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1. Introduction

Aim of the paper is to study a nonlinear variational problem with gradient constraints and
homogeneous Dirichlet boundary condition.

Variational problems with gradient constraints have been intensively studied a few decades
ago and have seen many progresses also recently.

Several related questions have been investigated, as regularity of the solution, existence of
Lagrange multipliers, connection with other variational problems, numerical aspects and so on.

Variational problems with gradient constraints arise in elastoplasticity of materials, optimal
control problems, mathematical finance, sandpiles, superconductors (see [19,38] and reference
therein). An interesting property of variational problems with gradient constraints is the
connection with double obstacle problems, even if this equivalence is not true in the general
case (see [18], and counterexamples in [26,37] in the case of nonconstant gradient constraint
|Dul < g(x)).

Indeed, an important example among them is the well-kwon elastic-plastic torsion problem,
which is the problem of finding a function u belonging to the convex set

K= {u € H?(2):|Dv|<1ae.in rz}
such that

J VuV(v—u) dl?ZJ flo—u)dz, YvekK. (1.1)
Q 2

Existence and uniqueness of the solution to (1.1) easily follows (see [39]). In 1972 Brezis proved
in [2] that there exists a unique Lagrange multiplier A € L°°(2), when f is a positive constant.
Moroevert, in [3] the authors prove the equivalence between the elastic-plastic torsion problem
(1.1) and an obstacle problem, where the obstacle is the distance function.

In the paper we study a nonlinear monotone variational problem, subject to a strictly convex
gradient constraint. In particular, we give the following contributions: first, we provide an
equivalence result (Theorem 3.1) between the problem with gradient constraints and a suitable
double obstacle problem, using a viscosity solution idea for Hamilton-Jacobi equation as in
[9,30]. This connection allows us to apply a new duality principle, holding under a constraint
qualification condition (Assumption S), that is verified at the solution of the double obstacle
problem. As a second result, we obtain the existence of L?> —Lagrange multipliers.

Let us introduce the problem in more detail.

Let a(p) : R" — R" be an operator of class C'!, strongly monotone and let G : R" — R be a 2
nonnegative uniformly strictly convex function. Setting

K= {U € H01’2((2) :G(Dv) < M a.e.on Q} ,
from the monotonicity of the operator easily follows the existence and the uniqueness of the

solution u to the problem:

) " Ov ou
Findue K : JQ ;%(DU) (8% - 8%) dz > L} flv—uw)dz, YveEK. 1.2)

In the paper, in a first step, we prove, under strong monotonicity assumption (3.1), strict
convexity (3.2) and assuming f to be a positive constant, the equivalence between problem (1.2)
and a suitable double obstacle problem:

a;(Du) (g;j — gg) deJQ flo—u)dz, Yve K, ,+, (1.3)

Findu e Ky~ 4+ : J

0

n
1=

1
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where
Koyt = {v € Hé’2(!2) cw” <wv(z) <w'(z)ae. on .Q} )

and

+ - .
w 522 v(z), w Ulg}"{ v(x). (1.4)

(see Theorem 3.1).

It should be pointed out that the functions w™, w™ are well defined. As observed in [30] (pp.
409, 413), in general wtand w™ only are uniformly Lipschitz continuous, but the strict convexity
assumption on G (3.2) guarantees that w™ and w™ are bounded.

The properties of the obstacles follow from the theory of viscosity solutions to Hamilton-Jacobi
equations (see [32], p. 133, [31]).

Then, in a second step, an existence theorem of Lagrange multipliers is proved together with
the following relationship between the coincidence set I and the plastic region P

+

I={ze:u@)=wh (@) oru@)=w (z)} =P={ze2:G(Du)=M}. (1.5)

Let us remark that we denote by P the plastic region in virtue of physical properties of the
elastic-plastic torsion problem.

The paper is organized as follows. In Section 2 we discuss some related works. In Section
3 we illustrate the problems in details and state the main results of the paper. In Section 4 we
remind some notations and some results of duality theory, that we need in the sequel. In Section 5
we introduce a suitable double obstacle problem and we investigate the connection between this
problem and the problem with gradient constraints. Moreover, in Section 6 we prove the existence
of Lagrange multipliers. Finally, in Section 7 we draw some conclusions and discuss our ongoing
research.

2. Related work

The gradient constrained problem is a classical problem intensively studied a few decades ago.

As already recalled in Section 1, the problem with constant gradient constraint |Du| <1,
the well-known elastic-plastic torsion problem, has been deeply studied, together with its
equivalence with the obstacle problem and with a Lagrange multiplier problem (see [2,3,5,6,20-
25]).

The regularity of the solution, the equivalence with other variational problems and with
a Lagrange multiplier problem have been investigated in the case of nonconstant gradient
constraints too.

In [18] the author studied general linear elliptic equations with a non-constant gradient
constraint, | Du| < g(z), with g(z) € C%(£2), and proved an existence and uniqueness result in
the space W2P(02) N W1 (), with 1 < p < cc. He also obtained W% regularity under some
additional restrictions. Those restrictions were removed by M. Wiegner in [41]. Some extended
results were obtained by H. Ishii and S. Koike in [28], who considered the existence and
uniqueness of the solution of the variational inequalities of the forms, which are considered by
Evans. They proved that, if f and g are allowed to vanish simultaneously, uniqueness of solutions
may fail. Other regularity results are contained in [12,30].

In [37] L. Santos obtained, under an extra condition on the constraint g, the equivalence of
an evolutive variational inequality with non-constant gradient constraints associated with the
Laplacian with a double obstacle variational problem (see also [38] for existence of Lagrange
multipliers for a non-constant gradient constraint problem associated with the Laplacian).

Choe and Shim in [10] proved C® regularity for the solution to a quasilinear variational
inequality subject to a Cc? strictly convex gradient constraint (see [9] for the gradient constraint
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G(Du) < M). In [11] the authors generalized the regularity results in [10], by allowing more
general constraints.

Moreover, in [40] the relationship between a gradient constrained problem associated with an
operator of type F(Du) + G(x,u) and a suitable obstacle problem is investigated. Under some
suitable regularity assumptions on G and the convexity condition on F, the authors prove the
equivalence of the problems.

Finally, in the recent paper [36] the author proves the optimal - regularity for variational
problems with non-striclty convex gradient constraints.

3. Main results

In this section we describe the assumptions and the main results of the paper.

Let 2 C R" be an open bounded convex set with lipschitz boundary 942 and a be an operator
of class C'!. In addition, the operator is assumed to be strongly monotone, namely there exists
A >0, such that

(a(P) —a(Q),P - Q) > \|P - Q|*> VP,QeR",P#Q, (3.1)

Let G: R"™ — R be a nonnegative c? strictly convex function such that

~ oG 5
&& > cll€]] (3.2)
g::l DADA;

VA, ¢ € R" and for some positive constant c.

Moreover, we assume G(0) = a(0) =0.

The first result we are able to prove is the equivalence between the gradient constrained
problem and a suitable double obstacle problem.

Theorem 3.1. Under the above assumptions on (2, a and G, if f = const. > 0, the solution u of (1.2)
coincides with the solution of (1.3).

In particular, the following relationship between the coincidence set I and the plastic region
P.

Theorem 3.2. Under the same assumptions as in Theorem 3.1, let w € K N W2P(§2) be the solution to
problem (1.2). Setting

I={ze:ulx)=w"(z)orul®)=w (z)}
F(2)}

A={zeR:w (z)<u(r)<w

it results

E={ze:G(Du)< M}=A.

Finally, the following result on the existence of Lagrange multipliers holds.

Theorem 3.3. Under the same assumptions as in Theorem 3.1, let w € K N W2P(£2) be the solution to
problem (1.2). Then, there exists U € L%(82) such that
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>0 a.e.in 2
7(G(Du) — M) =0 a.e.in 2

n das(Du) (3.3)
Zzi—kf—iﬂ?:()a.e.inﬂ.

=1

4. Preliminary results

In the sequel we use the strong duality theory, in order to prove our results.

We note that, in our settings, we cannot apply the strong duality property in the classical sense
(see [29]), since the ordering cone, which defines the sign constraints, has an empty interior.

So, we now recall a recent strong duality principle, obtained using new separation theorems
based on the notion of quasi-relative interior. To this aim, we start presenting the problem
formulation and we remind some preliminary concepts.

Let S be a nonempty subset of a real linear space X; (Y,| -||) be a partially ordered real
normed space with ordering cone C, with C* ={Ae€Y™: (A, y) >0 Vy € C} the dual cone of
C, Y™ topological dual of Y.

Consider the primal problem

min ¢ (v), (4.1)

veK

where K= {v € S: g(v) € —C } and the dual problem

max Inf [(v) + p(g(v))); 4.2)

where ¢ : S — Ris a given objective functional, g : S — Y is a given constraint mapping and
is the Lagrange multiplier associated with the sign constraints.
As it is well known (see [29]), the weak duality always holds:

Jmax Inf [§(v) + p(g(v)] < min(v). (4.3)

Moreover, if problem (4.1) is solvable and in (4.3) the equality holds, we say that the strong
duality between primal problem (4.1) and dual problem (4.2) holds.

So, strong duality is not always fulfilled and it is necessary to assume some conditions, called
“constraints qualification conditions”, to guarantee it.

The classical theory requires that the interior of the ordering cone is empty.

However, the ordering cone of almost all the known problems, stated in infinite dimensional
spaces, has the interior (and generalized interior concepts) empty.

In [13] the authors introduced a condition called Assumption S (from Separation), which
ensures strong duality and has revealed itself very effective in applications.

In the infinite dimensional settings Assumption S results to be a necessary and sufficient
condition for the strong duality (see [1,14-16,27]).

We recall that, given a point z € X and a subset M of X, the set

T (z):= {heX:h:li}Ln)\n(mn —x),A\n >0, zn, € M Yn €N, h,Ian”:x}

is called the tangent cone to M at .

Definition 4.1 (Assumption S). Assumption S is fulfilled at a point xo € K if it results
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T57(0,0v) 1 (] = 00,00x {6y }) =0, (4.4)

where

M={((x) —¢Y(zo) + o, 9(x) +y: z€S\K, a >0, yc C}.
Now, we may present the following strong duality principle (see Theorem 1.1 in [15]):

Theorem 4.1. Assume that the functions ¢ : S — R, g: S —Y are convex. If problem (4.1) is solvable
and Assumption S is fulfilled at the extremal solution u € K, then also problem (4.2) is solvable.
Moreover, if i € C™* verifies (4.2), we have

(1, g(u)) =0 (4.5)
and the optimal values of the two problems coincide; namely

W(u) =miny(v) = max inf [(v) + u(g(v))] =¥ (u) + (&, g(w))

veEK pneC* ve

Let us recall that the following one is the so-called Lagrange functional

L(v, ) =(v) + (4, g(v)) YveES, VueCr. (4.6)

By means of Theorem 4.1, it is possible to show the usual relationship between a saddle point
of the Lagrange functional and the solution of the constraint optimization problem (4.1) (see
Theorem 5 in [13]).

Theorem 4.2. Let us assume that the assumptions of Theorem 4.1 are satisfied. Then u € K is a minimal
solution to problem (4.1) if and only if there exist i € C* such that (u, i) is a saddle point of the Lagrange
functional (4.6), namely

L(u,p) < L(u,p) < L(v, i), Yv€S, peC*.

and

(I, g(u)) = 0.

Let us remark that, recently, other constraint qualification assumptions, which ensure strong
duality, have been also introduced in [33,34].

5. Equivalence of two variational problems

The first contribution of the paper is an equivalence result between the variational problems (1.2)
and (1.3).

To this aim, first we prove the following estimate for the solution u to the double obstacle
problem (1.3).

Theorem 5.1. Under the same assumptions as in Theorem 3.1, let u be the solution to the double obstacle
(1.3), then
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s =sup { D=0 €@ w2y} < Lmmaxflot o) 6)

Proof. We generalize the result, proved in [35] in the case a(Du)= Au and with gradient
constraint G(Du) = | Du|?,

Let @ be the extension by zero of u € H, é -2 (£2) to the whole space R™.
If u is the solution to (1.3), we set

up(z) =@(x + h) — @(z) — L|h| Va,heR" (5.2)
and
uyf (2) = max{i(z + h) — @(z) — L|h|,0}. (5.3)
We define
v1(x) = max{a(z), @(z + h) — L |k]} = a(z) + u) (z)
and

vo(x) =min{a(x),a(x — h) + L |h|} = a(x) — u:(m —h).

It is easily proved that

v1(z) <max{w" (z), 0" (z +h) — L|h|} =T (),

va(x) > min{w ™ (z),0" (x — h) + L|h]} =0 (x),
v1(z) <va(w),

namely v, and vg ,, belong to K~ +-

Then, we may use vy /9 and vo /2 as admissible functions in (1.3), and taking into account that

u;(m) :u:(m —h)=0forxz € R™\ 2, we get

n +
JRn ; a;(Du(x)) 8u6hm(i:r) dx > JRn fu: (z)dz, (5.4)

n +oo
— JR Zai(Dﬂ(x))%zih)dm > —J . fu:(m — h)dz. (5.5)

" i=1

Making the change of variables z — x + h in (5.5), and, keeping in mind that f is constant, we
have

n u+ x
JR > ai(Di(z + h))a ah ( )dx gJ fuf (z)dz. (5.6)

s
"i=1 ¢

Adding (5.4) and (5.6), we get

au; (z)

Ty

JRn > (@:(Dii(e + b)) - ai(Di(2)) da < 0. 57)

1=1

If we set E}JLr ={zeR": UZ (z) =a(x 4+ h) — u(z) — L|h| > 0}, it follows
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JE ; a;(Di(z + h)) — a;(Di(z))) “;m(ix) dz
n +
JRH\E ; as(Di(z + h)) — a;(Di(x))) a“gm(f) da < 0.
Bearing in mind (5.2), (5.3), it means
JE+ S (as(Di(z + b)) — a;(Di(x))) (ngj ") agil )) dz <0, (5.9)

ho1=1

In virtue of strong monotonicity assumption (3.1), inequality (5.8) implies u;f =0in E;l' and
then

@(z +h) — a(z) < LIh| Vz,h€R,

namely, our thesis.
O

Now, we are in position to prove Theorem 3.1. First, we prove that, if u is the solution to
problem (1.3), then u € K. The result is obtained by means of the strong duality theory and a
maximum principle.

Let us stress that, during the proof, we obtain a regularity result for the solution u to the
problem (1.3), namely u € W2’p(.(2), p>1.

Indeed, consider the following elastic-plastic torsion problem

n
- ov  Ow _
Find K: (D - dx > —w)d K .
indw e J'Q‘E_laz( w) (&Uz‘ 8@-) a:_L}f(v w)dz, YveK, (5.9)
where

K=K _w+ﬂ{v€H0 |Dv| < L a.e. in 2}.

K is a convex, bounded, closed set and, in virtue of Theorem 5.1, u € K.

From the classical theory (see [4]), the unique solution to the variational inequality (5.9)
belongs to WP (12).

Since u verifies (5.9), by uniqueness, then u € WP (£2) (for a different approach in the case of
homogeneous variational inequality see [9]).

Now, we can rewrite problem (1.3) as a minization problem. Indeed, u is a solution to

min  Y(v), (5.10)

where

Problem (5.10) verifies the Assumption S at the minimal point u € K,,- ,,+. Indeed, setting
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9(v) = (91(v), 92(v) = (W™ —v,0 —w")

)

it results



M={@@)+aw —vt+y,v—w’ +y2),v€L*\ Ky y+,a>0,y=(y1,y2) € C}.

In order to achieve the Assumption S, we must show that, if we have (l, 0r2(02), 912 Q)) €
TM(O’ 0L2(Q), eLz(Q)), namely,

(179L2(Q)’0L2(Q)) = hél’l[An(’l/J(vn) +an,w —vn + Yin, Un — w+ + an)L

with Ap >0, limp (1(vn) + an) =0, an >0, vn € L*(2) \ Kyt 5, limn An (0™ = vn +y1,,) =
012(0), limn An(vn — wb +y2,) = 012(02), Yn = (Y1, Y2,) € C, then I must be nonnegative.

If we argue as in Lemma 1 and Lemma 2 in [17], we get [ >0, that is the double obstacle
problem fulfills the Assumption S and then, by Theorem 4.1, the strong duality holds.

Then, if we define, Vv € L?(£2), V(\, i) € C, the Lagrange functional

L(v, A\, p) = (5.11)

= —nM— Vv —u)axr w (z) —v(x X Um—w+$ X
—LZ(; 2 - wde+ | Mw” (@)~ v@)dot | o) w* () do,

0 [0}

Theorem 4.2 ensures that there exists (), i) € C such that

namely

Mw™ (z) —u(z)) =0, Au(z)—wh(z)=0, a.e. in. (5.12)

Moreover, (u, A, i) is a saddle point of the Lagrange functional (5.11), that is

Lu, A\, p) < L(u, X, i) < L(v, X, i) Yo € L*(£2), V(A p) € C. (5.13)

Considering the right-hand side of (5.13), we get

Oa;(Du) - . I 9
J'Q(—Zi'—f)(v—u)dm—kj AMw —v)dm+JQu(v—w )dz >0 Vve L7(£2)(5.14)

Thanks to (5.12), it follows from (5.14)

Jﬂ(*i% —f=A+p)w-u)de>0 YveL*(£),
i=1 v

and then

—Z%—f—xﬂzzo ae. in . (5.15)
i=1 v

Consider now the coincidence set, I = It U I~ , with IT ={z€ 2: u(z)=w'(z)} and I~ =
{z€R: u(zx)=w"(z)}. Moreover, we set A={zxc2: w (z)<u(z)<w'(z)}. We have to
prove that G(Du) < M a.e. in 2.
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First, we recall that w™, w™ are differentiable at z if u(z)=w"(z) or u(z) =w™ (z) and
G(Dwt)=G(Dw™) =M, a.a.z € £, (see [8], [32] page 133), then we may conclude that

GDu)=Ma.a.z el (5.16)

On the other hand, for a.a. z € A from (5.12) and (5.15) it follows that A = i = 0 and, then,

Z =f a.e inA (5.17)

We follow the method used in [4], Lemma III.10, since f = const. and taking into account the
regularity of u, that we have proved during the proof.

Differentiate (5.17) with respect to xj, multiply by 6%(;:") and sum over k, then
i 9 (8@1 Du)) O*u_0G(Du) Z‘ dai(Du)  &u_ 0G(Dw) _
Sy oxy, 817] 8$]‘8$i Opy, ikl 8pJ 83@8%63:,@ opy, ’
namely,
n 3 n 2
Z da;(Du) 0°u  Ou _ Z J (8ai(Du)> o0°u BG(Du). (5.18)
eyl Op; 0x;0x;0x) Oz} il oxy, Opj Ox;j0r; Opy
It results
Z Oa;(Du) 0G(Du) | Zn: 7] <8ai(Du)> 0G(Du) 0%u
axz = Op; BZEJ i Ox; pj Opr,  Oxplx;

n

Py da;i(Du) 9°u 9 (9G(Du) Z": Bal (Du) 0G(Du)  8°u
Op; Oxpdx; Ox; Opy, el D Op,  Ox;0x;0xy,

i,7,k=1

Then, bearing in mind (5.18), we get

n i u 2’1,L u
S da;(Du) d (aG(D )) (5.19)

Nl Op; Oxpdz; Ox; Opr

N Z dai(Du)\ 9°u 9 (day(Du)\ 0*u ] 9G(Du)
it Ba:l Op; Oxpdx;  Oxy, pj Oxj0x; opr,

ox;

9 | & da;(Du) OG(Du)
Op; Oz

Since a(Du) is a monotone operator and by virtue the strict convexity of G(Du) (see also [9]
Lemma 4 and [10] Lemma 6), we can conclude that

d [ "\ da;(Du) dG(Du)
1

8332- 6pj 6Ij
S Zn: { 7] <8ai(Du)> 0%u 0 (8ai(Du)) 9%u } OG(Du)
- el ox; apj axkaxj oxy, 8pj 8%8931 opy.
Z Z 9%a;(Du) 0%u  0%u B " 5%a;(Du) 0%u  8*u | HG(Du) _0
it et OpjOp; Oz;0x; Ox,0x; = OpjOp; Oxp0x; 00T Opp ’

Now, we may apply the maximum principle to operator
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_ _ "9 [ 8a;(Du) Oy

acting on G(Du) on 4, since the coefficients of the operator B are bounded. Then, taking into
account that A is an open set, by the maximum principle, the value M cannot be attained at
interior points and one concludes that

G(Du)<M a.azxz€A, (5.20)
namely,
ACE={zen: G(Du)<M}. (5.21)
So, from (5.16), (5.20) we get that, if u is the solution to (1.3), then
ue K.

Since, K C Ky~ 4+, by uniqueness we may conclude that u is the solution to problem (1.2),
that is, the thesis of Theorem 3.1.

We can now obtain Theorem 3.2.

Indeed, as we already noted, G(Dw™) = G(Dw™) = M, a.a. = € 2, then (5.16) holds and the
coincidence set I is a subset of the plastic region P = {z € 2: G(Du) = M}, namely

E=0\PCQ\I=A.

Taking into account (5.21), Theorem 3.2 is achieved.

6. Existence of Lagrange multipliers

This section is devoted to the existence of Lagrange multipliers associated to problem (1.2).

So, let u € K be the solution to problem (1.2).

We have already proved in Theorem 3.1 that « is also a solution to the double obstacle problem
(1.3). Moreover, u € W2P(£2),p > 1.

We may argue as in Theorem 3.1. Indeed, we may rewrite problem ((1.3) as a minimization
problem and we may prove that Assumption S is fulfilled at the solution u.

Then, from Theorem 4.1 it follows that there exists (), i) € C, such that

Mw™(z) —u(z) =0, @u(z)—w(x)=0, ae. inf

n A 6.1)
M-&-f—;\-&-ﬂ:()a.e.in(),
=1
Bearing in mind Theorem 3.2, choosing 7 = fi — A, we get
v(G(Du) — M) =0, a.e.in 2
(6.2)

" da;(Du)

————~ 4+ f+v=0ae.in 2
ox;

i=1

and Theorem 3.3 is achieved.

7. Conclusion

In this paper we have focused on a nonlinear monotone variational problem with strictly convex
gradient constraints and homogeneous boundary condition.
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We have introduced a suitable double-obstacle problem, obtained the regularity of the solution
and proved the equivalence between the two problems.

Moreover, we have achieved the equivalence between the gradient constrained problem and a
Lagrange multiplier problem.

Main tool in proving the results is a strong duality theory, that holds in infinite-dimensional
settings.

Further work is the investigation of existence of Lagrange multipliers (even as Radon measures
as in [7,24,26]) of the gradient constrained variational problem weakening the assumptions on the
operator a and on the constraints mapping G or considering a L>-free term f.
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