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We study the existence and multiplicity of solutions for a parametric equation driven
by the p-Laplacian operator on unbounded intervals. Precisely, by using a recent local
minimum theorem we prove the existence of a non-trivial non-negative solution to an
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equation on the real line, without assuming any asymptotic condition neither at 0 @_
—

nor at oo on the nonlinear term. As a special case, we note the existence of a
non-trivial solution for the problem when the nonlinear term is sublinear at 0.

— 1
Moreover, under a suitable superlinear growth at co on the nonlinearity we prove a @fJ
multiplicity result for such a problem.

1. Introduction

Boundary-value problems (briefly BVPs) on infinite intervals model many problems
arising from physical phenomena, such as the flow of a gas through a semi-infinite
porous medium or non-Newtonian fluid flows (see [20] and references therein), and,
as a result, they are widely studied (see, for example, [15,18,25]). More generally,
ellipti uations on the whole space were investigated and we refer thder
to [3@and [24, ch. 6.4] for an overview on this subject; see also [12]the
non-smooth case.

The aim of this paper is to investigate elliptic problems on the real line. To be
precise, we are interested in the existence and multiplicity of non-negative solutions
to the following problem. Find u € W1P(R) satisfying

(Py) (|1'L’(:IUR?|Z’*2U/($))' + Blu(x)|P~2u(z) = Aa(x)g(u(z)) for almost every (a.e.)

where )\ is a real positive parameter, B is a real positive number, and a,g: R — R
are two functions such that

(© 2014 The Royal Society of Edinburgh

Changes to
sentence OK?

In order to aid
clarity, here and in
other parts of the
paper I have moved
some inline
equations to display
and also brought
out of display text
that runs on from
the preceding
paragraph. Also, in
this equation I
assume that you

refer to the variable
x and have assumed
that ‘a.e.” means

‘almost every’: all
OK? Please mark
any instances where
‘a.e.’ means ‘almost
everywhere’.

changes to display @

OK?


Gabriele
Nota
email of corresponding author:
bonanno@unime.it

Gabriele
Nota
Ok.

Gabriele
Nota
Ok.

Gabriele
Linea

Gabriele
Matita

Gabriele
Matita

Gabriele
Nota
No new paragraph.

Gabriele
Linea

Gabriele
Linea

Gabriele
Linea

Gabriele
Linea

Gabriele
Linea

Gabriele
Linea

Gabriele
Nota
lines 4 and 5 of abstract: align to the right.

Gabriele
Nota
Ok.

Gabriele
Nota
Ok.

Gabriele
Testo inserito
4,

Gabriele
Testo inserito
and [16]

Gabriele
Nota
Write [3, 4, 14] intead of [3, 14]

Gabriele
Nota
Write "[12] and [16]" intead of "[12]".


2 G. Bonanno, G. Barletta and D. O’Regan
ac LYR), a(r)>=0forae zecR, «o#0,

and ¢ is continuous and non-negative. Many authors studied BVPs (parametric
or otherwise) on unbounded rvals and approached the problem using different
techniques (see, for example A5, 17-20,23,25]). In particular, in [18] the authors
studied the existence and uniqueness of positive solutions of a one-parameter family
of logistic equations of the type

v +af(z)u—bx)uP =0 inRorin R,.

They obtained the solution as a minimum point of the energy functional associated
with the previous equation in D*2(R) and Dy (R ), respectively, with a € (A1, A.)
and they showed the non-existence of solutions for a > A,.

The method of upper and lower solutions was used in [15,25] for two Sturm-—
Liouville value problems in [0, +o00[. In [25] the authors looked for positive unbound-
ed solutions. They gave necessary and sufficient conditions for the existence of
positive solutions, with a sublinear growth assumption on the nonlinear term. Using
a particular cone and a fixed-point theorem they also discussed the multiplicity.
The method of unbounded upper and lower solutions of [25] was generalized in [15],
where the authors used the Schauder fixed-point theorem to show the existence of
a positive solution to their problem.

In our paper the structure of the problem, as well as the assumptions on the
nonlinear term, are not comparable with the papers cited above. Our primary tool
in proving the main result of this paper is a local minimum theorem recently estab-
lished in [5] and, in order to obtain multiple solutions, we use a two critical points
theorem presented in [6]. Our main result (theorem 3.1) ensures the existence of a
non-trivial solution without requiring any asymptotic condition on g either at 0 or
at co. Moreover, as a consequence, we point out a result where only the sublinear-
ity of g at 0 is required in order to obtain the existence of a non-trivial solution
(see corollary 3.4). Finally, we present a result where two non-trivial solutions are
guaranteed under a suitable growth of g at co (see theorem 3.10 and remark 3.11).
Sucowth type was introduced and developed by Ambrosetti and Rabinowitz
in [1}grd it is worth noting that such an assumption is usually accompanied by the
superlinearity of g at 0 to ensure the existence of only one non-trivial solution.

As an example, here we point out the following special cases of our results.

THEOREM 1.1. Assume that

/Ong(t) dt < ll/olg(t) dt.

111 11 1
AE |7 » T
Jo 9@ dt ™ [y g(t)dt

Then, for each

the problem

9(w)
1+ a2’
u(—00) = u(+o00) =0,

—u" +u=\

rz eR,
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A wariational approach to multiplicity results for BVPs 3
admits at least one non-trivial and non-negative classical solution ug  such that
fuo.r(@)] < 11
for all x € R.

THEOREM 1.2. Assume that o is continuous in R, g(0) > 0 and

13
0< u/o g(s)ds < €g(&)

for all € = s and for some s >0 and p > p.
Then there exists A* > 0 such that, for each A € ]0, \*[, the problem

—(Jo/ (@) P~ (2))" + [u(@) [P ?u(z) = Aa(z)g(u(z)), = €R,
u(-0) = u(+0) =0,
admits at least two non-trivial and non-negative classical solutions.

In theorem 1.1, no asymptotic conditions either at 0 or at co are required, while
theorem 1.2 ensures two non-trivial solutions under a suitable condition at co of
Ambrosetti-Rabinowitz type.

The paper is arranged as follows. In §2 we establish all the preliminary results
that we need, and in §3 we present our main results.

2. Mathematical background

Let (E,|-]) be a real Banach space. We denote by E* the dual space of E, while
(+,-) stands for the duality pairing between E* and E.

We denote by || and by ||; the usual norms on R and on L*(R), for all ¢ € [1, +oc],
while WP(R) indicates the closure of C§°(R) with respect to the norm

lull1p = (u' [ + fulp) /7.
When p = 2 the norm is induced by the scalar product
(u,v) = (', 0" ) g2 + (u,v) 2.

It is well known that W'P(R) = W, P(R) and W P(R) is embedded in L!(R) for
any t € [p, +00).

REMARK 2.1. If {u, }nen is a bounded sequence in W1P(R), then it has a subse-
quence that pointwise converges to some u € W1P(R) and also weakly converges
in L°°(R). Indeed, it can be inferred from the compact embedding W1P(R) <
C([-R, R]), R > 0, and the continuity of W!1P(R) — L*(R).

In the following, we consider W?(R) endowed by the norm

Jul = ( [ +B|u<x>|ﬂ>dx)1/p,

which is equivalent to the usual one. We have the following proposition.
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4 G. Bonanno, G. Barletta and D. O’Regan

PROPOSITION 2.2. One has
[uleo < epllull (2.1)

for all u € WHP(R), where

(p—1)/p (p—1)/p°
-1 1
cp = 2P=2/p (P p) <B> , (2.2)

Proof. We follow the argument in [10, theorem 4, p. 138, formula (4.61)], taking
the equivalence of the norms into account. For clarity, we give a sketch of the proof.
Let v € WHL(R). From

v(z) —v(w) = /Z o' (t) dt,

w

taking into account that limy,|_, 4 v(y) = 0, one has
v(z) :/ v'(t)dt and —v(x) :/ V' (t) dt.
Hence,

) < [ Wolar

— o0

that is,
()] < / (1) dt
2 R

for all v € WP (R). Now, let u € W'P(R). By choosing v(z) = BP~/?|y(z)|P for
all z € R, one has

BE=D/Pjy(2)|P < %/ B@=U/Pplu () [P~/ (¢)] dt.
R

From Hdlder inequality one has the Tslder @
‘Holder’s
_ D _ inequality’?
BN u(a)? < 2B Pl |
that is,
1 \@-1/p* p\/P ) ) )
— /
wol<(5)  (5) @

Noting that 299!~ < a®(1 — )= (z +y), 2,y >0, 0 < a < 1 (see [10, p. 130,
formula (4.47)]), one has

)| < <;)<p—1>/p2 (]2))1/1) (ppl><p—1>/p (}19)1/1)
‘ [(/R [ (@) dx>1/p+ </RB|u(x)p dx>1/p].

Therefore, taking into account the classical inequality

al’? 4+ pt/P L 2= 1/P (g 4 p)L/P,
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one has
(r—1)/p* 1/p s 4\P-D/p
lu(z)| < 1 1 p—1 o(p—1)/p
B 2 P
1/p
X [(/ |u/(z)|pd:c) + (/B|u(:1:)|pdx)} ,
R R
that is,
|uloe < cBllull,
and the proof is complete. O
We set

G(t) = /Otg(f) d¢ forallt e R. (2.3)

Our hypotheses on g guarantee that G € C'(R) and G'(t) = g(t) > 0 for all t € R,
so G is non-decreasing.
Now, we put

P(u) = %uunp, (2.4)

and we define ¥: WHP(R) — R by

U(u) = /Ra(x)G(u(x))dx = / a(x)(/oua)g(f) df) dz, Yue W'P(R). (2.5)

R

It is clear that the assumptions on « and g guarantee that the functional ¥ is well
defined. In fact, one sees that the following inequality holds for any u € WP (R).

0 (w)
< / 0(2)|G(u(z))| dz < / () max |G u(x))| dz < / az) max |G(E)|de

[€1<]u] oo
:/Ra(x)maX{—G(—|U|oo)7G(|U‘OO)}dx
:Mu|04|1.

Our main tool is a local minimum theorem proved in [5] (see [5, theorem 3.1]).
Here, we use the version as given in [6] (see theorem 2.6; see also [8,22]). Before stat-
ing it, we give some definitions. Let E be a real Banach space and let ®,¥: E — R
be two continuously Gateaux differentiable functionals, put I = @ — A\, A > 0,
and fix r € | — 00, +00].

DEFINITION 2.3. We say that a functional I verifies the Palais-Smale condition
cut-off upper at r (in short, the (PS)"l-condition) if any sequence {u,,} such that

e I)(uy) is bounded,
o limy sy o0 [[1} (un)l[« = 0,
o Dluy,) <r

has a convergent subsequence.
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6 G. Bonanno, G. Barletta and D. O’Regan

When r = 400 the previous definition recovers the classical definition of the
Palais—Smale condition given below.

DEFINITION 2.4. We say that the functional I verifies the Palais—Smale condition
(in short, the (PS)-condition) if any sequence {u,} such that

e I)(uy) is bounded,

o limy oo 124 (sl = 0
has a convergent subsequence.

DEFINITION 2.5. We say that u € E is a critical point of Iy when I} (u) = Og-,
that is, I} (u)(v) =0 for all v € E.

THEOREM 2.6 (Bonanno [6, theorem 2.2]). Let E be a real Banach space and let
O W: E — R be two continuously Gateauz differentiable functionals such that
infpd = &(0) = ¥(0) = 0. Assume that there are r € R and & € E with
0 < &(a) < r such that

SUPueq-1(J—oo,r) P(W) W ()
2.
r = B(u) (26)

and, for each
d(u) T

P (@) SUPyeg-1()—oorp P (W) {7
the functional Iy = & — XV satisfies the (PS)l"l-condition. Then, for each

&(a) T {
Ae} Y. ,
W (@) SUPyep-1(—oo,r) ¥ (1)

re

there is a uy € ~1(]0,r

' [) (hence, ux # 0) such that In(ux) < Ix(u) for all u €
@70, 7)) and I} (ux) .

0

We explicitly observe that, contrary to [22, theorem 2.5], in theorem 2.6 the
sequential weak lower semi-continuity of I is not required and, in addition, the
local minimum is non-trivial.

Now we recall a multiple critical points result obtained in [6] that is based on
the theorem of the local minimum [5, theorem 3.1] and on the classical theorem of
Ambrosetti-Rabinowitz in [1].

THEOREM 2.7 (Bonanno [6, theorem 3.2]). Let E be a real Banach space and let
D, U: E — R be two continuously Gateaux differentiable functionals such that @ is
bounded from below and ®(0) = ¥(0) = 0. Fiz r > 0 and assume that, for each

r

A e |0, )
Supueqf'*l(]—oo,r[) Lp(u)

the functional I = & — AV satisfies the (PS)-condition and it is unbounded from
below.
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Then, for each
r

’ supueé_l(]_oo,r[) W(U/) ’

Ae |0

the functional I admits two distinct critical points.

In our situation, the space E coincides with W1P(R), while I: W1P(R) — R is
the energy functional related to (Py), and is defined as

Ix(u) = P(u) = A (u),

where @, ¥ are given in (2.4) and (2.5). It is well know that @, ¥ are continuously
Géateaux differentiable. If w is a critical point of I, then I} (u) = 0, that is,

A(\U’(w)\p’QU’(x)v’(x) + Blu(@)["*u(@)v(z) — Aa(z)g(u(z))v(z)) do =0

for all v € WLP(R), so u is a (weak) solution to (Py). Moreover, when « is, in
addition, a continuous function on R, the (weak) solutions of (Py) are actually
classical, as standard computations show.

LEMMA 2.8. Let @ and ¥ be defined as above and fix A > 0. Then, Iy = ¢ — \&
satisfies the (PS)")-condition for any r > 0.

Proof. Let {u,} € WHP(R) be a sequence such that {I)(u,)} is bounded,
Jm {2 (un)llwe gy = 0

and P (uy,) < r for all n € N.

From &(u,,) < r, taking into account that @ is coercive, {u,, } is bounded W1P(R).
Therefore, up to a subsequence, u,(x) — u(z), x € R, and {u, } weakly converges
to u in L°(R) (see remark 2.1).

Now, taking into account that {u,} is bounded in L>(R) (being weakly conver-
gent in L>°(R)), there is an M > 0 such that |u,(x)] < M for all n € N, for a.e.
z € R. It follows that g(u,(x)) < maxje<p g(§) for which ag(u,) € L' (R) for all
n € N. Since g(u,(z)) = g(u(z)) for a.e. z € R (g is a continuous function), from
Lebesgue’s theorem one has that {ag(uy,)} is strongly converging to ag(u) in L' (R).
Since u,, — u in L=(R), ag(u,), ag(u) € L*(R) C (L>(R))* (see [9, p. 102]) and
ag(u,) = ag(u) in L'(R), the definition of weak convergence and [9, proposition
II1.5(iv)] leads to

lim a(x)g(un(z))(un(x) —u(z)) dx = 0. (2.7)

n—4oo R

Now, from limg, oo [[Ix(un)|lwir@~ = 0, there exists a sequence {e,}, with
en — 0T, such that

’ /(|u;l\1’_2u;ﬂ/ + Blun [P 2unv — Mag(u,)v) dz| < &,
R

for all n € N, for all v € W1P(R) such that |jv]| < 1.
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Setting v = (un — u)/||un — ul|, one has

/(|u;‘p72u%(u; —u') + B|un|p72un(un —u)
R
—Aag(up)(un —u))de < epljun, —ul|  (2.8)
for all n € N.
Noting that

—1 1
lalP o < E=—al? + ~|p?,
p p

one has
/(\u;|p_2u%(u; — ') + Blun [P un (uy — u)) da
R

:/(|u;|p+B|un|p)dx—/(\u;|p_2u;u’—|—B|un\p_2unu) dz
R R

—1 1 —1 1
>wmp/(p [P + —|u/|P + BE |%W+B|mﬂdx
R p p p p

p—1

1
= [lunll” = [[een |7 = = [lu][?

1 1
= —[lun[[” = —lul/”.
Thus, from (2.8), one has
1 p_ Ly
~lunll” = ~flull” <A [ ag(un)(un —u) de + enllun — ul],
p p R
that is,
1 1
—enllun —ull + ~flunl[” <A | ag(un)(un —u) dz + —[Ju]]”. (2.9)
p R p
Taking into account (2.7), from (2.9) one has

1 1
limsup —[[u, [[” < —[[u]/”.
n—+oo P b

Hence, [9, proposition I11.30] ensures that {u,} strongly converges to u € W?(R)
and the proof is complete. O

Now, if we assume in addition that g satisfies an Ambrosetti-Rabinowitz-type
condition at co, then I, satisfies the classical (PS)-condition. To be precise, we have
the following result.

LEMMA 2.9. Assume that
(AR) there are s > 0 and p > p such that 0 < pG(&) < £g(&) for all £ > s.

Then, Iy satisfies the (PS)-condition and it is unbounded from below.
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Proof. Let {uy,} be a sequence such that

[Ix(un)] < M for some M >0 for all n € N, (2.10)

and
I{(up) =0 in WHP(R)* as n — oo. (2.11)

First, we claim that there is a K > 0 such that
up(z) > —K (2.12)
for a.e. z € R and for all n € N. To this end, setting u,, in the usual way, we prove

that {u, } is bounded in W?(R). From (2.11) one has |1} (u,)(v)| < &,||v|| for all
v € WHP(R) with &, — 0. Thus, in particular, |} (u,)(u;, )| < enllu, ||, that is,

-
[l Bl ) a3 [ et @) 0 ds| < i,
R R

hence

s P+ A / () g un () () A < e ]

Therefore,
0 < Jlug, P < Hug 17 + /\/Ra(x)g(un(w))ur?(x) dz < enllu, ||

Thus, {u,, } strongly converges to 0 in W1P(R), so it is bounded in WP (R).
Thus, in particular, it is bounded in L*°(R) (see (2.1)) and one has 0 < u,, (z) <
K for some K > 0 and for a.e. z € R, and our claim is proved.
Now, we prove that {u,} is bounded in W?(R). Again, from (2.11), one has
13 (un) (un)| < enllunl]. Then,

I} (un) (un) < enlln| (2.13)

for all n € N and with &,, — 0.
On the other hand, one has

T4 1t (1) = [P = A / ()9 (1 (2) i ()

and
—11' U :—1 U pf—)\ a(z)g(u,(z))u,(z) dx
= ! p—f)\ a(x Up () )Up(T) — Uy (T T
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It follows that

Awmf%mwmmn:ﬁ%waémmmwu»mf%mmp
A
+;Aa®MWM@WM@—Mﬂ%@M¢E
+ A | alx)G(un(z)) dz,

R
that is,

Ly —l—lu”iaaﬁ w,, (), () —uG(u, ()] dz
Aww—ﬂﬁhmﬂw)—(p M)|u|+uA;<>w<4>>n<>ua<u>nd.

. . The equati bel
Taking (AR) into account, one has has been moved to.
display to avoid a
bad line-break:

/ . a(x)[g(un(z))un(r) — pG(un ()] dz = 0. o
Un(x)>=s
Moreover, from (2.12), one has

\/ () g1 (2)) e (&) — Gt (2))]
—K<un(z)<

S /, Ko )<50‘(I)£ggzalgs] l9()& — pG(§)|dx

< ‘CY|1T,

where T' = maxec[—k 5 [9(£)§ — pG(&)|. Hence,

o) = tun)on) > (5= ol
A
! ; /K<uw(fc)<s a(fv)[g(un(x))un(x) o MG(un(x))] dz
1 1 - i .
2 <p_u>||un|l /14‘ |1T.

From (2.10) and (2.13), it follows that

1 1 A 1
(—)%P—mw<Mw%mn
[ [ [
that is,
1 1 1 A
(—)ww<M+%mn+mm. (2.14)
pou u I

Hence, (2.14) ensures that {u,} is bounded in WP (R).

Now, arguing exactly as in the proof of lemma 2.8, {u,} admits a convergent
subsequence, so I satisfies (PS).

Finally, standard computations show that (AR) implies that

G(&) = a1 —as
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for all £ > 0 and some positive constants a; and as, and hence Iy is unbounded
from below. The proof is complete. O

3. Main results

Throughout this section we adopt the following notation for some constants that
will appear often in the following. Put

1
A:M:ﬂ
|a|1 |C¥\1’
1/p
l=cp(2? '+ — 192B) | (3.1)
CB( T " )
A
R=2

[p

where cp is given in proposition 2.2.

We observe that if, for example, p = 2, B = 1 and a(z) = 1/(1 + 22), then
1=(%)Y?and R=§.

Our main result is the following.

THEOREM 3.1. Assume that there exist two positive constants vy, Kk, with K < 7,
such that

- - (3.2)

Then, for each

1 1 kP 1 P
pcplali RG(k) pcplali G(v) |

problem (Py) admits at least one non-trivial and non-negative solution wg  such
that |up e < 7.

Proof. Our aim is to apply theorem 2.6. To this end, we take E = WP(R), and &,
¥, Iy are as in §2. All of the assumptions on regularity required on ¢ and ¥ are
established and, from lemma 2.8, the functional I, satisfies the (PS)[T]—condition
for all r > 0. It is enough to prove (2.6). To this end, choose r = (1/pc!;)~? and

dk(x+ 1)+~ it x € [-5/4,—1],
K if x € [-1,1],
(1l —z)+ kK if x €]1,5/4],

0 otherwise.

Perhaps ‘all of the
assumptions on the
necessary regularity

on
Change OK?

=l
[l
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Clearly, & € W1P(R). Moreover, one has

(i) = <l

) ( [t 5 [ )
- (5 8z +2)7)

P B
. (221’—1 4+ 23)
p 2(p+1)

and

Hence,

(3.3)

Moreover, from k < 7 one has kl < . In fact, arguing by contradiction, if we
assume that k < 7 < Ik, one has R(G(k)/kP) = A(G(r)/IPrP) < A(G(K)/~F) <
G(k)/v? < G(7)/~?, which contradicts (3.2). Thus, from xl < 7y, one has
107 1
&(u) = kP —— < —5F =,
(@) =x"> &<

so 0 < P(a) <.

Moreover, for all u € WHP(R) such that |ju|| < (pr)'/?, taking proposition 2.2
into account, one has

[uloo < epllull < ep(pr)!/? = 7. (34)
Hence,

sup ¥(u) =  sup /Ra(x)G(u(a:))da:

P(u)<r lull<(pr)1/»
< [ ala) sup Gi(e)do
R [€]<y
< lahiG().

From this we deduce that

Sup@(u)<rw(u) < ‘Oé|1G('Y)

r S (Updpr lalipery Sl (3-5)

/yp
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Hence, from assumption (3.2), owing to (3.3) and (3.5), one has

SUPg (u)<r !p(u) < W(d)
r d(u)

and (2.6) is proved. Moreover, taking into account that, again owing to (3.3) and
(3.5), one has

O(w) r [ 5 ] 1 1 kP 1 ~P {
U(@) SUP,eq1(_sorp () | = | pcilali RG(k) pchlaly G(y) || @
Therefore, theorem 2.6 ensures that, for all Word added — OK?

} 1 1 wP 1 ~P [
pcplali RG(k) peplali G(v) |

there is a ugx € ®1(]0,7[) (hence, ugn # 0) such that I (ug ) < Ix(u) for all
u € &71(J0,7[) and I{(up ) = 0. It follows that ug ) is a non-zero solution of
problem (Py) and, from (3.4), one has |ug x|oo < 7.
Finally, by standard computations, we have ug » > 0. In fact, from I (ug \)(v) = Changes to @
0 for all v € W'P(R), by choosing v = ug , > 0, one has

—[lug 5 IP = )\/Ra(:c)g(uo,k(x))uak(z) dz >0, (3.6)

hence [|u, || = 0. The proof is complete. O

REMARK 3.2. Theorem 3.1 ensures the existence of one non-trivial solution without
requiring asymptotic conditions either at 0 or at co. Theorem 1.1 is an immediate
consequence.

ExamMmpPLE 3.3. Put

u? ifu<1,

- 1

g(u) =< — if 1 <u<11,
u

h(u) if u> 11,

where h: R — R is a completely arbitrary function. From theorem 1.1 the problem

——g(u), zeR,

admits at least one non-trivial and non-negative classical solution. Indeed, it is
enough to apply theorem 1.1 to the continuous function

u? ifu<1,

L if 1 11
g(u): E 1 <u<ll

1

— if u>11,

—_
—_
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so that the solution @ relative to ¢g*, with |i]| < 11, is also a solution to our
problem; we note that

/ g*(t)dt:f+ln11<—:11/ o' () dt
0 3 3 0

and
11 1 33 121 1 11 11

—_—— = — <A< — ==
1 11
T [fgrtydt T 7w (1/3)+Inll =« fy g (t)dt
We now point out some consequences of theorem 3.1.

COROLLARY 3.4. Assume that

g9(t) _
Jm G = 4o
Then, for each v > 0 and for each
1 P
re }o, L7 [
pclplali G(v)

problem (Py) admits at least one non-trivial and non-negative solution ug, such
that |uoa|eo < -

Proof. Let « be an arbitrary positive real number and let

1 ~P [
A€ |0, .
} pcglali G(v)

From our assumption, one has lim, ,o+ pc|ali R(G(t)/t?) = +oo. Thus, corre-
sponding to M > 1/X there exists k* > 0 such that for any x € ]0,x*[ one has
pcylali R(G(k)/kP) > M. Therefore, by choosing x < min{x*,~v}, we can apply
theorem 3.1 and we obtain the conclusion. O

REMARK 3.5. We explicitly observe that corollary 3.4 ensures the existence of a
non-trivial solution under the condition that g is sublinear at 0, without requiring
any condition at co. Easy examples that satisfy this assumption can be constructed,
for example, g(u) = \/m We recall that in order to apply the mountain pass
theorem, the superlinearity of g at 0 must be required as well as a suitable condition
at oo.

COROLLARY 3.6. Assume that

g(t)
im
t—+oo tP—1

Then, for each k > 0 and for each

1 1 kP n
7777 CX) b
pcplali R G(k)

the problem (Py) admits at least one non-trivial and non-negative solution ug x.
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Proof. Let k be an arbitrary positive real number and let

1 1 kP

AE | —— = 400
pelali R G(k)

From our assumption one has lim;_, 1 o pcl; a1 (G(t)/t?) = 0. Thus, corresponding
to € > 0 such that & < 1/A, there exists 4* > 0 such that for any v > ~* one
has pclh|al1(G(v)/4*) < e. Therefore, by choosing v > max{~*,x}, we can apply
theorem 3.1 and the conclusion follows. d

REMARK 3.7. We explicitly observe that the solution guaranteed by corollary 3.6
is non-trivial.

COROLLARY 3.8. Assume that

t t
lim 9(t) = +o00 and 9(t)
t—o+ tp—1 t—+oo tP—1

=0.

Then, for any X\ > 0, (Py) admits at least one non-trivial and non-negative solu-
tion ug, .

Proof. Tt follows by arguing as in the proofs of corollaries 3.4 and 3.6. O
REMARK 3.9. Clearly, the conclusion of corollary 3.4 holds under the assumption

that
. G(t)
limsup —= = +o0,
t—0+

and corollary 3.6 holds under the assumption

lim inf G(t)

t—+oo tP

=0.

Now we point out a multiplicity result, where only a condition at co on g is
required.

THEOREM 3.10. Assume that
(AR) there are s > 0 and p > p such that 0 < pG(&) < €g(€) for all £ > s.

Then, for each

AE |0 L 7’
? Sup b
pch‘ah v>0 G('V)

problem (Py) admits at least two distinct non-negative solutions ug x and ui .

Proof. Our aim is to apply theorem 2.7. To this end, we take E = W1P(R), and
&, U, I, are as in §2. All the assumptions on regularity required on @ and ¥ are
established and, from lemma 2.9, the functional Iy satisfies the (PS)-condition and
it is unbounded from below. Moreover, for a fixed A as in the conclusion and ~ such
that .
P
pcplali G(v)

Word added — OK?

Word added — OK?
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arguing as in the proof of theorem 3.1 (see (3.5)), one has
1 P < r
peplal G(y) ~ SuDyep—1(—oorp Y(u)

Hence, from theorem 2.7, the functional I, admits at least two distinct critical
points, which are, as seen in the proof of theorem 3.1, non-negative solutions of (Py),
and the conclusion follows. O

REMARK 3.11. If g(0) # 0, both the solutions guaranteed by theorem 3.10 are non-
trivial. It follows that theorem 1.2 is an immediate consequence of theorem 3.10.

ExaMPLE 3.12. From theorem 3.10, the problem

11+ u?

" _-T%
RS e
u(—00) = u(+o0) =0,

admits at least two non-trivial and non-negative classical solutions. Indeed, it is
enough to verify that 0 < 3(€ + (€°/5)) < £(1 + €*) for all £ > 5'/* and

1 1 1
<5 A
4 " 2chlal; G(1)
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