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A New Linear Distorted Wave Inversion Method for
Microwave Imaging via Virtual Experiments

Loreto Di Donato, Member, IEEE, Roberta Palmeri, Student Member, IEEE, Gino Sorbello,
Tommaso Isernia, Senior Member, IEEE and Lorenzo Crocco, Senior Member, IEEE

Abstract—A novel microwave imaging approach to reconstruct
the dielectric properties of target hosted in partially-known, non
canonical, scenarios is proposed and assessed. The method takes
joint advantage of the recently introduced ““virtual experiments”
paradigm and exploits a new linear approximation developed
within such a framework. Such an approximation implicitly
depends on the unknown targets and therefore has a broader
applicability as compared to the traditional distorted Born
approximation. Being non-iterative, the resulting distorted-wave
inversion method is capable of quasi-real time imaging results and
successfully images non-weak perturbations. The performances
of the novel imaging method have been assessed with simulated
data and validated experimentally against some of Fresnel data-
sets.

Index Terms—Microwave Imaging, Distorted Born Approx-
imation, Virtual Scattering Experiments, Linear Sampling
Method.

I. INTRODUCTION

ICROWAVE imaging techniques [1] aim at the charac-
terization of morphological and electromagnetic prop-
erties of unknown scenarios that are not directly accessible.
As such, they are relevant to a number of applications ranging
from non-invasive diagnostics, to biomedical monitoring and
subsurface prospections, only to mention some examples.
Such a goal is pursued by means of the solution of a non-
linear and ill-posed inverse scattering problem [2], so that the
development and improvement of effective solution techniques
is a crucial issue to enable the above mentioned applications
and possibly open the way to new ones. On the other hand,
such a task is nontrivial, as it requires to develop suitable
techniques [3] to defeat the problem’s ill-posedness, as well
as difficulties arising from its non-linearity. In this respect,
the problem is typically cast into an iterative optimization of
a cost functional whose global minimum defines the sought
solution. Unfortunately, owing to the large number of unknown
parameters involved in such an optimization, global search
algorithms are not viable, but for special cases, and the
optimization is carried out within local schemes. As known,
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the outcome of these latter depends on the starting point, so
that the procedure may get trapped into local minima [4] and
hence return an estimate which is totally different from the
ground truth, the so-called false solution.

For such a reason, there has been persistent attention to
the development of methods based on the linearization of the
scattering problem. In particular, this is practically relevant to
some imaging applications, wherein the target of the imaging
task can be conveniently modeled as the perturbation of a
known, or partially known, non-homogeneous scenario. As a
matter of fact, as long as the perturbation is not too large,
the problem can be linearized, thus avoiding the possible
occurrence of false solutions. This is for instance the case of
non-destructive testing (NDT) [5], medical imaging for follow-
up purposes [6], and in general of all those situations wherein
differential monitoring of changes is of interest (including
through-the-wall imaging applications [7]).

While this class of methods has been originally inspired
by the possibility of using, if available, a closed form solu-
tion of the fields in the reference scenario, their interest is
nowadays motivated by the possibility of modeling complex,
non-canonical scenarios via accurate and efficient numerical
tools, so to conveniently tackle real-world scenarios.

The basic and cornerstone contribution in such a frame-
work is the well known distorted wave Born approximation
(DWBA) [8]. In this approach, the problem is formulated as
the search of the difference in the permittivity distribution with
respect to a nominal ground-truth by processing the anomalous
field. In doing so, the DWBA approximates the internal field
with the background one, thus neglecting the effect of the
“perturbation” on the field. This is, from a conceptual point
of view, the same limitation underlying the first order Born
approximation (BA), where the effect of the scatterer on
the incident field in the investigation domain is completely
neglected. As a result, this leads to a linearization of the
problem that is seldom fulfilled in practical instances.

A possible way to overcome this limitation is recurring to
an iterative procedure (i.e., the distorted Born iterative method
(DBIM) [9]-[13]). However, besides requiring the solution
of several forward problems, the final outcome of such an
approach depends on the starting point as well as on the
validity of intermediate linearizations. Other possibilities to
enlarge the range of applicability of linear inversion methods
are given by the Rytov approximation [14], [15] as well as
by the extended Born approximation (EBA) [16], [17] and the
diagonalized contrast source (DCSI) [18] inversion approaches
proposed by Habashy and co-workers. However, the Rytov



approximation only can hold true in case of smoothly varying
targets [19] so that it can seldom be used.

Whereas the approaches in [16], [17] are based on peculiar
assumptions which are not always satisfied (see the following),
it makes sense to look for alternative more general approaches.

To address this goal, we exploit the concept of “virtual
scattering experiments”, which has been recently proposed to
solve 2D inverse scattering problems in free space [20]-[22].

Such a concept is based on the simple, but powerful,
observation that proper, data-driven, superpositions of the
available scattering experiments can be interpreted as virtual
experiments, wherein one can enforce and take advantage of
some peculiar property or behavior on the (virtual) internal
field and contrast source. A number of interesting results
have been proposed starting from this concept, namely: a new
scattering approximation [23], [24] that largely outperforms
the traditional Born approximation [25] and can be the
“engine” of a new inversion method based on successive
linearizations [26]; a new regularization strategy for non-
linear iterative inversion schemes [27] and a completely
new way to solve the non-linear inverse scattering problem
through an algebraic method [28]. Last, but not least, the
virtual experiments provide an effective framework for the
exploitation of compressive sensing techniques in inverse
scattering [29].

As all the above results have been derived in the case of
free space or homogeneous media, in this paper we generalize
the linear inversion method introduced in [23] to the case
of a partially known, nonhomogeneous scenarios and exploit
it to appraise the properties of non-weak anomalies. To
this end, the key step is to extend the concept of virtual
experiments from the so far considered canonical case to
the case of a non-homogeneous scenarios. In practice, this
is done by exploiting the “distorted” version of the linear
sampling method (LSM) proposed in [31]. Notably, such
an imaging approach has been developed for retrieving
the shape of unknown targets hosted in partially known,
non-homogeneous scenarios, whereas we use here as a tool to
design the virtual experiments. The distorted LSM is based on
the solution of a linear problem and the virtual experiments
allow to introduce an approximated (but target-aware) linear
relationship between the data and the unknown. Hence, the
overall method is based on the noniterative solution of two
linear problems, and it is therefore extremely effective from
a computational point of view.

The paper is structured as follows. In Section II, the
imaging problem is formulated and the traditional distorted-
wave Born approximation is recalled. In Sections III, the
virtual experiments driven approximation is introduced, to-
gether with the strategy pursued to design the relevant virtual
experiments. In Section IV, the new distorted-wave inversion
method is presented, by describing its implementation steps,
while Section V is concerned with the method’s validation
with simulated and experimental data. Conclusions follow.
Throughout the paper, we consider the 2D scalar problem, non
magnetic objects and the time factor exp{jwt} is assumed and
dropped.

II. THE IMAGING PROBLEM AND THE STANDARD
DISTORTED-WAVE APPROXIMATION

Let ¥ be the region of interest (ROI) of the imaging
problem, given by the cross section of an infinite cylinder with
non homogeneous relative complex permittivity distribution
&(r). Given the invariance of the problem along the z-axis,
we consider the 2D scalar formulation of the electromagnetic
scattering problem and assume the TM polarization for the
electric field. We assume that the relative permittivity distri-
bution within the ROI is partially known so that the complex
permittivity in the whole space can be expressed as

E(r) = &(r) + 0&(r), )

Ev(r) —{

wherein r = (x,y), £nost is the complex permittivity of the
homogeneous medium which surrounds > and &; denotes
the “nominal” relative permittivity distribution in X, i.e.,
when no perturbation is present. Note that, for the sake of
simplicity, we are assuming that the medium outside the ROI
is homogeneous. However, the following discussion holds true
also for the general inhomogeneous case. Saying it in other
words, (2) expresses the complex permittivity of the scenario at
hand as a “perturbation” with respect to a nominal background
permittivity distribution.

By considering N transmitting and M receiving probes
positioned on a curve I' external to the ROI, the anomalous
field AEY produced by the perturbation J€ for the generic
v-th transmitting probe is expressed by the integral equation
(the data equation)

with:
rey

r¢x ?

1(r)

gh.ost

AE{(r) = /Z a(r!, ) EY ()6 (r"dr' = 3)

— A[5EY), reTl

where EY denotes the total field, which in turn is given by the
internal integral equation:

EY(r) = E}(r) + [2 go(r’,r)EY (r')0e(r")dr" = (4)

=Ey + AJ0¢EY], rex
E}(r) being the background field arising in the reference
scenario when the v-th probe is active.

In (3) and (4) g, denotes the Green’s function for the as-
sumed background scenario, [V2 + kZ(r)] gu(r/, 1) = 6(r' —
r), with k;, being the reference scenario wavenumber. Typ-
ically, this function is not known in a closed form and it
is computed numerically. A.[] : L*(X) — L*(T) is the
short notation of the radiation operator that relates the contrast
source 0¢F}; to the anomalous field on I', while the operator
Ail[] : L3(Z) — L?(%), relates the contrast source to the field
it radiates in X.

It is worth noting that the knowledge of the reference
scenario is also exploited to appraise the scattered field per-
turbation AFE starting from the quantity actually measured
by the receiving probes, say M;, which is affected by both



the perturbation and the reference scenario. Accordingly, it is
possible to extract the required field from this latter as:

AE{(r) = M (r) — My (r) (5)

where,

M) = B0+ [ o DEL ) = i’ ©)
b2

with EY (r) the field radiated by the transmitting antennas

in the host medium and g;, denoting the Green’s function of
the same homogeneous medium. Note that, depending on the
imaging problem at hand, M} (r) can be actually measured
(if the “perturbation” arises in the nominal background) or
estimated by properly simulating the reference scenario.

The traditional distorted wave Born approximation descends
from the above equations by assuming that the variation
0¢ is such to induce only a negligible perturbation of the
background field E}. Accordingly, the data equation (3) is
approximated as:

AEY(r) = AJ6EEY], reTl ©)

and the imaging task is reduced to the solution of a linear
ill-posed inverse problem.

Obviously, when the reference scenario corresponds to a
homogeneous unbounded medium, this approximation exactly
coincides with the classic Born approximation, so that the
DWBA will be subject to the same restrictions (in terms of
applicability). In particular, the approximation is expected to
be successful as long as the perturbation is small enough
with respect to the background wavelength and its dielectric
properties are close to those of the ROI X [14].

III. VIRTUAL EXPERIMENTS DRIVEN DISTORTED-WAVE
APPROXIMATION

To overcome the above recalled limitations, we generalize
a recently introduced approximation [23], which has the pe-
culiarity of depending on the unknown target (in an implicit
fashion), and allows to reliably linearize inverse scattering
problems in a much broader range of cases as compared to
BA [23], [25].

Such an approximation relies on the virtual experiments
concept, according to which it is possible to exploit a weighted
superposition of the incident fields to enforce some desired
behavior of total fields (and contrast sources), to make the
imaging task simpler and/or more reliable [23], [27], [30],
[31]. Notably, this is done by post-processing available data
and fields, without additional experiments. In fact, the only
additional task is the determination of the superposition coef-
ficients.

A. Designing virtual experiments in partially known scenarios

To apply the above concepts to the problem of imaging a
perturbation in a partially know scenario, the first issue to
face is how to design the virtual experiments. In practice, this
is done by playing with the original incident fields and the
corresponding scattered fields. However, as the incident fields

do not depend on the scatterers, such a design equation has to
be based on the scattered fields data.

In the free space case so far considered for the virtual
experiments framework, such a design has been carried out,
among other possible choices, by exploiting the LSM equation
as a way to condition the scatterers behavior with respect
to some points of the ROI [23]. As a matter of fact, the
LSM is known to be applicable to a broad range of problems
(e.g. non-weak scatterers, multiple targets and so on) and also
provides an estimate of the shape of the targets (or their convex
envelope), which is obviously useful for imaging purposes
[32], [33]. However, the basic formulation of the LSM is valid
for canonical formulation, and therefore not directly applicable
in our case [32]. The problem of retrieving the shape of targets
hosted in a partially known non canonical scenario has been
faced in [34], wherein the necessary steps to generalize the
LSM to this case have been defined and tested. The resulting
distorted LSM equation is what we will use herein to design
the virtual experiments. With respect to the notation we are
adopting, such an equation reads:

[AE][¢] = [g] ®

wherein,

o AE; is a N x M matrix whose entries are the samples of
the anomalous field collected for all the [V incident fields
at the M receivers locations, and are computed using (5);

e gy is M x S vector that contains the samples of the
Green’s function of the assumed background scenario at
the M receivers for an arbitrary grid of S points in 3;

e £ is the N x .S unknown vector, whose columns provide,
for each point of the sampling grid, the coefficients of
the corresponding virtual experiment.

The virtual experiments designed through (8) make use of
the available knowledge on the scenario at hand, since they
force the unknown perturbation to scatter a wave that matches
on I' the background Green’s function for the considered
sampling point in the ROI. While the impact of such a choice
will be discussed later, let us note here that (8) corresponds
to the linear sampling method (LSM) equation as developed
in [34] for the case of non homogeneous backgrounds. Hence,
the pursued design is possible in those points of the sampling
grid that fall within the perturbation.

As well known [32], the L%-norm of & will achieve its
lowest values in these points. Then, the points to be selected
to identify the virtual experiments (which we refer to as the
pivot points) are simply chosen by observing the plot of
the L2-norm of & over the ROI and picking, among the S
sampling points, the ones where this indicator function attains
the smaller values. As usual in LSM, this plot also provides
an estimate of the shape of the anomaly (but no information
on its electromagnetic properties).

B. A new distorted-wave approximation

Once the design equation (8) has been solved and P
pivot points have been selected, we build a set of P virtual



experiments. In each of these experiments, the total field is
exactly given by:

N
V(r) = > B (r) + Ai6e0Y) = ©)
v=1

= Up(r) + A;[06 Y],

wherein €7 = {¢7, ..., €%, } is the regularized solution of (8) for
the p-th pivot point (identifying the p-th virtual experiment).

The first addendum of the field’s expression (9) is the back-
ground field arising in the reference scenario for the considered
virtual experiment. This latter has the remarkable property of
depending on the unknown permittivity perturbation J€ in an
implicit fashion through the combination coefficients £7.

Then, a first order approximation would be immediately
achieved by neglecting the second term in (9). However, thanks
to the features of the designed virtual experiments, a more
refined field approximation can be considered. To this end one
has to observe that the field scattered on I in the generic virtual
experiment matches (in the L2-norm) the Green’s function
for the reference background medium, g,. Notably, such a
scattered (anomalous) field does not depend on §&, but only
depends on the pivot point. As such it is known for any r.
Accordingly, the first order approximation (i.e., ¥, ~ W)
can be improved by assuming that the virtual anomalous field
matches g, not only on I', but everywhere. Hence, we can
introduce the approximated total field

Y (r) = Wy (r) + Ogs(r,1,)],

rex

rex (10)

with r,, denoting the pivot point identifying the virtual exper-
iment at hand and II being a low-pass circular filter which
avoids singularity of the approximated total field for r = r,,
[23].

The approximation introduced in (10) is equivalent to a
prolongation of the anomalous field from I' to the interior of
Y (and up to r,). Notably, it has the peculiar characteristic of
depending on the specific perturbation at hand. In fact, coeffi-
cients £ in the first term of (9) depend on the electromagnetic
and geometrical properties of the scattering system at hand
(see (8)).

As discussed in [23], [25] for the corresponding free space
case, this approximation is superior to the straightforward
linearization on which BA and DWBA are based, although
of course has itself a limited validity due to the fact that near
field effects and non-radiating components of the fields are
neglected.

Approximation (10) relies on the applicability of the de-
sign equation (8), which is the case in all those situations
wherein LSM is successful [23], [32], [35]. According to our
experience and literature results, the LSM equation and its
distorted formulation, are successful as long as the anomalies
are comparable with the wavelength of the probing field. When
the scattering system becomes too large (with respect to the
probing wavelength) it is more difficult to induce a contrast
source resembling the radiating properties of an elementary
source point placed in the pivot point.

An accurate study of the validity range of the considered
approximation has yet to be done. However, relying on the

results in [25] it can be expected that approximation (10) starts
to fail for increasing values of J¢ (with respect to &;1). In
particular, the larger ¢&, the smaller electrical dimension (with
respect to the probing wavelength) of the anomaly that can be
retrieved.

By means of such an approximation, we finally come to a
new linear distorted-wave data equation that reads:

Uh(r) = A[0e¥}], rel (1
with
N
UP(r) =Y &EB/(r), rel. (12)
v=1

This equation provides the basis of the inversion technique
detailed in the next section.

IV. DISTORTED-WAVE LINEAR INVERSION VIA VIRTUAL
EXPERIMENTS

In the following, we describe the implementation of the
linear inversion method that takes advantage of the distorted-
wave approximation introduced above.

The first step of the method requires to determine the virtual
experiments, i.e., solve (8) and pick the pivot points. Let us
assume that 3 has been sampled into an even grid of S points.
Then, to counteract the ill-posedness of the problem, we
exploit the singular value decomposition (SVD) of AE; and
the Tikhonov regularization [32]. By doing so, the regularized
solution reads:

T
Ai
= ; N g 8w (13)
wherein v; and wu; are the right and left singular vectors
of AEg, respectively, A; denotes its i-th singular value, and
{ , ) denotes the standard scalar product in L2. Finally
T = min(N,M) and « is the Tikhonov regularization
parameter chosen according to [34].
Then, we plot the indicator function:

N
T(Is) = 20l0910 |:Z §7LQ:|

n=1

(14)

over the sampling grid, which both provides an estimate of
the shape of J¢ and allows to pick the P pivot points. As
discussed in [23], the choice of these latter is carried out evenly
spacing the pivot points into the areas wherein Y attains its
lower values. Moreover, typically P ~ N, where N is chosen
according to guidelines given in [36] in order to collect non-
redundant data.

The second step is the distorted-wave inversion, which is
carried out by computing the approximated total field for
each virtual experiments according to (10) and stacking the
resulting P data equations into a single matrix equation as

[L][6¢] = @] , (15)

where L is the (P x M) x N, matrix whose entries are given by
the Kronecker product between the M x N, matrix encoding
the reference scenario Green’s function g as discretized for on



N, pixels and the P x N, matrix encoding the approximated
(virtual) total field W,. Finally, € is the N.x 1 unknown vector
and ¥ is the (P x M) x 1 vector containing the samples of the
virtual anomalous field on I' for the considered “multi-pivot /
multi-static” arrangement.

A regularized solution of (15) can be achieved via the
truncated SVD scheme (TSVD) that yields the following
explicit solution:

Al L
wherein z; and w; are the right and left singular vectors of
L, respectively, and o; its singular values. The truncation
index Np can be conveniently set using the Picard’ s plot, as
suggested in [23].

It makes sense to compare the computational burden and the
expected performances of the proposed method with respect
to DWBA, as well as to EBA and DCSI.

With respect to DWBA, the additional computational burden
comes from the first step of the procedure. In fact, the
second step has exactly the same computational burden of
DWBA. In both cases, one needs the knowledge of the Green’s
function of the reference scenario for all pairs of points
r’ € X, r € T, which has to be computed numerically (but
for special cases). This task can be accomplished by first
considering at each measurement position 7, an elementary
source and solving the corresponding M forward scattering
problems Vr € X. Then, exploiting the reciprocity theorem,
9 (r,7) = go(r,,, 7). In the first step, one also needs (see
10) the overall Green’s functions for all the pivot points (i.e.,
all functions gy(r,,r),p = 1,..., P,r € X). This latter can
be numerically computed by solving P forward problems
considering for each of them a unitary filamentary current
placed in the considered pivot point, and computing the field
for r € ¥. Moreover, the solution of the design equation
requires a Singular Value Decomposition of a matrix whose
dimension are N x M. As these numbers are related to the
number of experiments (and not to the number of pixels) such
a step has a negligible computational weight even in case
of 3D problems. As the solution of the additional forward
problems which are needed to compute g (gp, r) functions can
be performed by taking advantage of parallel computing, the
overall computational time can be kept only slightly larger
than in DWBA. As we have already discussed, and going to
show in Section V, this is however a price which is worth to
be paid.

As far as comparison with EBA is concerned, note that
such a method also consists in the sequence of two linear
inversion steps. However, it requires the knowledge of the
Green’s function for all possible couples (r € X, r’ € X)) so
that the computational burden is greatly increased with respect
to DWBA and to the proposed method as well. Moreover, EBA
is based on the assumption that interactions amongst distant
points can be neglected. As such, it will be possibly accurate
only in the presence of a sufficient amount of losses, which
is obviously not the more general case. The DCSI, which

can be considered an evolution of EBA, simultaneously looks
for the contrast function and for an auxiliary function 7)(r)
representing a proportionality function amongst the incident
field and the contrast source (for all views). As such, it is a
fast method. However, one cannot be sure that such a function
exists, as one can have a total field different from zero also in
points where E;,,. is zero, so that the auxiliary function cannot
be used in these cases. Also note that such a proportionality
assumption is deeply different in spirit from our approximation
(10), where a part of the total field (the second term) is
not proportional to F;,. at all. Hence, different performances
and/or ranges of convenience are expected between DCSI and
the proposed method. Moreover, it is worth noting that, to
the best of our knowledge, both EBA and DCSI have been
applied to the canonical homogeneous space case, and not to
the distorted wave problem we are tackling in this paper.

V. VALIDATION OF THE METHOD

To give an assessment of the proposed approach, we have
applied the above described procedure both to simulated data
and experimental data taken from the 2005 Fresnel database
[37] and we have compared the performance with those
achieved with both DBWA and a modified version of EBA
adapted to handle “distorted” problems.

The simulated data, the non homogeneous Green’s function
in egs. (8), (15) as well as the approximation (10), have been
computed by means of the COMSOL Multiphysics® package
based on the finite element method. Also, for the Fresnel data,
the reference total field at the receivers (not provided by the
dataset), have been carried out by means of the COMSOL
package. In simulated examples the number of transmitters
and receivers has been set according to the guidelines in [36].

As final remark, let us discuss the computational burden
of the method. By assuming the knowledge of the reference
scenario, the evaluation of the Green’s function and the
background field required for (8),(10) and (11), are performed
off-line and is not considered in the overall computational cost.
As such, the proposed inversion method has a computational
burden comparable with usual DWBA. As a matter of fact, our
method requires to solve two linear problems and building
the virtual fields. This latter has a negligible weight as it
requires only linear combinations of the incident and the
scattered field and a filtering operation based on the discrete
fast Fourier transform. Whereas the solution of (8) consists
of the computation of the SVD of a matrix of size N x M
followed by the matrix multiplication needed to compute the
indicator. Hence, this step also has a negligible computational
burden. In the following numerical section, we give the time
required by the method to cope with the overall imaging
problem.

A. A proof-concept numerical example: imaging of two differ-
ent anomalies embedded in the same scenario

As a first example, we have considered a lossless circular
ROI (1 = 1.5), with a diameter equal to 1.5)\;, embedded in
a square imaging domain of side 2.5\, and discretized into
64 x 64 cells, at the working frequency of 1 GHz. The ROI is
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Fig. 1. Imaging of two cylindrical objects with different dielectric properties

. (a) Geometry of the actual scenario, (b) logarithmic plot of the LSM map

indicator (14) when normalized to its maximum with superimposed the pivot points (P = 18) marked as stars. Real part of the (c) actual unknown and the
retrieved one by means of (d) the DWBA (N7 = 109) and (e) the proposed approach (N7 = 120). (f)-(h) Same as (c)-(e) but for the imaginary part. The

black contour line represents the geometry of the actual scenario.

probed with N = 24 antennas placed on a circumference of ra-
dius 2.5\, and each probe acts both as transmitter and receiver
to achieve a multiview-multistatic measurement configuration.
The total field at M 24 receivers has been measured
when two cylindrical scatterers with different electromagnetic
properties (¢ = 3.2, 0 = 0.035 S/m located at (0.3,0.3)\; and
€ =24, 0 =0.035 S/m located at (-0.3,-0.3)\;, respectively)
and with a diameter of \,/2 have been considered inside
the ROI, see Fig.1(a). To take into account the effect of
the measurement noise, the useful signal defined as (5) has
been corrupted by white random Gaussian noise with Signal-
to-Noise Ratio SNR=15 dB. The accuracy of the result is
appraised exploiting the mean square error,

|08 — 5|2
err = (17)
where ¢ is the actual perturbation profile, 62 the estimated
one.

The first step of the procedure is the application of the LSM
in order to identify the presence of the anomalies. Thereafter
we take advantage of this energy indicator to choose the pivot
points and to design the virtual experiments, see Fig.1(b).
By solving the linearized problem (15) we obtain the result
shown in Figs.1(e),1(h). As can be seen, the method is able to
characterize the two different anomalies in a truly quantitative

fashion, not only for the permittivity but also for the conduc-
tivity (err = 25%) even though the reconstruction of this latter
is slightly worse, outperforming the result achieves by means
of DWBA (err = 68%), see Figs.1(d),1(g). In particular, the
regularization parameter in (16) has been set according to the
Picard’s plot as suggested in [23] for the VE driven approach
and by discarding the singular values below the threshold of
—15 dB (of the normalized singular values with respect to their
maximum) for the DWBA inversion, since the Picard’s plot can
not be exploited due to the larger error model in the relevant
scattering operator. The computational time of the example
at hand is about 31 seconds. In particular, only 1 second is
required for the first step and 30 seconds for the second step on
a standard laptop PC, without exploiting parallel computing.

B. A proof of concept numerical example: imaging in radially
stratified scenarios

In this section, the proposed approach has been tested
against a complex scenario. It consists of a cross-section of
a radially stratified structure made of three concentric layers
and an inner core, see Fig.2(a). This structure can be thought
as a rough phantom for different applications such as medical
[38] and living tree trunk microwave diagnostics [39]. The
dimensions and the dielectric properties of the layers are
reported in Table 1.



€ o (mS/m) | Thickness (cm)

6.2 2 1

22 5 4.8

16 1 8.67

9 0.5 10.6
TABLE I

GEOMETRICAL AND DIELECTRIC PROPERTIES (PERMITTIVITY AND
CONDUCTIVITY) OF THE RADIALLY LAYERED SCATTERER FROM THE
OUTERMOST TO THE INNERMOST LAYER

The diameter of the overall structure is 50 cm and it is
embedded into an imaging domain of side 52.5 cm. The ROI
is probed by means of a circular array of antennas placed at
12.5 cm from the outermost layer. The number of antennas
is set to N = 21 at the working frequency of 650 MHz.
The total field at the receivers is measured in presence of
an elliptic shaped anomaly placed in the core at (4.2,-2) cm,
representing a void (¢ = 1,0 = 0) with axes’ dimensions of
8 cm and 12 cm. In order to cope with an optimized imaging
setup, a lossless matching medium with £5,,5; = 4.7 has been
considered to guarantee a good coupling between the incoming
incident wave and the structure.

In order to show the robustness of the proposed approach
against the measurement noise, for this example we have
corrupted the useful signal with two different levels of noise,
i.e., SNR=20 dB and SNR=7 dB. The LSM energy indicators
with superimposed the pivot points, considering a square
sampling grid of 79 x 79 cells, are shown in Figs.2(b)-2(c)
while the outcome of the inversion procedure is shown in Figs.
2(f),2(j) and Figs.2(g), 2(k). As can be seen, the proposed
approach is able to achieve a quite satisfactory reconstruction
of the unknown both for SNR=20 dB (err = 38%) and SNR=7
dB (err = 62%). In particular, as far as the real part of
0€, the procedure is able to recover the dielectric constant
of the void, while, the approach is not able to retrieve the
distribution of the imaginary part because of its very low
value. In Figs.2(e),2(i) the retrieved electromagnetic properties
by means of (distorted) EBA (err = 147%) are shown.
The adopted inversion procedure deals with the two linear
step introduced in [17]. The first step is the inversion of the
data equation in which the unknown is an auxiliary function.
Thereafter, the Fredholm integral equation of second kind
is solved by adopting a least square minimization. In this
case, the result is not satisfactory, even if it outperforms the
results obtained with the DWBA (not shown) in recovering the
imaginary part, as can be noticed also from the cut of the actual
and retrieved permittivity and conductivity profile reported in
Figs.2(1)-2(0). Note that the physical feasibility conditions on
the retrieved permittivity and conductivity profiles have been
exploited in the visualization of the results in Figs.2(1)-2(0).
In this case, the computational time is about 26 seconds, i.e.,
less than 1 second for the first step and about 25 seconds for
the second one.

C. Experimental Data

In this section we test the proposed method against the
experimental data of the 2005 Fresnel dataset [37]. This
data set deals with non homogeneous scatterers obtained by
considering several configurations of nested cylinders with
different dimensions and materials. This experimental setup
introduces the additional difficulty of dealing with a partially
aspect limited configuration, in which however illuminations
completely surround the targets. In particular, for each trans-
mitter’s position, the measurements are taken only on an
arc of 240°, excluding the 120° angular sector centered on
the source. To apply the LSM to this kind of measurement
configuration, a “zero filling” procedure has been exploited in
arranging the matrix AE;. This procedure consists in adding
zero entries for those measurement locations not available in
the experimental setup [33].

We have considered the two targets shown in Fig.3. The first
one is the FoamDiellntTM target, in which a circular cylinder
with radius 4 cm, with relative permittivity 1.45, embeds a
smaller higher contrast circular cylinder of radius 1.5 cm and
relative permittivity 3 + 0.3, Fig.3(a). The second target is the
FoamTwinDiellntTM, see Fig.3(b), which is made by placing
an addition higher contrast circular cylinder in contact with
the FoamDiellntTM target.

In both cases, to apply the proposed distorted wave method,
we have assumed as reference scenario the foam cylinder, that
implies to compute the background field for all the considered
positions of the transmitters and receivers. Since this informa-
tion is not supplied by the database, we have computed the
reference field with the COMSOL 2D electromagnetic forward
solver. It is worth noting that, in doing so, we have assumed
as nominal position and nominal permittivity (of the foam
cylinder) those provided by the dataset. However, since in
the literature some inaccuracies in the position of the Fresnel
scatterers have been experienced, it is worth noting that this
could introduce a model error affecting the final result. Similar
considerations can been argued for the background field, which
has been performed considering an incident field obtained by
means of a multipole expansion approach as suggested in [23].

The data for the FoamDiellntTM target have been directly
supplied by the Institute Fresnel and consists of 72 incident
fields and 61 measurements for each view. The ROI is a
square region of side 20 cm hosting the foam cylinder and
single frequency data have been processed at 3 GHz. It is
worth noting we are assuming that a perturbation can be
located either inside or outside of the foam cylinder. Fig.3(e)
reports the qualitative image of the high contrast cylinder.
Such an image has been achieved by adopting a 72 x 90
multiview-multistatic data matrix in which the data entries
not available are replaced with zeros. As it can be seen, the
solution of the distorted LSM equation allows to image the
support of the anomaly so that a number of evenly spaced
pivot points can be chosen within it. Fig.3(g) reports the
final result obtained by applying the quantitative imaging
step with respect to the selected pivot points. The retrieved
permittivity, i.e., the retrieved perturbation §¢, is added to the
nominal background scenario. Notably, the approach achieves
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Imaging of a target embedded in a radially stratified scenario. (a) Geometry of the nominal background. Logarithmic plot of the LSM map indicator

(14) when normalized to its maximum with superimposed the pivot points marked as stars for (b) SNR=20 dB (P = 13) and (c¢) SNR=7 dB (P = 12) .
Real part of the (d) actual unknown, the retrieved one by means of (e) the (distorted) EBA and by means of the proposed approach (N7 = 100) for (f)
SNR=20 dB and (g) SNR=7 dB. (h)-(k) Same as (d)-(g) but for the imaginary part. The black contour line represents the geometry of the actual scenario. Cut
at x = 4.65 cm of the (I) permittivity and (m) conductivity of the reference profile (solid blue line), retrieved profile by means of the proposed approach for
SNR=20 dB (dotted red line), for SNR=7 dB (square-marked green line) and by means of the (distorted) EBA (dashed black line). (n)-(0) Same as (1)-(m)

foracut y = —2 cm.

a satisfactory reconstruction of the target especially when
compared with the DWBA reconstruction (Fig.3(c)), see also
Fig.3(i).

The outcome of the two steps for the FoamTwinDiellntTM
target are shown in Fig.3(f) and 3(h), respectively. In this
case, the dataset consists of N = 18 illuminations and
M = 241 measurements for each view. Also in this case,
the foam has been assumed as background scenario. The
investigated domain is a square of side 17.5 cm, the working
frequency is 4 GHz. The LSM indicator shown in Fig.3(f)
has been obtained by adopting a 18 x 45 multiview-multistatic
data matrix obtained by undersampling the original data and
exploiting the “zero filling” procedure. On the basis of the

retrieved support of the two cylinders, it is then possible
to choose evenly spaced pivot points in order to apply the
inversion strategy. Also in this case, the final result, shown
in Fig.3(h), is very satisfactory from a quantitative point of
view. As a matter of fact, see also Fig.3(j), the estimated
permittivity values for both cylinders are in full agreement
with the nominal ones, thus confirming the capability of the
method to deal with the quantitative imaging task of non-
weak target and then to outperform the standard DWBA, see
Fig.3(d).

It is worth noting that physical feasibility conditions have
been exploited in the visualization of the results by hard
thresholding the obtained results. For these cases the overall
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Fig. 3. Single frequency imaging results for the FoamDiellntTM (leftmost)
and FoamTwinDiellntTM (rightmost) target. (c)-(d) Real part of the permittiv-
ity profile obtained by considering the retrieved permittivity superimposed to
the reference one for DWBA. (e)-(f) Logarithmic LSM plot when normalized
to its maximum with the selected pivot points (P = 9, P = 20), (g)-(h) same
as (c)-(d) but for the proposed approach (N = 84, Ny = 75). (i) Cut of
the permittivity profile at y = —0.89 cm, (j) at y = 6.17 cm and y = 0.78
cm: actual value (continuous blue line), retrieved profile (red dotted line) and
accuracy level of the permittivity value provided by the Fresnel Institute (black
dashed line).

VI. CONCLUSION

In this paper we have proposed a new method for the
imaging of partially known scenarios. The new approach ex-
ploits jointly the emerging paradigm of the virtual experiments
generalized to a distorted imaging problem, as well as a new
approximation for the internal field. The main feature of the
approach consists in taking into account the electromagnetic
nature of the anomaly through a conversion of the original
scattering experiments into new, software designed, virtual
ones. As a matter of fact, by properly exploiting the virtual
experiments paradigm, the problem can be suitably linearized
with respect to the actual problem’s unknown. As a result,
the imaging problem can be tackled in an effective fashion
within a linear framework and in a range of cases largely
exceeding the popular distorted Born approximation, as well
as other linearized approximations such as the Rytov or extend
Born approximations. Notably, the proposed inversion method
does not resort to iterative solution procedure and indeed
its computational burden is the same as that of DBA based
inversion, but for very negligible operations required to build
the virtual experiments and the field approximation.

As remarkable result, the proposed method allows to suc-
cessfully undertake the reconstruction of the inhomogeneous
experimental Fresnel dataset. To the best of our knowledge, all
previous results in the literature tackle the imaging problem
related to these benchmark targets using non-linear and/or
iterative methods, with obvious drawbacks and disadvantages.

On the other hand, it is interesting to note that this method,
in a similar manner to the distorted Born iterated method
(DBIM), lends itself to be easily exploited as the core of
an iterated solution procedure which, being based on a wider
range of validity with respect to the BA, should work finer
than the DBIM, and can overcome the limits of the linearized
method concerned with the homogeneous background.

Future work will be aimed at analyzing the class of scat-
terers for which the exploited approximation holds true. Of
course, while a broader range of validity than DWBA can
be foreseen, the approximation is expected to fail for large
values of the permittivity and of the electrical dimensions of
the unknown anomaly, with respect to the nominal background
and the probing wavelength, respectively.

Finally, the method can be anyway implemented via reg-
ularized iterative solvers, especially for the solution of large
scale problems concerned with the 3D case. As a result, some
other kind of regularization approaches, like the multiplicative
regularization and the compressive sensing, can be effectively
exploited.
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