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Abstract: The switching properties of nematic liquid crystals under electrical and me-
chanical stresses play a fundamental role in the design and fabrication of electro-optical
devices. Depending on the stress applied to a nematic texture confined in a pi-cell, dif-
ferent nematic configurations are allowed inside the cell, while the induced distortion is
relaxed by means of growing biaxial domains which can end with the order reconstruc-
tion phenomenon, a transition connecting two topologically different nematic textures
which can occur in different regions of the pi-cell. Due to the different space and time
scales involved, modelling in the frame of the Landau–de Gennes order tensor theory is
mandatory to correctly describe the fast-switching mechanisms involved, while from a
computational point of view, sophisticated numerical techniques are required to grasp tiny
and fast features which can be predicted by the mathematical modelling. In this paper,
we review the results obtained from the mathematical and numerical modelling of a 5CB
liquid crystal confined in a pi-cell performed by using a numerical technique based on
the equidistribution principle, tailored for the description of a complex physical system in
which fast switching phenomena are coupled with strong distortions. After a recap on the
underneath theory and on the numerical method, we focus on the switching properties of
the nematic material when subjected to variable mechanical and electrical stresses in both
symmetric and asymmetric conditions.

Keywords: mathematical modelling; equidistribution; MMPDE; biaxiality; order reconstruction

1. Introduction
Nematic liquid crystals (NLCs) play a crucial role in several technological applications

regarding, but not restricted to, biophysics, materials design, and nanoscience, but above all,
they are the key components for liquid crystal displays (LCDs) manufacturing, for which
the ever-growing request for high performance sustains growing research efforts [1–3].

The recent discovery of ferroelectric NLCs opens the door, among other possible
uses, to applications in tunable non-linear devices and efficient second-harmonic genera-
tion, while the photonic quantum technologies could benefit from their use as sources of
quantum light [4].

Moreover, NLCs have been recently used to fabricate interactive liquid crystal fiber
arrays for applications in soft robotics in the field of human–machine interactions [5].

In such context, mathematical modelling is a fundamental tool to understand phenom-
ena observed when NLCs are subjected to mechanical and electrical stresses, as it happens
when nematic molecules are confined within the so-called pi-cell [6,7]. The latter constitutes
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the experimental set up appropriate to investigate the switching properties of NLCs and
consists of two parallel flat glass plates, separated by spherical spacers with thickness in
the micrometer range, where the nematic material is placed with a proper treatment of the
cell for electrical connectivity and sealing. Anchoring is understood as the result of the
interaction of a liquid crystal molecule with a confining glass plate, inducing its orientation
along a given direction [3,8], while the anchoring angle of the nematic molecules on the
two confining plates can be imposed by a proper treatment of the internal surfaces of
the plates [6]. Very recently, the orientational and anchoring properties of a 5CB NLC
interacting with a graphene oxide (GO) substrate have been investigated, evidencing GO
inducing a planar alignment of the NLC molecules on the confining surfaces with strong
anchoring energy, potentially allowing improvement in the design and manufacturing of
optoelectronics devices [9].

NLCs are elongated molecules having a rod-like shape, and from a continuum point
of view, constitute a system made of rods possessing five degrees of freedom, so their
dynamical evolution is fully described by five independent parameters in the frame of
the order tensor Q according to the Landau–de Gennes theory [10,11]. When the NLC
is subjected to small elastic distortions, its response can be described within the classical
Oseen–Frank theory [12,13], in terms of director and scalar order parameter. The first is
a unit vector, n, accounting for the average orientation of the molecular long axis of the
nematic molecule, while the degree of order along such direction is accounted for by the
scalar order parameter S. In the presence of a suitable electric field, a nematic molecule
reorients its molecular long axis along the field direction; and so behaves the director n,
while removing the electric field, the nematic turns back to its initial configuration; such a
situation is what happens in the Freedericksz transition [14], for the elastic distortion of an
NLC confined between plates. In this case, the nematic is said to be uniaxial as it possesses
a unique optical axis identified by the director, and the NLC has a monostable behaviour, a
well-known phenomenon exploited in LC devices [15].

NLCs exhibit multistable behaviours that manifest themselves in a variety of situations
which can be useful for designing electro-optical devices with advanced performances
involving memory effects [16]. Biaxiality is a property of NLCs which cannot be explained
in the frame of the classical theory, requiring, instead, a description within the Landau–de
Gennes order tensor theory, as when the elastic distortions occur within a length-scale
which is comparable to the biaxial coherence length ξb [10,14]. While uniaxial NLCs
have a unique optical axis and cylindrical symmetry around the director, biaxial nematics
possess two distinct optical axes, as the above symmetry is broken, a condition deserving
in-depth attention regarding the implications it could have, for example, in improving
LCDs technology.

Among the wealth of studies that have investigated biaxial phenomena in recent
decades, we recall here some of particular interest, such as those of Schopohl and
Sluckin [17], and Buscaglia et al. [18], for their investigation on topological defects in
NLCs, as well as the review of Kleman and Lavrentovich [19]. The behaviour of NLCs
confined in porous matrices has been investigated by Aliev and Basu [20], NLC droplets
dispersed in the aqueous phase have been studied by Tjipto et al. [21], while Yi et al. [22]
evidenced as the NLC director undergoes a transition from planar to homeotropic under
the effect of a topographical pattern. Self-organized colloidal dispersions have been studied
by Loudet et al. [23], Smalyukh et al. [24], and by Musevic et al. [25].

High degrees of frustration can be induced in nematic textures subjected to mechanical
and electric stresses, and the growth of biaxiality inside uniaxial NLCs is a way of relaxing
such distortions. Electric fields applied to NLCs have been used to induce biaxial domains
in several conditions. Quian [26] observed a competition between the NLC order and the
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electric field inducing a biaxial region in which the order varies close to the surface where
the nematic is subjected to strong anchoring, a condition which is equivalent to ‘infinite’
anchoring energy [27]. The effect of a strong electric field applied to an NLC has been
investigated by Martinot-Lagarde et al. [28], who found that a transient melted biaxial
state connects in the bulk textures with different orders; Ambrozic et al. [29] studied the
biaxial structure of a defect core under the action of an external electric field, while Biscari
et al. [30] explored the biaxiality of the order tensor when enforcing homeotropic anchoring
conditions of the NLC on a curved surface.

The biaxial order reconstruction (OR) phenomenon is a mechanism that connects two
topologically different nematic textures through a wealth of biaxial states without director
rotation, mathematically interpreted within the eigenvalues exchange mechanism of the
Landau–de Gennes Q tensor theory, leading the way to the design of bistable/multistable
electro-optical devices [31,32]. In ref. [6], the experimental evidence of the OR phenomenon
in an NLC with symmetric anchoring conditions is analyzed and interpreted via a mathe-
matical model, and further experimental investigations of OR occurring in the bulk of an
NLC have been characterized through measurements of the electric current flowing across
the cell, distinguishing among different contributions [33–35]. In [36,37], the influence
of dopants on the transient biaxial order, and hence on the OR electrically induced in a
thermotropic calamitic nematic has been investigated, as well as inhomogeneous OR driven
by modulation in the anchoring conditions of the nematic [38]; Carbone et al. [39] mea-
sured the force between an atomically flat mica sheet and a micrometer-sized glass sphere
immersed in an NLC using atomic force microscopy, observing a structural transition of the
NLC when the separation between the mica sheet and the glass sphere is below a critical
value, thus relaxing the elastic distortion through biaxial transitions interpreted in the
context of the eigenvalues exchange of the order tensor.

The nematic OR in an NLC has been studied also in pi-cells with asymmetric anchoring
conditions, demonstrating that OR close to a boundary surface with strong anchoring
conditions is equivalent to anchoring breaking [40], while for electric fields below, but
close to, the threshold for the biaxial OR, the biaxial order spreads on the surface [27].
Experiments aimed at distinguishing bulk and surface OR phenomena have been recently
performed, but no resolutive results have been obtained up to now [41,42].

Kralj and Majumdar [43] numerically investigated static effects on the OR pattern
for an NLC confined in shallow sub-micrometer scale wells with square cross sections,
finding a new two-dimensional star-like biaxial order reconstruction pattern; Zhou et al. [44]
modelled the OR transitions of an NLC confined between two coaxial cylinders as a function
of their separation; Sun et al. [45] studied the OR in an inverse twisted nematic liquid
crystal cell under the action of an electric field in two spatial dimensions, framed within
the eigenvalues exchange in the Landau–de Gennes theory.

The biaxial phenomena under consideration are characterized by fast order switching
occurring over length scales comparable with ξb ≈ 10 nm [46], which modelling within
the Landau–de Gennes Q tensor theory results in a system of five coupled, non-linear
partial differential equations (PDEs), one for each of the degrees of freedom of the rod-like
nematic molecules. A further PDE considers the coupling of the above model equations
with the applied electric field, providing the electrical stress capable of reorienting the
nematic director. The six coupled non-linear PDEs can be solved numerically to obtain the
dynamical evolution of the system, but, given the strong anisotropies resulting from the fast
switching phenomena arising, the need for effective computational techniques to improve
the numerical resolution and to grasp finer details has emerged. For this purpose, the
moving mesh PDE (MMPDE) numerical technique has been implemented with the finite
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element method (FEM) [47–49], a method allowing us to improve the numerical resolution
while minimizing the computational effort.

The technique was applied for the first time to the numerical investigation of NLCs
by Ramage and Newton [49,50], testing the experimental and numerical results presented
in [6]. Afterwards, other papers focused on improving the mathematical and numerical
modelling of the switching properties of NLCs using the same technique, both in one- and
two-spatial dimensions [51–53]. In the past years, from a more applicative perspective, the
MMPDE technique has been applied to the study of the biaxial properties of a 5CB NLC
confined in a pi-cell, modelled with both symmetric and asymmetric anchoring angles,
imposing different mechanical and electrical stresses [8,54–60]. This review, therefore,
explores the emergence of effects due to the application of different stresses in a unified
vision across several numerical experiments, highlighted together with the numerical
technique after a summary of the basic theory.

2. Theoretical Overview
The mathematical modelling of the NLCs dynamics is tackled by variational principles,

minimizing a free energy functional F, which, in the Landau–de Gennes theory, is a function
of the order tensor Q and of its gradient. The order tensor Q is second rank, symmetric,
and traceless, expressed in the orthonormal basis of its eigenvectors ui,

Q = ∑3
i=1 λiui ⊗ ui, (1)

hence, the eigenvalues λi fulfill the condition λ1 + λ2 + λ3 = 0. The eigenvectors point in the
direction of the axes of the reference frame, while each eigenvalue gives the degree of the
nematic order along the direction of the associated eigenvector. Nematic molecules can be
arranged in an isotropic phase in which they are completely disordered without positional
or orientational order, behaving, from an optical point of view, as an isotropic liquid: in this
phase, all three eigenvalues are equal and Q = 0. If the molecules are in the uniaxial phase,
the optical axis is identified by the eigenvector associated with the maximum eigenvalue,
λi = λmax, which identifies the director, then ui = n; the other eigenvalues have equal values,
and the scalar order parameter is S = (3/2) λmax. When the nematic molecules are in the
biaxial phase, the three eigenvectors have different, nonzero values, then the LC phase can
be correctly described within the Q tensor theory, as biaxial domains are not considered
as mathematical singularities, and the order is a function of the local coordinates [61].
Moreover, the invariant measure of the biaxiality gives the degree of the induced biaxial
order [6,40],

β =

√√√√√√1 − 6
tr
(

Q3
)2

tr
(

Q2
)3 ∈ [0, 1], (2)

where β = 0 means that the LC is in a uniaxial state, while β = 1 when the nematic texture is
in a biaxial phase.

Since the NLC has five degrees of freedom, the order tensor can be expressed in terms
of five independent parameters as

Q =

q1 q2 q3

q2 q4 q5

q3 q5 −q1 − q4

 (3)

where qi = qi (x, t), x being the spatial coordinate and t the time.
The free energy F of the LC includes bulk and surface contributions [40]:

F = Fb + Fs (4)
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Considering the NLC confined in pi-cells with strong anchoring conditions on the
boundary plates, hence, with infinite anchoring strength, the surface contribution to the
free energy is fixed and can be neglected. Then, the free energy for the confined nematic
can be written as [10]

F =
∫

V
( ft + f d + fe)dV. (5)

In the above equation, ft, fd, and fe are thermotropic, elastic, and electric free energy
densities, respectively, the last one coming from the application of an external electric field,
and are functionals according to

ft = ft(Q), fd = fd(Q,∇Q), fe = fe(Q,∇Q). (6)

Recalling some definitions as, for example, in refs. [6,40], at a temperature T, if T* is
the supercooling temperature at which the isotropic phase becomes unstable, and αt is a
positive constant, then a = αt (T − T*) = αt∆T. The equilibrium order parameter for uniaxial
systems is defined as

Seq(∆T) =
b
4c

(
1 +

√
1 − 24ac

b2

)
, (7)

where b and c are in turn set as constants. Introducing the Frank elastic constants k11, k22,
and k33, then

L1 =
k33 − k11 + 3k22

6S2
eq

, L2 =
k11 − k22

S2
eq

, L6 =
k33 − k11

2S3
eq

. (8)

If ε0 is the vacuum dielectric constant, while ε∥ and ε⊥ are, respectively, the nematic
dielectric constants which are parallel and perpendicular to the nematic axis, the isotropic
and the anisotropic dielectric susceptibilities, εi and εa, can be written as

εi =
ε∥ + 2ε⊥

3
, εa =

ε∥ − ε⊥
Seq

. (9)

Finally, admitting that the free energy densities depend on small Q distortions, the
expansion in powers of Q gives

ft = atrQ2 − 2b
3

trQ3 +
c
2

(
trQ2

)2
, (10)

fd =
L1

2

(
∂Qij

∂xj

)2

+
L2

2
∂Qij

∂xj

∂Qik
∂xk

+
L6

2
Qlk

∂Qij

∂xl

∂Qij

∂xk
, (11)

fe =
ε0

2

(
εi|∇U|2 + εa∇U·Q∇U

)
+ e∇Q·∇U. (12)

In Equation (12), U is an appropriate electric potential applied to the pi-cell, while the
last term accounts for polarization effects with ē flexoelectric parameter.

The evolution of each qi = qi (x, t) in Equation (3) is obtained from the balance of the
energy variation

δD+ δ
.
F = 0, (13)

where
D =

∫
V
DdV =

∫
V

γtr
.

Q
2
dV, (14)

in which D represents the Rayleigh dissipation function and γ is a viscosity coefficient [6,40].
Inserting Equations (10)–(12) and (14) in Equation (13), five generalized Euler–Lagrange
equations for each of the qi are obtained,
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∂D
∂

.
qi

+
∂ ft

∂qi
+

∂ fe

∂qi
+

∂ fd
∂qi

− ∂

∂xj

(
∂ fd
∂qi,j

)
− ∂

∂xj

(
∂ fe

∂qi,j

)
= 0, i = 1, . . . 5, (15)

where ‘j’ means differentiation with respect to the spatial coordinates.
The dynamical evolution of the order tensor is obtained by solving the PDE system

constituted by Equations (15) together with the governing equation for the electric potential
in the absence of free charges

∇·D = ∇·[−ε0(εiI + εaQ)∇U + e(∇·Q)] = 0. (16)

In the last equation, the first term in round brackets is the dielectric tensor, while the
second one is the spontaneous polarization vector balancing the effect of the electric potential.

3. Numerical Method
The mathematical modelling of the above physical problem leads to a system of

six coupled, non-linear PDEs to be solved numerically. On the other hand, a reliable and
efficient computational method, capable of ensuring a numerical resolution adequate to
grasp fast and tiny variations in the biaxial order is desirable. The numerical solution of
PDEs using the FEM is based on an appropriate discretization of the integration domain,
which is divided in elements delimited by nodes, and the set of the elements constitutes
the mesh. The approximate solution of the problem is computed on the nodes while inside
each element the solution is interpolated by means of shape functions, usually of quadratic
order. It turns out that the mesh quality plays a crucial role in the computational process: in
general, denser meshes in domain regions where strong variations in the variables occur are
capable of ensuring a better numerical resolution, but the computational cost becomes an
issue. The question of the mesh quality has been tackled in different ways with the aim to
obtain reliable solutions and robust computational methods [49,62–67], while the resolution
requirement must be contempered with the minimization of the computational costs:
with uniform discretizations, the resolution can be improved by increasing the number of
nodes, hence building a denser mesh even in domain regions where high resolution is not
required, for example, where there is a slow variation in the variables, resulting in a waste
of computational resources. The use of adaptive methods, instead, allows us to concentrate
the computational effort in the regions of the integration domain where it is most needed.
Adaptive grid algorithms can be classified based on the strategy they adopt [62]: using h-
methods, the mesh can be refined (or coarsened) by insertion (or elimination) of nodes, and
in this case, improving the resolution means growing computational load; in p-methods,
the order of the polynomial used to interpolate the solution inside the element is enriched,
compatibly with the mesh roughness, in order to ensure stability and convergence of the
solution. In r-methods, to which the MMPDE belongs, both the number of elements and
nodes are kept constant, but the latter are clustered in regions of the integration domain
where an improved resolution is required, and at the same time they are moved away from
regions of low variability of the solution. Moreover, mixed h- and r-adaptive methods
exist as, for example, in ref. [68]. The grid movement can be obtained by equidistributing a
function, called the monitor function [69], over the integration domain. The appropriate
monitor function retains the physical characteristics of the system under study; hence, its
equidistribution allows us to obtain the mesh equation by which the nodes are moved
across the domain according to the evolution of a well-identified physical property.

To implement the MMPDE numerical technique using the FEM in one space dimension
(1D) based on the equidistribution principle [69–73], it is possible to proceed as follows.

Preliminarily, a physical domain Ωp = [0, 1] spanned by the physical coordinate x, and
a computational domain Ωc = [0, 1] spanned by the computational coordinate ξ are defined.
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If T is a time interval, a mapping of the physical space Ωp × T into the computational space
Ωc × T is expressed by means of a coordinate transformation [8,49,70]:

ξ = ξ (x, t), x ∈ Ωp, t ∈ (0, T], (17)

or, in reverse,
x = x (ξ, t), ξ ∈ Ωc, t ∈ (0, T]. (18)

Then, N + 1 equispaced points in the 1D computational space Ωc, ξ i = i/N, i = 0, 1,
2,. . ., N correspond to a grid in the physical space x0(t) < x1(t) <. . .xN(t), where x0(t) = 0,
and xN(t) = 1.

A function ρ(x, t) continuous over the interval [0, 1] is equidistributed if, given a
constant c, it satisfies [8,49,69,70,74–77]

∫ xi+1(t)

xi(t)
ρ(x, t)dx = c, ∀i = 0, 1, . . . N. (19)

Hence, for i = 0, 1, . . . N,

∫ xi(t)

0
ρ(x, t)dx =

∫ x1(t)

0
ρ(x, t)dx + · · ·+

∫ xi(t)

xi−1(t)
ρ(x, t)dx = c + · · ·+ c = ic. (20)

The constant c is determined from

∫ 1

0
ρ(x, t)dx =

∫ x1(t)

x0(t)
ρ(x, t)dx +

∫ x2(t)

x1(t)
ρ(x, t)dx + · · ·+

∫ xN(t)

xN−1(t)

ρ(x, t)dx = c + · · ·+ c = Nc, (21)

giving

c = c(t) =
1
N

∫ 1

0
ρ(x, t)dx. (22)

Equation (20) now can be rewritten as

∫ xi(t)

0
ρ(x, t)dx =

i
N

∫ 1

0
ρ(x, t)dx = ξi

∫ 1

0
ρ(x, t)dx, i = 0, 1, 2, . . . , N, (23)

where ξi = i/N represents a uniform mesh on the computational space defined above.
Considering the coordinate transformation Ωc × T → Ωp × T, xi = x (ξi, t), then

∫ x(ξi ,t)

0
ρ(x, t)dx =

i
N

∫ 1

0
ρ(x, t)dx = ξi

∫ 1

0
ρ(x, t)dx, for i = 0, 1, 2, . . . , N. (24)

In continuous form, it follows that

∫ x(ξ,t)

0
ρ(x(ξ, t ))dx =ξ

∫ 1

0
ρ(x(ξ), t)dx, ∀ξ = 0, 1, . . . N. (25)

Differentiating the previous equation with respect to the computational coordinate ξ,
and making use of Equation (21) with Nc = C(t), the mesh equation is obtained, giving, at
each time step, the distribution of the mesh nodes inside the domain:

ρ(x(ξ, t))
∂

∂ξ
x(ξ, t) =

∫ 1

0
ρ(x(ξ), t)dx = C(t). (26)

From Equation (26), it can be seen that, given a fixed number of mesh points, the
function ρ(x, t) must be small in regions where the variation of x(ξ, t) is large, and vice
versa. Up to now, nothing has been said about the function ρ(x, t) which is called the mesh
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density function or monitor function [69] (sometimes, this term is attributed to ρ(x, t)2),
for the reason that its equidistribution allows us to control the mesh points distribution
in the physical domain. Since its choice has a key role for the optimal distribution of the
mesh points over which a numerical solution is computed, a monitor function depending
on the unknown solution u(x, t) can be chosen. Hence, putting ρ(x, t) = M(u(x, t)) allows the
solution itself to control the mesh map quality and nodes distribution during the solution
procedure, while other valid choices are based on solution error [69,75]. In practice, the
functional expression of the monitor function depends on the nature of the problem to be
solved, such as the steepness of the solution or its derivatives in particular regions of the
physical domain.

The dynamical evolution of the biaxial order in an NLC which undergoes strong
distortions is characterized by fast switching phenomena falling within the microsecond
time interval. Moreover, they are confined to narrow spatial regions comparable to the
electrical coherence length ξE, and in turn comparable to ξb ≈ 10 nm [6,46], thus involving
computations spanning over different length and time scales. It has been demonstrated [8]
that, for 1D problems, a monitor function based on the solution gradient computed during the
solution procedure, having the form proposed in [74] and called the Beckett-Mackenzie (BM)
monitor function, is the most suitable for the description of the systems under consideration:

M(u(x, t)) = α +

√∣∣∣∣∂u(x, t)
∂x

∣∣∣∣, (27)

where

α =

1∫
0

√∣∣∣∣∂u(x, t)
∂x

∣∣∣∣dx. (28)

α is a tuning parameter for the mesh adaptation, the task of which is to fix a floor
for the clustering of the nodes inside the domain, and its determination is incorporated
in the solution procedure and updated at each time step; please refer to [8] for details. In
short, the mesh adaptivity is controlled by choosing a monitor function tightly related to
the order variation, imposing in Equations (27) and (28) that

u(x, t) = tr(Q)2. (29)

In all reported cases, at t = 0, the nematic texture is in a splay configuration, and
the director n is parallel to the boundary plates. The boundary conditions, instead, were
prescribed case by case by the strong anchoring conditions. On the confining plates,
Dirichlet boundary conditions were imposed for the order tensor, implying Q = Qs, where
Qs is the order tensor on the boundary surfaces accounting for the pretilt angles. The
imposed electric potential U also obeys to Dirichlet boundary conditions. Thus, at t = 0,
the electric pulse amplitude is zero and the Q tensor represents a splayed nematic texture
compatible with the imposed pretilt angles on the boundaries. The 1D integration domain
corresponds to the thickness of a pi-cell 1mm thick, while the dynamical evolution is
sampled in a time interval of up to 0.25 ms.

At each time step, the six coupled PDEs are solved simultaneously for each of the six
unknown u(x, t), according to the following multi-pass algorithm:
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1.
A uniform grid xj(0) is generated at t = 0, and the corresponding initial solution uj(0)
is computed using the FEM.
mesh and solution are updated in a temporal loop, putting forward the PDEs (15) and (16):
while tn < T

the mesh is redistributed in a few steps ν ≥ 0:
do

2. The monitor function is evaluated, and the grid is moved from xj(ν) to
xj(ν + 1) with an iterative procedure equidistributing the monitor function
in each subinterval, and a solution uj(ν + 1) is calculated on the newly
generated mesh.

until ν ≤ νmax

3. The PDE system is put forward on the new mesh xj(ν + 1) to obtain a numerical
approximation uj(ν + 1) at the new time level tn+1.

end.

4. Numerical Results on Symmetric and Asymmetric Pi-Cell
In the following, we will go through some numerical experiments carried out on a 5CB

NLC confined in a pi-cell with strong anchoring conditions and pretilt angles spanning
various conditions, both symmetric and asymmetric, as will be specified case by case.

The pretilt angle is intended as the angle between the NLC molecular axis and the
surface plane but directed in opposite directions on the boundary plates, as shown in
Figure 1 for the symmetric case.
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Figure 1. Geometry of the symmetric pi-cell with nematic molecules in different states, for generic
pretilt angles θL = θU: (a) horizontal alignment with a slight splay; (b) intermediate state, with a thin
horizontal wall in the center (OR); (c) mostly vertical alignment (pi-bent).

In practice, see, for example, ref. [8], these conditions permit, at equilibrium, the exis-
tence of two topologically different nematic textures: one in which the nematic molecules
are mostly parallel to the confining plates, or slightly splayed, but on average the director is
horizontal, see Figure 1a; the other, pi-bent, is like in Figure 1c, in which the molecules are
aligned mostly vertically. The pretilt angles induce mechanical distortions to the nematic
texture close to the confining plates, and in case of asymmetric pretilt angles, see Figure 2,
such distortions grow close to the surface where the pretilt angle approaches the planar
angle [27,46,56]. From a topological point of view, a pi-bent texture is equivalent to a
pi-twisted one, i.e., textures starting from the splay configuration as in Figure 1a suffer a
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180◦ torsion around the molecular axis instead of a 180◦ bending as in Figure 1c, see ref. [6].
A fast switching from a splay configuration to a pi-bent one is possible by the application
of an electric field beyond a threshold necessary to overcome the energy barrier between
the two configurations, and the two textures are connected by a biaxial transient state
characterized by molecules remaining parallel to the plates without any director rotation.
From a tensorial point of view, this corresponds to the exchange of two Q eigenvalues, i.e.,
to the OR phenomenon depicted in Figures 1b and 2b, for the symmetric and asymmetric
cases, respectively.

 
 
 
 
Figure 2 
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Figure 2. Geometry of the asymmetric pi-cell with nematic molecules in different states, for pretilt
angles θL = 19◦ and θU = −3◦: (a) horizontal alignment with a slight splay; (b) intermediate state,
with a thin horizontal wall (OR) close to the upper boundary plate; (c) mostly vertical alignment
(pi-bent).

4.1. Symmetric Pi-Cell

Considering an NLC confined in a symmetric pi-cell subjected to mechanical and elec-
tric stresses, the former are induced by imposing appropriate pretilt angles to the nematic
molecules, while the latter by the application to the confining plates of electric pulses with
intensity suitable to induce the biaxial OR. In ref. [8] was simulated an experimental setup
with pretilt angles on upper and lower bounding plates of, respectively, θU = −10◦ and
θL = 10◦, both measured with respect to each plate, applying an electric pulse with ampli-
tude E = 11.4 V/µm with duration τ = 0.25 ms. The choice of the electric pulse amplitude
corresponds to the threshold for the biaxial OR to occur, as determined in ref. [40].

The study [8] reports on three different MMPDE algorithms implementing three dif-
ferent monitor functions, but we focus only on the one containing BM as it has proven to
be the most efficient, giving the more reliable results if compared with those reported in
ref. [40], and clearly showed that the MMPDE method is capable of better resolving the
dynamics inside the pi-cell. Such evidence results also from the inspection of the mesh tra-
jectories, which show excellent adaptation to the order evolution inside the cell, according
to the choice made with Equation (29), thus improving the quality of the numerical results.
The algorithm implementing the BM monitor function concentrates the mesh points in
regions of the integration domain where more resolution and accuracy is needed during
the time evolution, i.e., in the cell center where the biaxial order reconstruction takes place,
and at the cell boundaries where a certain mechanical stress is present due to the strong
anchoring conditions and to the pretilt angle imposed. Nevertheless, in the bulk regions,
as well, an adequate collocation of mesh points is guaranteed. Moreover, according to
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the Landau–de Gennes theory, the biaxial OR is correctly framed in the context of the
eigenvalues exchange and occurs after about 55 µs from the application of the electric
pulse, a value which corresponds to the crossing time of two eigenvalues of the Q tensor,
as reported in the paper.

Imposing electric stresses ranging from E = 10 V/µm to E = 14 V/µm with step
∆E = 1 V/µm, at fixed pretilt angles θU = −19◦ and θL = 19◦, thus increasing the mechanical
distortion close to the boundary plates, the numerical results show that, already with an
applied electric field E = 10 V/µm the biaxial OR occurs, then a lowering of the electric
field threshold for OR occurs too because of the increased mechanical stress [55]. Moreover,
increasing the electric pulse amplitude results in a progressively faster OR which moves
from 38.5 µs to 17.5 µs, going from E = 10 V/µm to E = 14 V/µm, respectively (see Table 1).
Such movement is also accurately predicted from the computation of the electric current
flowing across the cell, as reported in the ref. [55]. Further, the competition between the
applied electric field and the strong anchoring conditions induces a persistent biaxial wall
close to the boundary plates, which grows with increasing electric field strength without
undergoing relaxation by means of OR.

Table 1. Temporal position ∆τ of the OR transition, occurring in the cell center as a function of the
intensity of the applied electric pulse E, for symmetric pretilt angles as indicated.

θL/U = +/−10◦ θL/U = +/−19◦

E (V/µm) 11.4 10 11 12 13 14 18 20 32 40 60 90

∆τ (µs) 55 38.5 31 25 21 17.5 8 6 2 1 0.3 0.2

As long as the OR is slow, on the biaxiality maps, it is characterized by a uniaxial state
surrounded by a biaxial ring having cylindrical symmetry but, as will be seen later, this
will no longer be true for sufficiently intense applied electric fields.

In the presence of extreme electrical stresses, obtained by applying electrical pulses
with increasing amplitudes from 18 V/µm to 90 V/µm [57], the predictions indicate that
the OR relaxing the distortion of the nematic texture becomes ever faster: at E = 18 V/µm,
it is located about 9 µs from the pulse start, and increasing the electric stress, the biaxiality
grows consistently, with the OR starting to squeeze along the cell thickness. At E = 32 V/µm,
the biaxiality is distributed along the cell thickness within about 3 µs from the pulse start,
while the biaxial OR has definitively lost its cylindrical symmetry, but the splay to bend
transition mediated by the OR is always correctly framed within the eigenvalues exchange
mechanism predicted by the Landau–de Gennes theory. In Table 1 are summarized the
temporal positions ∆τ of the OR transition occurring after the pulse start, as a function of
the pulse intensity, according to what was reported in [8,55,57]. The paper [57] reports also
on the evolution of the eigenvalue associated with the eigenvector parallel to the electric
field direction, and its monitoring indicates that the splay to bend transition can assume two
different characteristics: below the boundary plates, and towards the cell center, the texture
is in a uniaxial state and characterized as a first-order transition propagating towards the
cell center with decreasing speed, while it becomes second order in correspondence of the
biaxial OR in the cell center. The speed difference among transitions occurring near the cell
center (slower) and transitions occurring towards the boundaries (faster) tends to vanish
as the electric pulse amplitude increases to E = 60 V/µm, above which the transitions are
always of the second order.

In summary, the studies reported in papers [8,55,57] predict that strong mechanical
and electric stresses applied to an NLC confined in a symmetric pi-cell induce a growing
biaxiality ending with the biaxial OR, which relaxes the induced distortion arising from
the competition between two distinct mechanisms: from one side, the strong anchoring
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condition forces the nematic close the boundary plates in a tilted configuration from which
it cannot escape; on the other side, the electric field applied along the cell thickness forces
the nematic to align parallel to the field direction, thus perpendicular to the plates, but
either increasing the pretilt angle, or the intensity of the applied electric pulse, or both
causes the speed increase in the biaxial OR that, due to the symmetry of the cell, occurs in
the cell center. Also, the molecules that are close to the boundary plates are subjected to a
growing biaxiality due to the even growing strain close to such a spatial region. The OR
loses its cylindrical symmetry when high enough electric pulses cause its squeeze along the
cell thickness; this implies that the core of the OR is not characterized by a single uniaxial
state, but rather by a continuous succession of uniaxial states. In addition, the splay to
bend transition of the nematic texture under the action of the electric field is of the second
order and is located in the cell center, when it is accompanied by the biaxial OR, but is of
the first order when the nematic order is uniaxial, i.e., moving from the cell center toward
the cell boundaries.

4.2. Asymmetric Pi-Cell

Biaxial phenomena have been observed both experimentally and numerically in pi-cells
with strong asymmetries [27,46]; in addition, the numerical experiments show that different
OR mechanisms can cooperate to relax the nematic distortion, and such a phenomenon
has been predicted for very strong distortions of the confined nematics induced by marked
asymmetries combined with high enough intensities of applied electric pulses.

The application of asymmetric anchoring conditions to the pi-cell produces the propa-
gation of asymmetric stress in the bulk of the NLC; hence, the growing of a biaxial region
inside the cell in asymmetric position with respect the boundary plates can be expected, as
depicted in Figure 2. The system investigated is constituted by the 5CB NLC [56,58–60],
where a fixed pretilt angle on the lower boundary plate, θL = 19◦, has been imposed, while
on the upper plate, the pretilt angle θU ∈ [0, −1◦, −2◦, −3◦] has been imposed. In a first
approach, the electric pulse amplitude ranged from E = 10 V/µm to E = 14 V/µm with
step ∆E = 1 V/µm, having verified that imposing symmetric anchoring conditions with
θL/U = +/−19◦, the electric pulse amplitude threshold for the OR is Eth = 8 V/µm [56]. It
has been seen that with symmetric anchoring conditions, the biaxial OR occurs always in
the center of the cell, the speed of which increases not only with increasing the intensity of
the applied electric pulse, but also with increasing pretilt angles compared to the planar
condition, see Table 1. In the case of the asymmetric pi-cell, it emerges that, with a proper
combination of electric and mechanical stresses, the biaxial wall, ending with the OR that
relaxes the large, induced distortion, can be moved both in time and space. Furthermore,
a surface OR (SOR) can occur in the region close to the boundary plate where the ne-
matic molecules approach planar pretilt angles. Table 2 summarizes the temporal position
∆τ of the bulk OR (BOR) as a function of both the upper pretilt angle and the intensity
of the applied electric pulse: the last column refers to the position δH of the BOR along
the cell thickness measured from the upper plate, while the SOR occurs close to the upper
boundary plate. It follows that, whatever the intensity of the applied electric pulse is, for
θU = −3◦, a BOR occurs always in the bulk located about 0.05 µm below the upper boundary
plate, with increasing speed going from E = 10 V/µm to E = 14. The increase in the nematic
stress at θU = −2◦ causes the nematic distortion arising in the region to be relaxed, for
E = 13 V/µm, by means of an SOR. At E = 14 V/µm, a BOR occurs about 0.03 µm below
the upper boundary plate; instead for θU = −1◦, only an SOR intervenes to relax the very
strong distortion in the confined NLC. It must also be said that, once triggered, the SOR
has a duration of several microseconds [56]. Even in this case, the MMPDE numerical
technique allows us to monitor the biaxiality step by step, clearly distinguishing BOR from
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SOR transitions, which is consistently supported by the computations of the electric current
flowing across the cell, see again ref. [56].

Table 2. Summary of the temporal position ∆τ of the BOR transition as a function of the upper pretilt
angle and the intensity of the applied electric pulse, for θL = 19◦. The occurrence of the SOR in the
upper boundary plate is indicated, whenever occurring. The spatial position δH of the BOR below
the upper boundary plate is also indicated.

E = 10 V/µm E = 11 V/µm E = 12 V/µm E = 13 V/µm E = 14 V/µm

θU ∆τ (µs) δH (µm)

0◦ NT NT NT NT NT //

−1◦ NT NT NT NT SOR for t ≥ 58 //

−2◦ NT NT NT SOR for t ≥ 85 21 0.03

−3◦ 48 36 27 23 19 0.05

The computed maps of the biaxiality as a function of both pretilt angles and the
amplitude of the applied electric pulse allowed us to lay the foundation for building a
phase diagram of the OR transitions, extensively reported in refs. [58–60], by simulating
the NLC behaviour under critical stress conditions to assess their switching properties
regarding BOR and SOR. For such a purpose, massive computations, imposing pretilt
angles on the upper boundary plate in the interval 19◦ ≤ θU ≤ 0◦ with variable steps
∆θU ∈ [0.1◦, 1◦], and intensities of the electric pulse in the range 15 V/µm ≤ E ≤ 90 V/µm
with variable steps ∆E ∈ [1 V/µm, 5 V/µm], were performed, and for each computation,
the switching mechanism relaxing the nematic distortion was deduced.

It results in the phase diagram in the (E, θU) plane [58,60] reproduced in Figure 3,
which is parted in four regions where, depending on the combination of the mechanical
and electrical stresses, the nematic texture can relax the distortion located close to the upper
boundary plate (where the pretilt angle is smaller) by means of a BOR, then via a bulk
switching (BS), or by means of an SOR, then via surface switching (SS). Moreover, a proper
combination of the imposed stresses induces the relaxation by means of both BOR and SOR
(BSS). Finally, the nematic texture may not undergo any switching (NS).
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The phase diagram assumes a bilobed shape in a large region of the (E, θU) plane
where the nematic texture relaxes the biaxial distortion by means of coexisting BOR and
SOR. Monitoring the evolution of the eigenvalue of the Q tensor associated with the
eigenvector parallel to the applied electric field indicates that, for textures falling in this
region, two switching paths can be present which depend mainly on the intensity of the
electric pulse [60]. In particular, a metastable uniaxial state can be superimposed on the
SOR, the existence of which depends on the intensity of the applied electric pulse, and the
duration of which depends on the pretilt angle imposed on the upper boundary plate; this
is a result which potentially broadens the possibilities of exploiting the phenomenon for
application purposes, but we are waiting for experimental studies that can confirm the
theoretical predictions.

5. Conclusions and Future Work
The MMPDE adaptive technique is a powerful tool tailored for the numerical sim-

ulation of complex mathematical models of physical phenomena involving large-scale
variations in time and space, and can be applied, in principle, to any differential problem
discretizable in space. Indeed, it has recently been used to simulate complex biological
systems as in refs. [78–83].

For NLCs confined in pi-cells, the application of mechanical and electrical stresses
causes the growth of biaxial domains which relax the induced distortion. Above an appro-
priate threshold, which depends on both the intensity of the applied electric field and the
pretilt angles for the nematic anchored to the boundary plates of the pi-cell, in the biaxial
domains, an OR transition can originate. In-depth OR monitoring with the MMPDE tech-
nique gives predictions on the switching properties of the investigated nematic, suggesting
that the OR may be controlled within the domain by fine tuning of the applied stresses.
Moreover, the characterization of SOR and BOR opens the door to further exploitation
of NLCs in the design and improvement of multi-stable optical devices. From a more
fundamental point of view, the high-resolution computations allow us to distinguish first-
and second-order transitions in the dynamics of the order tensor, identifying a metastable
uniaxial state superimposed on a second-order transition, which is worthy of further
theoretical and experimental investigations given its potential relevance for applicative
purposes. In this direction, future research should be devoted to in-depth investigations,
both theoretical and experimental, on the order of the phase transitions in two-dimensional
and three-dimensional domains, then on the characterization of BOR and SOR, as well
as on their mutual interaction in the induced relaxation of the biaxial stress. Moreover,
the high spatial resolution which can be achieved by using the MMPDE technique could
help to monitor coupling phenomena in electro-hydrodynamics of nematics due to vis-
cosity effects, to distinguish anchoring breaking from order reconstruction phenomena,
which is still an open issue [60]. On the other hand, the implementation of the MMPDE
numerical technique in two-dimensional or even three-dimensional domains could pro-
vide new and more interesting insights into the dynamics of confined NLCs, helping to
better characterize labile features, such as the metastable state discussed at the end of the
previous section. A problem in extending MMPDE to higher spatial dimensions could arise
from the required computing power, which in three spatial dimensions could lead to a
prohibitive computational load. On the other hand, the method tested in [53] demonstrated
the feasibility of the MMPDE in two spatial dimensions by applying it to the simulation of
a defect inside a pi-cell. Other issues related to the extension of the MMPDE method to
higher dimensional problems concern the choice of adaptive criteria and modelling with
irregular geometries [51–53], and so far, there are no decisive applications to practical cases.
These are some of the upcoming challenges that await the implementation of the MMPDE
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numerical technique for NLCs modelling, towards which it is therefore desirable to direct
future work.
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