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Nonlocal theories are well established to model statics and dynamics of small-size structures. Recent studies
investigated elastic wave propagation in nonlocal beams and attention focused on periodic nonlocal beams,
either endowed with resonators or resting on supports, for relevant applications at small scale. In this context,
this work proposes a stress-driven nonlocal Timoshenko beam formulation and develops an original and
comprehensive analytical/computational framework for wave propagation analysis in bare and periodic beams.

The framework addresses infinite and finite beams. First, exact analytical expressions are derived for the
dispersion curves of the bare beam, which provide full insight into the effects of nonlocality. Second, an exact
Plane Wave Expansion method is devised for periodic beams, either equipped with mass-spring resonators
or resting on elastic supports; both w(g) and g(w) dispersion curves are derived in this work, where w is
the frequency and ¢ is the wave number. Third, an approximate homogenization approach is formulated to
estimate opening frequencies and sizes of band gaps induced by mass-spring resonators. Finally, a two-field
finite element method is proposed to calculate the transmittance of finite periodic beams.

Numerical applications investigate the dispersion diagram of bare and periodic beams for different
internal lengths of the stress-driven nonlocal model. Remarkably, results for finite periodic beams validate
the predictions from wave propagation analysis of corresponding infinite ones. Moreover, parametric analyses

show the capability of the stress-driven nonlocal model in capturing typical small-size effects.

1. Introduction

Statics and dynamics of small-size structures are subjects of great
importance in modern mechanics, in view of the many applications
of this type of structures in micro- and nano-engineering (Thai et al.,
2017; Roudbari et al., 2022; Ghavanloo et al., 2023). Since the early
stages of research in this field, considerable effort was devoted to
developing theoretical and computational models capable, on one
hand, of capturing size effects not predicted by the classical free-
scale continuum approach and implementable, on the other hand, at
relatively low computational costs compared to the very demanding
atomistic simulations. This is the research framework where nonlocal
or generalized continuum theories were formulated, as Eringen’s non-
local integral theory and its differential counterpart (Eringen, 1972,
1983; Numanoglu et al., 2018; Numanoglu and Civalek, 2019; Zhang
et al., 2020; Zhao et al., 2021), strain gradient theories (Aifantis,
1999, 2003, 2009, 2011; Askes and Aifantis, 2011; Challamel et al.,
2016; Polizzotto, 2014, 2015; Akgoéz and Civalek, 2014), nonlocal
strain gradient theories (Lim et al., 2015; Zhang and Qing, 2021b;
Bian and Qing, 2021), nonlocal stress gradient theories (Li and Qing,

* Corresponding author.
E-mail address: gioacchino.alotta@unirc.it (G. Alotta).

https://doi.org/10.1016/j.ijsolstr.2024.113103

2024; Zhang and Qing, 2023), micropolar “Cosserat” theory (Lakes,
1991), couple stress theory (Mindlin, 1963; Yang et al., 2002), peridy-
namic theory (Silling, 2000; Silling et al., 2007), mechanically-based
approaches involving long-range interactions among non-adjacent vol-
umes (Di Paola et al., 2009, 2010, 2013; Failla et al., 2010; Alotta
et al., 2014, 2017, 2018), fractional-calculus based theories (Patnaik
and Semperlotti, 2020; Patnaik et al., 2020, 2021; Alotta et al., 2022).
More recently, the new stress-driven nonlocal theory (Romano and
Barretta, 2017a,b; Romano et al., 2017a) gained popularity as effec-
tive formulation to study small-size structures, with applications to
beams/frames (Romano and Barretta, 2017a,b; Romano et al., 2017a;
Barretta et al., 2018; Russillo et al., 2021; Caporale et al., 2023;
Behnam-Rasouli et al., 2024) and 3D solids (Russillo et al., 2022). Its
fundamental assumption is that the strain at a material point depends
on the stresses at different material points via a convolution integral
with space-dependent attenuation function; from the integral formula-
tion, an equivalent differential formulation can be derived, on assuming
the attenuation function in exponential form. The stress-driven nonlocal
theory proved well posed in statics (Romano and Barretta, 2017b;
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Zhang and Qing, 2021a; Qing and Tang, 2023; Scorza et al., 2022; Tang
and Qing, 2024), in dynamics (He et al., 2020; Russillo et al., 2021;
Zhang and Qing, 2022a; Zhang et al., 2022a,b; Zhang and Qing, 2022b)
and capable of overcoming some paradoxes derived from the Eringen’s
nonlocal differential theory for specific problems involving the statics
of beams (Romano et al., 2017b), targeted as benchmark problems
and solved by alternative strategies as well (see Demir and Civalek
(2017) and references therein). Comprehensive reviews on nonlocal
and generalized continua may be found in Thai et al. (2017), Roudbari
et al. (2022), Ghavanloo et al. (2023).

Modelling elastic wave propagation in small-size structures is a rel-
evant application field of nonlocal or generalized continuum theories,
as demonstrated by an increasing number of studies in the last few
years. Indeed, many works focused on wave propagation in small-
size beams (Wang and Hu, 2005; Lu et al., 2007; Lim et al., 2015;
De Domenico and Askes, 2018; Askes and Aifantis, 2009; Gomez-Silva
and Askes, 2024), adopting the Eringen’s nonlocal differential the-
ory (Wang and Hu, 2005; Lu et al., 2007), stress gradient or combined
strain/inertia gradient theories (Askes and Aifantis, 2009), a higher-
order nonlocal strain gradient theory of elasticity built upon the Erin-
gen’s nonlocal integral theory (Lim et al., 2015), a three-length-scale
gradient theory (De Domenico and Askes, 2018), a variationally consis-
tent formulation with long-range forces (Gomez-Silva and Askes, 2024).
The Euler-Bernoulli beam model was used in Wang and Hu (2005), Lu
et al. (2007), Lim et al. (2015), Askes and Aifantis (2009), De Domenico
and Askes (2018), the Timoshenko beam model in Wang and Hu
(2005), Lim et al. (2015), Askes and Aifantis (2009), De Domenico and
Askes (2018), an Elishakoff beam model derived from the Timoshenko
one in Gomez-Silva and Askes (2024). Very recently, the stress-driven
nonlocal theory in conjunction with the Euler-Bernoulli beam model
was adopted in Barretta et al. (2024) to investigate wave propagation
in nanobeams, either bare or resting on nano-foundations. Other works
addressed functionally-graded nanobeams, using a nonlocal strain gra-
dient theory (Ebrahimi et al., 2019) or the so-called general nonlocal
theory (Faroughi et al., 2020) developed in Shaat (2017) via a suitable
modification of the Eringen’s nonlocal integral theory; in these cases,
a refined higher-order beam model (Ebrahimi et al., 2019) and the
Reddy’s beam model (Faroughi et al., 2020) were used. Interesting
reviews on the studies dealing with wave propagation in small-size
beams can be found in Thai et al. (2017), Roudbari et al. (2022),
Farajpour et al. (2018), Eltaher et al. (2016).

Dealing with wave propagation in small-size beams, several studies
addressed not only bare beams but also periodic ones, with periodicity
due to alternate materials, equally spaced supports or resonant attach-
ments (Chen and Wang, 2011; Allegri et al., 2013; Yan et al., 2020;
Deng et al., 2017a,b; Trabelssi et al., 2024; Zhou et al., 2019; Qian,
2020; Qian et al., 2021; Qian and Wang, 2022; Espo et al., 2022). These
beams are of particular interest because their frequency response may
exhibit band gaps, i.e., frequency ranges where waves do not propagate,
with obvious benefits in terms of vibration reduction. Longitudinal
wave propagation in small-size beams made of two alternate materi-
als, modelling phononic crystals, was investigated in Chen and Wang
(2011) and in Yan et al. (2020) using the Eringen’s nonlocal differential
theory. Moreover, flexural wave propagation in small-size beams on
periodically spaced supports was studied in Allegri et al. (2013), Deng
et al. (2017a,b), using the Eringen’s nonlocal differential theory (Allegri
et al.,, 2013; Deng et al.,, 2017b) or the modified couple stress the-
ory (Deng et al., 2017a) in conjunction with the Euler-Bernoulli beam
model; in particular, these studies focused on multi-span graphene
nanoribbons (Allegri et al., 2013) and multi-span functionally graded
nanopipes (Deng et al., 2017b) or micropipes conveying fluid (Deng
et al., 2017a). Very recently, flexural wave propagation in small-size
beams with periodically spaced mass-spring resonant attachments was
studied in Trabelssi et al. (2024), based on the nonlocal strain gradient
theory. The work in Trabelssi et al. (2024) can be cast within the
emerging research area on metamaterial nanobeams; other examples in
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this respect are the work in Zhou et al. (2019) on the size-dependent
flexural wave band gap formation in phononic crystal nanobeams
with surface effects, as well as the works in Qian (2020), Qian et al.
(2021) on piezoelectric phononic crystal nanobeams (Qian et al., 2021)
and piezoelectric phononic crystal nanobeams with periodically spaced
“mass-spring” resonators (Qian, 2020); they used the Timoshenko beam
model (Qian et al., 2021) and the Euler-Bernoulli beam model (Qian,
2020), including surface elasticity in both cases. Moreover, building
on the models used in Qian (2020), Qian et al. (2021), a new type of
resonator was devised in Qian and Wang (2022) to control the electro-
mechanical coupling bandgap of phonic crystal nanobeams equipped
with periodically spaced horizontal and vertical resonators. Another
study in this field was conducted in Espo et al. (2022) on piezoelectric
phononic crystal nanobeams, using the modified couple stress theory in
conjunction with the Timoshenko beam model, again including surface
effects. Other studies addressed wave propagation in periodic planar
beam lattices of different forms, using the so-called modified couple
stress theory with an enhanced shear-deformable beam model (Mancusi
et al., 2017) or with the Euler-Bernoulli beam model (Sepehri et al.,
2021) and, alternatively, using the stress-driven nonlocal theory with
the Rayleigh beam model (Russillo and Failla, 2022).

Although several results may be found in literature on wave propa-
gation in small-size beams modelled by nonlocal or generalized contin-
uum theories, a few only concern the recently introduced stress-driven
nonlocal theory (Barretta et al., 2024; Russillo and Failla, 2022), with
applications limited to beams and beam lattices modelled by the Euler-
Bernoulli beam model (Barretta et al., 2024) and the Rayleigh beam
model (Russillo and Failla, 2022), respectively. To fill this gap and fur-
ther investigate into the potential of the stress-driven nonlocal theory,
this work deals with wave propagation in small-size beams proposing
a stress-driven nonlocal Timoshenko beam formulation and developing
an original analytical/computational framework for bare and peri-
odic beams, not yet available for small-size beams modelled by the
stress-driven nonlocal theory.

Both infinite and finite beams are addressed in the proposed frame-
work, which delivers the following main novelties. First, the dispersion
curves of the bare beam are obtained by exact analytical expressions,
providing full insight into the effects of nonlocality. Second, an exact
Plane Wave Expansion (PWE) method is formulated to study periodic
beams, either equipped with mass-spring resonators or resting on elas-
tic supports; notably, both w(q) and g(w) dispersion curves are derived,
where w is the frequency and ¢ is the wave number. Third, an approxi-
mate homogenization approach is introduced, which estimates opening
frequencies and sizes of band gaps induced by mass-spring resonators.
Finally, a two-field finite element method, involving displacements
and stresses, is developed to calculate the transmittance of finite pe-
riodic beams. While the wave solutions/methods for infinite beams
(i.e., dispersion curves of bare beam, PWE method and homogenization
approach for periodic beams) are built from the differential formulation
of the stress-driven nonlocal model, the two-field finite element method
for finite periodic beams relies on its integral formulation.

Numerical applications investigate the dispersion diagram of bare
and periodic beams for different internal lengths of the stress-driven
nonlocal model. Results for finite periodic beams validate the predic-
tions from wave propagation analysis of corresponding infinite ones.
This is a remarkable conclusion of this work, which demonstrates the
correctness of the proposed PWE method, homogenization approach
and two-field finite element method, as well as the theoretical consis-
tency between the differential formulation of the stress-driven nonlocal
model used for infinite beams and its integral formulation used for
finite ones. Moreover, parametric analyses of periodic beams on elastic
supports show the capability of the stress-driven nonlocal model in
capturing small-size effects.

The paper is organized as follows. Section 2 introduces the basic
concepts of the stress-driven nonlocal Timoshenko beam formulation.
Wave propagation analysis is addressed in Section 3, Section 4 and
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Fig. 1. Stress-driven nonlocal Timoshenko beam: (a) outline; (b) equilibrium in z-direction and about y-axis. Positive sign conventions are shown. Inertial force/moment in (b)

are those associated with positive accelerations, according to D’Alembert principle.

Section 5, introducing the exact analytical expressions for the disper-
sion curves of the bare beam in Section 3 and the PWE method for
periodic beams in Section 4 and in Section 5. Numerical applications
are discussed in Section 6. Finally, Appendix A describes the homog-
enization approach for periodic beams with mass-spring resonators,
while Appendix B illustrates the two-field finite element method to
calculate the transmittance of finite periodic beams.

2. Stress-driven nonlocal Timoshenko beam

In this Section, the stress-driven nonlocal Timoshenko beam model
used in this study is introduced with appropriate symbology and con-
ventions.

Fig. 1(a) shows a stress-driven nonlocal Timoshenko beam with
arbitrary cross section. In the Cartesian orthogonal system O(x, y, z), x
coincides with the centroidal axis of the beam, y and z are principal
axes of the cross section. Focusing on the flexural response in the
xz plane, v(x,t) and ¢(x,7) denote deflection in the z-direction and
rotation of the cross section about the y-axis (positive sign conventions
in Fig. 1(a)).

Generalized strains and displacements of the beam cross section are
related by the following equations:

r(, 0 = vV(x) + o(x, 1) (1a)

20,0 = oV (x,1) (1b)

where y(x,t) is the shear strain, y(x,7) is the curvature and the
superscript (j) means jth derivative with respect to x.
The stress-driven nonlocal Timoshenko beam model formulated in
this work relies on the following integral constitutive laws for shear
and bending responses:

— 1 b

y(x, 0 = GAS/a D(x,$)T (S, 1)d¢ (2a)
b

x(x,n = ﬁ/ D(x, M (. 1)dS (2b)
y Ja

with a and b the lower/upper bounds of the beam domain, ¢ an

auxiliary longitudinal spatial coordinate, A, the shear area of the cross
section, I, the moment of inertia of the cross section about the y-
axis, G the shear elastic modulus, E the Young’s modulus, T(x,7)
the shear force, M(x,r) the bending moment about the y-axis, ®(x)
the attenuation function that is characterized by positivity, symmetry
and impulsivity (Romano and Barretta, 2017a). A convenient and
commonly used form of the attenuation function is the bi-exponential
one (Romano and Barretta, 2017a)

P(x,8) = 5 exp <—'xf'> ®)

where A is a material-dependent internal length defining the beam
domain where nonlocal interactions are significant. With the choice
of the attenuation function in Eq. (3), the integral constitutive laws
in Egs. (2) can be reverted to the following equivalent differential
equations:

Y t) = P2y, = TGLA’) (42)
M(x,t
2001 = 2O, 1) = E<—);y) (4b)

complemented by the following constitutive boundary conditions
(BCs):

¢V(an = 2¢@n (5a)

¢Vb0) = =2¢(b0) (5b)

with ¢ = y for the constitutive BCs related to Eq. (4a), while ¢ = y for
the constitutive BCs related to Eq. (4b).

Next, consider the dynamic equilibrium equations of the beam in
the z-direction and about the y-axis (see Fig. 1(b))

TO(x,1) — pAi(x,1) =0 (6a)

MWD (x,1) = T(x,1) — pL,p(x,1) =0 (6b)

where dot means time derivative. By combining Egs. (4) with Egs. (6)
and considering Eq. (1a), the following partial differential equations
governing the flexural vibrations of the stress-driven nonlocal Timo-
shenko beam are obtained:

—[(P 0+ eV, 1) = 42 (0P (x,1) + 9P (x, )] + aii(x,n =0 (7a)

(0P x.t) = 2P (x,0) + B [(1V(x. 1) + 9(x. 1))
=22 (9,0 + 9P, 0)] +np(x,1) =0 (7b)

with
A GA
=2 p=—x g=L (8)
GA, EI, E

It is worthwhile noting that, as the internal length 4 — 0, Egs. (7)
revert to the system of partial differential equations governing the
flexural vibrations of the classical local Timoshenko beam. The solution
of Egs. (7) is obtained by applying four standard mechanical/kinematic
BCs at the beam ends and the constitutive BCs in Egs. (5). The BCs are
relevant in the dynamic analysis of beams of finite length but not in the
elastic wave propagation analysis of infinite beams, which is pursued
in the following Section 3, Section 4 and Section 5. In this respect, see
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the work in Barretta et al. (2024), where the characteristic equation
for wave propagation analysis in infinite stress-driven nonlocal beams
is obtained from the equilibrium differential equations only, without
considering any boundary conditions.

3. Wave propagation in stress-driven nonlocal Timoshenko beam

For wave propagation analysis of the infinite stress-driven nonlocal
Timoshenko beam, the solution of Egs. (7) is assumed in the typical
form

v(x, 1) = vyel@+a) (9a)

P(x,1) = e @) (9b)
where o is the circular frequency and ¢ is the wave number. Substi-
tuting Eq. (9) for v(x,7) and ¢(x, 1) into Eq. (7) yields
[q2(1+12q2) —aa)Z] Uo—iq(1+ﬁzq2)(p0:0 (10a)

iBq (1+ 224%) vy + [(a* + ) (1 + 42¢*) — new?| @ =0 (10b)

with i the imaginary unit. The system in Egs. (10) is recast in the
following compact form:

Ady =0 (11)

where d; = [v o] and
2 1 /{2 2\ _ 2 _ 1 /12 2
A=q(+ q) aw 1q(+ q) a2
iﬁq(1+/12q2) (q2+ﬂ)(1+/12q2)—i1w2

Solutions w(q) correspond to non-trivial solutions d, of Eq. (12),
obtained by setting det A = 0 in the following form:

ay0* + ay0® +ay =0 (13a)
a, =an (13b)
ay=—[ap+q* @+n] (1+4¢) (13c)
ag = q* (1 + 1242)2 (13d)

Remarkably, Eq. (13a) provides closed-form analytical expressions
w(q) given by:

oL = — VI @tm+ap—c] (1+4242) (14a)
an

w34(q) =+ > \/[112 (a+r/)+aﬁ+cl] (1+¢222) (14b)
an

o = \/ q* (a —n)* +2¢%aB(a +n) + a2 (14c)

Egs. (14) demonstrates that w; »(¢) and w; 4(¢) depend on the parameter
q¢*2*> = (2zA/1)?, i.e., on the ratio of the material-dependent internal
length 4 to the wavelength / of the travelling wave. It is evident
from Egs. (14) that, for given A characterizing the material, nonlocal
effects will become significant as / is comparable with or is smaller
than A, while they will reduce and eventually vanish as [ is very
large with respect to 4. This behaviour substantiates the stress-driven
nonlocal model as a physically consistent phenomenological approach
to account for microstructural effects on elastic wave propagation.
Indeed, microstructural effects are expected to be relevant in waves
with / < 4, while they are expected to vanish if / > A, which is the
range of validity of classical local continuum mechanics.

Egs. (14) allow a full insight into the wave dispersion properties of
the stress-driven nonlocal Timoshenko beam and, to the best of authors’
knowledge, are not yet available. Obviously, for numerical purposes,
only the positive roots w,(q) and w;(g) in Eq. (14) will be considered
in the following.
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Fig. 2. Periodic stress-driven nonlocal Timoshenko beam with mass-spring resonators.

4. Wave propagation in periodic stress-driven nonlocal Timo-
shenko beam with mass-spring resonators

Building on the concepts introduced in Section 3, this Section
addresses the wave propagation analysis of infinite stress-driven nonlo-
cal Timoshenko beams equipped with periodically spaced mass-spring
resonators, as shown in Fig. 2. Wave propagation analysis of nonlocal
beams with periodically spaced mass-spring resonators gained attention
in recent studies (Trabelssi et al., 2024), because periodicity and local
resonance may induce band gaps, i.e., frequency ranges where elastic
waves cannot propagate, with benefits in terms of vibration reduction.
Consistently with the literature in the field (Xiao et al., 2012), the
mass-spring resonators in Fig. 2 may model resonant units attached
externally to the beam.

Let m, be the mass and k, the stiffness of the resonators. They are
located at x; = x + ja, with j € Z, where x, = a/2 is a reference
abscissa and a the distance between two consecutive resonators.

The dynamic equilibrium equations of the beam-resonators coupled
system read

~ [P0+ oD, 0) = 22 (D (x, 1) + 0P (x,1)] +

+aii(x, 1) — Z K, (w;(0—v(x;.0) 6 (x—x;)=0  (15a)

Jj=—00
- ((p(z)(x, 1) — /lz(p(4)(x, t)) +p [(U(l)(x, 1)+ p(x, t)) +

=2 (0,0 + 0P, 0)] +1 @(x,H=0  (15b)

—k, (0(x;,1) = w;(®)) + m,i0;(t) = 0 (150)

where k, = k,/(GAy), w (1) is the displacement along the z-direction of
the resonator located at x; and (x) is the Dirac’s delta function. The
Dirac’s deltas in Eq. (15a) capture the shear-force discontinuities caused
by the concentrated reaction forces of the mass-spring resonators, as
shown in previous studies on local and nonlocal beam models (Wang
and Shindo, 2006; Wang and Liew, 2007; Russillo and Failla, 2022;
Caporale et al., 2022). Notice that, since Dirac’s deltas are used in
Eq. (15a), no additional constitutive conditions accounting for shear-
force discontinuities shall be considered at the application points of the
mass-spring resonators, as discussed in Caporale et al. (2022).

For wave propagation analysis, the solutions of Egs. (15) take the
form

o(x, 1) = v(x) exp (o) ;. @(x,1) = @(x)exp (iwt); w;(t) = Ej exp (iwt)
(16)

Substituting Egs. (16) for v(x,1), @(x,?) and w;(r) into Egs. (15) gives

[0+ 570) - £ (790 +3700)]

—aw*v(x) — Z K, (Ej—ﬁ(xj)) (x—x;)=0

(17a)
j=—oc0
- (7P - 27w ) + 5| (V@ + 7)) +
-2 (0 +3%w)| -0 =0 a7
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—k, (0(x;) = w;) — me*w; =0 17¢)

As explained in the following, here Egs. (17) are solved by the PWE
method, which consists in adopting a suitable Fourier series expan-
sion for the unknown generalized displacements (deflection, rotation)
defined over the whole domain of the infinite beam. This method
is ideally suitable for the problem under study, as it preserves the
nonlocal interactions between points belonging to different cells, in-
cluding non-adjacent ones, without introducing any approximation. To
the best of authors’ knowledge, this study is the first to apply the PWE
method for wave propagation analysis of stress-driven nonlocal beams.
Remarkably, both the w(q) and the g(w) methods can be derived by the
proposed PWE formulation, as detailed below.

4.1. w(q) method

In the w(q) method, the wave dispersion curves are obtained from
an eigenvalue problem providing the frequencies » that correspond to
wave numbers ¢ within the irreducible Brillouin zone [0, = /a].

According to the PWE method, the solutions v and ¢ of Egs. (17)
are represented in the form

(o]
E(x) - 2 Umei(q+2mn/a)x

(18a)
?(x) = Z (pmei(q+2mlr/a)x (18b)

Further, given the periodicity of the beam, the Bloch theorem
guarantees that

B(x;) = T(xg)e 4/ (19a)
B(x)) = Plxg)e™ ¥ (19b)
W, = wye 4 (190)

Replacing Egs. (19) for v, g and Ej in Egs. (17) yields an infinite
set of systems of algebraic equations, each system corresponding to a
value m = -0, ..., 00:

[qﬁq (l + Azq'zn) - aa)z] v, — 14, (l + Azqrzn) Ot

[so]
_ Er (w() _ Z U'he—i(q+2rh7r/a)x0> ei(q+2m7r/a)x0 =0 (203)

ft=—0c0

184, (1+ A2q2) v, + [(% +8) (1 + 126%) — no?| @,, =0 (20b)
(s8]
—k, ( 2 U’he—i(fl+2rﬁﬂ/a)x0 _ w0> _ m,w2w0 -0 (200)
m=—00

where x, = k,/a and g,, = g + 2zm/a. Egs. (20) are obtained by some
manipulations, as detailed below:

(i) Exploiting the sampling property of the Dirac’s delta function,
the following identity holds:

o 0
Y eTing(x — x) =) N G(x - x)) (1)

j=—c0 j=—o0

(ii) Being the summation of Dirac’s delta functions in Eq. (21) a
periodic function, the following expression can be adopted:

Z 5(x _ xj) — é z ei(2mn/u)xoe—i(2mn/a)x (22)

Jj=—00 m=—oo0
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(iii) In view of Eq. (18a), the deflection at x = x(, can be recast in the
following form:

Bxg) = ) ve @rmm/a% (23)

f=—0c0

To build a solution, the summation over the indexes m in Egs. (18)
and m in Egs. (20) are truncated to a finite order, i.e., m,m = —-M,—M +
I,...,M —1,M. As a result, a system of 4M + 3 equations is obtained,
where 2M +1 = M equations are of the type in Eq. (20a), 2M +1=M
equations are of the type in Eq. (20b) and one is Eq. (20c). This system
can be cast in matrix form as
(K- ™M) d}, =0 29
where d%, = |[v wO]T, with v = [o_p ...
[¢_pr - @u] and

omls @y =

Q, +42Q, +%,U -i(Q +4*Q;) —K,p
K=|if(Q, +42Q;) B(I+4%Q,)+Q,+42Q, z (25a)
—k,p’ z" k,
ol Z z
M=|Z 4l =z (25b)
ZT ZT m

In Egs. (25) Iisa M x M identity matrix, z is a ‘M column vector
with all entries equal to zero, Z = zz!, U = pp’ and

(q—2M=n/a)" 0 0
0 [¢—2M - 1)z/a]"
: . 0
0 0 (¢g+2M=x/a)"

(26a)

ei(q—2M7r/a)x0

ei[q—Z(M—l)ir/a]xU
= . (26b)

ei(q+2M7:/a)xO
efi(472Mir/a)x0
e—i[q—Z(M— Dr/alxg
p = ) (26¢)

e—i(q+2 Mz /a)xg

Eq. (24) defines a linear generalized eigenvalue problem in w?,
from which the frequencies w(gq) corresponding to each wave number
q € [0, 7 /a] are obtained. The solutions w(g) are real valued; band gaps

occur in frequency ranges where no eigenvalues exist.
4.2. q(w) method

To formulate the g(w) method, it is convenient to express the
reaction force of each resonator as function of its dynamic stiffness.
It follows that Egs. (20) are rewritten as

_ [(5(2)(") +5(1)(x)) _ 2 (5(4)()() +5(3)(x))] +

- a0 0(x) + Kp(@) ), Tx)s(x—x)=0 (27a)

e

- (7w - 27w )+ s (7 + 7))

-2 (V@0 +5%0)| -ne's =0 @27b)
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where k(@) = kp,.(w)/(GA,) and
k,m,w?

m.w* — k

kpy(@) = (28)

r

is the dynamic stiffness of the resonator. Considering Eq. (21) through
Eq. (23), an infinite set of systems of algebraic equations of the follow-
ing type is obtained:

[qfn (1+ Azqfn) - awz] Uy —ig (1 + Azqfn) O+

o0
+FDr (@) 2 e—i(Zr?m/u)xoei(q+2m7r/a)x0 vy = 0 (29a)

m=—co

ifq,, (l + Azqrzn) v, + [(qi + ﬂ) (1 + Azqi) - nwz] @, =0 (29b)

with xp.(w) = «kp.(w)/a. The summations over the indexes m in
Egs. (18) and m in Egs. (29) can be truncated to a finite order,
ie,mm=-M,-M+1,....,M —1, M, obtaining a system of 4M +2 =
2M algebraic equations of type (29), written in compact form as

Dd,, =0 (30)

Q, + 42Q, + ¥ p,(@)H — aw*I

-i (Q, + 42Q;) ]
if (Q + 42Q;)

B (I+2°Q,) + (Q, + 12Q,) — na’1
31

where dy, = [v], (pL]T, H = rr’ with

ei(*ZMﬂ/a)xo
ei[—Z(M—l)n/a]x(]
r= ) (32a)
ei(ZMIT/a)x[)
efi(72Mir/a)x0
e—i[—Z(M—l)ir/a]xU
r' = ) (32b)

efi(ZMn/a)xo

The matrices Q, in Eq. (31), with j = 1,2,3,4, are given by
Eq. (26a). Terms of Q ; can be expanded as

L [@ + 5@ + a7 + 007 + o)

qk = (q-2mz/a)*

(33a)
0= (@ =2mn/a) = = [+ ro(0iT + 07 + ro(m)| (33b)
0= (q=2mn/a) = = [T+ 5,(mi7+ sy (33¢)
4y = (@ = 2m/@) = 1 [7+10m)] (33d)

with g = ga and

p3(m) = =8(mx); py(m) = 24(mm)?; py(m) = =32(mx)*; py(m) = 16(mm)*

(34a)
ry(m) = =6(mx); ry(m) = 12(mz)*; ro(m) = —8(mr)? (34b)
s1(m) = —4(mx); so(m) = Hmx)’ (340)
to(m) = —2(mx) (34d)
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Fig. 3. Periodic stress-driven nonlocal Timoshenko beam on elastic supports.

X

It follows that the matrices Q s with j = 1,2,3,4, can be rewritten

as
1 _ _

Q= = [7141 +3 P+ 7P, + 3P + Po] (35a)
1 =3, —

Q== [431 +7°R, + R, + RO] (35b)
1 ear  —

Q== [6121 +48; + So] (35¢)
a
1

Q = - [q1 + T,] (35d)

Symbols P,, R,, S, and T, in Egs. (35) denote matrices deriving
from the general form

6,(~M) 0 0
0 0,(-M +1) - :
0,= (36)
: : - 0
0 0 6,(M)

with 6, =p, fore,=P,, 0,=r,for®, =R, 0,=s, for ®, =S, and
0y =ty for ©) = Ty; p,, r,, s, and ¢, are given in Egs. (34).
Considering Egs. (35), Eq. (30) can be rewritten as

(flm + A+ A, +TA, + AO) dy =0 37)

where L5 is a 2M X 2M identity matrix and

[42P;  —ial

A,y = (38a)
| iafl Py
[12P, + a%1 —iaA?R,

A= o 2 20 4 2 (38b)
| iaBA"Ry APy +al+a"fl

2P| + a*S, —ia (AR, + a’I)

A= 2 2 2 2 2412 (38¢c)

Liap (AR, +a’T)  A?P; +d?S; +d*pA%S,

Ay =
2Py + a’S + K p,(@)a*H — a*aw’1
iap (A*Ry + a*Ty) AP+ a*Sy + B (428 + a*I) — a*na’l

(38d)

—ia (A’R, + a*Ty) }

The system in Eq. (37) can be recast as a linear standard eigenvalue
problem

-A; A, -A -Ay |7y ] [Pay

.- Z-— Z— Z7Z— 7°d _|7%a

oM oM oM oM a M =3l M (39)
Zyi L Zoy Ly qdyy qdyy

Zyi Lo Ly Ly dy dy

where Z,; is a 2M x 2M matrix of zeros. For each frequency w, the
matrix in Eq. (39) has sM eigenvalues ¢ that in general are complex
valued. Among the 8M eigenvalues calculated for each frequency w,
only the eigenvalues g with Re(q) € [0, z/a] are considered.
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Fig. 4. w(q) dispersion curves of bare stress-driven nonlocal Timoshenko microbeam for different internal lengths 4, A =0 (local) thin continuous line, A = 30 pm thick dashed line,
4 =60 pm thick continuous line, 4 =90 pm thick dot-dashed line; w,(¢) in Eq. (14a) (left column); w;(q) in Eq. (14b) (right column).

4.3. Remarks

Remark #1. Here, the formulation of the PWE method is developed
for stress-driven nonlocal Timoshenko beams but can readily be ex-
tended to Euler-Bernoulli and Rayleigh beams as well. It can also be
extended to the case of multiple resonators in every cell, as proposed
in Xiao et al. (2012) for local Euler-Bernoulli beams. It handles nonlocal
interactions between points belonging to different cells without any
restriction and applies, therefore, for any internal length of the stress-
driven nonlocal model. It provides the exact dispersion curves to the
limit, i.e., increasing the number of terms retained in the Fourier series
expansions (18) adopted for deflection and rotation.

Remark #2. For completeness, a homogenization approach is de-
veloped in Appendix A, which consists in reverting the discrete dis-
tribution of mass-spring resonators to an equivalent continuous one.
The homogenization approach is approximate but useful for design,
as allows to easily estimate opening frequencies and sizes of local
resonance band gaps, as discussed in Appendix A.

5. Wave propagation in periodic stress-driven nonlocal Timo-
shenko beam on elastic supports

Several studies analysed wave propagation in small-size beams on
periodically spaced supports (Allegri et al., 2013; Deng et al., 2017a,b).
This Section illustrates how this problem can readily be handled adopt-
ing the stress-driven nonlocal Timoshenko beam model as well, by tai-
loring the PWE method presented in Section 4. Again, it is worthwhile
noting that the PWE method is ideally appropriate for this purpose,
because it inherently preserves the nonlocal interactions between ad-
jacent and non-adjacent cells, without introducing any approximation.
Both the w(q) and the g(w) methods can be formulated, as explained
below.

In the w(g) method, the system in Eq. (24) is rewritten as

(K, —0®M;)d,, =0 (40)
where
2 = o 2
- Q, + 12Q, +x,U i(Q) +42Qs) 412)
if(Q+42Q3)  B(I+4%Qy) +Q, +4%Q,
[al V/
M, = (41b)
Z 1l

with ¥ = k,/(GA,a). The size of the matrices in Egs. (41) is 2M x2M,
where 4M +2 = 2M and the only generalized coordinates are related
to the beam, as no resonators are present. On the other hand, the
q(w) method can easily be formulated as in Section 4.2, on replacing

the dynamic stiffness of the resonator kp,.(w) with the constant elastic
stiffness of the support k.

Both the w(q) and the g(w) method can handle periodic beams
on rigid supports, by selecting a suitably large stiffness of the elastic
supports in Fig. 3.

6. Numerical applications

This Section discusses the wave dispersion properties of typical
microbeams, modelled as stress-driven nonlocal Timoshenko beams.
For a preliminary insight, Section 6.1 deals with a bare microbeam;
Section 6.2 focuses on a periodic microbeam equipped with mass-
spring resonators, Sections 6.3 and 6.4 address periodic microbeams
resting on elastic supports. The analytical solutions derived in Section 3
are applied to the bare microbeam, the PWE method formulated in
Sections 4 and 5 and the two-field finite element method developed in
Appendix B are applied to the periodic microbeams. For comparison,
results for the periodic microbeam with mass-spring resonators are
also built by the homogenization approach formulated in Appendix A.
In-house codes have been developed in Matlab (MATLAB R2023b,
2022).

6.1. Bare stress-driven nonlocal Timoshenko microbeam

Consider an infinite stress-driven nonlocal Timoshenko microbeam
with rectangular cross section and parameters: H = 10 pm, B = 20 pm,
E = 70 GPa, G = 263 GPa, p = 2700 kg/m>?, where H and B are
height and width of the cross section, E the elastic modulus, G the
shear modulus, p the mass density; the material parameters are those
of aluminum (Sepehri et al., 2022). To analyse the influence of nonlocal
effects, A = 0 pm (local Timoshenko beam), 4 = 30 pm, 4 = 60 pm and
A = 90 pm are selected for the internal length A of the stress-driven
nonlocal model.

Fig. 4 shows the w,(q) and w;(¢q) dispersion curves obtained by the
analytical solutions (14). First, it is worthwhile noting that the local
and nonlocal w;(q) dispersion curves start all from the same cut-off
frequency at ¢ = 0, i.e., approximately 157 MHz; this is a typical
behaviour of the classical local Timoshenko beam model (Ducceschi
and Bilbao, 2019) and, remarkably, it is found in the stress-driven
nonlocal Timoshenko beam model as well. Further comments are rel-
evant on how the dispersion curves vary with A: (i) for fixed wave
number ¢, the frequency  increases with A, meaning that the response
of the microbeam stiffens for increasing A; interestingly, this result
mirrors previous results showing the same stiffening effects in static
and dynamic responses of stress-driven nonlocal beams (Russillo and
Failla, 2022; Romano and Barretta, 2017a,b; Barretta et al., 2018, 2024;
Romano et al., 2017a; Russillo et al., 2021), beam lattices (Russillo and
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Fig. 5. w(q) dispersion curves of periodic stress-driven nonlocal Timoshenko microbeam with mass-spring resonators for different internal lengths 4, 4 =0 (local) thin continuous
line, 2 = 30 um thick dashed line, 4 = 60 um thick continuous line, 2 = 90 pm thick dot-dashed line; first three branches for separate values of 4 (left column): (a) 4 = 0 and
A=30pum, (b) A=0and A =60 pm, (c) A =0 and 4 =90 pm; zoomed view on single branches for all considered values of 4 (right column): (d) first branch, (e) second branch, (f)

third branch; grey band indicates local resonance band gap for 4 =0 (local).

Failla, 2022) and plates (Russillo et al., 2022); (ii) for fixed frequency
w, the deviation of the nonlocal response from the local one increases
with 4, consistently with the fact that A is the parameter governing the
length of the beam domain where nonlocal effects are relevant. Another
important observation is that, for any 4, the deviation of the nonlocal
response from the local one is clearly more significant for increasing
frequency @ and wave number ¢, which means decreasing wavelength
| = 2r/g; this behaviour reflects what anticipated in Section 3, i.e., that
the deviation of the nonlocal response from the local one is more
significant when the wavelength / of the travelling wave is comparable
with or is smaller than the internal length A characterizing the material.

As expected, therefore, nonlocal effects are more relevant in the short
wavelength/high frequency range.

6.2. Periodic stress-driven nonlocal Timoshenko microbeam with mass-
spring resonators

Next, consider an infinite periodic stress-driven nonlocal Timo-
shenko microbeam with mass-spring resonators, as shown in Fig. 2.
The microbeam has the same geometrical and mechanical parameters
assumed in Section 6.1 for the bare microbeam. Notice that these
parameters are very similar to those used in Sepehri et al. (2022). The
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Fig. 6. q(w) dispersion curves of periodic stress-driven nonlocal Timoshenko microbeam
with mass-spring resonators for different internal lengths 4, 4 = 0 (local) thin continuous
line, 4 = 30 pm thick dashed line, 4 = 60 pm thick continuous line, A = 90 pm thick
dot-dashed line; real parts (top row) and imaginary parts (bottom row); grey band
indicates local resonance band gap for A =0 (local).
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Fig. 7. Finite periodic stress-driven nonlocal Timoshenko microbeam with mass-spring
resonators.

resonators are equally spaced at distance a = 8 H = 80 pm and their
properties are mass m, = 5x107!! kg and stiffness k, = 4000 N/m, which
correspond to a tuning frequency w, = 1.424 MHz. The influence of
nonlocal effects is investigated considering 4 = 0 pum (local Timoshenko
beam), 4 =30 pm, 4 = 60 pm, A = 90 pm for the internal length 4, as in
Section 6.1; they correspond to A/a = 0.375,0.75,1.125.

Table 1 reports opening frequency and size of the local resonance
band gap, as obtained in Fig. 5 by the PWE method and, for com-
parison, by the approximate homogenization approach formulated in
Appendix A; they are in good agreement, demonstrating that the ho-
mogenization approach can reasonably be applied for a first estimate of
the opening frequencies and sizes of local resonance band gaps. Fig. 5
shows the w(q) dispersion curves obtained by solving the eigenvalue
problem in Eq. (24) with M = 2. In the considered frequency range,
no eigenvalues are found in two separate bands where, therefore, no
wave can propagate: the first band is a local resonance band gap, whose
opening frequency is slightly below the tuning frequency 1.424 MHz of

International Journal of Solids and Structures 306 (2025) 113103

Table 1
Opening frequency and size of local resonance band gap for periodic Timoshenko
microbeam with mass-spring resonators. OF=Opening Frequency, HO=Homogenization,
SZ=Size.

A (um) OF-PWE (MHz) OF-HO (MHz) SZ-PWE (MHz) SZ-HO (MHz)
0 1.190 1.424 0.870 0.667
30 1.317 1.424 0.769 0.667
60 1.383 1.424 0.706 0.667
90 1.404 1.424 0.686 0.667

w (MHz)

Fig. 8. Transmittance of finite periodic stress-driven nonlocal Timoshenko microbeam
with mass-spring resonators in Fig. 7 for different internal lengths 4, 4 =0 (local) thin
continuous line, 4 = 30 pm thick dashed line, 4 = 60 pm thick continuous line, 4 = 90 pm
thick dot-dashed line; grey band indicates local resonance band gap for 4 =0 (local).

the resonators; the second band is a Bragg band gap, whose opening
frequency is located in the range 3-13 MHz depending on A. Focusing on
the local resonance band gap, it is observed that its opening frequency
slightly increases and the size slightly reduces for increasing A, while
the closing frequency is almost unchanged with A. Moreover, it is
seen that the opening frequency of the Bragg band gap shifts more
significantly to higher frequencies and its size reduces for increasing
A as well.

As for the dispersion curves in Fig. 5, it is seen that, for any 4,
each nonlocal branch deviates from the corresponding local branch.
The deviation of the nonlocal response from the local response becomes
more significant for increasing frequency w, confirming the conclusions
drawn from the dispersion curves of the bare microbeam built in
Fig. 4 based on Egs. (14), i.e., nonlocal effects are more relevant in
the high frequency range. Indeed, waves at increasing frequency w
feature decreasing wavelength and, as decreasing wavelengths become
comparable with or smaller than the internal length A of the stress-
driven nonlocal model, nonlocal effects become more significant in the
travelling waves. Focusing on each branch, comments on its variation
with A are consistent with those made for the bare microbeam in
Fig. 4: (i) for fixed wave number ¢, the frequency w increases with 4,
confirming the stiffening effects for increasing 4; (ii) for fixed frequency
w, the deviation of the nonlocal response from the local one is more
significant for increasing A, as expected since A governs the length of
the beam domain where nonlocal effects are relevant.

Fig. 6 reports the g(w) dispersion curves obtained by solving the
eigenvalue problem in Eq. (39) with M = 2, retaining, in agreement
with similar studies (Xiao et al., 2012), the essential information on
wave dispersion, i.e., the purely real wave numbers ¢ (the positive ones
only, for conciseness) and the absolute values of the imaginary parts of
complex-valued or purely imaginary wave numbers g¢; indeed, the first
describe the propagating waves, the second indicate the attenuation at
every frequency w. The results in Fig. 6 agree with those in Fig. 5:
indeed, both band gaps are identical to those shown in Fig. 5 and,
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Fig. 9. w(q) dispersion curves of periodic stress-driven nonlocal Timoshenko microbeam with mass-spring resonators for A =30 pm and different mass ratios m,/pAa, m,/pAa = 0.58
thick dashed line, m,/pAa = 1.16 thick continuous line, m,/pAa = 2.32 thick dot-dashed line; first three branches for separate values of m,/pAa (left column): (a) m,/pAa = 0.58,
(b) m./pAa =1.16, (c) m,/pAa = 2.32; single branches for all considered values of m,/pAa (right column): (d) first branch, (e) second branch, (f) third branch; grey bands indicate

local resonance band gaps.

for fixed frequency w, the deviation of the nonlocal response from the
local one is more significant for increasing 4 (see, in particular, the
real branches). Additional comments are in order on the attenuation.
It is observed that the attenuation is affected by A over the whole
frequency range, including the local resonance band gap. In general, the
attenuation reduces with increasing 4 and the reduction becomes more
evident in the high frequency range. The zoomed view of the imaginary
part within the Bragg band gap, shown in Fig. 6, demonstrates that
the attenuation within the Bragg band gap is generally very low and
decreases for increasing A. Consistently with Fig. 5, Fig. 6 confirms
that the opening frequency of the Bragg band gap shifts to higher
frequencies for increasing A and, moreover, that the size of the Bragg
band gap reduces for increasing A.

10

To validate the band structure obtained for the infinite beam, con-
sider a finite periodic stress-driven nonlocal Timoshenko microbeam
with mass-spring resonators, as shown in Fig. 7. It consists of 10 cells
(total length of the microbeam equal to 104) and is acted upon by a
unit harmonic deflection at the left end; its transmittance, obtained
as ratio of the deflection at the right end to the (unit) deflection at
the left end, is reported in Fig. 8. Fig. 8 shows that the transmittance
attains very low values within the local resonance band gap predicted
by the wave propagation analysis of the infinite beam, reported in
Figs. 5 and 6. On the other hand, no significantly low values of the
transmittance are observed in the Bragg band gap predicted by the
wave propagation analysis of the infinite beam, in agreement with the
very low attenuation found within the Bragg band gap in Fig. 6. These
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Fig. 10. g(w) dispersion curves of periodic stress-driven nonlocal Timoshenko mi-
crobeam with mass-spring resonators for A = 30 um and different mass ratios m,/pAa,
m,/pAa = 0.58 thick dashed line, m,/pAa = 1.16 thick continuous line, m,/pAa = 2.32
thick dot-dashed line; real parts (top row) and imaginary parts (bottom row); grey
band indicates local resonance band gap for lowest mass ratio m,/pAa = 0.58 among
considered ones.

are remarkable results, confirming that wave attenuation properties of
the infinite beam hold also for the finite one.

Next, it is of interest to assess whether the band structure is affected
by varying the mass ratio m,/pAa, with m, mass of the resonator and
pAa mass of the cell (p denotes the mass density of the material,
A = B x H the area of the cross section, a the length of the cell, see
definitions above). For this purpose, increasing values for the mass m,
of the resonator are considered, while keeping p, A and a as assumed
in Figs. 5, 6, 8. Further, since the effects of varying the mass ratio
only are sought, the tuning frequency of the mass-spring resonator is
kept unchanged by varying accordingly the stiffness k, of the resonator;
that is, the tuning frequency is always w, = 1.424 MHz as assumed in
Figs. 5, 6, 8. The results are shown in Figs. 9 and 10 for m,/pAa =
0.58,1.16,2.32, assuming the fixed internal length A =30 pm; m,/pAa =
1.16 is the mass ratio used in Figs. 5, 6, 8. Fig. 9 demonstrates that
increasing the mass ratio causes the size of the local resonance band
gap to increase. Interestingly, a similar behaviour is encountered in
the local beam, according to existing literature in the field (Sugino
et al., 2017). Fig. 9 also shows that the size of the Bragg band gap
increases for increasing mass ratio. Moreover, it is observed that the
opening frequency of the local resonance band gap shifts slightly below
the tuning frequency of the mass-spring resonators for increasing mass
ratio, while the opening frequency of the Bragg band gap is almost
unchanged. Changes in the dispersion branches are consistent with

11
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the variations of local resonance band gap and Bragg band gap with
the mass ratio; in particular, changes are significant in the first two
branches. Finally, Fig. 10 shows that the attenuation is affected by the
mass ratio and, in particular, that increasing the mass ratio is beneficial
to the attenuation within the local resonance band gap and to the
attenuation within the Bragg band gap as well. Results for different
values of A mirror those in Figs. 9 and 10 and are not included for
brevity.

6.3. Periodic stress-driven nonlocal Timoshenko microbeam on elastic sup-
ports

Next, consider an infinite periodic stress-driven nonlocal Timo-
shenko microbeam on elastic supports, as shown in Fig. 3. It is assumed
that the microbeam models a micropipe with the following parameters,
taken from Zhao et al. (2018): ¢ = 170 pm, R, = 10 pm (outer
radius), R; = 09R, (inner radius), E = 70 GPa, G = 263 GPa
and p = 2700 kg/m?. In particular, it is of interest to investigate the
wave dispersion properties for stiff supports, here modelled assuming
ky = 1013 x GA,;/a = 4.62 x 10'® N/m, i.e., a large multiplier of the
shear stiffness of the microbeam. To analyse the influence of nonlocal
effects, 4 = 0 pm (local Timoshenko beam), 4 = 64 pm, 2 = 128 pm
and A = 192 pm are selected for the internal length 4; for the selected
a =170 pm, they correspond to 1/a = 0.376,0.753,1.129, i.e., almost the
same ratios A/a used in Section 6.2.

Fig. 11 shows the first five dispersion branches calculated by solving
the eigenvalue problem in Eq. (40) with M = 3. No eigenvalues are
found in separate Bragg band gaps, where no waves can propagate. The
opening frequencies of the Bragg band gaps shift to higher frequencies
and their sizes increase for increasing A; three Bragg band gaps are
found for A = 64 pm and two Bragg band gaps for 4 = 128 ym and
A = 192 pm in the considered frequency range. As for the dispersion
curves, it is seen that, for any A, each nonlocal branch deviates from
the corresponding local branch, with more evident deviations in the
higher frequency branches. Again, this result confirms that nonlocal
effects play a major role at higher frequencies, as observed for the
periodic microbeam with mass-spring-resonators in Fig. 5 and Fig. 6
and the bare microbeam in Fig. 4. Fig. 11 also shows that nonlocal
effects in the higher frequency range make the shape of some nonlocal
branches rather different from the shape of the corresponding local
ones. Focusing the attention on how each branch varies with 4, it is
observed that, for fixed wave number g, the frequency w increases with
4, confirming the stiffening effects for increasing A observed for the
bare microbeam in Fig. 4.

Fig. 12 depicts the g(w) dispersion curves obtained by solving the
eigenvalue problem in Eq. (39) with M = 3 and, in particular, the
purely real wave numbers ¢ and the absolute values of the imaginary
parts of complex-valued or purely imaginary wave numbers g. The
Bragg band gaps are identical to those shown in Fig. 11. As for the
attenuation within the band gaps, it is observed that it slightly de-
creases in the first Bragg band gap for increasing A, while it is almost
unchanged in the others. In agreement with Fig. 11, Fig. 12 shows
that the opening frequencies of the Bragg band gaps shift to higher
frequencies and their sizes increase for increasing A.

Next, the transmittance of a finite periodic stress-driven nonlocal
Timoshenko microbeam on elastic supports is calculated to validate
the band structure obtained for the infinite one. To this aim, the finite
microbeam in Fig. 13 is considered, including 10 cells (total length
of the microbeam equal to 10a) and subjected to a unit deflection at
the left end. Fig. 14 shows that its transmittance, calculated as ratio
of the deflection at the right end to the (unit) deflection at the left
end, attains very low values within the band gaps predicted by the
wave propagation analysis, confirming once again that the attenuation
properties of the infinite beam hold for the finite beam as well.
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Fig. 11. w(q) dispersion curves of stress-driven nonlocal Timoshenko microbeam on elastic supports for different internal lengths 4, A = 0 (local) thin continuous line, 1 = 64 pm
thick dashed line, A =128 pm thick continuous line, 4 = 192 pm thick dot-dashed line; first five branches for separate values of A (left column): (a) A=0 and A =64 pm, (b) 1 =0
and A =128 pm, (c) 4=0 and A = 192 pm; single branches for all considered values of 4 (right column): (d) first branch, (e) second branch, (f) third branch.

6.4. Size effects in periodic stress-driven nonlocal Timoshenko microbeam
on elastic supports

Finally, it is of interest to assess whether the stress-driven nonlocal
Timoshenko beam model is capable of capturing size effects, as the
size of the beam reduces. To this aim, building on the example in
Section 6.3, the band structure calculated for a stress-driven nonlo-
cal Timoshenko microbeam on elastic supports is compared with the
corresponding one calculated by the classical local Timoshenko beam
model, assuming that the outer radius R, of the cross section and the
mutual distance a of the supports decrease while the ratio R,/a? is kept
constant. Indeed, numerical evidence shows that the Timoshenko local
beam theory does not predict appreciable changes in the band structure
of the microbeam, if R, and a change with R,/a* = const. Specifically,

12

Fig. 15 shows the w(q) dispersion curves of a microbeam for three de-
creasing values for the outer radius of the cross section, i.e., R, = 2 pm,
R, =1pm, R, = 0.5 pm, with R,/a® = const (the corresponding mutual
distances a of the supports are a = 424 ym, a = 300 pm, @ = 212 pm) and
internal length A = 342 pm for the stress-driven nonlocal model. The
stiffness of the supports is k, = 10 X GA,/a, while the other parameters
of the microbeam are the same as in Section 6.3. It is observed that
the classical local Timoshenko beam model predicts the same band
structure for any outer radius R, of the cross section. On the contrary,
the stress-driven nonlocal Timoshenko beam model predicts stiffening
size effects, as the dispersion curves and the opening frequencies of
the Bragg band gaps shift to higher frequencies as R, reduces. It is
worthwhile remarking that stiffening size effects in beam-like structures
at the microscale are well documented in the literature (Lam et al.,
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Fig. 12. g(w) dispersion curves of stress-driven nonlocal Timoshenko microbeam on elastic supports for different internal lengths 4, A = 0 (local) thin continuous line, 1 = 64 pm
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Fig. 13. Finite periodic stress-driven nonlocal Timoshenko microbeam on elastic
supports.

B

Vg

2003; McFarl and Colton, 2005; Lei et al., 2016; Li et al., 2018, 2019;
Choi et al., 2022), for decreasing size of the specimens.

7. Conclusion

This work has dealt with wave propagation in small-size beams,
proposing a stress-driven nonlocal Timoshenko beam formulation and
developing an original analytical/computational framework for bare
and periodic beams. Infinite and finite beams have been addressed,
introducing the following relevant novelties: (i) exact analytical ex-
pressions of the dispersion curves for the bare beam, providing full
insight into the effects of nonlocality; (ii) an exact PWE method for
periodic beams either equipped with mass-spring resonators or resting
on elastic supports, delivering both w(q) and g(w) dispersion curves;
(iii) an approximate homogenization approach for periodic beams,
estimating opening frequencies and sizes of band gaps induced by mass-
spring resonators; (iv) a two-field finite element method to calculate

13
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the transmittance of finite periodic beams, involving displacements
and stresses as well. The stress-driven nonlocal model features an
integral formulation and an equivalent differential one: the differential
formulation has been used to build wave solutions/methods for infinite
beams (i.e., dispersion curves of bare beam, PWE method and homog-
enization approach for periodic beams), the integral formulation to
construct the two-field finite element method for finite periodic beams.
Numerical applications have investigated the dispersion diagram of
bare and periodic beams for different internal lengths of the stress-
driven nonlocal model. Predictions from wave propagation analysis
have been validated by transmittance of finite periodic beams. This
is an important conclusion of this work, demonstrating not only the
correctness of the proposed PWE method, homogenization approach
and two-field finite element method but also the theoretical consis-
tency between the differential formulation of the stress-driven nonlocal
model used for infinite beams and its integral formulation used for
finite ones. Other important conclusions drawn in this study are that
the stress-driven nonlocal Timoshenko beam model is stiffer than the
classical local Timoshenko one and predicts stiffening size effects with
reducing size of the beam; stiffening size effects are in agreement with
numerical and experimental evidence on microbeams.
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Appendix A. Homogenization approach

This Appendix presents a homogenization approach for periodic
stress-driven nonlocal Timoshenko beam with mass-spring resonators.

It is known that homogenization methods are meaningful for wave
propagation analysis as long as the length of the unit cell, i.e., the
distance between consecutive resonators is small compared to the
wavelength of the travelling wave. Under this assumption, the reaction
force of each resonator on the beam can be reverted to a distributed
force per unit length along the unit cell. It follows that Eqgs. (17) are
rewritten as

—[(t? 0+ @V(x,0) = A2 (0P (x,1) + 9P (x, )] +

+ai(x,t) =k, (w(x,t) — v(x,1)) (A.1a)

— (@20, 1) = 2D (x, 1) + B [(VV(x, 1) + 9(x,1))
=22 (09,0 + P (x, )] +np(x, 1) =0 (A.1b)

—k, (v(x,1) — w(x, 1)) + m10;() =0 (A.1c)
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thick dot-dashed line); first five branches for separate values of outer radius R, (left column): (a) R, =2 pm, (b) R, =1 pm, (¢) R, = 0.5 pm; single branches for all outer radii R,

(right column): (d) first branch, (e) second branch, (f) third branch.

The system in Eq. (A.1) is solved with the same procedure developed
in Section 3, hence Egs. (9) and w(x,f) = wye' @+ are used into
Egs. (A.1), yielding

[qz (1 + Azqz) — oca)Z] vy — iq (1 + A2q2) @y — K. (Wyg—vy) =0 (A.2a)
iBq (1+22¢%) vy + [(¢* + B) (1 + 224*) — nw?| @y =0 (A.2b)
—k, (vg = wp) — m,w’wy =0 (A.2¢c)
The system in Eq. (A.2) is recast in compact form as

Bd; =0 (A.3)

where d = [v) @y w]” and

15

¢ (14 2°¢%) —aw? +%, —ig (1+ 22¢%) -,
B= ifg (1+42¢%) (¢ +8) (1+ 22¢%) - no? 0
—k, 0 (k, = m,w?)

(A4
The solutions w(q) are found from the following equation obtained by

setting det B = 0:

be@® + byw* + byw? + by =0 (A.5a)

be = —an=—ay (A.5b)

by = [aﬂ+q2((x+i1)] (1 +/12q2) +r](?r+awf) =-a, +n(E,+aw2)

r

(A.5¢)
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by == {2 +g*+ [, + @+ ?]| ¢ + f (K, + a0?) } (1 + 4*¢?)
(A.5d)

by = q* (1 + /1242)2 a)f = aoa)z (A.5e)

where wf = k,/m,. Eq. (A.5) has six solutions w(q) that can be written
as follows

d
w5(q) = £ \/ 22/3d, — 2b, +24/3 d—2 (A.62)
6 1
d
03,40) = £ —=1/ 24, (1 +V3) = ab, =29 (1-13) 2
Vb o
(A.6b)
1 . . d,
= —22/34, (1 - —4b, — 243 (1 3) 2 A.
s.6(q) 12\/%\/ d, ( 1\/5) b, ( +1\/_) a, (A.6¢)
where
1/3
dy = <d3 +4/d; - 4d§> (A.72)
dy = b3 — 3bybg (A.7b)
dy = 9byb,bs — 27hya’ — 2b] (A.7¢)

In agreement with other applications of homogenization methods in
the literature, in this work the homogenization approach proves useful
to estimate approximately opening frequencies and sizes of band gaps
associated with local resonance, as shown in Section 6. However, the
effect of periodicity is not explicitly taken into account, as indeed the
dispersion equation is not obtained by enforcing the Bloch condition
relating the responses over two adjacent cells (Liu et al., 2007). There-
fore, the homogenization approach cannot capture Bragg effects and
related band gaps, which is a known limitation of homogenization
methods pointed out in previous studies, e.g., see Thai et al. (2017),
Barretta et al. (2024), Sugino et al. (2017).

Appendix B. Transmittance of finite periodic stress-driven nonlo-
cal Timoshenko beam

This Appendix formulates a two-field finite element method, which
involves displacements and stresses as primary variables, to calculate
the transmittance of finite periodic stress-driven nonlocal Timoshenko
beams. The method relies on the integral formulation (2) of the consti-
tutive laws and differs, in this respect, from the methods developed in
Section 3 through Section 5, where the differential Eqs. (4) are used
for shear force and bending moment. The transmittance, calculated
from the frequency response of the beam, is of particular interest to
assess whether the dispersion properties calculated for infinite beams
in Sections 4 and 5 hold for finite beams as well. The method is inspired
by the two-field finite element formulation in the textbook (Zienkiewicz
et al., 2005); a two-field finite element method for stress-driven non-
local 3D solids was proposed by some of the authors in Russillo et al.
(2022).

It is assumed that the finite beam consists of a number of cells N.
Be the beam response at the steady state under a harmonic excitation
with frequency w. Assuming the solution of Egs. (4)-(6) in the form

y(x, 1) =7(x)e
x(x, 0 =7(x)e
T(x,1) = T(x)el®"

M(x,1) = M(x)e

iwt

iwt

(B.1)

leads to the following integro-differential system of equations:
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T 00 + pAw?B(x) = 0
1) - T + Pl p(x) =0

N Y & = (B.2)
7(X)—G—AS ’ D(x,HT (&) dé

_ 1t —
)((x)—E—ly j D(x,&)M (&) dS

Next, on partitioning the beam domain in » finite elements, i.e., [a, b] =
[a;, a1 U [ay,a3] U -+ U [a,, b,], the principle of virtual work gives the
following weak formulation over each subdomain [a,,b,] (k =1, ...,n):

b _ b by
/ T(x)8y(x)dx + / M(x)67(x)dx — pAw?® / D(x)6v(x)dx
K 3 a,

k

by — — — —
- ”lywz/ PX)5@(x)dx =T 67, + T4 167y + M7 + My 167411
ay

bk — bk — 1 bk b - =

/ Y(X)8T (x)dx + / 7(X)6M(x)dx — —— / / D(x,ET(E)ST (x)dE dx
ay ag GA; ag Ja

1 [

El, Ja

b
/ D(x, EYM(£)5 M (x) dE dx = 0

(B.3)

Making use of the kinematic compatibility equations (1) and assuming
the isoparametric expansions for the primary variables

We(x) = Ny ()W, 5,(x) = N, (x)§, (B.4)

— _ T - —1  —1]T
where w;, = [Vz EZ] and s, = [Tk Mk] are the vectors collecting
the nodal generalized displacements and forces at the nodes of the
kth element, N, and N, are the corresponding linear shape function
matrices, the following equation is obtained for the kth element:

(b el WL

-C,
Eq. (B.5) is the two-field finite element equation governing the steady
state response of the kth element, where vector f, collects the external
nodal forces. The corresponding equation for the whole beam coupled
with either mass-spring resonators or elastic supports can be obtained
by an assembling procedure enforcing continuity of displacements and
forces at all nodes, except for the shear forces at the nodes where
mass-spring resonators/elastic supports are located. This leads to the
following equation for the whole beam:

(b =L SDE]-1

T
where W = [VT ET] and § = [TT

(B.5)

(B.6)

_ T
MT] are the vectors collecting

the nodal generalized displacements and forces at all nodes, f is the vec-
tor of external nodal forces, i.e., the vector including the reaction forces
of the mass-spring resonators/elastic supports, the reaction forces of
any other external constraint on the beam and any external load. Since
no continuity of the shear forces is enforced at the nodes where mass-
spring resonators/elastic supports are located, vector s in Eq. (B.6)
includes two unknowns at each of these nodes, i.e., the shear forces
to the left and right of each of these nodes.

Eq. (B.6) can be used to calculate the transmittance of the beam
under harmonic excitations, which may be external loads or displace-
ments at the boundaries of the beam.
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Data will be made available on request.
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