiffness parameters on structural 655 

performance is investigated by performing sensitivity analysis. Figures 10a and 10b display the 656 

functions of sensitivity of the interval reliability function (2)
2,max

( , )I

Y
L b T  (see Eq. (50)) with respect to 657 

the fluctuations of Young’s moduli  and floor masses, respectively. As expected, the various 658 

structural parameters have a different impact on the CDF. In particular, it is observed that Young’s 659 

modulus of the columns of the third floor and the mass of the tenth floor are the most influential 660 

ones on the CDF (2)
2,max

( , )I

Y
L b T . Also in this case, it is worth remarking that positive values of the 661 

functions of sensitivity entail that a small increase of the pertinent parameters would produce an 662 

increment of structural reliability. 663 
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Figures 11a and 11b show the values of the functions of sensitivity 
( 2 )
2,max

(K) , ( , )
Y

i L b T  and 664 

( 2 )
2,max

(M) , ( , )
Y

i L b T  of the CDF (2)
2,max

( , )I

Y
L b T  with respect to the fluctuations (K) (K)

ˆI I

i ie    and 665 

(M) (M)
ˆI I

i ie   , ( 1,2, ,10i  ), of Young’s moduli and floor masses for a given barrier level 666 

211.92 MPab   which has a probability 0.50p   of not being exceeded during the observation 667 

time 01000T T  when all the uncertain parameters are assumed equal to their nominal values. 668 

Based on the results reported in Fig. 11a, the uncertain Young’s moduli can be ranked from the 669 

most to the least influential ones as follows: 
( )i IE , 3,4,1,5,2,10,6,9,7,8i  . Similarly, by 670 

inspection of Fig. 11b, the uncertain floor masses may be listed in decreasing order of influence as 671 

follows: 
( )i Im , 10,1,9,2,3,4,5,6,8,7i  .  672 

A close inspection of Figs. 11a and 11b shows that the functions of sensitivity of (2)
2,max

( , )I

Y
L b T  with 673 

respect to fluctuations of Young’s moduli and masses of the same floor have opposite sign which 674 

implies contrasting effects on the reliability of the frame structure. In particular, up to the seventh 675 

floor, a small increase of Young’s moduli would produce an increment of structural reliability; 676 

conversely a small increase of floor masses would lead to a lower safety level. The opposite holds 677 

for the parameters associated with the remaining floors. This behaviour is consistent with the 678 

impact of a small variation of each uncertain Young’s modulus and mass floor on the zero-order 679 

spectral moment of the shear stress random process 
(2)

2 ( )Y t , as can be inferred from Figs. 12 and 680 

13. Indeed, these figures highlight that small increments of the i-th Young’s modulus and of the i-th 681 

mass floor around the nominal value, while all the remaining parameters are kept fixed to the 682 

nominal value, have an opposite impact on the zero-order spectral moment of the shear stress 683 

random process 
(2)

2 ( )Y t , except for the parameters associated with the eighth floor which actually 684 

have a negligible influence. 685 

Relying on the information provided by sensitivity analysis, in order to validate the proposed 686 
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approach by comparison with the vertex method, the first 6Kr   Young’s moduli ( )i IE , 687 

( 1,2,3,4,5,10)i  , and 6Mr   masses 
( )i Im , ( 1,2,3,4,9,10)i  , having the highest influence on the 688 

interval CDF (2)
2,max

( , )I

Y
L b T  are modelled as interval variables while the remaining parameters are set 689 

equal to their nominal values.  690 

Figures 14 and 15 display the comparison between the proposed LB and UB of the interval CDF 691 

(2)
2,max

( , )I

Y
L b T  and failure probability (2)

2,max,
( , )I

f Y
P b T  (the latter in semi-logarithmic scale) with those 692 

provided by the vertex method, for two different deviation amplitudes of the uncertain parameters, 693 

0.10   and 0.20  . Also in this case, an excellent matching between the proposed 694 

sensitivity-based procedure and the vertex method is observed. The width of the region enclosed by 695 

the bounds of the interval CDF and failure probability consistently increases as a higher degree of 696 

uncertainty is considered.  697 

Figure 16 shows the bounds of the interval fractiles of order 0.50p   and 0.95p   of the 698 

extreme value stress process 
(2)

2,max ( )IY T  versus the deviation amplitude of the interval Young’s 699 

moduli and floor masses. The comparison with the bounds obtained by applying the vertex method 700 

proves the accuracy of the proposed sensitivity-based approach.  701 

The outcomes of sensitivity analysis are also exploited to enhance the computational efficiency 702 

of the proposed approach by reducing the dimension of uncertainty. In Fig. 17, the bounds of the 703 

interval reliability function (2)
2,max

( , )I

Y
L b T  evaluated assuming all Young’s moduli and floor masses (704 

K M 10r r  ) as uncertain (full) are contrasted with the ones computed retaining only the first 705 

6K Mr r   and 7K Mr r   most influential uncertain Young’s moduli and floor masses (reduced) 706 

based on the ranking established by sensitivity analysis. In all cases, the bounds are estimated using 707 

the proposed sensitivity-based procedure, for two different deviation amplitudes of the uncertain 708 

parameters, 0.10   and 0.20  . The bounds of the p-box predicted retaining 7Kr   709 
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uncertain Young’s moduli and 7Mr   uncertain masses are in excellent agreement with those 710 

provided by full uncertainty analysis. It can be observed that the region of structural performance 711 

pertaining to the frame structure with 6Kr   uncertain Young’s moduli and 6Mr   uncertain 712 

masses is slightly less accurate.  713 

 714 

6. CONCLUSIONS 715 

A sensitivity-based procedure for reliability analysis of finite element modeled structures with 716 

interval mass and stiffness subjected to stationary Gaussian multi-correlated random excitation is 717 

presented. The formulation is developed in the context of the first-passage theory under the Poisson 718 

assumption of independent up-crossings of a prescribed threshold. The presented procedure 719 

basically consists in identifying suitable combinations of the endpoints of the uncertain structural 720 

parameters which yield accurate estimates of the bounds of the interval reliability function or 721 

cumulative distribution function (CDF), and of the interval failure probability for the selected stress 722 

process, as long as monotonic problems are dealt with. This task is achieved by performing a 723 

preliminary sensitivity analysis of the reliability function. The same approach can be pursued to 724 

evaluate the bounds of the interval fractile of order p of the critical stress process.  725 

The main features of the proposed sensitivity-based procedure may be summarized as follows: i) 726 

the bounds of the interval CDF of the selected stress process are obtained by performing only two 727 

stochastic analyses of the structure wherein the uncertain parameters are set equal to the 728 

combinations identified by sensitivity analysis; ii) for monotonic problems, the presented procedure 729 

yields results in excellent agreement with the ones provided by the vertex method in spite of the 730 

much higher computational efficiency; iii) reliability analysis of arbitrary finite element modeled 731 

structures involving both mass and stiffness uncertainties can be performed; iv) sensitivity analysis 732 

provides a deep insight into the impact of mass and stiffness fluctuations on structural performance 733 

allowing the identification of the least influential parameters which may be set equal to the nominal 734 
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values to enhance the computational efficiency. 735 

Overall the present study provides an efficient tool to define the range of the interval reliability 736 

function and interval failure probability of structures subjected to stationary Gaussian multi-737 

correlated random excitation when only the possible ranges of variability of the uncertain mass and 738 

stiffness properties are known with sufficient confidence. The non-intrusive nature of the 739 

sensitivity-based procedure allows its efficient implementation with the aid of commercial finite 740 

element software. 741 

Ongoing research is aimed at gaining a deeper insight into the interval first-passage problem for 742 

situations entailing a non-monotonic dependence of the response on the uncertain parameters e.g., 743 

resonance conditions or imprecise random loadings (see e.g., [51],[52]). 744 
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Figure captions 910 

Figure 1. Flowchart of the proposed sensitivity-based procedure for interval reliability analysis. 911 

 912 

Figure 2. Steel telecommunication antenna mast under wind excitation: a) 2D model; b) FE 913 

discretization. 914 

 915 

Figure 3. UB and LB of the a) interval CDF and b) interval failure probability (semi-logarithmic 916 

scale) of the extreme value axial stress process 
(1)

1,max ( )IY T  of the telecommunication antenna with 917 

uncertain Young’s moduli  ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 12)i r  : comparison between the 918 

proposed procedure, the vertex method ( 0.10  ) and the nominal solution. 919 

 920 

Figure 4. UB and LB of the a) interval CDF and b) interval failure probability (semi-logarithmic 921 

scale) of the extreme value axial stress process 
(1)

1,max ( )IY T  of the telecommunication antenna with 922 

uncertain Young’s moduli  ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 12)i r  : comparison between the 923 

proposed procedure, the vertex method ( 0.20  ) and the nominal solution. 924 

 925 

Figure 5. Functions of sensitivity of the interval reliability function of the extreme value axial stress 926 

process 
(1)

1,max ( )IY T  of the telecommunication antenna with respect to the fluctuations of Young’s 927 

moduli  ( )

0 (K)
ˆ1i I I

iE E e   , ( 1,2, ,8,12,13,14,16,17)i  , versus the deterministic barrier level 928 

b  ( 0.10  , 01000T T ). 929 

 930 

Figure 6. Functions of sensitivity of the interval reliability function of the extreme value axial stress 931 

process (1)

1,max ( )IY T  with respect to the fluctuations of Young’s moduli  ( )

0 (K)
ˆ1i I I

iE E e   , 932 

( 1,2, ,19)i  , evaluated for the barrier level b  having a probability 0.50p   of not being 933 

exceeded ( 0.10  , 01000T T ). 934 
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Figure 7. UB and LB of the interval CDF of the extreme value axial stress process 
1,max ( )IY T  937 

(1)

1,max ( )IY T  of the telecommunication antenna provided by the proposed procedure considering 938 

Young’s moduli of all the 19 FEs as uncertain (full) and retaining only the first K 6r   and K 13r   939 

most influential uncertain parameters (reduced): a) 0.10   and b) 0.20   ( 01000T T ). 940 

 941 

Figure 8. UB and LB of the interval fractiles of order a) 0.50p   and b) 0.95p   ( 01000T T ) of 942 

the extreme value axial stress process (1)

1,max ( )IY T  of the telecommunication antenna provided by the 943 

proposed procedure and the vertex method versus the deviation amplitude   of the interval 944 

Young’s moduli  ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 12)i r  . 945 

 946 

Figure 9. Ten-story shear-type frame under wind excitation. 947 

 948 

Figure 10. Functions of sensitivity of the interval reliability function of the extreme value shear 949 

stress process 
(2)

2,max ( )IY T  of the frame structure with respect to the fluctuations of a) Young’s moduli 950 

 ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 10)i r  , and of b) floor masses  ( )

0 (M)
ˆ1i I I

im m e   , 951 

M( 1,2, , 10)i r  , versus the deterministic barrier level b  ( 0.10  , 01000T T ). 952 

 953 

Figure 11. Functions of sensitivity of the interval reliability function of the extreme value shear 954 

stress process 
(2)

2,max ( )IY T  of the frame structure with respect to the fluctuations of a) Young’s moduli 955 

 ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 10)i r  , and of b) floor masses  ( )

0 (M)
ˆ1i I I

im m e   , 956 

M( 1,2, , 10)i r  , evaluated for the barrier level b  having a probability 0.50p   of not being 957 

exceeded ( 0.10  , 01000T T ). 958 
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Figure 12. Zero-order spectral moment of the shear stress random process 
(2)

2 ( )Y t : a) comparison 961 

between the nominal spectral moment and the one evaluated assuming all the uncertain parameters 962 

equal to the nominal values except the i-th Young’s modulus which is set equal to its UB i.e. 963 

 ( )

0 1iE E   , ( 1,2, ,10)i   for 0.10  ; b) enlargement for 2i  . 964 
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Figure 13. Zero-order spectral moment of the shear stress random process 
(2)

2 ( )Y t : comparison 966 

between the nominal spectral moment and the one evaluated assuming all the uncertain parameters 967 

equal to the nominal values except the mass of the i-th floor which is set equal to its UB i.e. 968 

 ( )

0 1im m   , ( 1,2, ,10)i   for 0.10  . 969 

 970 

Figure 14. UB and LB of the a) interval CDF and b) interval failure probability of the extreme 971 

value shear stress process (2)

2,max ( )IY T  of the frame structure with uncertain Young’s moduli 972 

 ( )

0 (K)
ˆ1i I I

iE E e   , ( 1,2,3,4,5,10)i  , and floor masses  ( )

0 (M)
ˆ1i I I

im m e   , 973 

( 1,2,3,4,9,10)i  : comparison between the proposed procedure, the vertex method ( 0.10  ) 974 

and the nominal solution. 975 

 976 

Figure 15. UB and LB of the a) interval CDF and b) interval failure probability of the extreme 977 

value shear stress process 
(2)

2,max ( )IY T  of the frame structure with uncertain Young’s moduli 978 

 ( )

0 (K)
ˆ1i I I

iE E e   , ( 1,2,3,4,5,10)i  , and floor masses  ( )

0 (M)
ˆ1i I I

im m e   , 979 

( 1,2,3,4,9,10)i  : comparison between the proposed procedure, the vertex method ( 0.20  ) 980 

and the nominal solution. 981 

 982 

Figure 16. UB and LB of the interval fractiles of order 0.50p   a) and b) 0.95p   ( 01000T T ) 983 

of the extreme value shear stress process (2)

2,max ( )IY T  of the frame structure provided by the proposed 984 

procedure and the vertex method versus the deviation amplitude   of the interval Young’s 985 

moduli  ( )

0 (K)
ˆ1i I I

iE E e   , ( 1,2,3,4,5,10)i  , and floor masses  ( )

0 (M)
ˆ1i I I

im m e   , 986 

( 1,2,3,4,9,10)i  . 987 
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Figure 17. UB and LB of the interval CDF of the extreme value shear stress process (2)

2,max ( )IY T  of 991 

the frame structure provided by the proposed procedure considering all Young’s moduli and floor 992 

masses as uncertain (full) and retaining only the first K M 6r r   and K M 7r r   most influential 993 

uncertain parameters (reduced): a) 0.10   and b) 0.20   ( 01000T T ). 994 

 995 

Table captions 996 

Table 1. Properties of the telecommunication antenna mast. 997 

 998 

Table 2. Cross-section of the columns of the frame structure. 999 
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Table 1. Properties of the telecommunication antenna mast. 
 

Node 
Height  

[m] 

Outer diameter  

[m] 

Thickness  

[m] 

Lumped mass 

[t] 

Tributary area 

[m
2
] 

2 1.50 0.9148 0.008 0.3050 1.3722 
3 3.00 0.9148 0.008 0.3050 1.3722 
4 4.50 0.9148 0.008 0.2754 1.2957 
5 6.00 0.8128 0.0071 0.2458 1.2192 
6 7.50 0.8128 0.0071 0.2458 1.2192 
7 9.00 0.8128 0.0071 0.2211 1.143 
8 10.50 0.7112 0.0063 0.1964 1.0668 
9 12.00 0.7112 0.0063 0.1964 1.066 

10 13.50 0.7112 0.0063 0.1760 0.9906 
11 15.00 0.6096 0.0056 0.1530 0.9144 
12 16.50 0.6096 0.0056 0.1505 0.9144 
13 18.00 0.6096 0.0056 0.1288 0.8382 
14 19.50 0.508 0.005 0.2671 0.762 
15 21.00 0.508 0.005 0.1071 0.762 
16 22.50 0.508 0.005 0.1650 0.526275 
17 24.00 0.1937 0.0045 0.0429 0.29055 
18 25.50 0.1937 0.0045 0.1329 0.29055 
19 27.00 0.1937 0.0045 0.0429 0.29055 
20 28.50 0.1937 0.0045 0.0214 0.145275 
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Figure 1. Flowchart of the proposed sensitivity-based procedure for interval reliability analysis. 

Input data: geometry, material properties, boundary 

conditions, stochastic excitation, uncertain parameters 

 Start 

Evaluate: 

  nominal structural matrices 
0 0 0,  ,  M K C ; 

  nominal FRF matrix 
0( )H  (Eq. (42)); 

 matrices ,  i iM K  (Eq. (17a,b)) 
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(0)
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jY
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j

Y
i

S  ( 0,2 ) (Eq. (37))  
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h

j
Y

L iS b T  (Eq. (33)) 

 fractile of order p 
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j
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,max
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h

jY
α  and ( )
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h
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fractile 
( )
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,max

(LB)

h
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Zα  and 
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(UB)

h
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 ( )
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Figure 2 

 

 

 

 

Figure 2. Steel telecommunication antenna mast under wind excitation: a) 2D model; b) FE 

discretization. 
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Figure 3. UB and LB of the a) interval CDF and b) interval failure probability (semi-logarithmic 

scale) of the extreme value axial stress process 
(1)

1,max ( )IY T  of the telecommunication antenna with 

uncertain Young’s moduli  ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 12)i r  : comparison between the 

proposed procedure, the vertex method ( 0.10  ) and the nominal solution. 
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Figure 4. UB and LB of the a) interval CDF and b) interval failure probability (semi-logarithmic 

scale) of the extreme value axial stress process 
(1)

1,max ( )IY T  of the telecommunication antenna with 

uncertain Young’s moduli  ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 12)i r  : comparison between the 

proposed procedure, the vertex method ( 0.20  ) and the nominal solution. 
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Figure 5 
 

 

 

 
 

 

Figure 5. Functions of sensitivity of the interval reliability function of the extreme value axial stress 

process 
(1)

1,max ( )IY T  of the telecommunication antenna with respect to the fluctuations of Young’s 

moduli  ( )

0 (K)
ˆ1i I I

iE E e   , ( 1,2, ,8,12,13,14,16,17)i  , versus the deterministic barrier level 

b  ( 0.10  , 01000T T ). 
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Figure 6. Functions of sensitivity of the interval reliability function of the extreme value axial stress 

process (1)

1,max ( )IY T  with respect to the fluctuations of Young’s moduli  ( )

0 (K)
ˆ1i I I

iE E e   , 

( 1,2, ,19)i  , evaluated for the barrier level b  having a probability 0.50p   of not being 

exceeded ( 0.10  , 01000T T ). 
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Figure 7 

 

 

 

 

 

 

Figure 7. UB and LB of the interval CDF of the extreme value axial stress process 1,max ( )IY T  

(1)

1,max ( )IY T  of the telecommunication antenna provided by the proposed procedure considering 

Young’s moduli of all the 19 FEs as uncertain (full) and retaining only the first K 6r   and K 13r   

most influential uncertain parameters (reduced): a) 0.10   and b) 0.20   ( 01000T T ). 
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Figure 8 

 

 

 
 

 

 
 

 

 

Figure 8. UB and LB of the interval fractiles of order a) 0.50p   and b) 0.95p   ( 01000T T ) of 

the extreme value axial stress process (1)

1,max ( )IY T  of the telecommunication antenna provided by the 

proposed procedure and the vertex method versus the deviation amplitude   of the interval 

Young’s moduli  ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 12)i r  . 
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Figure 9 
 

 

 
 

Figure 9. Ten-story shear-type frame under wind excitation. 
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Figure 10. Functions of sensitivity of the interval reliability function of the extreme value shear 

stress process 
(2)

2,max ( )IY T  of the frame structure with respect to the fluctuations of a) Young’s moduli 

 ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 10)i r  , and of b) floor masses  ( )

0 (M)
ˆ1i I I

im m e   , 

M( 1,2, , 10)i r  , versus the deterministic barrier level b  ( 0.10  , 01000T T ). 
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Figure 11. Functions of sensitivity of the interval reliability function of the extreme value shear 

stress process 
(2)

2,max ( )IY T  of the frame structure with respect to the fluctuations of a) Young’s moduli 

 ( )

0 (K)
ˆ1i I I

iE E e   , K( 1,2, , 10)i r  , and of b) floor masses  ( )

0 (M)
ˆ1i I I

im m e   , 
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Figure 12 

 

 

 

 
 

 

 
 

 

Figure 12. Zero-order spectral moment of the shear stress random process 
(2)

2 ( )Y t : a) comparison 

between the nominal spectral moment and the one evaluated assuming all the uncertain parameters 

equal to the nominal values except the i-th Young’s modulus which is set equal to its UB i.e. 

 ( )

0 1iE E    , ( 1,2, ,10)i   for 0.10  ; b) enlargement for 2i  . 
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Figure 13. Zero-order spectral moment of the shear stress random process 
(2)

2 ( )Y t : comparison 

between the nominal spectral moment and the one evaluated assuming all the uncertain parameters 

equal to the nominal values except the mass of the i-th floor which is set equal to its UB i.e. 
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Figure 14. UB and LB of the a) interval CDF and b) interval failure probability of the extreme 

value shear stress process 
(2)

2,max ( )IY T  of the frame structure with uncertain Young’s moduli 

 ( )
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iE E e   , ( 1,2,3,4,5,10)i  , and floor masses  ( )

0 (M)
ˆ1i I I

im m e   , 

( 1,2,3,4,9,10)i  : comparison between the proposed procedure, the vertex method ( 0.10  ) 

and the nominal solution. 

180 190 200 210 220 230 240 250 260

b [kN]

0

0.2

0.4

0.6

0.8

1
L

I
Y

2
,m

ax

(2
)

 (
b
,T

)
Proposed method

Vertex method

Nominal

LB

UB

rK=6, rM=6, T=1000T0

a)

180 190 200 210 220 230 240 250 260

b [kN]

0.001

0.01

0.1

1

P
f,

 

I
Y

2
,m

ax

(2
)

 (
b

,T
)

Proposed method

Vertex method

Nominal

UB

LB

rK=6, rM=6, T=1000T0

b)

Figure 14 Click here to access/download;Figure;Figure 14.pdf

https://www.editorialmanager.com/ymssp/download.aspx?id=859767&guid=6a9d4c57-d62a-4d33-8a86-24b3ce8b2c99&scheme=1
https://www.editorialmanager.com/ymssp/download.aspx?id=859767&guid=6a9d4c57-d62a-4d33-8a86-24b3ce8b2c99&scheme=1


Figure 15 

 

 

 
 

 

                    
 

 

Figure 15. UB and LB of the a) interval CDF and b) interval failure probability of the extreme 

value shear stress process 
(2)

2,max ( )IY T  of the frame structure with uncertain Young’s moduli 
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iE E e   , ( 1,2,3,4,5,10)i  , and floor masses  ( )

0 (M)
ˆ1i I I

im m e   , 

( 1,2,3,4,9,10)i  : comparison between the proposed procedure, the vertex method ( 0.20  ) 

and the nominal solution. 
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Figure 16. UB and LB of the interval fractiles of order 0.50p   a) and b) 0.95p   ( 01000T T ) 

of the extreme value shear stress process (2)

2,max ( )IY T  of the frame structure provided by the proposed 

procedure and the vertex method versus the deviation amplitude   of the interval Young’s 

moduli  ( )
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iE E e   , ( 1,2,3,4,5,10)i  , and floor masses  ( )
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im m e   , 

( 1,2,3,4,9,10)i  . 
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Figure 17 

 

 

 

 
 

 

 
 

 

Figure 17. UB and LB of the interval CDF of the extreme value shear stress process 
(2)

2,max ( )IY T  of 

the frame structure provided by the proposed procedure considering all Young’s moduli and floor 

masses as uncertain (full) and retaining only the first K M 6r r   and K M 7r r   most influential 

uncertain parameters (reduced): a) 0.10   and b) 0.20   ( 01000T T ). 
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