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Pasquale Candito* Leszek Gasinskil and Roberto Livrea*

June 5, 2019

Keywords: (a,2)-operator, constant sign solutions, nodal solutions, multiplic-
ity of solutions, nonhomogeneous operator.

Abstract: We consider parametric Dirichlet problems driven by the sum of
a Laplacian and a nonhomogeneous differential operator ((a,2)-type equation)
and with a reaction term which exhibits arbitrary polynomial growth and a
nonlinear dependence on the parameter. We prove the existence of three distinct
nontrivial smooth solutions for small values of the parameter, providing sign
information for them: one is positive, one is negative and the third one is nodal.

2010 AMS Subject Classification: 35J20, 35J60, 35J92

1 Introduction

In this paper we study the following Dirichlet problem

{ —diva(Vu) — Au = fi(z,u) in Q, (Pr)

ulaq = 0,

where Q@ C RY is a bounded domain with a C*® boundary 99, 0 < a < 1,
—div(a(Vu)) is a nonhomogeneous operator with a : RY — R continuous,
strictly monotone satisfying certain regularity conditions which are listed in
hypotheses H(a) below and fy : Q@ x R — R is a Carathéodory function (i.e., for
all z € R, A > 0, 2 — fx(z,s) is measurable and for almost all z € Q, A > 0,
s = fa(z, s) is continuous) involving a positive parameter \.

The operator —div(a(Vu)) generalizes the p-Laplacian operator to a possibly
nonhomogeneous setting. The sum —div a(Vu) — Au forms the so called (a, 2)-
type operator and generalizes in a natural way the (p, 2)-operator, which arises in
problems of mathematical physics: see [3] (quantum physics), [35] (double phase
problems in elasticity theory), [6], [33] (plasma physics). Some recent results on

*The research was supported by INAAM — GNAMPA.
TThe research was supported by the National Science Center of Poland under Project No.
2015/19/B/ST1/01169.
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existence and multiplicity of solutions for (p,2)-equations are obtained in [1],
[7], [16], [23], [24], [25], [26], [30], [31], [34]. In our setting, the (p,2)-Laplacian is
a particular case of the (a, 2)-operator provided that 2 < p < 400, see Examples
2.4 (a). However, the main difference between these two operators is located
in the “nonlinear part”, that is, the operator a(-) may be nonhomogeneous
(the novelty here is given by H(a)(4)), on the contrary of the p-Laplacian, may
be nonomogeneous. A meaningful example of nonhomogeneous operator is the
(p, q)-Laplacian, see Example 2.4 (b). Moreover, Examples 2.4 (c) and (d)
involve nonlinear nonhomogeneous differential operators that cannot be reduced
to a p—Laplacian type operator.

The aim of this paper is to establish the existence of at least three nontrivial
solutions for problem (P ) under a suitable sublinear conditions at zero on
the reaction term f) and without assuming any asymptotic condition at infinity
(Theorem 3.3). Hence, a global supercritical growth on fy is also allowed (The-
orem 3.1) and, as it is well known, this is not a standard situation. Indeed, a
critical and/or a supercritical growth condition at infinity produce, for instance,
a lack of compactness which makes more difficult the application of the classi-
cal tools of nonlinear analysis. Here, by the way of a suitable combination of
sub-super solutions and truncation techniques, we adopt the direct methods in
calculus of variations, in conjunction with Lieberman’s regularity results [21],
the strong maximum principle and the boundary point Lemma of Pucci-Serrin
(Theorems 2.8, 2.9), to obtain the existence of at least one strictly positive and
one strictly negative solution, see Theorem 3.1 and the preparatory Lemmas
2.6 and 2.10. In particular, adapting a reasoning of [16], we exploit the strong
regularity property of the solutions of the Laplace equation to construct suitable
sub-super solutions for problem (P ). However, here the conditions at zero on
the reaction term are slightly more general (Lemma 2.11).

At the best of our knowledge, there are not other papers dealing with (a, 2)-
operators and the result concerning the existence of a third nodal solution (The-
orem 4.1) seems to be new also for a (p,2)-equation.

Finally, in comparison with the above mentioned papers and the references
therein, see also [17], [19] and [27], the main differences that one could point
out consist in:

(I) a more specific assumption on 9€;
(IT) the particular and new structure of the (a,2)-operator;

(III) suitable conditions on the reaction term, so that fy(x,-) can assume both
linear (see H(f)(ii)) or sublinear (see H(f)(ii)’) behaviour near at zero;

(IV) fa(x,-) does not satisfies any particular asymptotic condition at infinity.
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2 Mathematical background and preliminary lem-

mas
In the study of problem (Py,y) in addition to the Sobolev space Wy * () equipped

with the norm
1,
[ull = IVullp, Yu e WyP(Q),

we will also use the ordered Banach space
Co(Q) = {uel'(): ulpo =0},
whose positive cone is given by
(Co( M)+ = {ueCi(Q): u(x) >0forallze}.
This cone has a nonempty interior, given by

Dy = {u € (C3(Q)+: u(z) >0 forall z € Q, g—u(x) <0Oforallz e 89} .
n
Here n(-) denotes the outward unit normal on Jf2.
Next, we introduce the conditions on the function a(-) involved in the defini-
tion of the differential operator. So, let € C*(0, 4+00) be a function satisfying

(¢

0<e< D o wso (2.1)
n(t)

at!™t < n(t) < c(l+tP7Y) V>0, (2.2)

with ¢, ¢, c1,c2 > 0 and p > 2, see Remark 2.1. Denote with |y| the euclidian
norm of y € RY. The hypotheses on the function a(-) are the following:

H(a) : a(y) = ao(|y|)y for all y € RN, with ag(t) > 0 for allt > 0 and
(i) ag € C1(0,+00), the function t —s tag(t) is strictly increasing,

!/
lim tag ()
N0 ag(t)

= Ay € R,
and there exist two constants o1, 02 € (0,1) such that

t
lim t®ay(t) =0 and lim ao(t)
0 NGRS

=0; (2.3)

(ii) there exists cs > 0, such that

Val)| < o™ vy e RV 0):
(iti) we have

(Va@)e, €),n > 77(|5|)§||2 vy e RV \ {0}, € € RV
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() if Go(t) = fg sag(s)ds for all t > 0, then there exist T € (1,p] and
o € (0,+00) such that

lim 7TGO(t) =0
tNO T

Remark 2.1. Assumptions H(a) force to have 2 < 7 < p. Indeed, from the
second limit in (2.3) it follows that

ap(t) — 0 ast — 0, (2.4)
and, if it was 1 < 7 < 2, by the LL’Hopital’s rule one would have

o = lim TGO(t) = lim ao(t)
N0 ET N0 172

:O7

in contradiction with H(a)(iv).

Remark 2.2. It is clear from the above hypotheses that the primitive Go(-) is
strictly convex and strictly increasing. If we set

G(y) = Go(lyl) VyeRY,

then G(-) is convex and

VG(y) = GM% = ao(lyy = aly) VyeRV\ {0},

Therefore G(-) is the primitive of a(-).

The above hypotheses on a(-) lead to the following lemma summarizing the
main properties of the function a(-) (see [18, Lemma 3.2 and Corollary 3.3]).

Lemma 2.3. If hypotheses H(a)(i) — (#i) hold, then
(a) the function y — a(y) is maximal monotone and strictly monotone;
(b) there exists ¢4 > 0, such that

la(y)] < ea(1+ylP~") VyeRY;

(¢) we have
c

(ay), y)pn =

Iyl vy e RY;
(d) there exists c5 > 0, such that

C1

—— |yl < Gy) < es(1+y|P) VyeRN.
p(p_l)\yl (v) s(1+[ylP) Yy

Next we present some examples of maps a(-) which satisfy hypotheses H(a)
above. These examples illustrate the generality of our conditions on af(-).
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Example 2.4. The following maps y — a(y) satisfy hypotheses H(a).
(a) a(y) = |y|P~2y with 2 < p < 4+o00. This map corresponds to the p-Laplacian
differential operator defined by

Apu = div (|[VuP~2Vu) Vu e WHP(Q).

Note that hypothesis H(a)(i) holds with ¢; € (max{0,3 — p},1) and gs €
(0, min{p — 2,1}).

(b) a(y) = |y|P~%y + |y|9~2y with 2 < ¢ < p < +oo. This map corresponds to
the (p, ¢)-Laplace differential operator defined by

Apu+ Agu Yu € WHP(Q).

Note that hypothesis H(a)(i) holds with ¢; € (max{0,3 — ¢},1) and g2 €
(0, min{q — 2,1}).

(c) ay) = (1 + |y|2)pT72y —y with 4 < p < 400. This map corresponds to
the generalized p-mean curvature differential operator plus the Laplace opera-
tor defined by

div ((1+ |Vul®) ™= Vu) — Au Yu € WEP(Q).

Hypothesis H(a)(7) holds with any o1, 02 € (0,1) and with

t /
m ap(t)
N0 ag(t)

(d) aly) = [y~ 2y + If-‘:l;\? with 2 < p < 400. This map corresponds to the

following differential operator

|VulP~2Vu

A .
pu +div ( T+ [V

) Yu € WyP(Q),
which arises in problem of plasticity. Also here hypothesis H(a)(i) holds with
01 € (max{0,3 — p},1) and g2 € (0, min{p — 2,1}).

Let A: WyP(Q) — W(Q) = WyP(Q)* (with £ + L = 1) be the
nonlinear function defined by

A(u) = —diva(Vu), Yue WP (Q),

that is
(A(w),y) = / (a(Vu), Vo), do, Vu,y € WEP(Q).
Q

We have the following properties of A (see [11, p. 746]).
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Proposition 2.5. If hypotheses H(a)(i) — (iii) hold, then A: WP (Q) —
WP (Q) is bounded (maps bounded sets to bounded ones), continuous, strictly
monotone (hence mazimal monotone) and of type (S)4, i.e., if u, — u weakly
in Wy (Q) and

n—-4oo

then w, — u in Wy (Q).

Now, we recall some basic definitions and results concerning the following
Dirichlet problem

(Pp)

{ —diva(Vu) — Au = f(z,u), inQ,
f

ulan = 0,

where a € C1(0, +00) is a function satisfying hypotheses H(a) and FiOxR >R
is a function with subcritical growth, namely it satisfies the following hypotheses:

H(f) ]?: Q x R — R is a Carathéodory function such that

(i) there exist @ € L*®(Q)4, ¢ > 0and 1 < r < p*, s.t.

|F(z,8)| < a(@)+cls|""", foraa zcQandallseR,

Wherep*:%,ifp<Nandp*=+oo7ifp>N.

~

(ii) f(x,0) =0 for almost all x € €,

_ We recall that the Nemytskij map corresponding to a measurable function
f: QxR — R is indicated as

o~

Niw)(-) = f(u(-), for all u € WyP(Q).

Set

~

F(z,s) = fla,t)dt, for all (z,s) € QxR.

S~

0

It is well-known that the critical points of the C''-functional
1 ~
I(u) = / G(Vu(z)) dz + §||Vu||g - / F(z,u(z))de Yue WyP(Q),
Q Q

are the weak solutions of problem (PJ?)7 ie,u € Wol’p(Q) is a weak solution of
problem (Py) if

A(u) = Au= Np(u), in W7 (Q).

We say that u € WHP(Q) is a super (sub) solution of problem (Pf) if ujpq =0
(1190 < 0) and

Au) = Au > (S)N7(w), in WH7(Q).
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We impose u > 0 (resp. u < 0) on 992 in the sense of trace operator.
Now, our aim is to localize some critical points of the functional I, see [5].
Let u and @ be two functions in Wol’p(Q), with u < uw. We consider the

following three Carathéodory functions f¢, fl,f;‘ : QxR — R defined, for
every (z,s) € Q x R by

Moreover, denote by F'¥, ﬁﬂ and ﬁg the primitives of f7, JZ and fg respec-
tively, (for instance, F"(z,&) = fof' fﬂ(x,s)ds for every (z,€) € Q x R). We
consider the following functionals defined on WO1 P(Q),

~
S5
—~
g
=
I

1 A,
/G(Vw)dw—i—fHVwH%—/F"(:c,w)dm,
Q 2 Q
1 N
L) = [ GV +3Ivul - [ e,

Ly (w)

1 -
/G(Vw)dx+fHVwH§—/ F(z, w)dz
Q 2 Q =

for all w € WyP(Q). Such functionals are weakly lower semicontinuous and
continuously Gatedux differentiable on Wy?(Q).

Let € R. We set #* := max{+z,0} and for u € W, "*(Q), we define
u (1) = u(-)E. We know that u* € Wy*(Q), |u| = vt + v~ and u = ut —u~.

Lemma 2.6. Let u and u be respectively a sub-solution and a super-solution of
problem (Pz). Then we have:

1) If u is a critical point of I in Wol’p(Q), then u < 4.
2) If u is a critical point of I, in Wol’p(ﬂ), then u < u.

8) Provided that uw < 1, if w is a critical point of I} in WoP(2), then one
has that u < w < .

Proof. We only show that 1) holds, the proof of 2) is similar, while 3) follows
at once combining 1) and 2). Let u be a critical point of I®. Since I" is a
C'-functional, this means that
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Testing such equation with (v — @)™ € W, "*(€) and using the fact that @ is a
super-solution for problem (Pf), we have

(A(u) — Au, (u—u)*) = / F (@, u(z))(u—u)t da
Q
= | [iz,u@)(u-u)tde < (A@) - AT, (u—a)*),
which forces

/{< } (a(u) — a(@), Vu — Vi) dr + | V(u — 1) T3
= (A(u) — A(w) — Au+ Au, (u—u)") < 0.

On the other hand, due to Proposition 2.5, we have that the operator A is
strictly monotone that implies

/7 (a(u) — a(w), Vu — Vu) dz = 0.
{u<u}

Putting together the last two inequalities, we have that {7 < u}|gy = 0. Hence,
we conclude that u < @ in Wy?(Q). O

The following proposition is a modification of the result due to Gasinski-
Papageorgiou [13, Proposition 2.6] and its proof can be obtained using the
regularity results due to Lieberman [21].

Proposition 2.7. If ug € Wy*(Q) is a local CL(Q)-minimizer of I, i.e., there
exists r1 > 0 s.t.

I(ug) < I(ug +¢),  for all p € Cy(Q) with ||¢l| ¢ ey < 71

then ug € Co"(Q) with 1 € (0,1) and it is a local Wy P ()-minimizer of I, i.e.,
there exists ro > 0 s.t.

I(uo) < I(uo + @),  for all o € Wy'*() with H<p||W01,p(Q) < ra.

A further analysis, based on the previous proposition, on the maximum
principle, and on the boundary point lemma of Pucci-Serrin ([29]), leads to
some qualitative properties of suitable critical points of I. For the reader con-
venience, before to detail these properties, we recall suitable versions of the
regularity results, due to Pucci-Serrin, when the following differential inequality
is considered ~

div (a(|Vu|)Vu) + b(a,u) <0 (2.5)

in , where

(@), a € CYRT);
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(@)2 t —> tag(t) is strictly increasing in RY and tag(t) — 0 as t N\, 0;

while b € L2 (Q x RT) is such that

loc
(b)1 b(x,s) > —b(s) for a.a. x € Q and for all s > 0,
with b being a function such that

(b)1 b(0) = 0 and b is continuous and non-decreasing on some interval (0,d1),
(;1 > 0.

Theorem 2.8 (Strong maximum principle [29], page 111). Suppose that

ta' (t)
0 a(t)

=0. (2.6)

Let (a)1, ()2, (b)1 and (b)1 be satisfied. For the strong mazimum principle to
be valid for (2.5) it is sufficient that

01 1

where H(t) = t2a(t) — [y €a(€) d&, t >0, and B(s) = [ b(t) dt.

Theorem 2.9 (Boundary point lemma [29], page 120). Assume (2.6). Sup-
pose that (@)1, (@)2, (b)1 and (b); hold and that (2.7) is satisfied.
Let u be a C' solution of (2.5) in Q, with u > 0 in Q and u(x) = 0, where

x € 00). If Q satisfies an interior sphere condition at x, then % <0 atz.
Let us now point out a variational property of certain solutions of (Pf)~

Lemma 2.10. Let u and uw be as in Lemma 2.6. Assume that there exists 6 > 0
such that

~

sf(x,8) >0 for a.a. x € Q, for all s € [-4,0]. (2.8)

Then we have:

(1) If 0 = u < @ and ug € Wy (Q) is a nontrivial global minimizer for I,
then ug is a local minimizer of I and ug € D .

(2) Ifu <@ =0 and ug € WyP(Q) is a nontrivial global minimizer for I,
then ug is a local minimizer of I, and ug € —D..

Proof. Let us prove only (1), the proof of (2) being similar. Let ug € Wol’p(Q) be
a nontrivial global minimizer for [§. From Lemma 2.6 it follows that u € [0, u],
hence it is a weak solution of (Pf)- Applying the results of [10], see also [20, p.
286], we have that ug € L>(£2). Hence, from the regularity theory of Lieberman
[21] one has that
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We claim that
ug € Dy. (2.10)

To verify (2.10) put
a(t) =ap(t) +1forallt >0
and observe that, in view of H(a), both (a); and (@) hold (Remark 2.1). More-

over, in view of H(a)(4)

ta'(t) . tag(t)  ao(t)

N0 a(t) e ao(t)  ao(t) + 1

:O7

namely (2.6) holds.
Reasoning as in [4, Lemma 3.1], from H(f)(i) and (2.8) it follows that for
any M > 0 there exists cp; > 0 such that

fla,s)+eyus?P™ P >0 foraa ze, alsecl0,M]. (2.11)

Indeed, fixed M > 0, if M < 6 then (2.11) trivially holds with arbitrary cp; > 0,
since

Fla,s)+ s> f(z,s) >0 foraa xec, allsel0,M]CI0,d
If M >4, put K = ||alj +c|M|""1, cps = max {1, 525+ } and observe that
f(x,s) +cpsP > f(x,s) + 57 > f(x,s) >0 foraa. xef allsC]I0,J].

(2.12)
Moreover,

~ ~ K
—fla,8) <|f(z,s)| < K < Fsp_l <cpysP™! for aa. x € Q,Vs €[5, M].

(2.13)
Hence, (2.12) and (2.13) imply (2.11).
Consider M = ||ugl|, then one has
div a(|Vuo| Vue) = diva(Vug) + Aug = — f(a, uo) < earluol? ™1,
for a.a. x € Q. Namely, ug solves (2.5), where b(z,s) = —cprsP~1, so that (b),

is verified with b = —b.
For every ¢t > 0, exploiting H(a)(iii) and (2.2), with y = (¢,0,...,0) and
¢ =(1,0,...,0), one has

ar? < MM < (age, o,
= aMHyH)ﬁ@@+ao<||y|\>6ijeifj
aj(t)

= TtQ +a0(t),
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that is
2al(t) + tao(t) > P! for all t >0,

and integrating one has

t
2a0(t) f/ €ap(€) de > 47 for all t > 0,
0 p

that leads to
t
fm)=t%®—45a©%
t 2
_ 2 2 _ de — i
Paolt) +# = [ €an(e) de - 5

t 2
= Fao(t) - [ €af©) de+ 5

SLp for all ¢ > 0. (2.14)
P

Y

A direct computation shows that
tag(t)
ao(t)

and, in view of H(a)(7), there exits do > 0 such that H is continuous and strictly
increasing in (0, 02]. Put Ho(t) = <-¢¥ for all ¢ € (0,d2]. Then,

H'(t) = tag(t) (1 + ) +t forallt>0,

H™'(s) < Hy'(s) for all s € (0, Hy(d2)]. (2.15)
If not, let 5 € (0, Hy(d2)] be such that
H™'(3) > Hy ' (3).
Hence, thanks to the monotonicity of H and in view of (2.14), we achieve
5> H(Hy'(3)) = Ho(Hy ' (3)) =5,

a contradiction, and so (2.15) holds. At this point one has

507 2 T (QYM1f s € (0, (c1/ear)'/?52)
=— — forall s ,(c1/c .
H(B(s) = Hy (Bs)  \ew) s e
Finally, if §; € (0, (c1/car)'/P8s), it is clear that (2.7) holds. Hence, we can
apply Theorem 2.8 and get ug > 0 in Q. Taking in mind (2.9), because of

Theorem 2.9 one can conclude that claim (2.10) is verified.
Let U be a C'-neighborhood of uq such that ug € U C D,. Then

I"(uo) = Iy (uo) < Ig(u) = I"(u),

for every u € U, that is ug is a C}(£2) local minimizer of I'*. Therefore, Propo-
sition 2.7 ensures that ug is also a W, ?(Q) local minimizer of I™.
]
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The next lemma will be useful for producing nontrivial solutions.

Lemma 2.11. Let f: Q xR — R be a Carathéodory function satisfying con-

~

ditions H(f). Let a : RN — RN be an operator fulfilling hypotheses H(a).
Assume that

(i) there exist 69 > 0 and ¢ > 0 with ¢ > A1 /2, where Ay is the first eigenvalue
of (A, Wy () such that

cls| < ﬁ(x,s), for all |s| < do and for a.a. x € Q.

Then, zero is not a local W&’p(ﬂ)—minimizer for the functional I.

Proof. By using hypothesis H (a)(iv), we have that there exists 5 € (0, dp) such
that

t 2 -
Gg( )27 forall 0<t<d (2.16)
T T
Let ¢ be the positive eigenfunction related to A\; and normalized in L?().
Recall that ¢; € D,. Hence, for every

0 < p<p:=min % % { L (c—)\1>}1/(7_2)
per max [61(2)] " max [V (@)]" |20 VarllF \" 7 2 ’

owing to (2.16) and (i), one has

Hpn) = [ GolIVpa(@l)da+ 51Vpin (@)l = [ Flapin(a)) da

. 2
< %L/Q‘V(ﬁl(x)r dz + %/Q\V¢1(9U)|2 dx—cp2/ﬂ|¢1($)|2d$

T

20p7 2 A
= 2 (2 [V ant ).
T Q 2

From this, recall also that, as observed in Remark 2.1, 7 > 2, we see that

for every p € (0, p), that is, the zero function is not a local Cg(£2)-minimizer for
I. By the embedding of C}(Q) in Wy"?(Q), it is clear that pp; — 0 in Wy (Q),
as p — 07. Hence, the conclusion is achieved. O]

Remark 2.12. From the proof of Lemma 2.11 it follows that condition H (a)(iv)
could be replaced by the more general

lim S0
AN A

=0

for some 7 € (1, p), provided F (z,-) satisfies a more restrictive condition, namely
it is (y)-linear at zero, with v € (1, min{r,2}). This kind of conditions will be
assumed in Section 4.
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3 Multiplicity Results

In this section we proof the existence of at least three nontrivial smooth solutions
for problem (P, ), staring with the two of constant sign. The assumptions for
the nonlinearity f are the following:

H(f) : Forevery A >0, fr: QxR — R is a Carathéodory function, such that
fn(x,0) =0 for almost all x € Q and

(i) there exists ¢ > 0 such that for every X >0
a2, 8)] < ax(x) +éls|™
for almost all x € Q, all s € R, with ay € L>®(Q)+ and |lar]|coc — 0
as AN 0, as well as 2 <ry < +oo andry —>r > 2 as A\ 0;
(ii) for every A > 0, there exists 05 > AL such that

lim inf M =0,
s—0 S

uniformly for a.a. x € €.
We start with the existence of two nontrivial constant sign solutions.

Theorem 3.1. If hypotheses H(a) and H(f) hold, then there exists \* > 0 such
that for every A € (0, \*) problem (Py ) admits at least two nontrivial constant
sign smooth solutions

uy € D+ and Uy € —D+.
Proof. First we consider the following auxiliary Dirichlet problem

{ —Ae(z)

=1 inQ,
€|8Q = 0.

(3.1)

This problem has a unique solution e € D, . In fact since we assumed that 0f)
is a C3-manifold, standard regularity theory (see Troianiello [32, Theorem 3.23,
page 189]) implies that e € C%(Q).

Claim 1. There exists o > 1 such that

A
My = sup lAte) oo < 400 (3.2)
te[0,1] te
We have
A(te) = —div (agp(|Vite|)Vie)
t(Ve, VL )rn de 0?%e

= _ . / — —
= 0 |ahve) B JE iVl o

i=1
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N de
VC,Vf 2

- [ TR et

e T x5

As e € C%(Q), we have that all first and second partial derivatives of e are
continuous and thus bounded on . Using also hypothesis H(a)(i), we get that
A(te) € C(Q) and (3.2) holds with o = min{2 — g1,1 + g2} > 1. This proves
Claim 1.

Claim 2. There exists A* > 0 such that for every A € (0,\*), we can find
& € (0,1) for which we have

llaxlloo + c(€llellc)™ 1 < & — (€3)°Ma,

where M4 and p > 1 are given by Claim 1.
Arguing by contradiction, suppose that we can find a sequence {A,},>1 C
(0,1) such that A, \, 0 and

lax, lloo + c(€lle]los)™ ™1 > € —€2My VYn>1, €>0.
Letting n — +oo and using hypothesis H(f)(i) we obtain
c(Ellello)™™ = &(1 - €87 M),

SO
€2 el > 1- g0 My,

But recall that » > 2, o > 1 and £ > 0 is arbitrary. So, we let £ \, 0 and we
reach a contradiction. This proves Claim 2.

Fix A € (0,\*) and let uy = &le € Dy N C?(Q). From Claims 1 and 2 and
hypothesis H(f)(z) we have

Ain(@) — An(z) > —M@wmz*—@>MﬁﬂM
> & —(£)°Ma > Jlarllo + c(&)llelloe) ™
> fa(z,ur(x)) for aa. z €. (3.3)

Hence, we have that @y is a super-solution of problem (P ) and uy = 0 is
obviously a sub-solution.

For A € (0,\*) we consider truncation (fy)i* of the reaction fy(z,-): and
the C'-functional (1,)5*: W, P (2) — R defined by

()5 (w) = /QG(Vu)der§||Vu||§f/Q(]?A)g*(z,u) dz YueWy"(Q).

Evidently (I,)§* is coercive (Lemma 2.3(d)) and by the Sobolev embedding
theorem, we see that it is also sequentially weakly lower semicontinuous. So, by
the Weierstrass theorem, we can find uy € Wy*(€2) such that

(Ig* (wa) = inf  (I)g> (u), (3.4)
wEWLP(Q)
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and Lemma 2.6 ensures that
uy € [0,@,], (3.5)

where [0,7)] = {u € WyP(Q) : 0 < u(z) < Tx(z) for almost all z € Q.
Assumption H(f)(éi) implies that condition (i) of Lemma 2.11 holds with F' =
(F)\)g*, so that, uwy is nontrivial. Moreover, Lemma 2.10, implies that

U)\GD+

and it is a local minimizer of (Iy)** that concludes the first part of the proof.
In a similar fashion, using this time u, = —y € (—=D;)NC?(Q), we produce
a negative solution vy € —D,. O

Remark 3.2. We wish to explicitly point out that assumption (H)(f)(ii) is
verified when, in particular, fy(z,-) is sublinear at zero, namely, for example, if

(i3)" for every X\ > 0, there exist yx € (1,2), 05 > 0 such that

uniformly for a.a. x € Q.

In fact, in this case, the more restrictive condition holds

lim 7f/\($’ )
s—0 S

= +o00 (3.6)

uniformly for a.a. x € €, for every A > 0.

We conclude pointing out a further multiplicity result, provided f is sublinear
at zero.

Theorem 3.3. If hypotheses H(a) and H(f)(i) hold in addition to (3.6). Then
there exists \* > 0 such that for every X € (0, \*) problem (Py ) admits at least
three distinct nontrivial smooth solutions

ux € Dy, vy € —Dy and Wy € [uy,Un) QO&(Q)

Proof. From Theorem 3.1 we obtain A* > 0 such that for every A € (0,\*)
there exists the solutions uy € Dy and vy € —D,. Fix A € (0, A*) and let us
prove the existence of a third nontrivial solution @y € [u,,ux]NCL(Q). Clearly,
because of Lemma 2.6, we can obtain our conclusion verifying that

Igﬁ admits a nontrivial critical point @) such that wy # vy and Wy # uy,
(3.7)
where u, and ) are as in the proof of Theorem 3.1. Preliminary, we observe
that from the proof of Theorem 3.1 we can emphasize the following further
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properties: uy and vy are nonzero global minimizers of Ioﬂ* and 1’2A respectively,
such that
ISA (va) <0 I (uy) <O0. (3.8)
Hence, since uy € D1 N[0,uy] and vy € —D4 N [uy,0], it is clear that they
are local minimizers of IZ; with respect to the Cg(Q)-topology. Thus, applying
Proposition 2.7, we can conclude that

vy and uy, are Wy (Q) — local minimizers of IZ; (3.9)
Furthermore, observe that

IZ; satisfies the Palais-Smale condition. (3.10)

In fact, let {w,} C Wy*(€) be a sequence such that {Ig; (wp)} is bounded
and (I;)"(wy,) — 0. Hence, since I;} is coercive (exploit the definition of the
truncation and condition d) of Lemma 2.3), there exists w € W, ?(£2) such that
w, — w weakly in Wy (Q) and w, — w in LP(Q) (where a subsequence is
considered if necessary). Observe that

limsup (A(w,), w, —w) = limsup [(A(w,),w, —w) + (—Aw, w, — w)]

n—-+oo n—-+oo

< limsup [(A(wy), wy, — w) + (—Awy,, w, — w)]

n—-4oo

=t [ @) (o)~ w(o) da =0
where we exploited the monotonicity of —A, the convergence of (Igi)’ (wp,), the
definition of the truncation fg: (x,-), assumption H(f)(#) and the convergence
properties of {w, }. At this point, (3.10) follows directly from Proposition 2.5.
Summarizing, we can apply [28, Corollary 1] to the C'-functional Ifi SO
that it possesses a third critical point wy, being

u, )

"™ (@) = p = inf I ((t
u (Wx) = p inf, max w (n(1)),

where T' = {n € C°([0,1], Wy P(Q)) : n(0) = vx, n(1) = ux}. Let us now show
that assuming (3.7) false we achieve a contradiction. The negation of (3.7), in
combination with (3.9), implies that

K={weWgP(@): (IR) (@) =0} ={uy, 0, w},  (3.11)
namely, wy = 0 and, in particular,
p=0. (3.12)
We will conclude producing a path 77 € T" such that

I™(7(t)) < 0, 3.13
s Iy} (m(1)) (3.13)
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thus the following contradiction occurs

0=pu< I (n(t)) < 0.
s ma I, (m(t))

Let 21, 25 € C3(R) be two linearly independent functions, normalized in W7 ()
and such that

1]l = llz2ll = 1, 21 € =(Co()+, 22 € (Co(Q))+-

Put Z = span{z1, 22} and consider suitable positive constants d;, i = 1,...,4,
such that for every z € Z

duz] < llzllgy @y < dell=ll

2]l < llzllz < dafl2]-
Fix M > k3 /d3, where ky is the constant of the embedding WP () — Wi2(Q)
(remember that p > 2), and exploit (3.6) to find § = §(\, M) > 0 such that

Ilz,5)

S

> M
for a.a. € Q and every s € [—4,0] \ {0}. Hence,
M
F)\(Jf, S) > ?52

for a.a. x € Q and every s € [—6,]. B
Assumption H(a)(iv) assures the existence of § > 0 such that

2
Go(t) < =24™ Wt e [0,d).
T

Recalling that uy € Dy and vy € =Dy, fix € € (0, min{g,g}) such that
ux +eBei(0,1) C (Ca(N))y, —ua +eBc1(0,1) C (Ca ()4, (3.14)
where Bei (0,1) = {u € CH@) : Ilulloym < 1}.
. Y R R pv ) .
Fix p € (0,min{ =, {W(Mag - kg)} , where k, is constant of
the embedding LP(2) — L7(2). Put
S$,(2)={z €2+ |2] = p}
and observe that for every z € S,(2)
Vel <5 Izllaym < & (3.15)

in addition to -
ua(z) < z(z) <ux(z), Voel, (3.16)
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as well as B
I (2) < 0. (3.17)

U

In fact, if z € S,(Z) one has
Ielloum < Ielloyam < dellel = dop < £ <3
and (3.15) holds. Moreover, taking in mind (3.14),
uy—z22>0, —vyx+2z2>0,

namely (3.16) holds. Finally,

26 = [ Gol9atal) do+ JI9508 — [ Fileata) do

IN

2% .k M
IVl + 22 - o le03

IN

20— T T 1
TR + 5 (k5 = M3) |

k;_Mdg><O

20
=/ (kIPTZ +
T 2

and (3.17) holds too.
Put 21 = pz; and Z = pzp. It is obvious that z; € S,(Z) (i = 1,2).
Moreover,

mi =L (o) =1 (0a) <TIy (21) = [} (Z1) = i < 0.

From (3.11) it follows that
myx < fi1,

and every v € (mq , [i1) is not a critical value of ng (see also Lemma 2.6). If
SUL i) = fw € WP(Q): 19 (w) < i},

applying the second deformation lemma to ng, there exists a suitable n €

Co([0,1] x S(Iy . fi1), S(Iy , fir)) such that 7(0,w) = w, n(1,w) = vy for every
w e S(ng,ﬂl) and ng (n(t,w)) < IEA (w) for every t € [0,1] and w € S(ng,ﬂl).
Let us define the path 7_ : [0,1] — W, ?(Q) by putting

n-(t)(x) = min{n(t, z1)(x), 0}

for every t € [0,1], z € Q. Obviously n_ € C°([0,1], W, () such that n_(0) =
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z1 and 79— (1) = vy. Moreover, for every ¢ € [0, 1] one has
- N 1 ~
mow) = [ Galn(t.2)()) do + 5 Vn(t,31) (@) de
{n(t,z1)<0} {n(t,z1)<0}

_ / Fa(e,n(t,21)(x)) de
{n(t,z21)<0}

~ 1 ~
| Gtz e [ V(e 2)(@)? da
{n(t,z1)<0} {n(t,z1)<0}

- [ B .2 @) do
Q

< I (n(t2) <10 (B) = [T(3) = i <0
In similar way one can prove the existence of a path 7, € C°([0,1], W, *(Q))
such that 74(0) = 23, 4 (1) = u) and IE; (n4(t)) < 12 < 0 for every t € [0, 1].
Take a path 7z € C°([0,1], W, *(€2)) having range in the (arc-wise con-
nected) set S,(Z) and jointing z; and 2. Finally, the juxtaposition of n_, 1z
and 7n; produces the path 7 stated in (3.13) and the proof is complete. ]

4 Nodal solutions

We devote this section to a deeper analysis with the aim of pointing out a sign
information on the third solution established in Theorem 3.3.

We will assume a slightly more restrictive condition on the nonlinear term f
as well as on the function a(-) related to the differential operator. In particular,
we will replace H(a)(iv) with

(iv)" There exists T € (1,p) such that the function t — Go(t'/7) is convex and

lim Go(t)
tN\O 1T

=0.

Moreover, we will require

H'(f) : For every A >0, fr: QxR — R is a Carathéodory function, such that
fa(z,0) =0 for almost all z € Q and

(1) there exists ¢ > 0 such that for every A > 0
|[fa(z,5)] < ax(@) +éls[> 7!

for almost all x € Q, all s € R, with ay € L>®(Q)+ and |lar]|cc — 0
as AN 0, as well asp <ry < +oo andry —> 1 >p as A\ 0;

(13)" for every A > 0, there exist vy € (1, min{7,2}), 65 > 0 such that

uniformly for a.a. x € Q.
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Theorem 4.1. Assume that hypotheses H(a)(i) — (iii), H(a)(iv)" and H'(f)
hold. Then there exists \* > 0 such that for every A € (0, \*) problem (Pj,x)
admits at least three distinct nontrivial smooth solutions

uy € Dy, vi € =Dy and wy €vi,ui[NCH(Q)\ {0} is nodal.

Proof. Since H'(f) implies H(f), bearing in mind Remark 2.12, one can follows
the same arguments of Theorem 3.3, and conclude that there exists A* > 0 such
that for every A € (0, A*) problem (Py ) admits at least two nontrivial constant
sign smooth solutions

uy € Dy and vy € —Dg.
In particular, recall that
wy <oy <0< wuy <y,

with Ty = &e and uy, = —&ge for some &) € (0,1) and e € C?(Q) is the unique
solution of (3.1). Fix A € (0,A\*) and consider the nonempty sets

Sy(N) ={ueWyP(Q): 0<u<uy, and u is a solution of problem (Py )},

S_(\) ={ueWyP(Q): uy, <u<0and u is a solution of problem (Pj)}.

The rest of proof is split in several steps.

Step 1. There exist @) € Dy N[0,uy\] and vy € —D N[y, 0] such that

v<10y, Ux<u

for every v € S_(A), u € Sy (A).

Step 2. S (A) and S_(\) are downward and upward directed respectively.

Step 3. S;()) admits a minimal element v} and S_(\) admits a maximal element

v}. In particular, v} € D, is the smallest positive solution of (Py ) and
vy € —Dy is biggest negative solution of (Py ).

Step 4. Problem (P ) admits a nontrivial solution wy in the ordered interval

[v%, uil-

Step 5. The function w) is a nodal solution of (P ).

Proof of Step 1. Let us prove the existence of 4. Assumption H'(f) assures
that for every M > 0 there exists Cps > 0 such that for every s € [0, M] and
uniformly for a.a. z € 2

sfa(x,s) > gs"“ —cps™. (4.1)
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Indeed, let § € (0, M) be such that
0x
sfia(x,s) > 73”, (4.2)
for every s € [0,0] and uniformly a.a. = € Q. Let ¢pr > 0 be such that
o O
(CM - C)(S > 7M’Y>‘ + Ha‘/\HOOM
A direct computation shows that for all s € [6, M| and uniformly for a.a. x € Q
- o O 0
(cpr —€)s" > (epr — €)6" > 7M“ + lax|lce M > 737* +ax(x)s

namely
0
sf(xz,s) — sax(x) —és™ > ?/\s” —cps™. (4.3)
Conditions (4.2) and (4.3) lead to (4.1).

Fix M = |[u)|lc and claim that the function @, is the unique positive
solution in [0, )] of the auxiliary problem

. 0 — ra— .
{ —diva(Vu) — Au= & |u["™?u — cprlu|™2u  in Q, (AP)

u|aQ =0.

Put
J,\(w):/QG(Vw)dx—i-%HVwH%—/QPA(x,w(x))dx

for every w € W,*, where Py(z, s) = Jy pa(z, s)ds and

0 if s<0
palz, s) = %57*71 —cprs™ L if 0 < s <uy(z)
aP N (x) —enay Na) if s > (a).

Arguing as in (3.3) and exploiting (4.1) one has that for a.a. = €
A(ay) — Aty > fa(x,7n) = pa(w, ).

Hence @y is a super-solution of problem (AP). Moreover, it is clear that Jy is
a C'!, coercive and sequentially weakly lower semicontinuous functional. Thus,
there exists @y € W, ?(Q) such that

JA(ﬂA) = W}I{l}f('ﬂ) J,\(w)
0

A simple rearrangement of the proof of Lemma 2.11 assures that, since vy <
min{7,2} < p <7y,
I (ﬁ)\) <0,
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so 1y # 0. Moreover, from Lemma 2.6 it follows that
0<ay<mu

that is @y is a nontrivial, positive solution of (AP) and the regularity theory
assures that @) € (C}(Q2)),. Moreover, observe that (again recall that p < r)

diva(Viy) + Aty < ey ™! < earllan ]2 Pat "

We can apply Theorem 2.9 and conclude that 4y € D .

Let us verify the uniqueness. Observe that it is not restrictive assume that
the number 7 in assumption H(a)(iv)’ is such that 1 < 7 < 2. Following the
idea developed in [8], consider the functional g, : L'(Q) — R U {400} defined
by

g-(v) { fQ Vul/r dr + % HVUI/THQ ifu>0, ul/7 e Whr(Q)

otherwise.
Let ug,us € domg, = {u € L' (Q): g,(u) < +o0} and let h € [0,1]. We set
z=((1—=h)u + hUQ)l/T , V1 = u}/T, vy = ué/T.
Thanks to [8, Lemma 1], we have
(Vz(z)] < [(1 = h)|Vor(2)]” + k| Vua(2)]"]VT ae. in Q.

v)’, as well as convexity

Thus, by the monotonicity of Gy and condition H(a)(i
,2)) one has

of 0,(t) = 2t*/7 (remember that we supposed 7 € (1
G(V2(2)) = Go(|V(x)]) < Go (((1 = M)IVer(@)[” + h|Vvs(2))"/7)
< (1= W)Go(IVvr(@)]) + hGo(|Tua(@)])

as well as

(1= )|V (@)|" + h|Vus(2)|7)*/"
h

1 1
§|VZ($)|2 < 3
1-—

IN

h
— Vo @) + 5 [Vea(a)?

for a.a. z € €, namely g, is convex.

Moreover, applying the Fatou’s lemma one has that g, is lower semicontin-
uous.

Suppose that u € W1P(Q) is another positive solution in [0,%,] of problem
(AP). Following the previous reasoning we have u € Dy. Then, for every
p € CYQ) and s € (—1,1) with |s| small, we have

u" +sp € Dy Ndomgs,.
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Therefore, the Gateaux derivative of g, at u” in the direction ¢ can be computed
using the chain rule

(97)' (") () = =

T

1/ —dlva(Vu)—Auwdx
Q

uT—l

for all p € WHP(Q) (we have used the density of C1(Q) in WP(Q)). Clearly,
the preceding condition holds also for the solution u). Hence, the convexity of
g- implies that (g,)'(-) is monotone. Thus,

iy A . . Ad
0< / [ dlva(VZ) u dlva(v}?_)1+ u,\} (0" — a0)do =
) u” Uy

oy (1 1 o - A
_ [ |9 ot T_un )| (T —al)de. (4.4
A { 2 <u7'—'y>\ ﬂ;\—m) +com (uk u ) (u UA) €T ( )
Taking in mind that, vy < 7 < ry, from (4.4) it follows that
u = ﬁ)\,

and the uniqueness is proved.
Let us conclude by verifying that for every u € S, (\) one has

’lAI,A < u. (45)

To this end, as above use a truncation argument putting

B 1 _
T = [ 69wy de+ 51Vl - | P () do

for every w € Wy (Q), where Py(z,s) = Jy Pa(w,t) dt and

0 ifs<0
pa(z,s) =4 Lsn—l —cpsmt if0<s<u(zx)
Sumn—(z) — epu™ " (2) if s > u(x).

Observe that u is a super-solution of problem (AP) and that, by the Weierstrass
theorem, J) admits a nontrivial global minimizer @) € VVO1 P(Q). In particular,

0 <uy <u<Luy, (46)
namely ) is a positive solution of (AP), that is, in view of the uniqueness
property, 4y = uy and (4.5) follows from (4.6).

The existence of v is proved similarly thanks to the symmetry of problem
(AP). In particular, 0y = —,.

Proof of Step 2. Let us verify that S;(\) is downward directed, namely that

for all u, v € S4 () there exists w € Sy (A) with w <wu, w < w.
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Fix u, v € S4 (). We first note that arguing as in [22, Lemma 3] and exploiting
the monotonicity of A and —A one has that W = min{u, v} is a super-solution
of (Pr,) and clearly W < @,. In particular, W is also a super-solution of (AP)
and 7y < w < wy. Truncating with w, the functional

) = [ @Vwyd+ 5 |Vulg = [ ()5 0(@)d.

by the Weierstrass theorem, attains its negative minimum at some w € W, ?(Q).
The usual comparison arguments permit to conclude that 0 < w < w and
Similarly one can prove the analogous property of S_(\).

Proof of Step 3. Let us verify the existence of u}. Consider a chain C (that is a

totally ordered subset) of S;(\). Thus, there exists a decreasing sequence {u,, }

in C (view [9, pag. 336]) such that & = infC = in£I uy,. Hence, u, — @ for a.a.
ne

in  and it is clear that (see Step 1) @\ < @ < w,. Moreover, since
A(uy) — Auy, = fa(z,up) (4.7)

in view of Lemma 2.3 and assumption H'(f) one has there exists C' > 0 such
that
C1

p—1

IWWMHW%ﬁ=Aﬂmm%mgC

for every n € N, namely {u,} is bounded in W,?(Q). Thus, we can suppose
that
u, — @ weakly in Wy*(€) and u,, — @ in LP(Q). (4.8)

At this point, being 0 < wu,, < Uy, assumption H'(f), the monotonicity of —A
and the convergence properties of {u,} implies that

lim sup (A(uy ), un — u) < 0.
n—roo

Thus, from Proposition 2.5 we achieve the strong convergence of {u,} to @
and, as a direct consequence, passing to the limit in (4.7), 4 € S4()\) and
C admits minimum. The Kuratowski-Zorn’s lemma assures that S;(\) has a
minimal element v} which is nontrivial (4) < u} as seen in Step 1). We conclude
verifying that 3 is the smallest positive solution of (Py, ) in the ordered interval
[0,7y] . Let u € S4(A). Since Sx(A) is downward directed there exists @ € Sy ()
such that @ < v and @ < u3, but the minimality of w3 implies that u} =4 < u
and we are done.

The proof of the existence of the maximal element v} that is the biggest
negative solution in the ordered interval [u,, 0] is similar.

Proof of Step 4. First observe that the minimality of v} and the maximality

of v} imply that they are global minimizers of the functionals Iy > and IS;
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respectively. At this point, the existence of a third nontrivial solution wy €
[v},uy] N CH(2) of problem (Py,) can be obtained arguing exactly as in the
proof of Theorem 3.3 with u3 and v} instead of uy and vy respectively, as well
as u} and v} in place of @y and u,, so that the functionals I;* and ng are here

replaced by I > and T 3;.

Proof of Step 5. Since wy € (v}, u})\{0} it cannot be of constant sign by virtue
of the extremality properties of u} and v3.

The proof is complete. O
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