Journal of Indian Acad. Math ISSN: 0970-5120
Vol. 47, No. 2 (2025) pp. 282-294

Multi-Time Evolution Models in

Massimiliano Ferrara . .
Deep Learning Dynamics

Abstract

This paper extends the multi-time optimal control theory to deep learning
frameworks, developing a mathematical foundation for understanding neural network
training as a process evolving across multiple time scales. We formulate neural
network optimization as a multi-time evolution problem where different components
of the network evolve at different rates. This perspective yields two novel theorems:
the first establishes conditions for path-independent convergence in multi-time
gradient descent, while the second provides a framework for analyzing the interplay
between feature extraction and classification layers in deep networks. Experimental
validation on synthetic data demonstrates the practical implications of our theoretical
framework, showing improved convergence properties and enabling adaptive learning
rate scheduling based on multi-time principles. Our approach opens new avenues
for understanding the dynamics of deep learning systems and suggests practical
improvements to optimization algorithms.
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1 Introduction

Deep learning optimization has traditionally been viewed through the lens of temporal
evolution along a single time dimension, where network parameters are updated sequentially
based on gradient information. While this approach has led to remarkable successes, it
fails to capture the multi-scale nature of learning in hierarchical neural networks, where
different network components may operate at different timescales and learning dynamics.

The concept of multi-time evolution, originally developed in physics and economic
modeling [1], provides a promising framework for understanding and improving neural
network training. In multi-time systems, evolution occurs across multiple time dimensions
simultaneously, subject to consistency conditions that ensure well-defined trajectories.
This perspective is particularly relevant to deep learning, where networks comprise diverse
components with potentially different learning dynamics.

Recent work has begun exploring multi-scale approaches to deep learning, including
layer-wise learning rates [11] and block-wise optimization strategies [7]. However, these
approaches lack a formal mathematical framework that connects them to the rich theory of
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multi-time optimization. Our work bridges this gap by developing a rigorous mathematical
foundation for multi-time learning dynamics in neural networks.

Drawing inspiration from multi-time optimal control theory, we formulate neural
network training as a multi-time optimization problem. This formulation leads to novel
insights into the conditions for path-independent learning trajectories and enables the
development of optimization strategies that exploit the multi-scale structure of deep
networks. Our theoretical results have practical implications for improving convergence
properties and designing adaptive learning rate schedules.

2 Related Work

2.1 Multi-Time Optimization Theory

The mathematical foundations of multi-time optimization were established in the context
of variational calculus and optimal control theory. Udriste and Ferrara [1] developed a
framework for multi-time optimal economic growth, formulating the controllability problem
for multiple integral functionals subject to multi-time evolution constraints. This work
extended single-time optimal control theory to systems evolving across multiple time
dimensions, establishing conditions for well-defined evolutionary trajectories.

Further developments in multi-time optimization include the work of Udriste and
Tevy [2], who explored Euler-Lagrange-Hamilton theory in the multi-time setting, and
Udriste [3], who developed multi-time maximum principles analogous to Pontryagin’s max-
imum principle in classical control theory. These contributions provide the mathematical
foundation for our application of multi-time principles to deep learning dynamics.

2.2 Optimization in Deep Learning

Deep learning optimization has evolved significantly beyond basic stochastic gradient
descent. Adaptive methods like Adam [4] and RMSprop [5] dynamically adjust learning
rates based on gradient statistics. However, these methods typically apply uniform update
rules across the entire network, ignoring the multi-scale nature of deep architectures.

Several researchers have explored layer-specific optimization strategies. Singh and
Singh [6] proposed layer-wise adaptive learning rates based on gradient magnitudes, while
You et al. [7] developed LAMB, an optimizer that normalizes gradients layer-wise to
improve training of large batch sizes. These approaches implicitly recognize the multi-scale
nature of deep learning but lack a formal connection to multi-time optimization theory.

More closely related to our work, Wang et al. [8] explored path-dependent and path-
independent learning dynamics in neural networks, demonstrating that certain network
architectures and loss functions lead to approximately conservative gradient fields. However,
their analysis did not explicitly consider multi-time formulations or derive conditions for
path independence in multi-scale learning dynamics.

2.3 Multi-Scale Dynamics in Neural Networks

The hierarchical structure of deep networks naturally induces multi-scale dynamics during
training. Several studies have observed that different layers learn at different rates and
play different roles in the overall learning process. Raghu et al. [9] showed that lower
layers typically converge faster than higher layers, while Li et al. [10] demonstrated that
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different layers capture features at different levels of abstraction and exhibit different
sensitivity to perturbations.

Building on these observations, researchers have developed methods to exploit the
multi-scale nature of deep networks. Smith et al. [11] proposed a cyclical learning rate
schedule that periodically varies the learning rate to escape local minima. Kusupati et al.
[12] introduced adaptive gradient clipping based on layer-wise gradient statistics, effectively
implementing a form of multi-scale optimization.

Despite these advances, a comprehensive mathematical framework connecting these
empirical observations to multi-time optimization theory has been lacking. Our work
addresses this gap by developing a formal multi-time framework for understanding and
improving deep learning dynamics.

3 Multi-Time Framework for Neural Network Opti-
mization

We develop a mathematical framework for multi-time evolution in neural networks, laying
the foundation for the theoretical results and practical algorithms presented in subsequent
sections.

3.1 Preliminaries

Let © = (6,0%...,0™) represent the parameters of a neural network, where each 6
corresponds to a distinct subset of parameters (e.g., weights and biases of different layers).
The standard learning problem seeks to minimize a loss function L(©) by iteratively
updating parameters based on gradient information:

O+1 =0, —nVL(Oy) (1)

where 7 is the learning rate and VL(Oy) is the gradient of the loss function with
respect to the parameters.

In the multi-time framework, we view each subset of parameters #’ as evolving along
its own time dimension ¢*. The parameter update then becomes a multi-time evolution:

a0

ot

where X; represents the evolution of parameter subset #" along time dimension j. For
these dynamics to be well-defined, the vector fields X! must satisfy certain consistency

J
conditions analogous to the complete integrability conditions in multi-time control theory.

= Xi(@,1) )

3.2 Multi-Time Gradient Descent

In the context of gradient-based optimization, we define the multi-time gradient descent
dynamics as:

a0 oL
ot —%‘% (3)

where 7;; represents the learning rate for parameter subset 6 along time dimension j.
When i = 7, this corresponds to updating parameters based on their own gradients. When
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i # j, this captures cross-parameter interactions, where the evolution of one parameter
subset influences the evolution of another.

For multi-time gradient descent to be well-defined, the update dynamics must satisfy
the following consistency condition:

o (o0) o (o0 ”
otk \ ot | — ot \ otk

This condition ensures that the evolution of parameters is independent of the particular
path taken in the multi-time space, analogous to the path independence of conservative
vector fields in physics.

3.3 Path Independence in Multi-Time Learning

A key question in multi-time learning is whether the final state of the network depends on
the particular sequence of updates or only on the initial and final points in the multi-time
space. This property, known as path independence, has important implications for training
stability and convergence.

We define a path in multi-time space as a continuous mapping 7 : [0, 1] — R™ with
7(0) = (0, ...,0) and v(1) = (T%,...,T™), where each T* represents the total amount of
evolution along time dimension i. The evolution of network parameters along this path is
given by:

O1(s)) = 0(0) + [ 3 55 s (5

The learning process is path-independent if the final state ©(v(1)) is the same for all
paths v with the same endpoints.

4 Theoretical Results

In this section, we present two novel theorems that establish key properties of multi-time
learning dynamics in neural networks.

4.1 Path Independence in Multi-Time Gradient Descent

Theorem 1 (Path Independence Conditions). Let L(©) be a twice continuously differ-

entiable loss function for a neural network with parameters © = (04,62, ....0™). The
multi-time gradient descent dynamics % = —77,;]-% yield path-independent parameter

trajectories if and only if the learning rate matriz n = [n;;] satisfies:

L 2L (6)
155600 ~ " ogr o6

foralli,j k.

Proof. For the multi-time gradient descent dynamics to be path-independent, they must
satisfy the consistency condition:

o (00) _ 0 (o0 -
otk \oti ) ot \ otk
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Substituting the gradient descent update rule, we get:
o (L oLy 0 (oL "
ot \ " "igei ) ~ a6\~ "o

m Q2L 96! m Q2L !
i 2 i g — l; 06°00! oti ©)

=1

Using the chain rule:

Substituting the gradient descent update rule again:

o 92L oL W &L oL
Nij ; W’hkw = Nik ; W%‘w (10)

For this to hold for arbitrary gradients, we must have:

0L 0L

n'ijmnkk = ﬂikwﬁw (11)

When 7y, = ny; (i-e., when the learning rate for a parameter depends only on the
parameter itself), this simplifies to:

0*L O*L
i 5giaer ~ "* giogk
For this to hold for all possible Hessian matrices, we must have 7;; = n;, for all j, k,
which means that the learning rate for a parameter must be the same along all time
dimensions. This essentially reduces multi-time gradient descent to standard (single-time)
gradient descent.
However, if we allow the Hessian to have a specific structure, more general learning rate
matrices become possible. In particular, if the Hessian is symmetric and block-diagonal,
with blocks corresponding to the parameter subsets 67, then the condition becomes:

(12)

L L
i pgioer ~ " Herog:

which can be satisfied with non-uniform learning rates across parameter subsets. [

(13)

Corollary 1. For neural networks with block-diagonal Hessian structure, path-independent
multi-time gradient descent is possible with layer-specific learning rates n;, where n;; = n;
for all j.

This corollary provides theoretical justification for layer-wise learning rate adaptation,
a technique that has shown empirical success in deep learning practice.

4.2 Feature Extraction and Classification Dynamics

Many deep learning architectures naturally decompose into feature extraction layers (typi-
cally convolutional or recurrent layers) and classification layers (typically fully connected
layers). Our second theorem characterizes the interaction between these components in
the multi-time framework.
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Theorem 2 (Feature-Classifier Co-evolution). Consider a neural network with parameters
© = (0",09), where 0 represents feature extraction layers and 0€ represents classification
layers. Let L(©) be a twice continuously differentiable loss function. If the network is
trained using multi-time gradient descent with dynamics:

a" oL 00¢ oL

o~ Fogr g~ g0

then the optimal ratio of learning rates f”f that minimizes convergence time while
maintaining stability is given by:

(14)

n_F _ /\min(HCC)
o )\max(HFF)
where Hpr and Hoo are the Hessian submatrices corresponding to feature and classi-

fication parameters, and Apin and Apnax denote the minimum and maximum eigenvalues,
respectively.

(15)

Proof. The convergence of gradient descent is governed by the condition number of the
Hessian matrix. For a block-structured Hessian:

HFF HFC
H= (16)
HCF HCC'
_ L _ _0°L — gT _ _ _9’L
where HFF = F9FaeF > HCC = W, and HF(] = HCF‘ = F0Fa0C -

When using distinct learning rates for feature and classification parameters, the effective
Hessian becomes:

npHpp nrHrc
Heyg = 17
o [ﬂ(:H or ncH OC‘:| (17)

For optimal convergence, we want to minimize the condition number of H.s. When
Hpe and Hep are small (i.e., when feature and classification parameters are approximately
decoupled), the condition number is approximately:

InaX{T/F)‘max(HFF)v 77(7)‘111ax(HCC)}

K(Hog) # — 18
( ﬂc) lnln{nFAmin(HFF)v 7]0/\1[1111(H0(1)} ( )
To minimize this condition number, we want:
nFAnlax(HFF) = n(?AInax(HCC) (19)
and
77F/\min(HFF) = 77C/\min(HCC) (20)

These two conditions cannot be simultaneously satisfied in general. However, a
reasonable compromise is to equalize the geometric means:

nr \/Amin (HFF))\max (HFF) =Nc \/>\1nin (HCC‘))\max (HCC) (21)
This leads to:
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22
Nc AII]iIl(HFF))\HlaX(HFF) ( )

For stability, we typically need to ensure that the maximum effective eigenvalue is
bounded, which leads to:

@ _ $ )\IniII(HCC))\HlaX(HCC)

UF)\max(HFF) S « and n(j)\rnax(HCC') S @ (23)

for some stability threshold . To maximize convergence speed while maintaining
stability, we set both terms equal to a, which gives:

ni o /\max(HCC)
Nc )\max(HFF)
Combining this stability constraint with the condition number minimization, we arrive

(24)

at:
o )\min H C
nr_ (Hee) (25)
o )\max(H FF )
This provides an optimal balance between convergence speed and stability for the
multi-time gradient descent dynamics. O

Corollary 2. In deep neural networks where classification layers typically have larger
Hessian eigenvalues than feature extraction layers, the optimal learning rate for feature
extraction layers is generally larger than for classification layers.

This corollary provides theoretical justification for the common practice of using smaller
learning rates for output layers compared to feature extraction layers in transfer learning
and fine-tuning scenarios.

5 Multi-Time Learning Algorithm

Based on our theoretical results, we propose a multi-time learning algorithm that adaptively
adjusts learning rates for different network components based on estimated Hessian
properties.

5.1 Algorithm Description
The Multi-Time Adaptive Gradient (MTAG) algorithm operates as follows:

Algorithm 1 Multi-Time Adaptive Gradient (MTAG)

Partition the network parameters into m subsets {61,672, ..., 6™} Initialize learning
rates 7, for each parameter subset each training iteration Compute gradients % for
each parameter subset iteration % estimation_ period == 0 Estimate Hessian diagonal

A (Hrey) i g BL
S (F121) Update parameters: 6" < 6" —n; 55

blocks H;; Update learning rates: n; = 3

The algorithm implements multi-time gradient descent with learning rates that adapt
to the local curvature of the loss landscape for each parameter subset, in accordance with
the theoretical optimal ratio derived in Theorem 2.
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5.2 Computational Considerations

Exact computation of Hessian eigenvalues is computationally expensive for large networks.
In practice, we can use efficient approximations:

Hutchinson’s method for estimating the trace of the Hessian (which provides an
estimate of the sum of eigenvalues).

Power iteration for estimating the largest eigenvalue of each Hessian block.

Diagonal approximation of the Hessian, which assumes that the Hessian is dominated
by its diagonal elements.

These approximations allow for computationally efficient implementation of the MTAG
algorithm without significant overhead compared to standard gradient descent methods.

6

Experimental Validation

We validate our theoretical results and the proposed MTAG algorithm through experiments
on synthetic data, demonstrating the advantages of multi-time learning dynamics in
practice.

6.1

Experimental Setup

We construct a synthetic learning problem designed to exhibit multi-scale behavior:

1.

2

We generate a dataset of 10,000 samples in R!%, partitioned into 10 clusters.

Each sample consists of features at three scales: global features (dimensions 1-20),
cluster-specific features (dimensions 21-60), and noise features (dimensions 61-100).

. We design a neural network with three components: a feature extraction module (2

layers), a transformation module (3 layers), and a classification module (2 layers).

. The ground truth data is generated such that global features change slowly, cluster

features change at a moderate rate, and noise features change rapidly.

We compare four optimization methods:

Standard SGD with a uniform learning rate (SGD)
Adam optimizer (Adam)
Layer-wise adaptive learning rates (Layer-Adaptive)

Our Multi-Time Adaptive Gradient method (MTAG)

For each method, we train the network for 100 epochs and measure training loss, vali-
dation accuracy, and the distance of each network component from its optimal parameters.
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6.2 Results and Discussion
6.2.1 Convergence Properties

Figure 1 shows the training loss curves for the four optimization methods. MTAG achieves
faster convergence compared to the other methods, particularly in the early stages of
training. This advantage stems from the optimal learning rate ratios derived in Theorem
2, which allow different network components to evolve at their natural timescales.

— SGD

2 H e Adam -
% —— Layer-Adaptive
— — MTAG (Ours)
)
g
g 1L
=

o | | | |

|
0 10 20 30 40 50 60 70 80 90 100
Epochs

Figure 1: Training loss curves for different optimization methods. MTAG (our method)
shows faster convergence, particularly in early training stages.

The layer-wise adaptive method also shows improved convergence compared to standard
SGD and Adam, but not to the same extent as MTAG. This suggests that simply having
different learning rates for different layers is beneficial, but the principled approach of
MTAG based on Hessian eigenvalue ratios provides additional advantages.

6.2.2 Parameter Trajectory Analysis

To validate Theorem 1 on path independence, we analyze the trajectories of network
parameters during training. We train the same network multiple times with different
random initializations and compare the final parameters.

For networks trained with standard SGD, we observe significant variation in the final
parameters across different runs, indicating path-dependent behavior. In contrast, networks
trained with MTAG show more consistent final parameters, with variations primarily in
directions that do not affect the network’s function (i.e., along flat directions in the loss
landscape).

This confirms that MTAG promotes more path-independent learning dynamics, as
predicted by Theorem 1. The improved path independence leads to more robust training
outcomes and reduces sensitivity to initialization.

6.2.3 Feature-Classifier Co-evolution

To validate Theorem 2 on feature-classifier co-evolution, we analyze the learning dynamics
of the feature extraction and classification components separately. Figure 2 shows the
distance of each component from its optimal parameters over time.
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Figure 2: Distance of feature extraction and classification components from their optimal
parameters during training. MTAG maintains better balance between feature learning
and classifier adaptation.

We observe that with standard SGD and Adam, the classification component initially
learns faster but then plateaus, while the feature extraction component continues to
improve gradually. This leads to suboptimal co-evolution, where the classifier adapts to
suboptimal features early in training.

In contrast, MTAG maintains a better balance between feature learning and classifier
adaptation throughout training. The feature extraction and classification components
evolve at compatible rates, leading to more efficient overall learning. This confirms
the predictions of Theorem 2 regarding the optimal learning rate ratio between feature
extraction and classification components.

6.2.4 Sensitivity to Hyperparameters

We evaluate the sensitivity of each method to its hyperparameters by varying the base
learning rate over two orders of magnitude. Figure 3 shows the final validation accuracy
for each method across different learning rate values.
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Figure 3: Final validation accuracy for different optimization methods across varying base
learning rates. MTAG demonstrates reduced sensitivity to the base learning rate.

MTAG demonstrates significantly less sensitivity to the base learning rate compared to
the other methods. Even with suboptimal base learning rates, MTAG maintains reasonable
performance due to its adaptive adjustment of learning rates based on local curvature.

This reduced sensitivity to hyperparameters is a valuable practical advantage of the
multi-time approach, as it simplifies the hyperparameter tuning process and makes the
method more robust in practice.

7 Conclusion and Future Work

In this paper, we have developed a multi-time framework for understanding and improving
neural network optimization dynamics. By viewing neural network training as a process
evolving across multiple time dimensions, we have derived novel theoretical results on path
independence and feature-classifier co-evolution. These results provide insights into the
multi-scale nature of deep learning and suggest practical improvements to optimization
algorithms.

Our proposed Multi-Time Adaptive Gradient (MTAG) algorithm implements these
theoretical insights, adaptively adjusting learning rates for different network components
based on estimated Hessian properties. Experimental results on synthetic data demonstrate
the advantages of the multi-time approach, including faster convergence, improved path
independence, and better feature-classifier co-evolution.

The multi-time framework opens up several promising directions for future research:

1. Multi-time second-order methods: Extending the multi-time framework to
second-order optimization methods like Newton’s method and natural gradient
descent.

2. Architectural implications: Designing network architectures that naturally sup-
port path-independent multi-time learning dynamics.

3. Theoretical connections: Exploring connections between multi-time learning and
other theoretical frameworks in deep learning, such as information geometry and
dynamical systems theory.
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4. Application to specific domains: Applying multi-time optimization to domains
with inherent multi-scale structure, such as hierarchical reinforcement learning and
multi-resolution image processing.

We believe that the multi-time perspective provides a valuable new lens for understand-
ing and improving deep learning systems, complementing existing theoretical frameworks
and leading to practical advances in optimization algorithms.
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