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ABSTRACT The dielectric permittivity model of concrete plays a key role in characterizing its interaction
with electromagnetic (EM) waves but also in determining its mechanical properties. Among various EM
models, the Jonscher universal dielectric response has been favored by scientists and practitioners in the
field for the above purposes. Despite its widespread use, to the best of our knowledge, no study has focused
its attention on the problem of choosing the most appropriate numerical method and the related starting point
solution to solve the nonlinear least squares problem for fitting the Jonscher model to the experimental data.
In this work, considering their broad adoption within software packages such as R, Python, or MATLAB, the
performances of the Nelder-Mead, the Broyden-Fletcher-Goldfarb-Shanno, and the Levenberg-Marquardt
nonlinear optimization algorithms have been compared among them to obtain practical guidance on which
nonlinear optimization procedure to choose and how to generate a valid initial guess solution to achieve
optimal fitting with the experimental data.

INDEX TERMS Concrete, complex dielectric permittivity, Jonscher model, optimization-based methods.

I. INTRODUCTION
As the most widely used building material, monitoring
concrete properties is essential to assess its performance [1],
prevent structural failures [2], ensure the durability of built
structures, and optimize related maintenance efforts [3],
[4], [5]. Among the various technologies designed to fulfill
the aforementioned purposes, electromagnetic techniques
offer the possibility of contactless and wireless real-time
monitoring of building structures, as well as the ability
to perform in-situ measurements [6], [7], [8], [9]. The
orientation towards using the electromagnetic approach
for monitoring concrete properties stems from the fact
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that, over the years, numerous studies have demonstrated
the usefulness of electromagnetic-based approaches for its
characterization [10], [11], [12], [13], and pointed out the
existence of relationships between near-field microwave
reflection analysis and concrete properties, such as water
content [14], porosity [15], chloride presence [16], [17],
and compressive strength, which is the most important
parameter to describe its mechanical performance [18], [19],
[20], for which machine learning based method have been
also exploited [21], [22], [23]. Based on what has been
discussed so far, it is clear that modeling the dielectric
permittivity of concrete plays a pivotal role in characterizing
the interaction of EM waves with this material as well as
in determining its mechanical properties. Studies on the
dielectric properties of concrete have received significant
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attention in civil engineering [24], [25], [26]. Over the years,
different permittivity models have been used in the literature
to describe its dielectric response, such as Debye, complex
refractive index method (CRIM), first-order exponential, and
Cole-Cole model [10], [18], [24], [26]. Among others, the
Jonscher universal dielectric response [27] introduced to
model the permittivity of a wide variety of solid materials
has also been exploited [28], [29], [30], [31], [32], [33]. The
Jonscher model, being a more comprehensive permittivity
model [34], [35], [36], [37], has met with favor among
scholars and professionals in the field; it was employed
to evaluate the concrete shielding effectiveness, obtaining
better results compared with the Debye model ones [29], and
to describe the dielectric permittivity of Chinese standard
concrete [30], which is the most widely produced type of
concrete in the world [38].

To determine the characteristic parameters of the Jon-
scher model, an appropriate nonlinear least-squares problem
(NLSP) must be solved to fit the model to concrete
permittivity-measured data [31], [39]. To this aim, a nonlinear
optimization procedure must be employed to obtain the
least-squares fit, and a starting solution (or initial guess)
must be provided [40], [41]. It is well known that the
choice of the initial guess solution for solving an NLSP
must be based on all the information about the problem
under consideration [40], [41]. The better the initial guess,
the faster the convergence of the corresponding solution
algorithm will be [41]. In addition to this aspect, it must
be considered that a nonlinear least squares problem may
have several local minima, where an inadequate initial
value may lead to convergence to an undesired stationary
point with physically impossible parameter values or to a
solution that is not the absolute minimum for the problem
at hand [41], [42]. Accordingly, choosing an initial guess
solution is a predominant aspect of obtaining an accurate
fitting model [42]. However, existing works on Jonscher
parametrization have either applied numerical optimization
without a systematic discussion of algorithm selection, initial
guess sensitivity, or robustness to data noise (e.g., [31])
or adopted an analytical approach (e.g., [28]) exclusively
suitable in case of the noiseless data.

Accordingly, based on the aforementioned considerations,
the paper’s aims are twofold:

i) comparing the numerical performance of the Nelder-
Mead, Broyden-Fletcher-Goldfarb-Shanno (BFGS)
quasi-Newton, and Levenberg-Marquardt nonlinear
optimization algorithms applied to the determination of
the best parameters for the Jonscher model;

ii) provides a rule for calculating the initial guess solution
and evaluating its effectiveness as an input for these
nonlinear optimization algorithms.

Several reasons guided our choice about the NLSP
resolution methods considered in this study: first, these
methods are widely recognized as standard references for
nonlinear optimization [40], [41]. While newer nonlinear

optimization algorithms are promising [43], [44], they
often lack standardized implementations or require high
computational resources that are not justified for small-sized
problems, such as the one under consideration [41]. Second,
these nonlinear procedures are integrated into widely used
tools, such as MATLAB©, Python-SciPy, and R, as well
as optimized libraries, which facilitates their adoption by
researchers and practitioners in the field of electrical and civil
engineering [45], [46].
The organization of this paper is as follows: Section II
describes the theoretical framework of the Jonscher universal
dielectric model. The problem formulation, the nonlinear
optimization algorithms selected for the numerical resolution,
and the rule to obtain an initial guess solution for the
Nelder-Mead, BFGS, and Levenberg-Marquardt algorithms
are described in Section III. In section IV, numerical
simulation to evaluate the performance of the selected
nonlinear optimization methods using synthetic and real
concrete complex permittivity data are shown. Section IV
presents some considerations based on the results of the
conducted simulations.

II. THE JONSCHER UNIVERSAL DIELECTRIC MODEL
Accurately modeling dielectric permittivity in highly hetero-
geneous or complex materials such as concrete, rocks, soils,
and polymers is a longstanding challenge in material sci-
ence [42], [47]. It is worth noting that scattering mechanisms,
both intrinsic and extrinsic, arising from microstructural
heterogeneities can significantly affect the real and imaginary
components of the electromagnetic response, particularly in
heterogeneous materials [48]. Alternative models, such as the
Lorentz oscillator and Wemple-DiDomenico dispersion rela-
tions, have been successfully employed for crystallinemateri-
als [49]. In contrast, the Jonscher universal model, considered
here, is better suited for concrete, which can be considered
a disordered heterogeneous system for which relaxation
mechanisms are distributed and not associated with sharp
resonances. The Jonscher universal dielectric model [27]
provides a basis for describing with remarkable consistency
the frequency-dependent behavior of the complex dielectric
permittivity ϵ(ω) in the matter, whose underlying logic,
rooted in empirical observations across a wide variety of
materials and frequency ranges, is based on the identified
commonality in the frequency-dependent dielectric behavior
of many disordered materials, regardless of their chemical
composition or structural characteristics [27], [36]. More
precisely, the Jonscher model explains the dielectric behavior
of materials by modeling the relaxation processes occurring
across different time scales through a power-law model,
which is derived by replacing the concept of distribution of
relaxation times used in the Debye or Cole-Cole models with
the idea of the frequency-independent ratio of energy lost per
cycle to energy stored [34], [35], [36]. The starting point for
the formal introduction of the Jonscher model is the relation
between the dielectric displacement vector D and the electric
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field E in an isotropic solid material, i.e., [27], [34]:

D = ϵ(ω)E = (ϵ0χ (ω)+ ϵ∞)E (1)

where ϵ0 is the permittivity of the free space, ϵ∞ is
the ϵ(ω) high-frequency limit, and χ (ω) is the complex
electric susceptibility. Since the dielectric permittivityDmust
obey the principle of causality, we have that the real and
imaginary parts of the susceptibility χ (ω), Re[χ (ω)], and
Im[χ(ω)], respectively, are related by the Kramers-Kronig
relations [27], [34], [35]:

Re[χ (ω)] =
2
π
P

∫
+∞

0

ω′Im[χ (ω′)]
ω′2 − ω2 dω′ (2)

Im[χ(ω)] = −
2ω
π
P

∫
+∞

0

Re[χ (ω′)]
ω′2 − ω2 dω′ (3)

where P denotes the Cauchy principal value. Jonscher
derived his key insight from the experimental observations
that an extensive range of solid dielectrics have a universal
behavior in their susceptibility described by [34], [35]:

χ (ω) ∝ ωn−1 n ∈]0, 1[ (4)

where the exponent n governs the material frequency
dispersion behavior. The result (4) in conjunctionwith the (2),
(3), led Jonscher to conclude that the ratio between Re[χ (ω)],
and Im[χ(ω)] must result independent from frequency and
equal to:

Im[χ (ω)]
Re[χ (ω)]

= cot
(nπ

2

)
. (5)

Jonscher picked for the real part the following functional
form:

Re[χ (ω)] = χr

(
ω

ωt

)n−1

(6)

where ωt is an arbitrary reference frequency and χr is the
value of Re[χ (ω)] at this angular frequency, obtaining for
χ (ω) the following expression:

χ (ω) = χr

(
ω

ωt

)n−1 [
1− i cot

(nπ
2

)]
(7)

from which the dielectric permittivity ϵ(ω) reads as:

ϵ(ω) = ϵ0χr

(
ω

ωt

)n−1 [
1− i cot

(nπ
2

)]
+ ε∞. (8)

III. NONLINEAR OPTIMIZATION
A. PROBLEM FORMULATION
Ordinary concrete is a heterogeneous material, being an
aggregate of sand, cement, and water [10], [11]. However,
from the point of view of modeling its electromagnetic
properties, concrete has always been treated as a homo-
geneous medium in the scientific literature because the
inhomogeneities present in it have been considered small
compared to the frequency of operation of the incident
electromagnetic field [10], [12], [13]. In particular, since

concrete is a porous material filled with an electrolyte
solution, concrete has been modeled as a homogeneous and
temporally dispersive electromagnetic material [10], [11],
[12], [13]. Based on the above, given a series of m complex
permittivity measurements ϵM = {ϵ̄(ωα)}mα=1 conducted
on the concrete at hand, to obtain the Jonscher model (8)
for the dielectric permittivity ϵ(ω), it is necessary to evaluate
the triplet of parameters (n, χr , ϵ∞) related to it, solving the
following NLSP [42]:

min
θ∈R3

8(θ) = ∥ϵ(θ )− ϵM∥2 (9)

where θ = [n, χr , ϵ∞]t is the vector of parameters, ϵ(θ ) is
the vector of model’s predictions:

ϵ(θ ) =[ϵ0χr

(
ωα

ωt

)n−1

·

·

[
1− i cot

(nπ
2

)]
+ ε∞]t α = 1, . . . ,m (10)

and 8(θ ) is the residual between ϵ(θ ) and the vector of the
measured data ϵM [31], [42].

B. ALGORITHMS
As stated in Section I, this study focuses on three stan-
dard algorithms for solving the NLSP (9) related to the
Jonscher parametrization: i) the Levenberg-Marquardt (LM)
method, which combines the Gauss-Newton algorithm with a
trust-region approach and requires gradient information [41],
ii) the BFGS algorithm, which is a quasi-Newton method
that builds an approximation of the inverse Hessian from
gradient evaluations [41], and iii) the Nelder-Mead algorithm,
which is a derivative-free simplex algorithm, able to explore
the parameter space through geometric transformations [41].
These methods are described in more detail in the following
subsections.

1) NELDER-MEAD
The Nelder-Mead algorithm belongs to the class of direct
search methods and operates on a simplex, a shape pattern
consisting of n+1 vertices in the space of n dimensions [41],
[50], [51], [52]. The idea behind the Nelder-Mead algorithm
is to iteratively modify the shape of the simplex to navigate
the search space. Each vertex corresponds to a candidate
solution, and the algorithm modifies the simplex through
geometric transformations such as reflection, expansion,
contraction, and shrinkage to navigate the search space and
minimize the objective function [50]. The algorithm does not
require derivative information, which makes it particularly
advantageous for problems in which the objective function
is not smooth or complex to differentiate [51]. Instead,
it relies on evaluations of the function at the vertices of
the simplex and replaces the worst-performing vertex with
a new candidate point to improve convergence to the optimal
solution. Table (1) shows a pseudocode of the Nelder-Mead
algorithm [50], [52].
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Algorithm 1 Nelder-Mead Pseudocode
1: Input: Initial guess θ0,MaxIter, tolerance τ

2: Output: Optimized parameters θ∗

3: Initialize simplex S = {θ (0), θ (1), θ (2), θ (3)} around θ0
4: Evaluate 8(θ (k)) for all k = 0, 1, 2, 3
5: for t = 1 to Maximum iterations do
6: Order simplex: 8(θ (0)) ≤ 8(θ (1)) ≤ 8(θ (2)) ≤

8(θ (3))
7: if ∥8(θ (3))−8(θ (0))∥ < τ then stop
8: end if
9: Compute centroid θc =

1
3

∑2
k=0 θ (k)

10: Reflection: θ r = θc + α(θc − θ (3))
11: if 8(θ r ) < 8(θ (0)) then
12: Expansion: θe = θc + γ (θ r − θc)
13: Replace θ (3) with argmin(8(θ r ), 8(θe))
14: else if 8(θ r ) < 8(θ (2)) then
15: Replace θ (3) with θ r
16: else
17: Contraction: θcon = θc + ρ(θ (3) − θc)
18: if 8(θcon) < 8(θ (3)) then
19: Replace θ (3) with θcon
20: else
21: Shrink: θ (k) = θ (0) + σ (θ (k) − θ (0)) for k =

1, 2, 3
22: end if
23: end if
24: end for
25: return θ∗ = θ (0)

2) BROYDEN-FLETCHER-GOLDFARB-SHANNO (BFGS)
QUASI-NEWTON
The Broyden-Fletcher-Goldfarb-Shanno quasi-Newton
algorithm (BFGS for short from now on) is an optimization
method for unconstrained problems, fundamentally different
from the derivative-free Nelder-Mead approach [41], [53],
[54]. BFGS requires first-order derivatives to construct Hes-
sian approximations, which are updated iteratively to improve
the search direction, using gradient information and avoiding
explicit computation of second-order derivatives, while
Nelder-Mead operates without gradient information. BFGS
achieves superlinear convergence for smooth objectives,
outperforming Nelder-Mead’s linear convergence [54]. The
main advantages include faster convergence than gradient
descent, robust performance in homogeneous optimization
problems, and efficient memory utilization in large-scale
environments (especially with the L-BFGS variant) [54].
However, BFGS requires the objective function to be
differentiable and may have difficulties with highly nonlinear
or noisy problems [53]. Table (2) shows a pseudocode of the
BFGS algorithm [53], [54].

3) LEVENBERG-MARQUARDT
The Levenberg-Marquardt (LM) algorithm is an optimization
technique that combines the second-order efficiency of

Algorithm 2 BFGS Quasi-Newton Pseudocode
1: Input: Initial guess θ0, initial Hessian approximation
B0 = I ∈ R3×3, MaxIter,Nmax , Gradient tolerance τ

2: Output: Optimized parameters θ∗

3: Compute initial gradient ∇8(θ0) =
[

∂8
∂χr

, ∂8
∂n , ∂8

∂ϵ∞

]⊤
4: for t = 0 to Nmax − 1 do
5: if ∥∇8(θ t )∥2 < τ then stop
6: end if
7: Compute search direction: pt = −B

−1
t ∇8(θ t )

8: Perform line search: find αt > 0 minimizing 8(θ t +
αtpt )

9: Update parameters: θ t+1 = θ t + αtpt
10: Compute gradient difference: yt = ∇8(θ t+1) −
∇8(θ t )

11: Compute parameter difference: st = θ t+1 − θ t
12: Update Hessian approximation:

Bt+1 = Bt +
yty
⊤
t

y⊤t st
−
Btst (Btst )⊤

s⊤t Btst
13: end for
14: return θ∗ = θ t

Algorithm 3 Levenberg-Marquardt Pseudocode
1: Input: Initial guess θ0, damping parameter λ0 > 0,

OptimalityTolerance τ , MaxIter Nmax , scale factor
ν > 1

2: Output: Optimized parameters θ∗

3: Initialize θ ← θ0, λ← λ0
4: Compute residual vector r(θ ) = ϵ(θ )− ϵM ∈ Rm

5: Compute Jacobian J =
[

∂ϵ
∂χr

, ∂ϵ
∂n ,

∂ϵ
∂ϵ∞

]
∈ Rm×3

6: for t = 0 to Nmax − 1 do
7: Compute gradient: ∇8(θ) = 2J⊤r(θ )
8: if ∥∇8(θ)∥2 < τ then stop
9: end if
10: Solve (J⊤J + λ · diag(J⊤J))p = −J⊤r(θ)
11: Compute candidate: θnew = θ + p
12: Compute new residual: rnew = ϵ(θnew)− ϵM
13: Calculate ratio ρ =

8(θ )−8(θnew)
p⊤(λp+J⊤r(θ))

14: if ρ > 0 then
15: Accept step: θ ← θnew, r← rnew
16: Update Jacobian J at θnew
17: Decrease damping: λ← λ/ν

18: else
19: Reject step: λ← λ · ν
20: end if
21: end for
22: return θ∗ = θ

Gauss-Newton with the robustness of gradient descent [41],
[55]. This duality contrasts with the derivative-free geometric
operations of Nelder-Mead and the quasi-Newton approx-
imations of BFGS [55], [56]. Where Nelder-Mead manip-
ulates simplex vertices through reflection and contraction
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operations, and BFGS updates inverse Hessian estimates via
secant conditions, LM explicitly exploits the least-squares
structure through adaptive damping of its Jacobian matrix.
The algorithm’s damping parameter λ introduces a dynamic
trade-off absent in both BFGS and Nelder-Mead: for large
λ, LM mimics gradient descent, while small λ activates
Gauss-Newton steps. This hybrid behavior enables faster
convergence than Nelder-Mead’s linear rate while avoiding
BFGS’s sensitivity to ill-conditioned Hessian approxima-
tions. Its hybrid nature allows it to move smoothly from
exploration (high damping factor) to utilization (low damping
factor), ensuring efficient convergence even in challenging
optimization scenarios. Table (3) shows a pseudocode of the
Levenberg-Marquardt algorithm [55], [56].

4) INITIAL GUESS
The choice of a good initial guess solution is well known
to be a key factor relative to the convergence and quality of
the solution calculated by a nonlinear optimization technique.
When the parameter domain is known, common strategies
for generating an initial guess include random sampling
within the domain, Latin Hypercube Sampling, or grid
search over a coarse mesh. These approaches can select
one or multiple initial points and then evaluate the residual
norm to choose the most promising candidate. Heuristic
or expert-driven initialization is often used for problems
with known physical meaning or structure. Alternatively,
simple models (e.g., linear approximations or low-order
Taylor expansions) can provide rough estimates. Nelder-
Mead, being derivative-free, is often more tolerant of poor
initial guesses, though it may converge slowly. BFGS and
Levenberg-Marquardt, which use gradient and/or Jacobian
information, generally benefit from better initial estimates
to avoid convergence to local minima or saddle points.
As stated in section II, the Jonscher model (8) requires
the determination of three parameters, (n, χr , ϵ∞), to be set
for describing the complex dielectric permittivity ϵ(ω) of
an assigned material. Following the approach provided by
the work [28], it is possible to analytically evaluate these
coefficients by choosing arbitrarily two frequencies f1 and f2;
after this choice, the exponent n of (8) is given by:

n =
Log(Im[ϵmeas(2π f1)])− Log(Im[ϵmeas(2π f2)]

Log(2π f1)− Log(2π f2)
+ 1

(11)

where Log(·) is the base 10 logarithm function. Next, fixing
ωt = 2π f1 the parameter χr can be determined as:

χr =
Re[ϵmeas(2π f2)]− Re[ϵmeas(2π f1)]

ϵ0

[(
f2
f1

)n−1
− 1

] (12)

Finally, the parameter, ϵ∞ can be computed by means of:

ϵ∞ = Re[ϵmeas(2π f1)]− ϵ0χr (13)

The above triplet of values (n, χr , ϵ∞) that we denote in
what follows as P0, has be used as an initial guess θ0 for

TABLE 1. Convergence criteria and tolerances for the Nelder-Mead, BFGS,
and Levenberg-Marquardt optimization algorithms.

the various nonlinear optimization algorithms discussed in
sections III-B1, III-B2, and III-B3.

IV. NUMERICAL RESULTS
Since the result provided by an assigned nonlinear optimiza-
tion procedure for solving an NLSP is highly dependent on
the initial guess, noise, and its distribution in the data, for the
analysis of the performance of the Nelder-Mead, BFGS, and
Levenberg-Marquardt algorithms, we carried out a first phase
of validation of their behavior using synthetic data, to isolate
the factors influencing their performance and the quality of
the computed solution. In contrast to real data, synthetic data
allows complete control over the above factors, allowing us
to identify why a procedure may or may not be effective.
Afterward, in the second phase, we analyzed the performance
of the selected algorithms on real data, thereby verifying
whether the considerations made about their behavior in the
first part of our study were confirmed. As already established
in the section III-B4, we use eqs. (11), (12), and (13) to
evaluate the initial guess P0 for each of the considered
nonlinear optimization procedures. Furthermore, because P0
has been used in [28] and [29] directly as a Jonscher
parametrization of the concrete permittivity, we have also
compared its fitting ability with those of the final fitting
solutions provided by the considered nonlinear optimization
procedures to understand when and how P0 can be con-
sidered an optimal solution for Jonscher parameterization
of the concrete at hand. All numerical experiments have
been executed using the MATLAB R2023a© environment
running on a machine based on Intel(R) Core(TM) i5-4570S
CPU at 2.90GHz. The related simulation code has been
implemented by exploiting the MATLAB built-in functions
fminsearch for the Nelder-Mead method, fminunc, with the
quasi-newton algorithm option, for the BFGS method, and
lsqnonlin for the Levenberg-Marquardt method. For each of
them, the settings employed have been the following: for the
fiminsearch function, a termination tolerance on the function
value, TolFun, and on the parameters, TolX, equal to 10−4;
a maximum number of iterations MaxIter and of function
evaluation MaxFunEvals equal to 200 and 600, respectively.
For the fminunc function the parameters TolFun and TolX
have been selected equal to 10−6; the parameter MaxIter has
been selected equal to 400. The gradient evaluations have
been performed internally via finite difference approximation
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FIGURE 1. Jonscher fitting behavior obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures and by the
analytic method P0, respectively, for the permittivity synthetic data
generated by a Jonscher model with parameters n = 0.78, χr = 3.82, and
ϵ∞/ϵ0 = 3.57. Top: noiseless data; mid: noisy data, σ = 0.01.

(as the Jacobian cannot be analytically provided in our
case) with parameter OptimalityTolerance equal to 10−6.
The parameter FunctionTolerance has been selected equal
to 10−6 (this parameter is formally equivalent to the
TolFun parameter). Finally, for the lsqnonlin function the
set of parameters FunctionTolerance, StepTolerance and
OptimalityTolerance have been selected equal to 10−6.
Table (1) summarizes all the selected convergence criteria and
tolerances for the considered procedures.

To quantify and compare the performance of the various
fitting results the following metrics has been considered: the
means square error (MSE):

MSE =
1
m

m∑
α=1

|ϵ(θ )α − ϵ̄α|
2 (14)

the means absolute error (MAE):

MAE =
1
m

m∑
α=1

|ϵ(θ )α − ϵ̄α| (15)

and the mean absolute percentage error (MAPE):

MAPE =
1
m

m∑
α=1

∣∣∣∣ϵ(θ )α − ϵ̄α

ϵ̄α

∣∣∣∣% (16)

A. SYNTHETIC DATA
All the abovementioned procedures have been tested using
noiseless and noisy artificially generated data. The noise we

TABLE 2. Jonscher parameters from Nelder-Mead, BFGS, and
Levenberg-Marquardt non-linear optimization procedures and by the
analytic method P0 for the noiseless and noisy synthetic Jonscher
concrete permittivity model data.

FIGURE 2. Jonscher fitting behavior obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures and by the
analytic method P0, respectively, for the permittivity synthetic data
generated by a Jonscher model with parameters n = 0.78, χr = 3.82, and
ϵ∞/ϵ0 = 3.57. Top: noisy data, σ = 0.05, bottom: noisy data, σ = 0.1.

added to the real and imaginary parts of the noiseless complex
permittivity was uncorrelated and normally distributed, with
mean values µd = 0 and standard deviations of σ =

0.01, σ = 0.05, and σ = 0.1, respectively. These
noise values, which can be considered representative of low,
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TABLE 3. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures and by the
analytic method P0 for the synthetic Jonscher concrete permittivity model
data: noiseless data.

TABLE 4. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures and by the
analytic method P0 for the synthetic Jonscher concrete permittivity model
data: noisy data, σ = 0.01.

TABLE 5. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures and by the
analytic method P0 for the synthetic Jonscher concrete permittivity model
data: noisy data, σ = 0.05.

moderate, and high noise scenarios [16], have been taken
into account with the aim of evaluating the behavior of
all the methods we considered as the noise level worsen.
Numerical experiments in the presence of noise have been
conducted 30 times, and what is reported in what follows
refers to the average behavior for each method. The first

TABLE 6. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures and by the
analytic method P0 for the synthetic Jonscher concrete permittivity model
data: noisy data, σ = 0.1.

TABLE 7. Jonscher parameters from Nelder-Mead, BFGS, and
Levenberg-Marquardt non-linear optimization procedures and by the
analytic method P0 for the noiseless and noisy synthetic Debye concrete
permittivity model data, MC=2.8%.

case we considered was that of artificially generated data
by a Jonscher model with parameters n = 0.78, χr =

3.82, and ϵ∞/ϵ0 = 3.57 (an artificial model that can be
considered representative of concrete with a low moisture
content level [31]). The data has been generated in the
frequency range [0.1, 1] GHz. To compute the initial guess
P0, we have selected f1 = 0.1 GHz and f2 = 0.145
GHz, checking that, as a result of this choice, the triple
of Jonscher’s parameters was consistent (i.e., all parameters
were positive, with n ∈]0, 1[). The number of generated
samples, m, was equal to 20. Figures (1), (2) show the fitting
accuracy of the various Jonscher parameterizations obtained
by the analytical method, P0, and by solving the NLSP (9)
with the Nelder-Mead, BFGS quasi-Newton, and Levenberg-
Marquardt methods, respectively. The results reported at
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FIGURE 3. MAPE for the Jonscher parametrizations obtained by
Nelder-Mead, BFGS, and Levenberg-Marquardt nonlinear optimization
procedures as a function of the frequency f2 for the synthetic Jonscher
data. Top: σ = 0.01; mid: σ = 0.05; bottom: σ = 0.1.

the top of Figure (1) in Table (2) and (3) show as in the
case of noiseless data, the fitting result provided by all the
considered approaches and their related metrics are the same
and excellent in assumed values (as it was expected to be, due
to the particularity of the considered data).

For the case of noisy data, the behavior of the various
methods begins to differ, as can be observed by the results
reported in the the bottom of Figure (1) and in Figure (2).
The fitting of the analytic solution P0 yields poor metrics
in terms of MAPE for the imaginary part of the complex
permittivity with values of ≈ 3% for σ = 0.01, ≈ 5%
for σ = 0.05, and ≈ 43% for σ = 0.1. In contrast, all
nonlinear optimization methods provide a good fit to both the
real and the imaginary parts of the complex permittivity data.
More precisely, analyzing the results shown by Tables (2),
(3), (4), (5), and (6) it can be seen that the Nelder-Mead

FIGURE 4. Jonscher fitting behavior obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic permittivity data generated by a
Debye concrete model with MC=2.8%. Top: noiseless data; bottom: noisy
data σ = 0.01.

TABLE 8. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic Debye concrete permittivity model
data, MC=2.8%: noiseless data.

and BFGS methods are equivalent in term of fitting metrics
(MSE≤ 0.04, MAE≤ 0.8, MAPE≤ 0.095%) giving the
same Jonscher parameterization for all the considered noise
level, while the results provided by the Levenberg-Marquardt
method are slightly different. In conclusion, for this case, all
nonlinear optimization procedures are robust, i.e., they are
able to provide a solution capable of good data fitting also
in case of a high noise level scenario (σ = 0.1) with a MAPE
consistently lower than 3%.

Concerning evaluating the efficiency of the considered
procedures among the various criteria adopted in literature
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FIGURE 5. Jonscher fitting behavior obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic permittivity data generated by a
Debye concrete model with MC=2.8%. Top: noisy data σ = 0.05, bottom:
noisy data σ = 0.1.

TABLE 9. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic Debye concrete permittivity model
data, MC=2.8%: noisy data, σ = 0.01.

(that is, the number of iterations, the number of function
evaluations) in what follows, we have considered the CPU
Time involved in the resolution of (9) since, as explained in
the section III-B, the various methods base their operation on
principles of operation that are not related to each other [57],
[58].

Although the CPU times involved in the various numerical
simulations are negligible in absolute value (also considering
the dataset sizes), the results in Tables (3), (4), (5),
and (6) based on 30 repeated experiments, indicate that the
Levenberg-Marquardt was the fastest only in the noiseless

TABLE 10. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic Debye concrete permittivity model
data, MC=2.8%: noisy data, σ = 0.05.

TABLE 11. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic Debye concrete permittivity model
data, MC=2.8%: noisy data, σ = 0.1.

case. In the presence of low and moderate noise levels
(σ = 0.01 and σ = 0.05), Nelder-Mead and BFGS
consistently outperformed it in terms of CPU Time: when
σ = 0.01, the average execution time of Nelder-Mead was
7.5 times lower, and that of BFGS was 3.02 times lower;
for σ = 0.05, these factors increased to 8.6× and 3.77×,
respectively. Quite different is the behavior of the considered
methods in terms of this parameter in the presence of a
high noise level (σ = 0.1): in this case, the average CPU
Time of the Levenber-Marquardt method was approximately
equal to that of BFGS. At the same time, albeit worsening
in its performances, the Nelder-Mead method remained the
fastest (as expected), with a speedup factor of approximately
2.66 times over the Levenberg-Marquardt algorithm.

Figure (3) shows the trend of the MAPE of the analytical
solution P0 as a function of the frequency f2 used for its
determination, for all the noise levels considered in our study
(f1 has been deemed fixed and equal to 0.1GHz). We note
that this metric results erratic in its functional dependence on
the choice of frequency f2 used to calculate P0. The range of
assumed values increased as the noise in the data increased;
it remained less than 3% (a value that can be considered
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FIGURE 6. Jonscher fitting behavior obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic permittivity data generated by a
Debye concrete model with MC=9.3%. Top: noiseless data; mid: noisy
data σ = 0.01, bottom: noisy data σ = 0.05.

FIGURE 7. Jonscher fitting behavior obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic permittivity data generated by a
Debye concrete model with MC=9.3%. Top: noiseless data; mid: noisy
data σ = 0.05, bottom: noisy data σ = 0.1.

acceptable for practical applications) up to the moderate
noise threshold of sigma=0.05 and then exceeded this limit
in the case of a high noise threshold of sigma=0.1, albeit

TABLE 12. Jonscher parameters from Nelder-Mead, BFGS, and
Levenberg-Marquardt non-linear optimization procedures and by the
analytic method P0 for the noiseless and noisy synthetic Debye concrete
permittivity model data, MC=9.3%.

TABLE 13. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic Debye concrete permittivity model
data, MC=9.3%: noiseless data.

only slightly. In the same figure, we also plotted the MAPE
trend of the fitting solution obtained from each optimization
method as a function of the frequency f2 used to evaluate the
initial guess P0. As it can be observed, the Nelder-Mead and
BFGS provided fitting is practically insensitive, in terms of
MAPE, by its choice. On the contrary, the behavior of the
Levenberg-Marquardt method results sensitive to the choice
of the initial guess P0, albeit the MAPE values are more than
optimal for every noise level (less than 0.2%).

As a more complex test, we analyzed the performance of
the above methods using artificial complex permittivity data
generated by the following Debye model:

ϵD(ω) =
(

ϵ∞ +
ϵstat − ϵ∞

1+ ω2τ 2

)
− j

(
ωτ [ϵstat − ϵ∞]

1+ ω2τ 2
+

σdc

ωϵ0

)
(17)
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TABLE 14. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic Debye concrete permittivity model
data, MC=9.3%: noisy data, σ = 0.01.

TABLE 15. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic Debye concrete permittivity model
data, MC=9.3%: noisy data, σ = 0.05.

TABLE 16. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the synthetic Debye concrete permittivity model
data, MC=9.3%: noisy data, σ = 0.1.

whose coefficients ϵstat , ϵ∞τ, σdc, reported in Table (1)
of [29] were derived from experimental measurements on a
concrete made of sand and gravel aggregate with maximum
sizes of 10 mm and Ordinary Portland cement [28], [29].
For our numerical simulations, we considered three different
levels of moisture content: 2.8%, 9.3% and 12%, respectively.

FIGURE 8. MAPE for the Jonscher parametrizations obtained by
Nelder-Mead, BFGS, and Levenberg-Marquardt nonlinear optimization
procedures as a function of the frequency f2 for the Debye concrete
model with MC=2.8%. Top: σ = 0.01; mid:σ = 0.05; bottom: σ : 0.1.

We made this choice to understand the influence of MC
level on the quality of fitting provided by the considered
procedures. For the numerical simulations conducted using
this type of synthetic data, the range of frequencies con-
sidered, the number of samples, and the frequencies f1 and
f2 employed for the calculation of P0 were the same as those
used previously, constantly checking the consistency of the
parameters (n, χr , ϵ∞/ϵ0) constituting the initial guess P0.

In the case of the Debye concrete model with MC =
2.8%, we can note from the analysis of the Tables (7),
(8), (9), (10), (11) and Figures (4), (5) that quality of
fitting solution provided by the Nelder-Mead, BFGS, and
Levenberg-Marquardt methods was practically the same in
the case of noiseless data and very similar in the case of noisy
data with a noise level σ = 0.01. In this last case, all metrics
took values no greater than the fraction of a unit (MSE≤ 0.01,
MAE≤ 0.2), even percent (MAPE≤ 0.3%) indicating very
good fitting with the data for all methods used. For the case of
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FIGURE 9. MAPE for the Jonscher parametrizations obtained by
Nelder-Mead, BFGS, and Levenberg-Marquardt nonlinear optimization
procedures as a function of the frequency f2 for the Debye concrete
model with MC=9.3%. Top: σ = 0.01; mid:σ = 0.05; bottom: σ : 0.1.

data corrupted with a noise level σ = 0.05, the quality of the
fitting provided by the Levenberg-Marquardt method slightly
worsened, especially in terms of MAPE referred to the real
and the imaginary part of the data, compared with those
given by the Nelder-Mead and the BFGS methods, assuming
values in any case not exceeding 1.5%. Still, it is possible to
consider that the methods provide a parameterization capable
of suitable fitting with the data. On the contrary, the P0
solution provides a parameterization that is suitable only
for noiseless data, becoming already unacceptable for data
with a low noise level (MAPE(Im)> 100%). At last, in the
case of high noise level (σ = 0.1), taking into account
the substantial deterioration in the error metrics considered,
the qualitative assessments remain precisely the same for all
methods examined.

Concerning the evaluation of the efficiency expressed in
terms of CPU Time, the results shown in Tables (8), (9),
(10), and (11) confirm what has already been observed in the

FIGURE 10. Jonscher fitting behavior obtained by Nelder-Mead, BFGS,
and Levenberg-Marquardt nonlinear optimization procedures and by the
analytic method P0 for the synthetic permittivity data generated by a
Debye concrete model with MC=12%. Noisy data σ = 0.1.

previous case, i.e., Nelder-Mead and BFGS are always fastest
than Levenberg-Marquardt in term of this parameter in any
considered case, although this advantage worsen in the case
of high noise level (σ = 0.1).

In the case of concrete with MC = 9.3%, from the results
reported in Figures (6), (7), and Tables (12), (13), (14), (15),
and (16) we can note that the fitting quality provided by
the Nelder-Mead and BFGS methods resulted, as expected,
in a degradation as noise increases, although the qualitative
trend of the data is captured by the fitting. This behavior
is quantified by the employed error metrics when compared
to those of the concrete with MC = 2.8%. Regarding the
Levenberg-Marquardt method, we observe that it suffers from
a worse degradation of its performance compared to those
offered by the other twomethods, especially in cases of higher
noise. For all the cases above considered, the analysis of
MSE, MAE, and MAPE related to the real and imaginary
part of the complex permittivity reveals that the quality of
the fitting is better on the imaginary part than the real part of
the permittivity. About the CPU Time, there is nothing new
fromwhat was previously stated, as clearly shown by the data
reported in Tables (13), (14), (15), and (16) concerning this
parameter.

Figures (8), (9) show the behavior of the MAPE related
to the fitting solution computed by the Nelder-Mead, BFGS
quasi-Newton, and Levenberg-Marquardt algorithms as a
function of the frequency f2 used to evaluate the initial
guess solution P0, and of P0 itself, for the MC levels of
2.8% and 9.3%, respectively. It can be noticed as for the
case of MC= 2.8%, the MAPE varies erratically for P0.
In contrast, for the case of MC= 9.3%, the overall trend of
the MAPE is downward sloping as the frequency increases.
Decidedly less erratic is the behavior of MAPE related to
the fitting obtained from the three nonlinear optimization
techniques examined: the Nelder-Mead is the more stable
among the selected methods, and the MAPE metric of
its solution is close independent of the quality, in terms
of MAPE, of the initial guess P0. On the contrary, both
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the BFGS and Levenberg-Marquardt techniques result in
sensible behavior from the type of initial guess. However,
the BFGS seems more stable compared to the Levenberg-
Marquardt algorithm, whose behavior is always dependent on
P0 in all the considered cases. The values of this parameter
assumed by all techniques are, in any case, indicative of
good data fitting. As far as P0 is concerned, it becomes clear
that this solution for the Jonscher parameterization results
inadequate as the noise level increases.

Concerning the last case of concrete we considered,
characterized with an MC equal to 12%, it was studied
numerically by analyzing exclusively the case of the highest
noise level, σ = 0.1, with the aim to evaluate the
numerical performance of the various methods we considered
in determining Jonscher’s parameterization, in the extreme
case for high noise in the data. From results reported in
Figure (10) and Tables (17), (18), we can observe that
the overall behavior of the various methods carried out
in the previous cases is confirmed, with the analytical P0
method providing the worst performance (MAPE(Re) =
13.5%, MAPE(Im)=29.9%). Among the nonlinear optimiza-
tion methods, the Levenberg-Marquardt method once again
exhibited slightly worse error metrics than those provided by
the BFGS and Nelder-Mead methods (which provided the
same results). However, the parametrization computed with
all methods reproduced the trend of the data also in this case.
Crucially, all optimization methods successfully reproduced
data trends, with consistent superiority in imaginary-part
fitting (Nelder-Mead/BFGS MAE(Im) = 0.179 vs MAE(Re)
= 0.339). The 15× reduction in MAPE(Im) compared to P0
underscores and confirms the indispensability of numerical
optimization for noisy, high-moisture scenarios. Finally,
regarding the CPU Time, the data reported in Table (18) con-
firms for this parameter the behavior that we have deduced
from all the previously considered cases. In fact, Nelder-
Mead maintains its efficiency advantage, being≈4.6× faster
than Levenberg-Marquardt and 3.7× faster than BFGS. The
efficiency hierarchy we noted in the above cases persists also
in this case. Figure (11) show the behavior of the MAPE
related to the fitting solution computed by the Nelder-Mead,
BFGS quasi-Newton, and Levenberg-Marquardt algorithms
as a function of the frequency f2 used to evaluate the initial
guess solution P0, and of P0 itself, for the MC=12% and
noise level σ = 0.1. The considerations wemade for the other
cases examined can be exactly extended for this last case as
well.

Finally, it is worth emphasizing that the observed variations
in the fitting performance of all the nonlinear optimization
algorithms considered in our analysis under different initial
guesses and noise levels suggest that the objective function
8(θ ) exhibits a nontrivial topology with multiple stationary
points [41].

B. REAL DATA
All the considerations regarding the behavior of the fitting
performance of the Nelder-Mead, BFGS quasi-Newton, and

TABLE 17. Jonscher parameters from Nelder-Mead, BFGS, and
Levenberg-Marquardt non-linear optimization procedures and by the
analytic method P0 for the noiseless and noisy synthetic Debye concrete
permittivity model data, MC=12%.

TABLE 18. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures and by the
analytic method P0 for the synthetic Debye concrete permittivity model
data, MC=12%: noisy data, σ = 0.1.

FIGURE 11. MAPE for the Jonscher parametrizations obtained by
Nelder-Mead, BFGS, and Levenberg-Marquardt nonlinear optimization
procedures as a function of the frequency f2 for the Debye concrete
model with MC=12%. Noise level, σ : 0.1.

TABLE 19. Jonscher parameters obtained from Nelder-Mead, BFGS, and
Levenberg-Marquardt non-linear optimization procedures and by the
analytic method P0 for the concrete permittivity data from [18].

Levenberg-Marquardt techniques, as well as those about
the analytical methodology for determining the Jonscher
parameterization described in the III-B4 section, resulted
using artificial data, was checked by testing all of the above
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FIGURE 12. Jonscher fitting behavior obtained by Nelder-Mead, BFGS,
and Levenberg-Marquardt nonlinear optimization procedures, and by the
analytic method P0 for the concrete permittivity data from [18].

TABLE 20. MSE, MAE, MAPE, and CPU Time for the Jonscher
parametrization obtained by Nelder-Mead, BFGS, and
Levenberg-Marquardt nonlinear optimization procedures and by the
analytic method P0 for the concrete permittivity data from [18].

FIGURE 13. MAPE for the Jonscher parametrizations obtained by
Nelder-Mead, BFGS, and Levenberg-Marquardt nonlinear optimization
procedures as a function of the frequency f2 for the concrete permittivity
data from [18].

procedures on real data. To this purpose, we consider the
complex permittivity experimental measurement [18] carried
out on a block of concrete with awater-to-cement ratio of 0.55
(a typical concrete suitable for many general construction
applications characterized by moderate strength [18]), age of
three days and maximum heterogeneity size equal to 30 mm.

The number of samples exploited in our computation was
m = 10, while f1 = 0.1 GHz and f2 = 0.1988 GHz were
the frequencies employed to compute the analytic solution
P0. Results reported in Tables (19), (20), and Figure (12)
regarding the coefficients of the parameterization, the metrics
related to the goodness of fit and its behavior concerning the
actual data confirm the conclusions we derived in connection
with the analysis carried out in section IV-A; the analytical
P0 method exhibited severe limitations with unacceptable
error metrics: a MAPE of 28.5% (comprising 12.5% for
real and 73.9% for imaginary components) and a MAE of
3.45. In stark contrast, Nelder-Mead and BFGS demonstrated
remarkable efficacy, achieving a MAPE of 0.151% (3.03%
real, 2.57% imaginary) and MAE of 1.47.

While Levenberg-Marquardt remained viable with 0.486%
MAPE, its performance was measurably inferior to both
Nelder-Mead and BFGS across all metrics, particularly
in imaginary component accuracy where its MSE[Im] of
0.181 was 3.14× higher than the 0.0576 achieved by the
leading methods. About the CPU Time, we can observe
that Nelder-Mead resulted in 10.6× faster than BFGS and
3.2× quicker than Levenberg-Marquardt. This significant
temporal differential, consistent with the observations made
in section IV-A, establishes Nelder-Mead as the optimal
balance between precision and efficiency.

V. CONCLUSION
Despite the widespread use of Jonscher universal dielectric
response to model the EM characteristic of concrete, at the
best of our knowledge, no work in the literature has focused
on the problem of choosing the most appropriate numerical
method to fit it to the measured permittivity data and on the
related issue of the robustness of initial guess solution by
which feds the nonlinear optimization procedure selected to
solve this fitting problem.

In this work, the performances of Nelder-Mead, Broyden-
Fletcher-Goldfarb-Shanno quasi-Newton, and Levenberg-
Marquardt optimization algorithms [41], considered due
to their popularity and broad adoption within numerical
software packages, have been compared to answer the above
questions. In addition to the above optimization techniques,
an analytical solving procedure, proposed in [28] and named
P0, was considered in our study, which has also been
used as an initial guess for all the nonlinear procedures
mentioned above. The conducted analysis of synthetic and
real data reveals that the Nelder-Mead and BFGS methods
are the most robust in terms of the initial guess choice and
noise in the data, providing a substantially stable solution
concerning these variables compared to the Levenberg-
Marquardt method, which exhibits sensitivity both to initial
guess and noise. Regarding the results provided by the
analytic solution method P0, they are comparable to that of
other considered nonlinear optimization algorithms only in
the case of noise-free data. However, our numerical analysis
indicates that it can be effectively utilized as an initial guess
solution for all the aforementioned nonlinear procedures.
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In terms of CPU time, although the BFGS is slower than
the Nelder-Mead method, from a practical perspective, the
absolute value of the latter, a few fractions of a second,
actually makes this parameter of secondary importance in
choosing which method to employ to evaluate the optimal
parameterization for the Jonscher model. Based on our
numerical experiment campaign, since the error metrics
of the two methods in question are the same, application
situations may arise in which algorithmic simplicity could
be the prevailing criterion. In this sense, the Nelder-Mead
method should be preferred over the BFGS method by
practitioners or researchers in the field due to its inherent
computational characteristics [41] that make it suitable for
hardware implementation on low-resource embedded or real-
time systems [59].

As a general consideration valid for all the above methods
descending from the numerical experiments we conducted,
there appears to be a direct link between the quality
of the fitting provided by the Jonscher parameterization
and the MC of the concrete considered, which becomes
less effective as the MC parameter increases. Additionally,
by our analysis, a further qualitative relationship can be
inferred between the water-to-cement ratio, concrete age,
and the Jonscher parameters. Higher moisture content, which
typically corresponds to a higher water-to-cement ratio
or younger concrete age, tends to increase the imaginary
component of the complex permittivity and leads to elevated
values of χr and ϵ∞/ϵ0 in the Jonscher model. To conclude,
we point out that the results of this study were specifically
directed toward characterizing concretes and that their direct
applicability to other heterogeneous dielectrics, such as
soils or polymers, may be limited since these materials
have microscopic structures that may necessitate the use
of alternative constitutive models, also for predicting their
shielding performance [60]. Future work will be devoted both
to exploring the influence of factors such as temperature,
aggregate type, and curing conditions on the complex
permittivity ϵr (ω) and to develop an automatic procedure for
selecting the pair of frequencies (f1, f2) used in the analytical
computation of the initial guess P0. In particular, we will
consider strategies based onminimizing theMAPE of P0 over
the observed permittivity data.
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