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Reliability analysis of linear discretized structural systems with interval uncertainties subjected to
stationary Gaussian random excitation is addressed. Under the assumption of independent up-
crossings of a specified threshold, an efficient procedure for the evaluation of the bounds of the
interval reliability function of the generic response process is presented. The first step of the
proposed approach is to derive approximate expressions of the interval mean-value and spectral
moments of the response along with the associated bounds. To this aim, the improved interval
analysis via extra unitary interval is applied in conjunction with a novel series expansion of the
inverse of an interval matrix with modifications, called Interval Rational Series Expansion (IRSE).
Then, the lower bound and upper bounds of the interval reliability function are readily evaluated by
properly combining the bounds of the interval mean-value and spectral moments of the response.
Two numerical examples are provided to demonstrate the accuracy of the proposed procedure and

its usefulness in view of decision-making in engineering practice.
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1 INTRODUCTION

Reliability assessment of randomly excited structural systems with uncertain parameters is of
crucial importance to guarantee prescribed safety requirements for real structures under
environmental loads, such as earthquake ground motion, sea waves or gusty winds (see e.g. [1-3]).

Uncertainties affecting structural parameters have traditionally been modeled in the context of
the classical probability theory as random variables or random fields. Well-established probabilistic
methods have been developed to analyze the effects of uncertainties on structural performance.
However, available data are often insufficient to build credible probabilistic distributions of the
uncertain parameters, especially in early design stages. The selection of the probability density
function (PDF) which represents best an uncertain parameter then involves subjective decisions
made by the analyst. The main drawback in the context of reliability analysis is the high sensitivity
of the probabilities of failure to small variations of the assumed probabilistic models [4,5]. Over the
last decade, a number of non-probabilistic approaches [6] have gained much popularity as
alternative tools for quantifying and processing uncertainties described by fragmentary or
incomplete data. In this context, the interval model, originally developed on the basis of the interval
analysis [7,8], is widely used when only bounds are known for the parameters involved in the
engineering problem. This model does not provide any information on the frequency of occurrence
of values between the lower and upper bounds. The analysis of structures with interval basic input
parameters is thus oriented to estimate the range of variation of the response quantities. If only
scarce information is available, a range of possible values appears more credible than a crisp value
of the response provided by a probabilistic analysis based on subjective decisions.

After the pioneering study by Ben-Haim [4], who first introduced a non-probabilistic concept of
reliability, a growing interest has arisen in structural safety assessment based on non-traditional
uncertainty models [9-20]. Recently, interpretations [21], comparisons [22] and combinations [23-
26] of alternative uncertainty representations in the context of reliability analysis have also been

presented.



To the best of the authors’ knowledge, studies on reliability analysis of structures with uncertain
parameters modeled within a non-probabilistic context mainly covered the static analysis, while
only a few contributions dealing with random excitations are available. Ma et al. [27] developed a
new two-factor method based on the probability and the fuzzy sets theory for the analyses of the
dynamic response and reliability of fuzzy-random truss systems under stationary stochastic
excitation. Within the interval framework, due to structural parameters uncertainty, the statistics of
the random response as well as the reliability function of randomly excited structures turn out to
have an interval nature, say they range between a lower bound and an upper bound rather than
assuming a given value. In this context, the aim of structural safety assessment is the evaluation of
the lower bound and upper bound of the interval reliability of the selected response process. From
an engineering point of view, such bounds provide information on the range of structure’s
performance useful for decision-making. Interval reliability analysis poses serious challenges since
all possible combinations arising between the lower bound and upper bound of the uncertain
parameters need to be explored. The vertex method (see e.g., [28]) is considered the most robust

approach, but the associated computational cost increases exponentially with the number of

uncertainties. Indeed, for N uncertain parameters, the vertex method requires 2" analyses, as many
as are the combinations of the extreme values of the N input intervals. Therefore, there is a need to
develop alternative methods able to explore the entire range of interval uncertainties while keeping
computational costs relatively low. Within the framework of the widely used first-passage failure
model [29,30], the authors [31] derived approximate expressions of reliability sensitivities for
structures with uncertain-but-bounded parameters subjected to stationary Gaussian random
excitation. For small uncertainty levels, accurate estimates of the bounds of the interval reliability
function have been obtained by applying the first-order interval Taylor series expansion. Recently,
Do et al. [32] evaluated the range of dynamic reliability of structures with interval parameters and
safe bounds under stationary random excitation by applying an improved particle swarm

optimization algorithm.



This study presents an efficient method for structural reliability assessment of linear discretized
structures with interval parameters subjected to stationary Gaussian random excitation. The
probability of failure is identified with the first passage probability, under the Poisson assumption
of independent up-crossings [29,30]. The proposed procedure relies on the observation that the
interval reliability function depends on three interval quantities: the interval mean-value and
spectral moments of zero- and second-order of the stationary random response process. Then, the
lower bound and upper bound of the interval reliability function of the selected response process
can be derived as corresponding to appropriate combinations of the bounds of the interval mean-
value and spectral moments. Such bounds are evaluated in approximate form by applying the
improved interval analysis via extra unitary interval [33] in conjunction with the so-called Interval
Rational Series Expansion (IRSE) [34-36] for deriving the explicit approximate inverse of an
interval matrix with small rank r modifications. In order to apply the IRSE, a spectral
decomposition of the interval stiffness matrix is performed. By inspection of the analytical
expression of the interval reliability function, it is found that only four combinations of the bounds
of interval response statistics need to be explored, regardless of the number of uncertain parameters.
This implies that the proposed procedure exhibits substantial computational advantages over the
vertex method and is applicable to complex structural systems with a large number of interval input
variables.

To assess the accuracy and computational efficiency of the proposed method, reliability analysis
of a truss structure and a chimney with interval Young’s modulus under wind excitation is
performed. Appropriate comparisons with the vertex method solutions are presented. Furthermore,
interpretation of numerical results from an engineering perspective and their usefulness for
decision-making are discussed.

The paper is organized as follows. In Section 2, the problem formulation is presented and the
fundamentals of the improved interval analysis via extra unitary interval are given. Then, the

concept of interval structural reliability is introduced in Section 3. In Section 4, approximate
4



expressions of the bounds of the interval mean-value and spectral moments of the stationary
response are derived. Section 5 presents an efficient procedure for the evaluation of the bounds of
the interval reliability function. Finally, in Section 6 two numerical examples are provided to show

the accuracy and computational efficiency of the proposed method.

2 LINEAR STRUCTURE WITH INTERVAL UNCERTAINTIES UNDER

STOCHASTIC EXCITATION

2.1 Interval Uncertainty Modeling

The interval model, originally developed from the interval analysis [7], is a widely used non-
probabilistic approach to handle uncertainties occurring in engineering problems. The underlying

idea is to represent the generic uncertain parameter as an interval variable ranging between its lower
and upper bounds. Denoting by IR the set of all closed real interval numbers, let o' =[g, 6] elR'
be a bounded set-interval vector of real numbers such that a <a <@. The apex | means interval

variable, while the symbols ¢ and @ denote the lower bound (LB) and upper bound (UB) vectors.
According to the classical interval arithmetic, the i-th real interval variable o =[] is
characterized by the midpoint value (or mean), «,;, and the deviation amplitude (or radius), Ag;,

given by:
(@ -a) (1a,b)

where mid{o} denotes the midpoint of the interval quantity between curly brackets.

The real numbers ¢, € &' =[a;, @ |, collected into the vector e ca' =[a,@], are here assumed to

represent the dimensionless fluctuations of the uncertain structural parameters around their

midpoint values. In the sequel, a, and Aa will denote the vectors listing the midpoint values (or



mean values) and the deviation amplitudes (or radii), «,; and Ac;, respectively, of the interval

parameters ;' (i=1,2,...,r).

The main drawback of the classical interval analysis is the so-called dependency phenomenon
[8] which often leads to an overestimation of the interval solution width unacceptable from an
engineering point of view. This occurs when an expression contains multiple instances of one or
more interval variables due to the inability of the classical interval arithmetic to keep track of the
dependency between interval variables throughout calculations. To limit the effects of the
dependency phenomenon, recently the so-called improved interval analysis via extra unitary

interval has been proposed [33]. The key feature of this approach is the introduction of the extra
unitary interval (EUI), & =[-1+1], (i=1,2,...,r), which does not follow the rules of the classical

interval analysis. Indeed, the EUI is defined in such a way that the following properties hold:

. (2a-f)

In these equations, [1,1]=1 is the so-called unitary thin interval. It is recalled that a thin interval
occurs when x =X and it is defined as x' =[x, x], so that xR . Notice that the EUI is different
from the classical unitary interval e' =[-1,+1] which does not satisfy Egs. (2a-f).

The improved interval analysis via EUI assumes the following affine form definition for the i -th

interval parameter o' :

ai' =, +Aaiéi' , (i=12,...,r). (3)



It is worth emphasizing that the subscript i means that the EUI, €', is associated to the i-th

interval variable. This implies that each interval variable is characterized by a different EUI, so that
dependencies can be duly taken into account throughout calculations.

In the framework of interval symbolism, a generic interval-valued function f and a generic
interval-valued matrix function A of the interval vector a' will be denoted in equivalent form,

respectively, as:

f'l=f(a')o f(a), aca' =[0,a];

(4a,b)
A'=A(d)oA(r), oed =[a,a]

2.2 Equations of Motion

Let us consider a quiescent n-DOF linear structure with uncertain-but-bounded parameters

subjected to a stationary multi-correlated Gaussian stochastic process f(t). The equations of motion

can be cast in the following form:
MU' (t) +C'u' (t) + K'u' (t) =f(t) (5)

where M, is the nxn mass matrix, herein assumed deterministic; C' =C(a') and K'=K(a')
are the nxn damping and stiffness matrices of the structure which depend on the dimensionless
interval parameters collected into the vector aca' of order r; u'(t)=u(a',t) is the stationary

Gaussian vector process of displacements; and a dot over a variable denotes differentiation with

respect to time t. The Rayleigh model is herein adopted for the interval damping matrix, i.e.:
C'=c,M, +cK' (6)
where ¢, and c, are the Rayleigh damping constants having units s™ and s, respectively. For the

sake of simplicity, in the present study, the constants ¢, and c, are taken coincident with those

pertaining to the nominal structure.



In structural engineering, the dimensionless fluctuations of the uncertain-but-bounded

parameters around their nominal values can be reasonably modelled as symmetric intervals, i.e.
o €[, @] with @ =-¢;, so that o, =0 and Ag; =& =—¢;. Under this assumption, Eq. (3)
reduces to:
a =Aag'. @)

Furthermore, to assure physically meaningful values of the uncertain structural properties, the
deviation amplitudes Ae¢; should satisfy the conditions A« <1. For instance, if the uncertain
Young’s modulus of the i-th structural element is expressed as E/ =E(1+Aag) ), with E,,
denoting the nominal value, the fluctuation « defined by Eg. (7) must satisfy the condition

Aa; <1 to yield always positive values of the interval material property.

The external load vector f(t) in Eq. (5), modelled here as a stationary multi-correlated Gaussian

random process, is fully characterized, from a probabilistic point of view, by the mean-value vector,
n=E(f(t)), and the correlation function matrix, Ry (t,—t,)=R(7)= E(f(tl)fT(tz)}—pf T
with E(e) denoting the stochastic average operator.

The interval stationary Gaussian stochastic response process u'(t) of structures with uncertain-
but-bounded parameters is completely characterized in the frequency domain by the interval mean-

value vector, . =p,(a'), and the interval Power Spectral Density (PSD) function matrix,
G (0)=G_(a' @), [34]. As known, the generic response quantity of practical interest,
Y'(t)=Y(a',t) (e.g. displacement, strain or stress at a critical point), can be determined from the

displacement vector u'(t) by means of the following relationship:

YH(t)=q"u'(t) (8)



where ¢ is a vector collecting the combination coefficients relating the response process Y'(t) to

u'(t). Depending on the selected response quantity, the vector g in Eq. (8) may depend on the

uncertain parameters; such dependency is here omitted for the sake of simplicity.
The complete probabilistic characterization of the interval stationary Gaussian random process,

Y'(t) =l +Y'(t), requires the knowledge of the interval mean-value, .., and the interval PSD
function, G|, (w) =G, (w) of the zero-mean random process Y'(t).

The interval mean-value, u.,, that, without loss of generality, is herein assumed positive
(1, >0), can be evaluated taking the stochastic average of both sides of Eq. (8), i.e.:

-1

my =E(Y'®)=q"pm, =q"(K') u, ©)
where ! is the interval mean-value of the displacement vector u'(t).
Based on Eq. (8), the interval PSD function of the zero-mean response process Y ' (t) reads:
Gy (@) =q'G,, (w)a=q" H (e 0)Gy 5 (0)H' (o', w)q =Gy, () (10)
where the asterisk means complex conjugate; Gy %, (@) is the PSD function matrix of the zero-

mean stationary Gaussian stochastic process, 5(f (t), describing the random fluctuation of the input
process, i.e. f(t)=p, +X,(t); H'(w)=H(a',w) is the interval frequency response function (FRF)

matrix (also referred to as transfer function matrix), defined as:
H' (@) =H(a', @) =[ ~o*M, + joC' +K']" (11)

with j= J-1 denoting the imaginary unit.



3 INTERVAL RELIABILITY FUNCTION

The probability of failure for structural systems subjected to stochastic excitations is commonly

identified with the first passage probability, i.e. the probability that the extreme value random

|
max

process, Y. (T)=Y,  (a',T), for the generic structural response process of interest, Y '(t), firstly
exceeds the safety bounds within a specified time interval [0,T]. For a structure with uncertain-but-

bounded parameters, the extreme value random process, over a time interval [0, T], is

mathematically defined as:

Yinex (@, T) = Max Y(at), aca' =[a,d] (12)

where the symbol |e| denotes absolute value.

It can be easily shown that the cumulative distribution function (CDF) of the extreme value

|
max

random process, Y. (T), also called reliability function, LLmax (b,T), formally coincides with the

CDF of the zero-mean random process Y! (T)= max ‘Y~' (t)‘. The CDF, L, (b,T), represents the

probability that the random process Y.! (T) -, is equal to or less than the barrier level b— 4,

within the time interval [0,T] and it is commonly expressed as [37]:

L (0,T) = 2| Yoo (T) = 4 <b—s4 |= Py, (b) exp[ T m/(b) | (13)
where B, (b) = Z[Y,.,,(0) — 14 <b— 4] denotes the initial probability, that is the probability of not
exceeding the level b— ) at time t=0; 7y (b) is the so-called hazard function (or intensity
function or limiting decay rate). The latter provides the conditional occurrence rate of up-crossings

at time t of the level b— . by the random process ‘Y ! (t)‘— uy, , given that this level has not been

up-crossed prior to t.

In the case of randomly excited structural systems with interval uncertain parameters, the CDF

|
max

of the extreme value random process, Y (T), turns out to be an interval function i.e.:

10



L. (bT)=[L_OT).L_0bT)] (14)

where L, (b, T) and L, (b, T) arethe LB and UBof L, (b,T), respectively.

Since the hazard function 7y (b) (see Eg. (13)) is not available in exact form, different

approximate expressions have been proposed in the literature (see e.g., [29]). It is recognized that, if

the failure level is high enough, then the classical Rice’s formula, based on the Poisson assumption

of independent up-crossings [38], is applicable. In this case, the hazard function #(b), for
Gaussian processes with sufficiently large mean-value, ., >0, can be assumed, with good
accuracy, as coincident with the mean up-crossing rate of a single barrier b— x4, [37]. Then, the

interval CDF, L'vmax (b,T), can be expressed as:

L (bT)~P., (b) exp{—T vy(a')exp[—“’z‘%#ﬂ (15)
where
IR sz,v(ul)
R N e (16)

is the mean up-crossing rate at level s, >0; P/, (b) represents the initial interval probability,

herein assumed equal to unity; ), =4, and A,, =4, are the zero- and second-order interval

spectral moments which represent the variance of the process Y'(t) and of its derivative Y'(t),

respectively. By applying interval extension, the interval spectral moments of order j of the

random process Y ' (t), which are the same as those of Y ' (t), are defined as follows [39]:

A =iy zzja,i Gyy (w)dw, j=0,2. (17)
0

11



Though the structural system possesses I interval uncertain properties, o, , based on Egs. (15)

and (16), the interval reliability function L, (b,T) may be viewed as depending on only three

interval parameters, namely s , 4, and 4, .
In the next section, the bounds of the interval mean-value and spectral moments of the interval
stationary stochastic response process Y'(t), useful for deriving the region of the interval

reliability function, lemax (b, T), will be evaluated in approximate form.

4 APPROXIMATE INTERVAL MEAN-VALUE AND SPECTRAL MOMENTS OF
THE RESPONSE PROCESS

4.1 Interval Mean-Value
The stiffness matrix of a linear-elastic structure can always be expressed as a linear function of the

structural parameters, eventually by applying a suitable variable transformation [40]. Based on this
observation and following the interval formalism introduced above, the nxn order interval
stiffness matrix, K', of the n—DOF structural system governed by Eq. (5) can be expressed as a

linear function of the uncertain properties, i.e.:

K'=K,+) K A € (18)
i=1
where
Ko =K(a)|_; K, =2 (19a,b)
oq, s

In these equations, K, denotes the stiffness matrix of the nominal structural system (i.e. with
a =0) which is a positive definite symmetric matrix of order nxn; K, is a positive semi-definite
symmetric matrix of order nxn and rank p;; Ae; is the dimensionless deviation amplitude of the i-

th uncertain parameter o, € o' = A€’ satisfying the condition Ag, <1.

12



The interval mean-value of the generic response process ., = E<Y'(t)> can be evaluated by

applying Eqg. (9) once the inverse of the interval stiffness matrix is determined. To this aim, an
alternative explicit expression of the Neumann series [41,42] for evaluating the inverse of an
interval matrix with small rank- r modifications, known as Interval Rational Series Expansion

(IRSE) [31, 34-36] is applied. An essential step for the application of the IRSE is the decomposition
of the deviation of the interval stiffness matrix K' with respect to the nominal value K, as
superposition of rank-one matrices. As shown by Eq. (18), in general, the deviation is given as sum

of r matrices K, of rank p, multiplied by the associated interval uncertainties o' = A6 . Let us

express the i —th matrix K; in the following form:

K, = 3 AOVOVOT (20)

(=1

where
v =Ky (21)

v and A being the ¢~ -th eigenvector and the associated eigenvalue, solutions of the following

eigenproblem:

Ky =29K ", (i=1...r (=1...,p). (22)

The eigenvalues A are real positive numbers. Furthermore, the eigenvectors y(” are assumed to

satisfy the orthonormalization condition:
YK, =L W =[wl w® e (23)
so that the following relationship holds:

YIK¥ =A; A =Diag[ 4, 2%, ... a™] (24)

13



Notice that only p, <n eigenvalues are different from zero and the generic term Av{v{9T of the

summation in Eq. (20) turns out to be a rank-one matrix.
Substituting Eg. (20) into Eq. (18), the interval stiffness matrix can be rewritten in the following

form:

r b
K' =K, + ZZ&(()VS()VE[)TA% g (25)

i=1 (=1

where the deviation with respect to the nominal value is expressed as superposition of rxp;

matrices of rank one. Then, by applying the IRSE truncated to first-order terms [31, 34-36], the

following approximate explicit expression of the inverse of the interval stiffness matrix is obtained:

_ r (0) Al rop
(K') 1~K51—Zi A A, DiC=Kal+Zi(éo,u+ A&, 68 D, (26)

izl ﬂf.(()dig Ag, éil i=1 (=1
where
di =vi"TKVs Dy, = Ko ViV (27a,b)
and
A97a ) d, 2VAe
oo = ( ) 62; A, = I — (28a,b)

1_(/11(0A05idi5)

denote the midpoint and deviation amplitude of the generic series term rewritten in affine form. In

Egs. (28a,b), the argument Ag; of the functions &,;,, and A&, is omitted for conciseness.

Equation (26) may be viewed as the extension of the series expansion derived in [43] for

structures with interval axial stiffness. It is worth mentioning that Eq. (26) holds if and only if the

conditions ‘Aai d, ‘<1 are satisfied. Obviously, the accuracy of Eq. (26) depends on the magnitude

of the fluctuations Ae;. To handle large uncertainties satisfying the restriction Ae, <1, in general,

higher-order terms need to be retained in the IRSE.

14



The main advantage of the decomposition (25) of the interval stiffness matrix K' with respect to

the one adopted by the authors in their previous works [31, 35-36] lies in the small number p, <n

of non-zero eigenvalues A\ of the matrix pair (K, K, ). It can be readily verified that such number
corresponds to the number of the structural natural deformation modes influenced by the single
interval parameter «' [44] and, therefore, it depends on the type of finite element (FE) employed in

the model. For instance, since a bar type FE is characterized by one deformation mode, only one
eigenvalue is different from zero. For a beam type FE, characterized by two deformation modes,
two non-zero eigenvalues are obtained as solution of the eigenproblem (22), and so on.

Upon replacing the IRSE (26) of the inverse of the interval stiffness matrix in Eq. (9) and

applying the improved interval analysis via EUI [33], the following approximate explicit

expressions of the LB and UB of the interval mean-value, 4, , can be readily obtained:
py (o) = mid{ g }— A g, (@); iy (o) = mid {14y |+ Ay (o0) (29a,b)

where

Pi
ZAai( qT D, s

(=1

(30a,b)

mid{ﬂ\: } = qT {Kol + Zr:iao,i(Di(:|uf v Apy(a) = Zr:

i=1 (=1 i=1

are the midpoint and deviation amplitude of the interval mean-value of the response process Y ' (t),

respectively. The symbol |e| denotes absolute value component wise.

4.2 Interval Spectral Moments

Approximate expressions of the interval spectral moments /1;,? =1/, (1=0,2) of the random

response process Y'(t) (see Eq. (17)) along with their bounds can be obtained by applying the

IRSE for the evaluation of the interval FRF (see Eq. (11)) matrix H'(w) needed to evaluate the

interval PSD function G/, (w) =Gy, (w) according to Eq. (10). To this aim, taking into account the
15



decomposition (18) of the interval stiffness matrix and Eg. (20), the damping matrix (6) can be

expressed in the following form:

r r b
C'=C,+¢, Y K/ Ag &' =Ci+¢,> > ANVONVTAq, 6 (31a,b)
i=1

i=1 (=1

where C, =c,M, +¢,K, is the nominal damping matrix. Then, introducing the following complex

interval matrix:

r roh
P'(@) = p(w)zKiAai éil = p(a))ZZﬂ,l(‘)vi(‘)vi(f)TAai éi' (32)
i=1 i=1 (=1
with
p(w)=1+jwc (33)

the interval FRF matrix can be rewritten as:
H' () =[H3 (@) +P' (@) ] =[1,+ Hy(@)P' (@) ] Hy(e). (34)

In the previous equation, I, denotes the identity matrix of order n; H,(®) is the nominal FRF

matrix, say for a=0. Under the assumption of classically damped nominal structural system, the

FRF matrix H,(®) can be conveniently evaluated as:
Hy(w) =@, H,, (@) @) (35)

where @, is the nominal modal matrix of order nxs (s<n) collecting the first s eigenvectors
normalized with respect to the mass matrix M,. The matrix @, is obtained as solution of the

following eigenproblem:

K®,=M,®,Q2; OM D, =1, (36a,b)

16



where Q) =@ K, @, is the spectral matrix of the nominal structural system, say a diagonal matrix

listing the squares of the natural circular frequencies of the structure for the nominal values of the

uncertain parameters. Furthermore, in Eq. (35) H,,, (@) denotes the modal transfer function matrix

of the nominal structure that is a diagonal matrix given by:
Hon(@) =[0I, + j0B, +Q2 | (37)

where E,=c,l, +¢,Q, is the generalised damping matrix.

By inspection of Egs. (32) and (34), it is observed that the evaluation of the FRF matrix involves
the inversion of a matrix expressed as sum of the nominal value plus a deviation given as
superposition of rank-one matrices. It follows that the interval FRF matrix can be determined in
approximate explicit form by applying the IRSE [31, 34-36], herein truncated to first-order terms,

ie.:

r P ﬂ,(()Aa- é-l
HI ~H _ p(a)) i 11
(@)~ Hy(@) gghp(@m 64" b, (o)

B, (w) =H_(w)+H., () (38)

dev

with
bu((w) = Vi(()THo(a)) Vi((); Bi((w) = Ho(w) Vi(()vi(()THo(a))- (39a,b)

The IRSE in Eg. (38) holds if and only if the conditions |p(w)Ac; 4 b,(w)|<1 are satisfied,

where the symbol ||| means modulus of e .

According to the improved interval analysis via EUI, Eq. (38) provides the interval FRF matrix

|
dev

as sum of the midpoint, H_.,(®), plus the interval deviation, H,, (@), given, respectively, by:

r b

H, i (o, ) = mid {H' ()} = Hy (@) + Y. )" 30, (@) B, ();
. = r (40a,b)
Hie, (@) = dev{H' ()} = > A, (@) B, ()& =Y Ri(@)¢

17



where dev{o} denotes the interval deviation of the quantity between curly brackets. Furthermore, in

Eqs. (40a,b)
Ry(0) = 348, (6)B, (0 (41)
and
o 0) - [ ()47, ]zbw(w)z; r () P@AAa w2ab)

1-[ p(@) A" Aa; b, () ] 1-[ p(@)"Aa b, ()]

where the argument Ag; of the functions a,;,(w) and Aa,(w) is omitted for the sake of

Conciseness.

Upon substitution of the approximate interval FRF matrix (38) into Eq. (10), the interval PSD
function of the random process Y'(t) can be expressed as sum of the midpoint value plus the

interval deviation as well, i.e.:
Gyy (o, @) = mid{G,  (a, @)} +dev (G, , (@, 0)|, aca'=[a,a] (43)
where

mid{Gy, ()} =0 Hyy (a1, ) Gy 5 (@) Hiyy( 0)a;
A r (44a,b)
dev {G\:Y (a))} = ZqT |:H:nid (o, ) G>“<f %q (w)RlT(a)) + R:(W)fo %q (@) H-rl;lid (o, w)]q éiI :

The over hat in Eq. (44b) means that an approximate expression of the deviation matrix is assumed.

Specifically, in order to simplify interval computations, terms associated with powers of Ac,

greater than one are neglected [34].

Finally, taking into account Eq. (43), the interval spectral moments (17) can be recast in the

following form:
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A g (@) =2,y (@) =mid {2, , ((x)}+dev{iw (a)}, aeca =[a,a]; j=0,2 (45)

where
mid{zw(a)}=2Tmimid{ew(a,a>)}da>; dev{im(a)}=2]Oa)jdev{(§YY(a,a))}da). (46a,b)

Based on Eqg. (45), the LB and UB of the interval spectral moments can be evaluated in approximate

form as:
Ay (@) =mid{2], } =A%, (@); A, ()=mid{2],}+A%, (@), j=0,2  (47ah)

where

Ay (@) =25 | [ 007 [ Hig (0,0) By 5 (@RT(0) +R; ()G 5 (@) Hig(@,0) |ade| — (48)

i=l o
denotes the deviation amplitude.

Since the mean-value and the spectral moments of the response are monotonic functions of the
generic uncertain parameter «; , their exact bounds can be evaluated by applying the vertex method.
As already mentioned, such combinatorial procedure is time consuming and becomes soon

unfeasible as the number of uncertainties increases. Indeed, it requires 2" stochastic analyses of the
structure to compute response statistics corresponding to all possible combinations of the endpoints
of the r interval parameters ¢ . Conversely, the above described approach allows to handle an
arbitrary number of uncertain parameters since it evaluates the bounds of the interval mean-value
and spectral moments by handy formulas without resorting to any combinatorial procedure. Besides
using the spectral decomposition of the interval stiffness matrix (see Eq.(25)), the computational
efficiency of the proposed procedure can also be enhanced by performing a preliminary sensitivity

analysis, as recently outlined by the authors [31]. Indeed, sensitivity analysis allows to detect the
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least influential uncertain parameters and then neglect the associated contributions in the

approximate expression of the response quantity bounds provided by the IRSE.

5 BOUNDS OF THE INTERVAL RELIABILITY FUNCTION

Structural design, in general, consists of proportioning the elements of a structure such that it
satisfies various criteria of safety, serviceability and durability under the action of loads. In other
words, the structure should be designed such that it has a higher strength or resistance than the
effects caused by loads. In the framework of structural design, the reliability of a structural system
is its ability to fulfill its design purpose for some specified reference period and its efficient
estimation is a crucial issue for problems with uncertainties.

Within the interval framework, the aim of reliability analysis is to determine the range of

structural performance. Specifically, for the selected extreme value random process, Y.\ (T), the
LB and UB of the interval reliability function, L, (b,T), need to be evaluated (see Eq. (14)).

Since the interval CDF, lemax (b,T), is a monotonic function of the generic uncertain parameter

o', its exact bounds can be determined by applying the vertex method (see e.g., [28]). The latter is

a combinatorial procedure which requires to evaluate the reliability function of the selected extreme

|
max

value process, Y,' (T), for all the combinations of the bounds of the r uncertain parameters «,

say 2", and then take, for a fixed barrier level b, the maximum and minimum value among all the
CDFs so obtained. Obviously, the vertex method becomes prohibitive for real-sized structures
involving a large number of uncertainties. Indeed, each evaluation of the CDF implies an onerous
stochastic analysis of the structure in order to compute the mean-value and spectral moments of the
response pertaining to a specific combination of the bounds of the uncertain parameters. Recently,
the authors proposed an approximate procedure for the evaluation of the interval CDF bounds based
on first-order interval Taylor series expansion [31]. Such procedure is more efficient from a
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computational point of view than the vertex method, but its accuracy worsens as large uncertainty
levels are involved.

To overcome this limitation, in the present paper a novel approach based on the philosophy of
the vertex method is proposed for determining the interval reliability region. The key idea is to view

the interval reliability function, lemax (b, T), herein rewritten for the sake of clarity

L. (0.T) = exp[— Zln\/%?exr{—%ﬂ =L, (BT Aoy Aoy ) (49)

as function of three interval parameters s , 4;, and 4,,, say the interval mean-value and spectral

moments of order j=0,2, rather than as depending on the r uncertain parameters «.' . This
provides substantial computational savings since the bounds of the interval CDF can be evaluated
by a combinatorial approach performing only 2° evaluations of the CDF corresponding to all
possible combinations of the bounds of the three intervals x, , 4,, and 4,, defined in approximate
form by Egs. (29a,b) and (47a,b). A deeper insight into Eq. (49) allows to further reduce the number
of CDF evaluations required by the combinatorial approach. Indeed, it can be readily inferred that

in order to estimate the LB of the interval reliability function, L, (b,T), the interval mean-value
and the second-order spectral moment have to be set to their UB, 1z, and 4,,, respectively.
Conversely, the evaluation of the UB of the interval CDF, L, (b,T), requires to set the interval
mean-value and second-order spectral moment at their LB, ., and A,,. Based on these

observations, the bounds of the interval reliability function, L, (b,T), can be expressed as

max

follows:
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. O U I i (b-7,)°
b,T:mn b,T; , I,ﬂ, = min <e ——ﬂe - ;
L...(6T)= mi L., (0T ey me'ﬂo'v{ P17 2w\, Xp( 24
- (50a,b)

_ T [z (b— )’
b,T)= max b,T:u A, .,)= max {exp| - — [ exp| -—=""
LYmaX ( ) %,Y Eﬂol,v LYmaX ( /;IY 0y =2Y ) ﬂo‘v Ejol,v { p 2 (L ]'OI,Y p( Zj'OI,Y

where the symbols min{e} and max{e} mean minimum and maximum value of the quantity into
curly parentheses, respectively. Such quantity is an interval function which turns out to depend on
just one interval parameter, say A, =[40yy,/TOVY]. Hence, for each barrier level b, the LB and UB
of the interval reliability function lemax (b, T) can be readily obtained as the minimum and
maximum among the CDFs pertaining to the bounds of the zero-order interval spectral moment of
the response Ay, :[&VY,Z_@Y] when the interval mean-value and second-order spectral moment are

set at their upper or lower bounds, respectively, as indicated in Egs. (50a,b), i.e.:
I__Ymax (b’T) - min {lenzax ! I—E(iax }’ EYma>< (b’T) = Max {L(Y?:ax ! Lg(i)ax } (51a’b)

where
LY =L, (0Tl Aoy doy )i L2 =L (0T 0 Ay Aoy );

LY =L, (BTt Aoy doy )i LY =L,

(52a-d)

The main steps of the presented procedure may be summarized as follows: i) to perform the
spectral decomposition of the interval stiffness matrix (see Eq. (25)); ii) to evaluate the inverse of
the interval stiffness matrix (Eq. (26)) and the associated FRF matrix (Eqg. (38)) in approximate
explicit form by applying the IRSE; iii) to derive approximate expressions of the bounds of the
interval mean-value (Egs. (29a,b)) and zero- and second-order spectral moments (Egs. (47a,b)) of
the selected response process; iv) to determine the range of the interval reliability function by
exploring four combinations of the bounds of response statistics computed in the previous step, two
for the LB (see Eq. (51a)) and two for the UB of the interval CDF (see Eq. (51b)).
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It is worth emphasizing that the described procedure overall requires to explore only four
combinations of the interval mean-value and spectral moments of the response, regardless of the
number of uncertain structural parameters involved. Conversely, the computational effort of the
vertex method increases with the number of uncertainties. Furthermore, each evaluation of the CDF
does not require a new stochastic analysis of the structure, but involves the computed bounds of the

mean-value and spectral moments of the response.

6 NUMERICAL APPLICATIONS

As pointed out in the previous sections, aim of this study is to provide a procedure able to evaluate
approximate bounds of structural system reliability or probability of failure in the presence of
stochastic excitations and unavoidable uncertainties modeled as interval parameters.

The presented procedure has been implemented into a computer algorithm employed to provide
the reliability bounds. Due to its simplicity and effectiveness, the algorithm allows to obtain very
accurate results for the bounds of the reliability function avoiding the high computational effort and
the related time consuming operations required by the vertex method which become increasingly
substantial with larger number of interval variables. The details of the algorithm and its
implementation are presented in the flow-chart reported in Fig. 1.

The algorithm is used in two structural examples -a steel 25-bar truss structure and a steel
chimney structure- with varying levels of uncertainty of Young’s modulus and subjected to

turbulent wind loads in the x -direction.

The nodal forces F,;(z,t) modelling the wind excitation are functions of the height z and time t
expressed in terms of the mean, F&(z), and random, F,;(z,t), components of wind loads as
follows [45]:

Fa(@ ) =F{@)+F, @0 (53)
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where F&(z)~ pC,AW(z,)/2 and F,;(z,t) = pC, AW (z;,t)w,(z,) are related, respectively, to
the mean-value, w,(z), and the fluctuating component, W(z,t), of the wind velocity field
W(z,t) =w,(z) +W(z,t) . The parameters ,, C, and A involved in the expressions of F9(z,)

and F (z,t) are the air density, the drag coefficient and the tributary area of the i-th node,

respectively. For both numerical applications, » and C, are selected as follows: p =1.25 kg/m®

and C, =1.2. For the mean wind velocity, a power law variation with the elevation z is assumed,

that is w,(z) =W, (z/10)", where w,,, is the mean wind speed measured at height z=10m
above ground and y is a coefficient depending on surface roughness, herein taken equal to

W, =25m/s and y = 0.3, respectively.

The fluctuating components due to the turbulence in the flowing wind are correlated and
modelled as zero-mean stationary Gaussian random processes fully described from a probabilistic

point of view by the cross-PSD functions G ; (z;,z;; @) = Gy (@) f; (@) With:

|lZJ!

2 a/Cz z-2.)°
Gy () = 4K W2y —E——; () =exp4 - [@lJC: (7 ~2)) (54a,b)
! 2
(0] 1+Z ) ”[Ws(zi)_'_ws(zj):l

where G; (@) is the two-sided Davenport’s power spectrum [46] and f;(@) is the so-called
coherence function. The parameter K, is the non-dimensional roughness coefficient, herein set
equal to K,=0.03, and y=bw/(7v,,,) with b =600m; C, denotes an appropriate decay

coefficient to be determined experimentally, herein set equal to C, =10.

6.1 Wind-Excited Truss Structure
The first numerical application concerns a 25-bar truss structure, as shown in Fig. 2. Lengths and

cross-sectional areas of the bars are supposed to be deterministic: all the bars are assumed to have
24



cross-sectional area Ay, = A =7x10"m? (i=1,2,...,25) and lengths L,; (i=1,2,...,25) inferable
from Fig. 2 where L=5.1m. Furthermore, each node possesses a lumped mass M =500 kg.

Young’s moduli of the diagonal bars are modeled as interval parameters E' =E, (1+ Aaiéi'),

(i=16,17,...,25) with midpoint value E,=2.1x10°kN/m* and deviation amplitudes A, = Aa
satisfying the condition Aa <1.
The Rayleigh damping constants c,=1.123836s" and ¢, =0.001126s (see Eq. (6)) are

evaluated in such a way that the modal damping ratio for the first and third modes of the nominal
structure is ¢, =0.05.

The horizontal and vertical displacement random processes of the j-th node are denoted by

Uj(a' t) = (a')+U (a',t) and V (a',t) = g, (@) +V (', 1) , respectively.

As previously outlined, the truss structure is subjected to nodal forces F,;(z;,t) (see Eq. (53)) in
the along-wind direction applied to nodes 1,3,5,7 and 9 (see Fig. 2) located at different heights
z,=il; (i=135,7,9). The tributary areas appearing in the expressions of the mean and

fluctuating components of the nodal forces have values A=A =A=A =260lm’ and

A, =13.005 m?, respectively.

In the spectral decomposition of the matrix K, pertaining to the truss structure, only one
eigenvalue (solution of the eigenproblem reported in Eq. (22)) is different from zero, i.e. p, =1,
which leads to the expression K, = Av.v! for the rank-one matrices defined in Eq. (20). The latter
observation yields a substantial reduction of the computational effort since only the summation over
the uncertain parameters needs to be considered in Eq. (25).

The attention is focused on the interval extreme value stochastic processes of the horizontal

displacements of nodes 1 and 9, say Y.! (T)=U, _(T) and Y. (T)=U, . (T), and the bounds of

1max 9max
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the related interval reliability functions, L{,M (b,T) and LLQW (b,T), are evaluated for two levels of
uncertainty Aa, namely Aa=0.1 and Aa =0.15. The time interval T is selected as T =1000 T,,

T, being the fundamental period of the truss structure.

As outlined in Section 5, the evaluation of the LB and UB of the extreme value CDF (see Eq.
(49)) follows the proposed combinatorial approach which involves the bounds of the interval mean-
value (see Eq. (29a,b)) and zero- and second-order spectral moments (see Eq. (47a,b)). In particular,
the proposed procedure requires only 2 combinations of the bounds of the zero-order spectral
moment in order to evaluate each bound of the reliability function of the selected extreme value
random process (see Egs. (51a,b)), whatever the number of uncertainties is. On the other hand, it

has to be emphasized that application of the vertex method to evaluate the exact bounds of the
extreme value CDF requires 2" = 2" stochastic analyses for the case under exam.

In Figs. 3 and 4, the estimates of the LB and UB of the interval reliability functions L{,lm (b,T)
and L:ngax (b,T) provided by the proposed procedure are contrasted with the exact bounds. For the
sake of completeness, the nominal reliability functions, L’ (b,T) and L (b,T), are also
plotted. It is worth noting that for A =0.1 (see Figs. 3a), the UB and LB of Ll'Jlmax (b,T) provided

by the proposed approach are almost coincident with the exact ones. Furthermore, as shown in Fig.

3b, an excellent agreement between the proposed and exact bounds of L{JM (b,T) is also obtained

for larger deviation amplitudes of the interval Young’s moduli, say Aa =0.15. Very accurate

estimates of the bounds of the CDF of the horizontal displacement of node 9 of the truss structure,

L:ngax (b,T), are obtained for both levels of uncertainty, namely Aa=0.1 and Aa=0.15, as shown

in the comparison between the exact and proposed UB and LB depicted in Fig. 4. As expected, the
region of the interval reliability function becomes wider as the uncertainty level increases.

Furthermore, comparison between the regions of the interval CDFs, L, (b,T) and L, (b,T),
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shows that reliability assessment in terms of the extreme value stochastic process

L (T)=U, _(T) is much more affected by uncertainty of Young’s moduli. Obviously, only the

Imax
LB of the interval reliability function is useful for design purpose, since the UB may overestimate

the actual performance of the structure in operating conditions.

Other quantities of interest for the structural design -since strictly related to structural

performance- are the interval mean-value » (T) and interval variance oy' (T) of the extreme
value random process Y. (T). Following the formulation proposed by Davenport [47] and applying
interval extension, the approximate expressions for the interval mean-value, x4 (T), and interval
variance, szmlax (T), are provided, respectively, by:

O 5772 |
O,
2 In )

2In +IT (55)

and

21 - i 21
o (T)= [—12”]( T )}O'Y . (56)

It is worth observing that the previous relationships provide both  (T) and oy (T) as explicit
expressions of zero- and second-order spectral moments of the response process Y'(t). Indeed,
v, denotes the mean up-crossing rate at level ! >0, defined in Eq. (16) in terms of Agy @nd
Ay, While o' is the interval variance of Y'(t) which coincides with the zero-order interval
spectral moment A, .

Following the philosophy of the so-called structural reliability index introduced in engineering
practice as a measure of structural safety, an interval index, labelled as g, (T), and related to the

ratio of mean-value of Y! (T) (see Eq. (55)) to its standard deviation (see Eq. (56)) is here
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introduced in order to provide a further validation of the accuracy of the proposed procedure. In this

context, the interval index, B, (T), is defined as follows:

B (T)=|B,.(T). A, (T)]= Ty (57)

where Db, is a deterministic critical level selected for the response variable b, while

m (T) :[,quax (T).z, (T )] and oy (T) :[vaax (T).5, (T )] are the interval mean-value and

interval standard deviation of Y (T), respectively, given by Egs. (55) and (56).

max

By applying the rules of interval analysis to Eq. (57), the LB and UB of the interval index,

By (T), are straightforwardly obtained as:

b, — & _ b —
B (T)=L”‘(T)' B, a4, (1) (58a,b)

and their evaluation requires the knowledge of the bounds of the interval mean-value and standard

deviation of Y| (T).
Taking into account the explicit expressions (55) and (56) of x4 (T) and o, (T) in terms of

zero- and second-order spectral moments, their bounds can be obtained straightforwardly by

applying the rules of interval analysis, i.e.:

. (T)= JZIn[;—nJ&Z,Y (@) 0y (@) ]+ — Joor@;
\/2 In [27[\/42\( (a)//lov (o) j
(59a,b)

A (T)= \/Zln(z-r_n\/}:z,y(a)/zo,v(a) j+\/ 05772 m
2In(

ZTT[\/ZZY (a)//TOY (a) j

and
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Oy . (T) = z x/ﬂ'o,Y (a);
2\/3m[2TnJ12,Y (@) 7oy (@) j

(60a,b)

5. (T)= — Toy ().
2\/3'”@44” (@) %y (0) j

The previous relationships involve the bounds of zero- and second-order spectral moments which
can be evaluated by the proposed procedure as outlined in Section 4 (see Egs. (29a,b) and (47a,b)).

Once the LB and UB of the interval mean-value and standard deviation, 4, (T) and o, (T),
are determined as reported in Egs. (59a,b) and (60a,b), the bounds of the interval index ,&('max (T) for
the selected random process Y,! (T) can be derived by applying Egs. (58a,b).

The index bounds, £, (T) and B, (T), are here evaluated for the extreme value process
Y! (T)=U, . (T) of the horizontal displacement of node 9 of the truss structure considering four

different values of the threshold b,. The estimates of the bounds obtained following both the vertex

method (exact values) and the proposed procedure are reported in Table 1. Table 1 also shows the

absolute percentage error defined as:

‘ﬂ(exact) __ (proposed)

Y max Y max

04) —

£,(%) = 1100 (61)
Y max

where S, ... takes the lower or the upper bound value. Notice that the percentage error does not

exceed the 0.12% value, as further proof of the accuracy of the proposed procedure.
In order to estimate the dispersion of the interval reliability function with respect to the midpoint

value, the so-called coefficient of interval uncertainty (c.i.u.) is introduced:
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It allows to quantify the propagation of the uncertain input parameters to system reliability. Indeed,
the coefficient of interval uncertainty may be viewed as the non-probabilistic counterpart of the

well-known coefficient of variation.
The c.i.u. (in percentage) of the extreme value process Y.! (T)=U,  (T) of the truss structure
under study, is found to be about 0.27% for a threshold b, =0.58 m and A« =0.1, while values of

the c.i.u. of about 0.12 %, 0.049% and 0.020% are obtained for different thresholds, say

b, =0.60,0.62 and 0.64 m, respectively. Notice that the dispersion of the interval CDF around the

midpoint value increases as smaller thresholds corresponding to lower safety levels are considered.

6.2 Wind-Excited Steel Chimney

As second numerical application, the steel chimney structure depicted in Fig. 5 is considered. The
chimney has tubular cross-section with external diameter d =1.45 m and thickness s=0.01 m, and
height H =25.5m; the mass distribution is supposed to be deterministic. The Rayleigh damping
constants appearing in Eq. (6) are taken as ¢, =1.227256 s and ¢, =0.000967 s, respectively, in
such a way that the modal damping ratio for the first and second modes of the nominal structure is
¢, =0.05.

The chimney is modeled as a slender clamped-free beam discretized by five Euler-type finite
elements of equal length L, =5.1m (i=1,2,...,5), with two degrees of freedom at each node, as
reported in Fig. 5.

Also in this numerical application, Young’s modulus of each element is modeled as an interval
parameter E/ =E,(1+Aa§), (i=12..,5) with midpoint value E,=2.1x10°kN/m* and

deviation amplitude Ag; = Ao satisfying the condition Aa <1. The chimney is subjected to
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turbulent wind loads modeled as nodal forces F, ;(z;,t) in the along-wind direction applied to each
node located at different height z, =iL (i=1,2,...,5), and expressed in the form reported in Eq. (53).

The tributary area A of the i -th FE node is A =7.395m’ for i =1,2,..,4 and A, =3.6975 m’.

For this class of structures, the solution of the eigenproblem in Eq. (22) provides only two

eigenvalues different from zero, i.e. p, =2, so that the spectral decomposition of the matrix K,

2
yields K, = > 2AvvOT (see Eq. (20)).

(=1

Figures 6 and 7 show the LB and UB of the interval reliability function of the extreme value

processes of the horizontal displacements of nodes 1 and 5 of the chimney structure,

Y. (T)=U, _(T) and Y! (T)=U.! (T), for two different levels of uncertainty, namely

5max

Aa=0.05 and Aa=0.1, and T =1000T,. The estimates of the LB and UB provided by the
proposed procedure are contrasted with the exact bounds obtained by applying the vertex method

which involves 2° stochastic analyses. For completeness, the nominal CDFs, Lﬁ’l)m (b,T) and
ij’s)max (b,T), are also plotted. It is worth noting that for Aa=0.05 (see Figs. 6a and 7a), the

proposed UB and LB of the CDF are almost coincident with the exact ones. Furthermore, as shown
in Figs. 6b and 7b, very accurate estimates of the bounds of the CDF are also obtained for larger
deviation amplitudes of the interval Young’s moduli, say Aa =0.1, especially in regard of the large
width of the interval itself. Finally, as observed in the previous example, the width of the region of
the interval reliability functions increases when larger uncertainty levels are considered. The gap
between the nominal value and the LB of the interval CDF implies that the actual structural
performance may seriously worsens due to parameters uncertainty.

The accuracy of the proposed procedure for structural reliability analysis of the chimney

structure is measured also in terms of the interval index, £, (T), introduced in Eq. (57). Also for
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this case study, the expressions derived for the bounds of the interval mean-value ILtJmax (T) and
standard deviation o, (T) reported in Egs. (59a,b) and (60a,b) hold true.
Table 2 lists the bounds of the interval index g, (T)=/, (T) of the extreme value process

Y! (T)=U. _ (T) of the horizontal displacement of node 5 of the chimney structure under study

5max

pertaining to four different critical values b, together with the absolute percentage errors evaluated

according to Eqg. (61). Also for the chimney structure, the accuracy of the proposed approach is

confirmed by a percentage error ¢,(%) which does not exceed the 6.4% in the region of interest.

Finally, the c.i.u. (in percentage) of the extreme value process Y.! (T)=U. _(T) for the
chimney structure turns out to be about 2.34% for a threshold b, =0.12 m and Aa=0.1, while

values of the c.i.u. of about 0.334 %, 0.039% and 0.004% are obtained for different thresholds, say

b, =0.13,0.14 and 0.15m, respectively. Also in this case, the dispersion of the interval CDF

around the midpoint value decreases as larger threshold values are considered.

7 CONCLUSIONS

Structural reliability assessment of linear discretized structures with interval parameters subjected to
stationary Gaussian random excitation has been addressed. Within the context of the first passage
failure model, under the Poisson assumption of independent up-crossings, an efficient method for
determining the region of the interval reliability function of a selected response process has been
proposed. The key idea is to evaluate the lower bound and upper bound of the interval reliability
function by seeking the minimum and maximum among the reliability functions corresponding to
appropriate combinations of the bounds of the interval mean-value and spectral moments of zero-
and second-order of the response process. In particular, it has been demonstrated that only two
combinations need to be explored for each bound of the interval reliability function, regardless of

the number of uncertain structural parameters. The strength of the method basically lies in the
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derivation of approximate expressions of the bounds of the interval mean-value and spectral
moments involved in the aforementioned combinations by applying the improved interval analysis
via extra unitary interval in conjunction with the so-called Interval Rational Series Expansion.

The proposed approach turns out to be much more efficient from a computational point of view
than a crude combinatorial procedure, i.e. the vertex method, which requires as many stochastic
analyses as are the combinations of the bounds of the interval structural parameters. Furthermore,
for structures with a large number of uncertainties, the computational efficiency can be greatly

enhanced by performing a preliminary sensitivity analysis.

Another remarkable feature of the presented method is that the only source of approximation
affecting the accuracy of the results lies in the evaluation of the bounds of the interval mean-value
and spectral moments of the response by means of the interval analysis via extra unitary interval
and Interval Rational Series Expansion. This circumstance guarantees accurate estimates of the
bounds of the interval reliability function even for relatively large uncertainty levels which, in
general, cannot be handled by other approximate methods like the one based on first-order interval

Taylor series expansion, recently proposed by the authors [31].

For validation purpose, numerical results concerning a truss structure and a steel chimney with
uncertain Young’s modulus under wind excitations have been presented. The accuracy and
computational efficiency of the proposed procedure have been demonstrated by appropriate
comparisons with the vertex method. Such comparisons have shown the accuracy of the proposed
estimates of the bounds of the interval reliability function and related quantities, even for relatively
large uncertainty levels, despite the required computational effort is much lower than the one
associated to the vertex method. Furthermore, numerical results have highlighted the usefulness of

interval-based estimates of structural reliability for design purposes.
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Figure Captions

Fig. 1. Flow-chart of the proposed method for interval reliability analysis.
Fig. 2. 25-bar truss structure under wind excitation.

Fig. 3. Comparison between the exact and proposed UB and LB of the CDF of the extreme value
process Y.! (T)=U, (T) of the horizontal displacement of node 1 of the truss structure

(T =1000T,) with interval Young’s moduli E'=E,(1+Aca§') of the diagonal bars for a)
Aa=0.1andb) Aa=0.15.

Fig. 4. Comparison between the exact and proposed UB and LB of the CDF of the extreme value
process Y! (T)=U, . (T) of the horizontal displacement of node 9 of the truss structure

(T =1000T,) with interval Young’s moduli E'=E,(1+Ac§') of the diagonal bars for a)
Aa=0.1and b) Aa=0.15.

Fig. 5. Chimney structure and FE model.

Fig. 6. Comparison between the exact and proposed UB and LB of the CDF of the extreme value
process Y.! (T)=U, (T) of the horizontal displacement of node 1 of the chimney structure

Imax

(T =1000T,) with interval Young’s moduli E' =E, (1+ Aa éi') for a) Aa=0.05 and b)
Aa=0.1.

Fig. 7. Comparison between the exact and proposed UB and LB of the CDF of the extreme value
process Y. (T)=U. _ (T) of the horizontal displacement of node 5 of the chimney structure

(T =1000T,) with interval Young’s moduli E' =E, (1+ Aaéi') for a) Aa=0.05 and b)
Aa=0.1.

Fig. 8. Professor Giuseppe Muscolino
Fig.9. Dr. Roberta Santoro

Fig.10. Dr. Alba Sofi

37



Table Captions

Table 1. Index ) (T) bounds of the extreme value process Y! (T)=U, _(T) of the horizontal

displacement of node 9 of the truss structure with interval Young’s moduli E! = E,(1+Ac€') of
the diagonal bars for Aa=0.1.

Table 2. Index ﬂljmx (T) bounds of the extreme value process Y. (T)=U. _ (T) of the horizontal

5max

displacement of node 5 of the chimney structure with interval Young’s moduli E' = E, (1+ Aaé! )
for Aa=0.1.
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Figure 1. Flow-chart of the proposed method for interval reliability analysis.




Figure 2. 25-bar truss structure under wind excitation.
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Figure 5. Chimney structure and FE model.



[ === Nominal

| Exact
0.8

| mmmm=msm= Proposed
0.6

| uB
0.4 LB
0.2}

i Aa=0.05
00 e e S T T TR :
0.004 0.005 0.006 0.007 0.008 0.009 0.010

a) b [m]

I
L, (B.T)

1max
1.0 '

[ =r=rmmem Nominal

' Exact Fig
0.8 ;

| msmmms==Proposed,’

| '
0.6
0.4
0.2

- Aa=0.1
0.0 =F ; ]
0.004 0.005 0.006 0.007 0.008 0.009 0.010

b) b [m]

Figure 6. Comparison between the exact and proposed UB and LB of the CDF of the extreme value

process Y! (T)=U, _(T) of the horizontal displacement of node 1 of the chimney structure

(T =1000T,) with interval Young’s moduli E/ =E0(1+Aaéi') for a) Aa=0.05 and h)
Aa=0.1.



fomemimim Nominal

0.8}

| =====u=s Proposed

Exact

' UB
0.4
0.2

| Aa=0.05 |
0.0 : e ; . : : |

0.04 0.06 0.08 0.10 0.12 0.14 0.16
a) b [m]
I

Ly, (b,T)
1.0

[ =r==eme- Nominal

Exact

0.8

| mmmmm==Proposed
0.6 UB
0.4
0.2

' Aa=0.1 |
0.0 : e '

0.04 0.06 0.08 0.10 0.12 0.14 0.16
b) b [m]

Figure 7. Comparison between the exact and proposed UB and LB of the CDF of the extreme value
(T) of the horizontal displacement of node 5 of the chimney structure

process Y. (T)=U
(T =1000T,) with
Aa=0.1.

5Smax

interval Young’s moduli E/ =E0(1+Aaéi') for a) Aa=0.05 and b)



Figure 8. Professor Giuseppe Muscolino



Figure 9. Dr. Roberta Santoro



Figure 10. Dr. Alba Sofi



Table 1. Index )  bounds of the extreme value process Y, (T)=U,, (T) of the horizontal

displacement of node 9 of the truss structure with interval Young’s moduli E

the diagonal bars for A =0.1

=E,(1+Aaé) of

Index £,  bounds
bo B, B, B, B
(exact) (proposed) (exact) (proposed)
0.58 5.2157 5.2213 5.5195 5.5259
£;(%) 0.109 0.116
0.60 5.7315 5.7374 6.0469 6.0536
&,(%) 0.102 0.110
0.62 6.2474 6.2534 6.5743 6.5812
£;(%) 0.097 0.104
0.64 6.7633 6.7695 7.1018 7.1089
£5(%) 0.092 0.010




Table 2. Index )  bounds of the extreme value process Y, (T)=Us,,, (T) of the horizontal

displacement of node 5 of the chimney structure with interval Young’s moduli E' = E, (1+ Ao €' )
for Aa=0.1

Index 4, bounds
bo B B, Bum ﬁus,max
(exact) (proposed) (exact) (proposed)

0.12 4.2789 4.4139 7.4813 7.9566
&,(%) 3.154 6.353

0.13 5.4313 5.5674 8.9273 9.4343
&,(%) 2.505 5.678

0.14 6.5837 6.7208 10.3734 10.9120
£45(%) 2.083 5.192

0.15 7.7361 7.8743 11.8194 12.3896
&,(%) 2,505 4.824




