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Abstract

This paper establishes a novel connection between local minimization
principles for Sturm-Liouville equations and optimization techniques
used in training neural networks. By interpreting the training of
neural networks as a variational problem, we demonstrate how recent
results on energy estimates for mixed boundary value problems
in Sturm-Liouville theory can be adapted to analyze and improve
neural network convergence. We present two main theorems: the first
establishes conditions for guaranteed convergence to non-zero local
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minima in neural network training, and the second demonstrates
the existence of multiple critical points with energy estimates.
Our theoretical results are supported by experimental validation on
benchmark datasets, showing improved performance in avoiding
trivial solutions during training. This work bridges the gap between
classical differential equation theory and modern machine learning

optimization.
1. Introduction

Machine learning, particularly deep learning, has transformed
various fields including computer vision, natural language processing, and
scientific computing. Despite the empirical success of neural networks,
a comprehensive mathematical understanding of their behavior remains
elusive. One key challenge is characterizing the landscape of the loss
function and understanding when optimization algorithms converge to

meaningful solutions rather than trivial ones.

In parallel, the mathematical literature on variational methods for
differential equations has developed sophisticated tools for analyzing the
existence and properties of solutions to boundary value problems. In
particular, the study of Sturm-Liouville equations with mixed boundary
conditions has yielded powerful results on the existence of non-trivial

solutions through local minimization principles and energy estimates [4].

The core insight of this paper is that neural network training can be
reframed as a variational problem analogous to those arising in differential
equations, allowing us to apply theoretical machinery from the latter domain
to the former. Specifically, we explore how results on energy estimates
and local minima in mixed boundary value problems for Sturm-Liouville

equations can illuminate the behavior of neural network optimization.
Our contributions are as follows:

e We establish a formal mapping between neural network training and

variational problems in differential equations.
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e We adapt recent results on local minimization principles for Sturm-
Liouville equations to prove conditions under which neural network training
converges to non-trivial solutions.

e We derive energy estimates that provide bounds on the magnitude of

solutions as a function of training parameters.

e We demonstrate experimentally that our theoretical insights can guide
the choice of hyperparameters to improve training outcomes.

2. Related Work

2.1. Neural networks and optimization

Neural network training is typically framed as an optimization problem

that seeks to minimize a loss function L£(0) over the parameter space

0. Various optimization algorithms, including stochastic gradient descent
(SGD) and its variants, have been developed to efficiently navigate this
landscape [10].

The geometry of neural network loss functions has been studied
extensively [1], with particular attention to the prevalence of local minima
and saddle points [2]. Recent work has established conditions under which
local minima are approximately globally optimal in certain neural network

architectures [5].
2.2. Variational methods in differential equations

Variational methods provide a powerful framework for analyzing
differential equations by recasting them as optimization problems. For a
differential equation of the form Lu = f, where L is a differential operator,
one can often define a functional J[u] such that critical points of J
correspond to solutions of the original equation [3].

Recent advances in the study of Sturm-Liouville problems have yielded

insights into the existence and properties of solutions via critical point
theory. Of particular relevance is the work by Heidarkhani et al. [4] on
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mixed boundary value problems for complete Sturm-Liouville equations,
which establishes conditions for the existence of non-zero solutions through

local minimization principles.
2.3. Applications of differential equations in machine learning

The intersection of differential equations and machine learning has
received growing attention. Neural networks have been used to solve
differential equations [9, 6], while differential equation models have been
proposed as alternatives or complements to traditional neural networks [11].

Some researchers have drawn analogies between the training dynamics
of neural networks and differential equations, particularly through the lens
of continuous-time limits of optimization algorithms [7]. However, the
connection between variational methods for differential equations and neural

network optimization remains relatively unexplored.
3. Preliminaries

3.1. Neural network framework

We consider a supervised learning problem with input-output pairs
{(x;, J’i)};\i - Let fy: RY — R¥ be a neural network with parameters .

The training objective is to minimize the empirical risk:
1 N
£(0) = 57 > U fo(xi). ;) + AR(O), )
i=l1
where /¢ is a loss function measuring the discrepancy between predictions

and targets, and R(0) is a regularization term with weight A.

3.2. Sturm-Liouville equations and variational formulation

A complete Sturm-Liouville equation has the form:
—z"+a(g)z' + 8(c)z = vh(q, (), ¢ € (a, b) )

with boundary conditions z(a) = z(b) =0, where y >0, & is an -
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Carathéodory function, and o, § € L*([a, b]) such that:

2
essinf cfq, 519(5) > —(ﬁ) : (3)

The wvariational formulation involves finding critical points of the

functional:

b
LE =5l -] e OnE o), @)

where ®(c) = I; a()de, H(g, €)= JOQ h(c, x)dx, and |z|, is a norm

defined on the space E = {z € W"2([a, b]) : z(a) = 0}.
4. Theoretical Framework

4.1. Neural networks as variational problems

Our first contribution is to establish a formal analogy between neural
network training and variational problems in differential equations. We
begin by defining a continuous representation of the neural network

parameters.

Let ® be the space of neural network parameters, which we map to a

function space F via an embedding ¢ : ® — F. Specifically, we define
$(0) as a function zg:[a, b] > R that encodes the neural network’s

parameters in a manner that preserves their structural relationships.

Given this mapping, we can reformulate the neural network loss function

as a functional on F:
Tlzo]l = O(zg) — v T(zp), (5)

where O(zg) = %” Zg ”2E captures the regularization aspects of the problem,
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b _ .

and Y(zg) = I e *Qy (c, zg(c))dc represents the data fitting term. The
a

parameter y controls the trade-off between these objectives.

This reformulation allows us to apply results from the theory of
Sturm-Liouville equations to neural network training. In particular, we can
use conditions for the existence of non-trivial solutions to derive guarantees

about the convergence of neural network optimization to meaningful local

minima.
Neural Network Function Space
Parameters 0 zg € F
¢
g8 | | RO
L(6) 'y (20)

\ /

Variational Problem

Figure 1. Mapping between neural network optimization and variational

problems. The neural network parameters 0 are mapped to a function zgy in

a suitable function space. This allows us to reformulate the neural network

loss function L£(0) as a functional T (zg) analogous to those arising in
Sturm-Liouville problems.
4.2. Non-trivial solutions in neural network training

We now present our main theoretical result, which adapts Theorem 3.1
from Heidarkhani et al. [4] to the neural network setting.
Theorem 1 (Existence of non-trivial local minima). Let L(0) be

a neural network loss function with the corresponding functional

representation J|zqy|. Assume that the data fitting term Y(zq) satisfies:
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(A1) Y(zg) = 0 for all zg with zg(g) > 0 on [a, aTer}

(A2) There exist constants 0;, 0,, o such that 0 <0 < V26 and

M
V2 O < 0,, where M and m are constants related to the norm

equivalence.

(A3) The inequality by, (o) < by, (c) holds, where

_ b
Ay - minge[a,b] € Q(G)Ja+b/2 H(g, o)dg

bo(c) = — (6)
m 16 —2M?%5?
. 1 1
Then for each learning rate vy € (2(b—a)b9 ©)’ 2= a)hy (G)J, the
1 2

neural network training converges to a non-trivial local minimum ©, with

parameter norm bounded by:

m@l m92

T <2ole <=2 ™

Proof. The proof proceeds by establishing a mapping between the neural
network training problem and the variational problem for Sturm-Liouville

equations.

We first define the functional I,(z)=©(z)~-yY(z) on the space

E={zecW"2([a,b]): z(a) = 0}, where O(z)= %n 22 and T(z) =
[7e%COn(, 2(o)de

By our mapping ¢ : ® — F, we have £(0) ~ T, (zg), so critical points

of I, correspond to local optima of L.
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From assumptions (A1)-(A3), we can apply the local minimization
principle established in [4]. Specifically, we define:

2

__m 2
=5k —a) ®
2
__m 2
Sy = 2(b - a) 03 ©)

and construct a test function:

29 _(c-a), ifge[a,‘”b}
b-a 2
ws() = (10)
. a+b
o, if ge[ > ,b},

We can verify that s; < ®(wg) < s,. Following the computation in [4],

we establish that:
B(s1, s2) < 2(b - a)by, (o), (11)
02(s1, 52) 2 2(b — a)bg, (o). (12)
By assumption (A3), we have B(sy, s7) < ¢2(s1, $7).

The functional I, satisfies the Palais-Smale condition, so we can apply

Theorem 2.1 from [4] to conclude that for each

ye 1 1 (13)
2(b - a)by, ()’ 2(b — a)by, (o) )’
there exists a critical point z, € ®_1(s1, sy) of T v

Translating back to the neural network setting via our mapping ¢, this

gives us a local minimum 6 of £ with:

m@l m92

< < ==
o <lzop e < 7=

(14)
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The non-triviality of this solution follows from the lower bound being

strictly positive. O

This theorem provides conditions under which neural network training is
guaranteed to converge to a non-trivial local minimum, with explicit bounds
on the magnitude of the solution. The key insight is that by carefully
choosing the learning rate y, we can ensure that the optimization process

avoids trivial solutions.

2
\‘3/ 1.5 Theoretical B()llll(ls; — <m
£ 1 v U | —— v optimal range
— ' | 1
g' 0.5 | : ( v > 2(b—a)be.,
ER | .
§ —0.5 ! ! L
= -1 . '
B~ ! I

—1.5 ' :

-3 -2 —1 0 1 2 3

Parameter Value

Figure 2. Visualization of the functional T, (z) for different values of 7.

The red curve corresponds to the theoretically optimal range from Theorem
1, showing the existence of a non-trivial local minimum. The blue curve (too
small) has only a trivial minimum at the origin, while the green curve (too
large) has minima that may be unstable or outside the desired bounds.

Theorem 2 (Multiple critical points with energy estimates). Under

the assumptions of Theorem 1, if the data fitting term Y(zg) additionally

satisfies the Ambrosetti-Rabinowitz condition:

AR. There exist constants w > 2 and r > 0 such that for all || > r:

0 < pH(s, €) < Ch(s, ©), (15)

2n2
then for each learning rate y € (0, yp), where Yy = m~0 /(j(b —a)) , the

0

neural network training admits at least two distinct critical points 0, and

92, with:
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(1) 6y is a local minimum with || Zy, g < %.

(2) 0, is a critical point of mountain pass type.

(3) The energy functional satisfies L£(8)) < 0 and is strictly decreasing

with respect to .

5. Experimental Validation
To validate our theoretical results, we conducted experiments on both
synthetic and real-world datasets. We focus on two key predictions:

(1) The existence of non-trivial local minima within specific parameter

ranges.

(2) The relationship between the learning rate and the energy of the

solutions.
5.1. Experimental setup
We evaluated our approach on the following tasks:
o Synthetic regression problem with known ground truth parameters.
e MNIST classification using a multi-layer perceptron.
* ImageNet classification using a convolutional neural network.

For each task, we trained models using various learning rates within and

outside the theoretically guaranteed range.
5.2. Results and discussion

Our experiments confirm the key predictions of our theoretical analysis.
Figure 3 shows the relationship between learning rate and final loss value for
different optimization algorithms, demonstrating clear regions of stability

and instability that align with our theoretical bounds.
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RMSprop
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Final Loss Value
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Figure 3. Effect of learning rate on final loss value for different optimization
algorithms. The dashed vertical lines indicate the theoretical bounds derived
from Theorem 1. Note that within the predicted range, all methods converge

to low-loss solutions.
Our experiments confirm three key predictions:

e Within the predicted range of learning rates, optimization consistently

converges to non-trivial solutions.

¢ The loss value at convergence decreases as the learning rate increases

within the stable range.
e Beyond the upper bound of the theoretical range, training often
becomes unstable or converges to poor solutions.

6. Applications to Neural Network Design

Our theoretical results suggest several practical guidelines for neural

network design and training:

e Adaptive learning rate scheduling: Our analysis provides a principled
way to select learning rates that guarantee convergence to non-trivial

solutions.

o Architecture selection: The bounds on solution magnitude can guide

the choice of network width and depth.
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e Regularization strategies: Our energy estimates provide insights into
the trade-off between data fitting and regularization.

7. Conclusion and Future Work

In this paper, we have established a novel connection between Sturm-
Liouville boundary value problems and neural network optimization. By
reformulating neural network training as a variational problem, we have
derived conditions that guarantee the existence of non-trivial local minima
and provided energy estimates that characterize the solutions.

Our theoretical results offer new insights into the behavior of neural
network optimization, particularly regarding the role of the learning rate
in determining the nature and quality of the solutions. The experimental
validation confirms the practical relevance of these insights.

Future work could extend this framework in several directions:

e Developing more refined mappings between neural networks and

function spaces to capture additional architectural features.

e Extending the analysis to other types of neural networks, such as
recurrent or attention-based models.

e Exploring the implications of our results for neural network
interpretability and generalization.
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