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Abstract

This paper deals with the evaluation of the lower and upper bounds of the natural frequencies of
structures with uncertain-but-bounded parameters. The solution of the generalized interval
eigenvalue problem is pursued by taking into account the actual variability and dependencies of
uncertain structural parameters affecting the mass and stiffness matrices. To this aim, interval
uncertainties are handled by applying the improved interval analysis via extra unitary interval
(EUI), recently introduced by the first two authors. By associating an EUI to each uncertain-but-
bounded parameter, the cases of mass and stiffness matrices affected by fully disjoint, completely or
partially coincident uncertainties are considered. Then, based on sensitivity analysis, it is shown that
the bounds of the interval eigenvalues can be evaluated as solution of two appropriate deterministic
eigenvalue problems without requiring any combinatorial procedure. If the eigenvalues are
monotonic functions of the uncertain parameters, then the exact bounds are obtained. The accuracy
of the proposed method is demonstrated by numerical results concerning truss and beam structures

with material and/or geometrical uncertainties.
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1. INTRODUCTION

The evaluation of the natural frequencies and the corresponding mode shapes plays a crucial role in
vibration analysis since it provides a great deal of information concerning the dynamic
characteristics of a system. Within a deterministic setting, this task is accomplished by solving the
generalized eigenvalue problem which involves the mass and stiffness matrices of the structure.
Changes of inertial and stiffness properties due to uncertainties inherent in any design process may
affect to a large extent the vibration characteristics of a structural system. It is, therefore, of primary
interest for design purposes to estimate the effects of geometrical and/or material uncertainties on
the natural frequencies. Such uncertainties are commonly described within a probabilistic
framework by using the random variable or random field concept. However, in the last decades, the
so-called non-probabilistic approaches, such as convex model, fuzzy sets or interval model [1], have
increasingly spread as alternative tools for handling uncertainties arising in engineering problems.
The interval model, stemming from the interval analysis [2,3], is widely used when only the range
of variability of non-deterministic properties is known but available data are insufficient to make

reliable assumptions on the joint probability density function.

If the uncertain parameters are modeled as interval variables, the mass and stiffness matrices of
the structure turn out to be interval matrices and the eigenvalue analysis leads to the so-called
generalized or standard interval eigenvalue problems. The solution of these problems is a very
difficult task since it consists in the evaluation of all possible eigenvalues and eigenvectors as the
interval stiffness and mass matrices vary between their bounds. In practice, the objective is the
determination of the narrowest intervals enclosing all possible eigenproperties, say the evaluation of

the bounds of the eigenvalue and associated eigenvector for each eigensolution.

The solution of the interval eigenvalue problem has attracted much research attention in the last
decades. Rohn [4] studied the generalized interval eigenvalue problem and derived formulas for the
interval eigenvalues of a symmetric interval matrix with an error matrix of rank one. Based on the
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invariance properties of the characteristic vector entries, Deif [5] developed a method for the
solution of the standard interval eigenvalue problem. The application of this method is limited by
the lack of an efficient criterion for judging the invariance of signs of the eigenvectors components
under interval matrix operations before computing interval eigenvalues. Under the assumption that
the deviation amplitudes of the mass and stiffness matrices are positive semi-definite, Qiu et al. [6]
proposed a procedure for the solution of the generalized interval eigenvalue problem which leads to
two deterministic eigenvalue problems involving the bounds of the mass and stiffness matrices. The
effectiveness of this method has been assessed by comparison with Deif’s solution in the simplest
case of fully disjoint mass and stiffness uncertainties. Following a similar reasoning, Elishakoff [7]
proposed a procedure for finding the range of eigenvalues due to uncertain elastic moduli and mass
density by using the upper and lower stiffness and mass matrices. A perturbation method for the
solution of the generalized interval eigenproblem has been developed by Qiu et al. [8] by viewing
the deviation amplitudes of the mass and stiffness matrices as perturbations around the nominal
values of the interval matrix pair. The procedure is applicable for small deviation amplitudes and
has been validated only in the case of fully disjoint mass and stiffness uncertainties. Qiu et al. [9]
introduced the Eigenvalue Inclusion Principle (EIP) which leads to the solution of two deterministic
eigenvalue problems as well. If the mass and stiffness are affected by different uncertainties, the
exact bounds are obtained. In general, this approach is accurate and efficient but it does not provide
a physically consistent treatment of uncertainties affecting simultaneously the stiffness and mass
matrices. Furthermore, the EIP is applicable only when the matrix pairs can be expressed by the
non-negative decomposition. Based on a previously developed interval finite element method,
Modares et al. [10] proved that, in the presence of any physically allowable uncertainty in the
structural stiffness, the solutions of two deterministic eigenvalue problems are sufficient to obtain
the exact bounds of the system’s fundamental frequencies without resorting to any combinatorial
solution procedure. Gao [11] proposed the interval factor method to investigate the effects of

geometrical and material interval uncertainties on the natural frequencies and mode shapes of truss
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structures. Despite its simplicity, the method provides physically inconsistent results such as the
independency of natural frequencies and mode shapes on the uncertainty of cross-sectional areas
and Young’s moduli, respectively. Furthermore, the dispersion of the interval eigenproperties
around their midpoint values turns out to be unexpectedly independent of the mode order. Several
perturbation-based (see e.g. [12-15]) or iterative procedures (see e.g. [16-19]) for the evaluation of
the interval eigenvalue bounds have been also developed in the last decades. An evolution strategy
for computing eigenvalue bounds of interval matrices has been presented by Yuan et al. [20]. In an
attempt to take into account the dependencies of the uncertain parameters entering the mass and
stiffness matrices, recently an approach based on a modified affine arithmetic has been proposed
[21]. Besides the involved solution procedure, a common drawback of the aforementioned
approaches is that their accuracy is assessed only for simple examples with fully disjoint mass and

stiffness uncertainties.

The aim of this paper is to propose an efficient method for the solution of the generalized
interval eigenvalue problem, able to overcome the limitations of available procedures discussed
above. The key idea is to seek the bounds of the eigenvalues taking into account the actual influence
of uncertainties on the mass and stiffness matrices and their dependencies. In other words, rather
than tackling the problem from a merely mathematical point of view, the proposed procedure seeks
a solution consistent with the physical behaviour of the structure. Interval uncertainties are handled
following the improved interval analysis via extra unitary interval [22,23]. All possible situations
occurring in real engineering problems, where uncertainties affecting the mass and stiffness
matrices may be fully disjoint, completely or partially coincident, are examined. In each of these
cases, a preliminary sensitivity analysis is performed in order to investigate the behaviour of the
eigenvalues as functions of the uncertain parameters [1,24]. Based on the information provided by
the eigenvalue sensitivities, the combinations of the extreme values of the uncertain parameters

corresponding to the bounds of the eigenvalues are determined. Hence, the eigenvalue bounds can



be evaluated as solution of two appropriate deterministic eigenvalue problems without any
combinatorial procedure. This ensures substantial computational advantages over the vertex method
[25] which yields the exact bounds of monotonic eigenvalues at the expense of the onerous solution
of as many deterministic eigenvalue problems as are the combinations of the extreme values of the

uncertain structural parameters.

The accuracy of the proposed procedure is demonstrated by analysing two truss structures and a
FE modeled cantilever beam in the three cases of mass and stiffness matrices affected by fully
disjoint, completely coincident and partially coincident uncertainties. It is demonstrated that the
proposed estimates of the eigenvalue bounds are exact as long as the eigenvalues are monotonic

functions of the uncertain parameters.

2. PROBLEM FORMULATION
2.1 Interval uncertainty modeling via Extra Unitary Interval

The present study focuses on eigenvalue analysis of linear undamped structural systems with
uncertain parameters, such as material and geometrical properties, affecting the mass and stiffness
matrices. Within a non-probabilistic framework, uncertainties are represented as closed real interval
numbers according to the so-called interval model. This model, mainly based on the interval
analysis [2,3], turns out to be a very useful tool to carry out engineering analyses when only the

range of variability of the uncertain parameters is available.

Denoting by IR the set of all closed real interval numbers, let o' =[a,a]<IR" be a bounded

set-interval vector of real numbers such that a <a <a. The apex | means interval variable, while
the symbols o and @ denote the lower bound (LB) and upper bound (UB) vectors. According to

the classical interval arithmetic, the i-th real interval variable ¢/ =[¢;, ;] is characterized by the

midpoint value (or mean), «,; , and the deviation amplitude (or radius), A¢;, given by:



ty =) A= (3-a) (12,0)

The real numbers ¢, € o =[¢;,@;], collected into the vector a e a' =[a,a], are here assumed
to represent the dimensionless fluctuations of the uncertain structural parameters.

Following the improved interval analysis via extra unitary interval [22,23], the i-th interval

parameter o is here defined in the following affine form:

o =, +Aaé 2)

where &' 2[-1,+1], (i=12,...,r), is the extra unitary interval (EUI) associated with ¢ which

satisfies the following properties:
=[-L+1], i=j; x& ty& =(xtvy,)é; (3a-f)

In these equations, [1,1]=1 is the so-called unitary thin interval. It is useful to remember that a

thin interval occurs when x =X and it is defined as x' =[x, x], so that Xe R.

In structural engineering problems, the dimensionless fluctuations of the uncertain-but-bounded

parameters around their nominal values can be reasonably modeled as symmetric intervals, i.e.

o =[e;, ;] with & =-g;. Under this assumption, since ¢,; =0 and Ae¢; =-¢; =@, EQ. (2)
reduces to:

a' =Aaé'. (4)
Furthermore, to assure physically meaningful values of the uncertain structural properties, the
deviation amplitudes A¢; should satisfy the conditions |A¢| <1, with the symbol |°| denoting

absolute value. For instance, if the uncertain Young’s modulus of the i-th structural element is
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expressed as E' =E; (1+Aaiéi' ) with E,; denoting the nominal value, the fluctuation ¢, defined
by Eq. (4) must satisfy the conditions |Ac;|<1 to yield always positive values of the interval
material property.

According to interval symbolism, a generic interval-valued function f and a generic interval-
valued matrix function A of the interval vector a' will be denoted in equivalent form, respectively

as:

fl=fa') o f(a) aca =[a,al;
(5a,b)
A'=A(@') & Aa), aca' =[a,al.

2.2 Generalized interval eigenvalue problem

The vibration analysis of a n— DOFs undamped linear discretized structure with r uncertain-but-

bounded parameters leads to the so-called generalized interval eigenvalue problem:
K(o) ¢, (@) = 4, (@) M(@)¢(ar), aca' =[a,a], (j=12,...,n) (6)

where K' =K(a') and M' =M(a') are the nxn stiffness and mass matrices of the structural
system which are functions of the dimensionless uncertain parameters collected into the interval

r. Iy _ .2 | H . H | H
vector a' eIR"; 4;(a')=o;(a’) is the j—th squared interval natural frequency and ¢,(a') is
the associated eigenvector.

According to the classical interval algebra, the interval stiffness and mass matrices satisfy the

following relationships:

[ )
(7a,b)
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where ki =Ko — Ak and ki =Ko +Akij, mj =mo; —Amy; and M =My +Amy, are the bounds of
the (i, j )-th element evaluated according to Egs. (1a,b). In the previous equations, {S(a)|P(a)}

means “the set of matrices S(a) such that the proposition P(a) holds”. In vibration problems,
KeK' and MeM' are symmetric positive definite matrices.

The solution of the generalized interval eigenvalue problem is a non-trivial task since it involves
the evaluation of all possible eigenvalues satisfying Eq. (6) as the matrices M(a') and K(a')
assume all possible values inside the intervals (7a,b). The solutions constitute a complicated region

in the real number field R . Therefore, the objective is to evaluate for each eigensolution the

narrowest interval enclosing all possible eigenvalues satisfying Eqg. (6), i.e.:
/lj(a):a)jz((x)z[&j,zj], aca' =[a,d] (8)
where A; and 4;, (j=12,...,n) , are the LB and UB of the j—th interval eigenvalue.

The eigenvectors associated with the interval eigenvalues are also affected by the uncertainties
and turn out to be bounded by interval vectors ¢, € ¢, (a'). Since the main concern for design

purposes is the variation of the natural frequencies due to structural parameter fluctuations, attention

is focused herein on the evaluation of the bounds of the interval eigenvalues.
If the eigenvalues are monotonic functions of the uncertain parameters o, e =[g;,& ],

(i=12,...,r), then the exact values of the LB and UB, /_1J. and /Tj , (j=1,2,...,n), can be obtained

by applying the vertex method [25]. Indeed, the bounds of the interval eigenvalues occur at the

extreme points of the uncertain parameter vector a' € IR". The application of the vertex method

involves the solution of 2" deterministic eigenvalue problems, as many as are the possible
combinations of the bounds of the interval uncertainties, and the subsequent evaluation of the
maximum and minimum eigenvalue for each eigensolution. Such a combinatorial procedure

becomes prohibitive as the number of uncertain parameters increases. Some approximate methods
8



available in the literature enable to efficiently replace the combinatorial procedure by the solution of
two deterministic eigenvalue problems (see e.g. [7-10]). The main limitation of such methods lies in
the inability to take into account dependencies between mass and stiffness uncertainties according

to the actual variability of structural properties in real engineering problems.

3. PROPOSED PROCEDURE FOR EVALUATING EIGENVALUE BOUNDS

The aim of this study is to propose an efficient procedure for evaluating the bounds of the interval
natural frequencies able to take into account the dependencies between uncertain parameters and
their actual variability in real structural systems. For this purpose, based on their influence on the

structural matrices, the uncertain parameters are subdivided into three groups: 1) uncertainties

affecting only the stiffness matrix, such as the Young’s moduli of the material, denoted by «,;,
(i=12,...,r,); 2) uncertainties affecting only the mass matrix, such as lumped masses in
discretized structures or mass density, denoted by ay;, (i=r +Lr +2,....,f +1,); 3)

uncertainties affecting simultaneously the stiffness and mass matrices, such as the cross-sectional
areas or lengths of the structural elements, denoted by

A i (=T + 1y +L1 + 1, +2,...,T + 1, +T,). Based on the above classification, the interval

vector ' of order r=r, +r,, +r,,, listing the uncertain parameters can be partitioned as follows:

(x':[a:( a,, aLM]T. 9)

Following the improved interval analysis via EUI [22,23], the elements of the sub-vectors a, , a,,
and a,, can be expressed as

I Al . | Al . | Al
A =Aay € Oy =Aay By Ui = Ay iCm i (10a-c)



where é,,, é,, and é,, , are the EUIs associated with the three types of uncertainties introduced
above, while Aa, ;, A, ; and Ae,,, ; are the corresponding deviation amplitudes (see Eq. (1b)).
Without loss of generality, it is assumed that each of the three interval sub-vectors a, , a,, and
a,, collects the dimensionless fluctuations of a given property in the whole structure. For
instance, a, may be the vector listing the dimensionless fluctuations of the Young’s moduli of the
material in different structural elements. Obviously, in the most general case, more than three
properties of a structural system may exhibit fluctuations.

If the eigenvalues are monotonic functions of the uncertain parameters, their exact bounds, A,

and Ij, (j=12,...,n), can be evaluated by applying the vertex method which involves the

solution of 2" deterministic eigenvalue problems, as many as are the combinations of the bounds of

the uncertain parameters. The proposed procedure avoids the onerous solution of 2" deterministic
eigenvalue problems by performing a preliminary sensitivity analysis of the eigenvalues. After

some algebra, the sensitivity of the j-th eigenvalue with respect to the i-th uncertain parameter can

be expressed as [1,24]:

_ 04(a)

Aj,i
"t o

=¢ Kb, — A, & Mity;, (i=12...,n i=12,..7r). (11)

a=0

In the previous equation, 4,, and ¢,; are the j-th eigenvalue and eigenvector of the nominal

system, solutions of the following eigenvalue problem:
KO%,jZJ‘O,jMO ¢0,j' (j=1,2,...,n) (12)
where

K, =K(a)|, M, =M(a)|__, (13a,b)

10



are the stiffness and mass matrices of the structure with nominal values of the uncertain parameters,
i.e. a=0. Furthermore, in Eq. (11) K; and M, denote nxn matrices given by:

< K@
o,

M@
o,

o=0 1

, (1=12,...,r). (14a,b)

a=0

As known, the sensitivity defined in Eqg. (11) gives information about the change of the j-th

eigenvalue due to a variation of the i-th structural parameter «, with respect to the nominal value.

Specifically, within a small range around a=0, if S,,i>0, then the j-th eigenvalue is an
increasing function of the parameter «;; conversely, if s, ; <0, then the j-th eigenvalue is a
decreasing function of the parameter «,. Based on the knowledge of the sensitivities S

(i=12,...,r), the combinations of the extreme values of the uncertain parameters corresponding to

the bounds of the j -th eigenvalue can be found as follows:

(UB)

if slj‘i>0, then a;;” =&, «;

(15a,b)
(us) _
I

if s, <0, then « a, &P =a, (j=12...n i=12..,r).

Taking into account the partition of the vector o in Eq. (9), the previous parameters are

collected into the following vectors of order r:
(uB) _ [ (UB) (UB) we) 1" . (LB) _ [ (LB) (LB) ws) 17 .
a —[aK’j Oy Oy | 3 O —[(XKJ- Ay O | - (J=12,...n). (16a,b)

Then, the bounds of the eigenvalues can be evaluated solving the following two deterministic

eigenvalue problems:

}(a)b, = 2, M(09)4,

i

K(a™)¢ =4 M(ai™®)¢;, (j=12...n). (17a,b)

] J J

To cover the most common situations occurring in structural analysis, three different cases will
be examined where the uncertain parameters affecting the mass and stiffness matrices are assumed:
i) fully disjoint (e.g. Young’s moduli and mass density); ii) completely coincident (e.g. cross-
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sectional areas or lengths); iii) partially coincident (e.g. Young’s moduli, mass density and cross-

sectional areas or lengths).

3.1 Mass and stiffness matrices affected by fully disjoint uncertainties (CASE 1)

Case | concerns structural systems whose stiffness and mass matrices are affected by fully disjoint
uncertain parameters. As a typical example, consider the case of structures with uncertain Young’s

modulus and mass density of the material.
Under this assumption, the vector (9) collecting the uncertain parameters reduces
T . . . L
toa :[a,'( a'M] , and the mass and stiffness matrices turn out to be functions of fully disjoint

parameters, say K' =K(ay) and M' =M(a,,) . Furthermore, it can be readily verified that the

sensitivities of the eigenvalues with respect to the stiffness parameters are given by:

_ o (o) _ o4 (a)|

i
it o

= Kidy;, (i=12...,n; i=12,...,r).(18)

oa .|
Ki lg=0

|0L=0

Similarly, the sensitivities of the eigenvalues with respect to the parameters affecting only the

mass matrix take the following form:

Coy(@)] o4 (a)

. -
it ooy |, GaMJ|

=00, My, (i=12...m i=r +Lr +2,...1 +r,). (19)

a=0
Taking into account that the matrices K, and M, (see Eq. (14a,b)) are positive semi-definite and
that ¢, ; are the eigenvectors of the nominal structure, the combinations of the extreme values of the

uncertain parameters giving the bounds of the eigenvalues can be determined as:

12



04 (o)
j T (UB) _ _(UB) _ = (LB) _ _(LB) _ . )
P =¢  Kiy; >0= a7 =ay ;i =g, a5 =ag ;i =, (1=12,...,1);
aK'i a=0
ol (a)
] _ T (UB) _ _(UB) _ (LB) _ _(LB) _ =
Py =4 i%;, My <0= 0" =ay i =au;i i =i =0 (20a,b)
M. a=0

(I=r +Lr.+2,....,1.+1,).

Based on the information given by the preliminary sensitivity analysis, within a small range
around a.=0, all eigenvalues turn out to be monotonic increasing and decreasing functions of the

parameters «, ; and «,, ; affecting only the stiffness and mass matrix, respectively.

Collecting the combinations of the extreme values of the uncertain parameters into the following

vectors:
T T N
af™ =[al} ol | =[a ] af® =[ai? af? | =[a @] . (j=L12...n),
(21a,b)

the bounds of the eigenvalues 4;(a), (j=12,...,n), with aca’ :[oc,'( o, ]T , can be evaluated

solving the following two deterministic eigenvalue problems:
K(QKM’] :/_Ij M(G’M)¢j : K(a‘K)d)j :/Tj M(a,,) ;. (22a,b)

Notice that the first eigenproblem is defined setting &, =-1, (i=12,...,r,) and &, =+1,

(i=r.+Lr +2,...,r.+r,). Conversely, in the definition of the second eigenvalue problem,

providing the UB of the eigenvalues, the stiffness and mass uncertainties are set simultaneously at

A

their UB and LB, respectively, namely é, ., =+1, (i=12...,r,) and §&, 6 =-1,

(i=r.+Lr +2,...,r +r,). Finally, it is observed that such combinations of the extreme values of
the uncertain parameters give the bounds of the eigenvalues for all eigensolutions.

As will be shown through numerical results, the LB and UB of the eigenvalues obtained as

solution of the eigenvalue problems in Egs. (22a,b) are always coincident with those provided by

13



the vertex method. Furthermore, if only stiffness uncertainties are present, the proposed approach
reduces to the one developed by Modares et al. [10]. In this connection, the present method turns
out to be more general than the procedure proposed in Ref [10] which is applicable to structures

involving uncertain stiffness properties only.

3.2 Mass and stiffness matrices affected by the same uncertainties (CASE I1)

Case Il refers to structures with uncertain-but-bounded parameters affecting simultaneously the
stiffness and mass matrices. This circumstance occurs, for instance, when the cross-sectional areas
or the lengths of the structural elements are uncertain. In this case, the interval vector (9) collecting

the uncertain parameters reduces to o' =a,,, , and the mass and stiffness matrices are functions of

the same parameters, i.e.:
K'=K(ot,y); M' =M(aiy, )- (23a,b)
The eigenvalue sensitivities take the general expression in Eq. (11), i.e.:

oA (@) o4 (a)
oq,

=t Kidy; =40 @ My (Ii=12,..,m i=12,..,ry=r). (24)

aaKM i ‘a:O

|a:0

Hence, the combinations of the extreme values of the uncertain parameters giving the bounds of

the eigenvalues can be determined as:

o4 (o)
: j (UB) _ _(UB) _ = . (LB) _ _(LB) _ )
if P >0 then O =0y i =0mis i =0ku.ji=%m,ir
KM |oo
if alj (o) 0 then q® — 4B _ . (LB) _ _(LB) _ = (25a,0)
ey < Tii " T COmji T %m,iv i T O%wji T Qi
KM, |o—o

(i=%2,...,n; i=12,...,1, =T).

The bounds of the eigenvalues 4;(a), (j=12,...,n), with aca' =al,,, can be evaluated as
solution of the following two deterministic eigenproblems:

14



K(“‘%\??j)d’j :i“j M(a%\??j)d} ; K(a%{/lls,)j)d)j :Zj M(a%ﬁ)])d’ . (26a,b)

] ]

Notice that, according to the philosophy of the improved interval analysis via EUI [22,23], the
above eigenvalue problems are defined assuming the same combination of the extreme values of the
uncertain parameters in the evaluation of the mass and stiffness matrices, say the EUIs

€. =[-1,+1] are set simultaneously at their lower or upper bounds. Specifically, for each

eigensolution, the matrices K(al’;) and K(ais; ) are associated with the matrices M(a%ﬁ?j)

and M(a&ﬁ?j), respectively. It follows that Egs. (26a,b) allow to overcome the inconsistency

inherent in the EIP [9], which provides the eigenvalue bounds as solution of two deterministic
eigenproblems derived setting the interval parameters a,,, at opposite extremes when evaluating
the stiffness and mass matrices, despite they always represent the same physical properties.

The proposed approach is much more efficient than the vertex method from a computational

point of view. Indeed, to evaluate the bounds of the n eigenvalues, it requires the evaluation of

nxr sensitivities (see Eqgs. (24)) and the solution of 2xn eigenvalue problems (see Egs.(26a,b)),

while the vertex method involves the solution of 2" eigenvalue problems.

Finally, it is worth emphasizing that Egs. (26a,b) yield the exact bounds only if the eigenvalues

are monotonic functions of the uncertain parameters ¢, ;.

3.3 Mass and stiffness matrices affected by partially coincident uncertainties (CASE I11)

Case 11 concerns the general problem of structures with partially coincident uncertain-but-bounded
parameters affecting the stiffness and mass matrices. In this case, the interval vector collecting the

uncertain parameters is defined as in Eq.(9), so that:

K' =K(ay,0,); M'=M(ay,, oy, )- (27a,b)

15



Equations (20a,b) have shown that, due to the positive semi-definiteness of the matrices K, and
M, , within a small range around o.=0, the eigenvalues are monotonic increasing and decreasing
functions of the parameters «,; and «,,;, respectively. Thus, the combinations of the extreme

values of fully disjoint stiffness and mass uncertain parameters to be considered in the evaluation of
the eigenvalue bounds are those given in Egs. (21a,b). Similarly, the sensitivities of the eigenvalues

with respect to the parameters ¢, ; defined by Eq.(24), herein rewritten for the sake of clarity,

allow to determine the combinations of the extreme values of such parameters corresponding to the

bounds of the eigenvalues:

. 0;(a) _
if 80; :¢0T,J'Ki¢0,j — A ¢0T,j Mg, ; >0 then ajg,LiJB) =a|(<lI€/IB,)j,i = 0Oy jis a}!}B) =05|(<LMB,)J-J =Qmis
KM.i |o—0
. 04 (a _
if P () =¢0TviKi¢0,i _’lo,j%T,j Migy; <O then aJ(,LiJB) zaﬁln)ﬁ)ivi = iv aE,LiB) =0‘+(<EB,),-J = Oy jiv
im0
(J=12,...,n; i=r +n, +Lr +1, +2,...,+ +1, + 1y, =T).
(28a,b)

Based on the previous sensitivity information, the bounds of the eigenvalues 2;(a),
(j=12,...,n), with aeca' =[a,‘< o, Oy, ]T, can be evaluated solving the following two
deterministic eigenvalue problems:

K)o =2 Mg 5 K(e®)o = M(™)g @)
where

(UB) _ [ (UB) (UB) we) 1" = we) 7
a; _[aK,j Oy j aKM,J _[(X’K Oy q‘KM,j:I

(30a,b)

T
o'B) = |:a(LB) (LB) (LB) }

= w) 7T’ L
i Kij Owm,j Okm,j [Q'K Oy a‘KM,j:I’ (J=12,...n).
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Notice that, according to the philosophy of the improved interval analysis via EUI [22,23], the EUIs

éxv.: Must take the same value in the evaluation of the mass and stiffness matrices, while the EUls
é;, and é),; associated with fully disjoint uncertainties vary independently. Furthermore, it is

observed, that the combinations of the extreme values of the uncertain parameters ¢, ; and «,, ;

affecting only the stiffness and mass matrices, respectively, are the same for all eigenvalues and are

known a priori on account of the properties of the matrices K; and M. . Conversely, the vectors

aiqr; and aly; , in general, are different for each eigensolution since their definition results from

sensitivity analysis. It follows that the computational effort is the same as that required in CASE I

examined in the previous section.

If a,,, =0, the uncertain parameters turn out to be fully disjoint and CASE 1 is recovered (see
Egs. (22a,b)). Similarly, if o, =0 and «,, =0, the mass and stiffness matrices are affected by the

same uncertain parameters and the deterministic eigenproblems (29a,b) reduce to those obtained in

CASE Il (see Egs. (26a,b)).

The efficiency of the proposed approach lies in the capability of predicting the combinations of
the extreme values of the uncertain parameters corresponding to the bounds of the eigenvalues
based on the information given by sensitivity analysis along with the physical meaning of
uncertainties. In particular, the cases examined above have shown that eigenvalue sensitivities
actually need to be computed only for uncertainties affecting simultaneously the stiffness and mass
matrices, say for geometrical uncertainties. The proposed solution is exact as long as the

eigenvalues are monotonic functions of the uncertain parameters.

4. NUMERICAL APPLICATIONS

Three examples concerning truss structures of different complexity and a FE modeled cantilever

beam are presented. The accuracy of the proposed procedure is assessed for the three cases of fully
17



disjoint, completely coincident and partially coincident mass and stiffness uncertainties discussed
above. For validation purposes, the proposed estimates of the LB and UB of the eigenvalues are
contrasted with those provided by the vertex method. If the eigenvalues are monotonic functions of

the uncertain parameters, the proposed approach yields the same results of the vertex method.

In the various cases, the influence of the uncertain parameters on the eigenvalues is scrutinized

by evaluating the so-called coefficient of interval uncertainty, C " defined as the ratio between the

deviation amplitude and the midpoint value, i.e.:

A 4 (=12....n) (31)
ﬂj_/lovj_/,i—’j_'_ij! —dh Ly .

The coefficient of interval uncertainty, Clj , provides a measure of the dispersion of the interval

eigenvalues 4; around their midpoint value 4, ;.

4.1 Example 1: 2-bar truss structure

The first example concerns the 2-bar truss structure depicted in Figure 1. The following geometrical
and mechanical properties are assumed for the nominal structure: cross-sectional areas and Young’s

moduli of the bars Ay =A =5-10"m* and E,; =E, =2.1-10° kN/m? (i=1,2), respectively;
nominal lengths of the bars L,, =2L and L,, = Lv/2 with L=3m (see Figure 1); material mass

density p, = 7800 kg/m?®; nominal mass lumped at node 2 m, =1000 kg .

In view of the system simplicity, closed-form expressions of the two eigenvalues of the structure
in terms of the uncertain structural parameters, 4 =/4(a) and A, = A (a), here omitted for
conciseness, can be derived. Then, the exact LB and UB of the eigenvalues can be readily obtained
as the minimum and maximum of the functions A4 =/A4(a) and A, =A(a) under the

constrainta.ca' =[a,@]. In Table 1, the proposed estimates of the coefficient of interval
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uncertainty of the two eigenvalues are contrasted with the exact ones provided by the optimization
procedure for the 2-bar truss with different uncertain parameters covering the three cases examined
in Section 3. The optimization procedure has demonstrated that, for this simple example, in all the
cases listed in Table 1, the exact bounds of the eigenvalues occur for the combination of the

extreme values of the uncertain parameters predicted by the proposed approach. The same results
can be obtained by applying the vertex method which requires 2" eigenvalue analyses.

For instance, when the Young’s moduli of the two bars and the lumped mass at node 2 are
modeled as intervals (CASE I), say E! = E,(1+Aaél,), (i=12),and m, =m,(1+Acé,) With Aa
denoting the dimensionless deviation amplitude common to all parameters, and ¢!, and &, the
associated EUIs, the exact eigenvalue bounds are obtained solving the eigenvalue problems in Egs.
(22a,b).

If only the cross-sectional areas of the two bars are uncertain-but-bounded, say

A=A @1+Acé,,), (i=12), the mass and stiffness matrices are affected by the same parameters

(CASE II). As shown in Figure 2, within the interval [-0.3,4+0.3], the eigenvalues are monotonic
increasing functions of the uncertain cross-sectional areas and the condition in Eq. (25a) is satisfied.

Therefore, the exact bounds are those predicted by Eqgs. (26a,b) where aﬁ}j?j:gm and

o) =0 » (J=1,2), namely é,, =-1and ¢,, =+1, (i=1,2), respectively.

Conversely, when the lengths of the two bars are modeled as interval parameters,
Ll = L,,(1+Aa8! ), (1=12), the exact bounds of the eigenvalues are obtained as solution of the
eigenvalue problems in Egs. (26a,b) where ol =@&,, and aly) =a,, . (J=12) namely

é;=+1and &, =-1, (i=12), respectively. Indeed, as shown in Figure 3, within the interval

[-0.3,+0.3], the eigenvalues are monotonic decreasing functions of the uncertain lengths of the
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bars and the condition in Eq.(25b) is satisfied. Indeed, it can be readily verified that the conditions

& ;K¢ ; <0 and ¢y ;M,¢y, ; >0 hold for any eigensolution.

Finally, in the most general case involving uncertain Young’s moduli, cross-sectional areas,
lengths and lumped mass, the exact eigenvalue bounds are provided by the eigenvalue problems in

Egs. (29a,b) setting: &!, =+1, é,, =+1, ¢, =-1, (i=12),and é, =-1 to find the UB; ¢! , = -1,

6, =-1, 6 ,=+1,(i=12),and & =+1 to evaluate the LB.

By inspection of Table 1, it is observed that the dispersion around the midpoint values is the
same for the two eigenvalues. To demonstrate the accuracy of the proposed method, the results
reported in Table 1 are obtained considering large deviation amplitudes of the uncertain parameters,
say Aa =0.3, which lead to a very large dispersion of the eigenvalues unlikely to occur in

engineering practice.

4.2 Example 2: 27-bar truss structure

Let us consider the 27-bar truss structure shown in Figure 4. The nominal structure is characterized
by the following geometrical and mechanical properties: cross-sectional areas and Young’s moduli
of the bars A=A =5-10"m* and E,; =E,=2.1-10° kN/m? (i=12,...,27), respectively;

nominal lengths of the bars Ly; (i=12,...,27) specified in Figure 4 where L =3 m; material mass

density p, = 7800 kg/m?*. Furthermore, each node possesses a nominal lumped mass m, =1000 kg .

4.2.1 Uncertain Young’s moduli and lumped masses (CASE I)

To validate the proposed method in the case of fully disjoint mass and stiffness uncertainties, it is
assumed that the Young’s moduli of nine bars and the masses lumped at nine nodes are described
by interval variables, say: E' =E,(1+Aaét;), (1=1617,...,24); mj=mo(l+Acén;),
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(j=4,5,...,12), where Aca is the dimensionless deviation amplitude common to all uncertain

parameters, while ét; and é; are the EUIs associated with each interval variable. According to
the proposed approach, taking into account that the Young’s moduli and lumped masses enter the
stiffness and mass matrices, respectively, the LB and UB of the eigenvalues are evaluated as
solution of the deterministic eigenvalue problems in Egs. (22a,b) obtained setting ét; =-1,
énj=+1and é;=+1, é&,;=-1, (1=16,17,...,24; j=4,5,...,12) respectively. In Table 2, the
proposed estimates of the bounds of the first five eigenvalues along with the exact ones obtained by
the vertex method for Aa =0.3 are reported. Notice that, when the stiffness and mass matrices are
affected by different uncertainties, the proposed method yields the exact LB and UB of the
eigenvalues even for large uncertainty levels satisfying the condition |Aa|<1. It is worth
emphasizing that the vertex method is much more time consuming than the proposed procedure

since it requires the solution of 2'° deterministic eigenproblems.

The influence of the uncertain parameters on the first five eigenvalues can be detected from
Figure 5 where the coefficients of interval uncertainty for three different values of the deviation
amplitude Aa of the uncertain parameters are displayed. As expected, the dispersion of the
eigenvalues around their midpoint value increases as larger uncertainty levels are considered and it
is different for the various modes. Furthermore, it is observed that the effect of uncertainties is such
that the coefficient of interval uncertainty of the eigenvalues is larger than the one of the uncertain

parameters which implies a larger dispersion.

4.2.2 Uncertain cross-sectional areas of the diagonal bars (CASE I1)

The case of mass and stiffness matrices affected by the same parameters is first examined assuming

that the cross-sectional areas of the diagonal bars of the truss structure are modeled as intervals,
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say A' = A(1+Acaéni), (i=16,17...,27), where Aca is the dimensionless deviation amplitude

common to all bars and é,; are the corresponding EUIs.

Focusing the attention on the first five eigensolutions, sensitivity analysis shows that, at least
within a small range around a=0, all eigenvalues are monotonic increasing functions of the
uncertain cross-sectional areas, say Eq. (25a) is always satisfied, except in the following cases: the

second eigenvalue 4! is a monotonic decreasing function of the parameters A; and A;; the third
eigenvalue A is a monotonic decreasing function of the parameters Aj and Ag;. Based on this
information, the bounds of the eigenvalues /IJ.' can be evaluated by solving the deterministic

eigenvalue problems in Eqgs.(26a,b) with the appropriate definition of the vectors a,;’; and af;; .

Table 3 shows that the proposed LB and UB of the first five eigenvalues for Aa =0.1 are the
same as those provided by the vertex method. Very small differences between the proposed and the
vertex solutions may occur for larger uncertainties which actually imply unrealistic deviations of the
geometrical properties in practical engineering applications. In general, the proposed estimates of
the eigenvalue bounds are different from those obtained by applying the vertex method when the
eigenvalues are not monotonic functions of some uncertain parameters, as may happen when

geometrical uncertainties are considered.

To gain further insight into the influence of the uncertain geometrical properties on the interval
eigenvalues, in Figure 6, the proposed coefficients of interval uncertainty of the first five
eigenvalues for three values of Ao are plotted. Notice that in this case the dispersion of the

eigenvalues is smaller than the one of the uncertain structural parameters.
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4.2.3 Uncertain lengths of the diagonal bars (CASE I1)

To further validate the accuracy of the proposed method in the case of mass and stiffness matrices

affected by the same uncertain parameters, the lengths of the diagonal bars are modeled as intervals,

say Li =Loi(l+Acéli), (i=16,17,...,27), where A« is the dimensionless deviation amplitude

common to all bars and é{ ; are the corresponding EUIs.

Performing a preliminary sensitivity analysis, it is readily found that the condition in (25b) is
always satisfied, namely all eigenvalues are monotonic decreasing functions of the uncertain

lengths. Indeed, the conditions ¢, K¢, ;<0 and ¢ ;M4 ;>0 hold for all eigensolutions.

Therefore, the bounds of the eigenvalues can be evaluated by solving the deterministic eigenvalue

problems in Egs.(26a,b) where af; =@, and aly) =0, say él;=+1 and &; =-1,

(i=16,17,...,27), respectively, in both the mass and stiffness matrices, for all eigensolutions.

In Table 4, the LB and UB of the first five eigenvalues obtained by the proposed procedure along
with those provided by the vertex method for Ao =0.1 are reported. It can be seen that the
deterministic eigenvalue problems in Egs.(26a,b) yield exactly the same results obtained by
performing 2 eigenvalue analyses according to the vertex method. This means that, for each
eigensolution, the exact LB and UB of the eigenvalues can be obtained considering only two
combinations of the uncertain lengths corresponding to é/; =+1 and &!; = —1, (i=16,17,...,27).
Numerical investigations, herein omitted for conciseness, have demonstrated that the same accuracy

is obtained also for arbitrarily large deviation amplitude of the uncertain lengths |[A«|<1 which

however are unrealistic in practical engineering problems.

The influence of the uncertain parameters on the first five eigenvalues is scrutinized by
evaluating the coefficient of interval uncertainty which is plotted in Figure 7 for the first five modes
considering three different values of the deviation amplitude A« . As expected, the uncertain

lengths of the bars have a different influence on the various eigenvalues. Like in the case of
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uncertain cross-sectional areas of the diagonal bars, the dispersion of the interval eigenvalues
around the midpoint value is smaller than that pertaining to the uncertain parameters. This means

that uncertainty in the input parameters is not amplified by the structural system.

Finally, Figure 8 displays the comparison between the proposed bounds of the first two
eigenvalues versus the dimensionless deviation amplitude A« in the presence of uncertain cross-
sectional areas (see Section 4.2.2) and lengths of the diagonal bars. In both cases, the proposed
estimates of the LB and UB of the eigenvalues are the same as those given by the vertex method.
Furthermore, as expected, the width of the eigenvalue regions increases with the uncertainty level.
It is also observed that, although the coefficients of interval uncertainty are almost the same (see
Figures 6 and 7), the bounds of the first two eigenvalues pertaining to the truss with uncertain cross-

sectional areas and bar lengths of the diagonal bars are quite different.

4.2.4 Uncertain Young’s moduli, lengths and lumped masses (CASE III)

Let us now assume that the following  parameters are  modeled as

intervals: E' = E,(1+Acé! ,),1=14,15,...,19; L, =Ly, A +Acé! ), 1=20,21,...,25;
m! =m,+Acé) ), S=7,8,...,12 where A« is the deviation amplitude common to all parameters

and é.;, &, and ¢ . denote the associated EUIs. The Young’s moduli and lumped masses enter

only the stiffness matrix and mass matrix, respectively, while the lengths of the bars affect both the
mass and stiffness of the structure. It follows that the structural matrices are functions of partially
coincident uncertain parameters as in CASE 11 examined in Section 3.3. As already mentioned in
the previous section, all eigenvalues are monotonic decreasing functions of the bar lengths, namely
the condition in Eq. (25b) is satisfied. Hence, the proposed bounds of the eigenvalues are obtained

as solutions of the deterministic eigenvalue problems in Egs. (29a,b) where
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a(iUB):[aK Oy, (_X’KM:I and a(iLB)z[(lK ay, (X‘KM:| , namely eIIE,i:+l’ €. =-1, elL,j:_l

m,s

and 6., =-1, &  =+1, & =+1,(i=14,15,...,19;5=7,8,...,12; j=20,21,...,25), respectively.

For comparison purpose, in Table 5, the bounds of the first five eigenvalues obtained by the
proposed procedure and the vertex method for Aa =0.3 are reported. Notice that the deterministic
eigenvalue problems in Egs. (29a,b) yield the exact bounds of the eigenvalues even when

unrealistically large variation of the geometrical parameters are considered. Also in this case, the

numerical effort of the combinatorial procedure involving the solution of 2** eigenvalue problems

can be drastically reduced by applying the proposed approach.

To scrutinize the effect of the uncertain parameters on the interval eigenvalues, in Figure 9 the
coefficients of interval uncertainty of the first five eigenvalues for three different deviation
amplitudes Aa are plotted. As in the previous cases, the dispersion of the interval eigenvalues
around their midpoint value increases with the uncertainty level and for some modes it is even
larger than that pertaining to the uncertain input data thus revealing an amplification of the

uncertainty itself.

4.3 Example 3: FE modeled cantilever beam

The last example concerns a cantilever Euler-Bernoulli beam discretized into n, =6 FEs (see
Figure 10). The beam is characterized by the following geometrical and mechanical nominal

properties: length L=L, =3 m; Young’s modulus E, =30-10° kN/m?; rectangular cross-sectional
area with width b, =0.3 m and height h, =0.5 m; material mass density p, = 2500 kg/m®. Each
Euler-Bernoulli type FE of length L. =0.5m has two DOFs at each node so that the discretized

beam possesses N=12 DOFs. The stiffness matrix and the consistent mass matrix of order nxn
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can be determined as explicit functions of the geometrical and mechanical properties based on the

element matrices and performing standard assembly procedure.

The proposed method is applied for evaluating the bounds of the first three interval eigenvalues
of the beam in the three cases of fully disjoint, completely coincident and partially disjoint

uncertainties. To this aim, the following uncertain parameters of the n, =6 FEs are considered:
uncertain Young’s modulus and mass density, E; = E,(1+ Aaé'Eyi) and p = p,(L+ Aaé;yi) , (CASE
1); uncertain width of the cross-sectional area b' =l (1+Aaé,;), (CASE Il); uncertain Young’s
modulus, mass density and width of the cross-sectional area E' =E,(1+ Aaé'Evi),

P! = p,(L+ Aaé;i) and b' =by(1+Aaé;;), (CASE ). Without loss of generality, all uncertain
parameters are assumed to exhibit the same deviation amplitude A« .
Numerical results omitted for brevity have shown that in CASE I, where the stiffness and mass

matrices are affected by fully disjoint parameters, the deterministic eigenproblems in Egs.(22a,b)

give the exact solutions for any uncertainty level satisfying the restriction |Aa|<1. Indeed, as

discussed in the previous section, the eigenvalues are monotonic increasing and decreasing
functions of the parameters affecting only the stiffness (Young’s moduli) and mass matrix (mass

densities), respectively.

In CASE Il, a preliminary sensitivity analysis is needed to predict the behavior of the

eigenvalues as functions of the geometrical uncertainties b', (i=1,2,...,n,). It can be verified that,

within a small range around o = 0, the first three eigenvalues are monotonic increasing functions of

the parameters b' except in the following cases: the first eigenvalue ' is a monotonic decreasing
function of the parameters b,, b! and b,; the second and third eigenvalues 2, and A are
monotonic decreasing functions of the parameters b,, b, and b.. Then, the bounds of the

eigenvalues 4; can be evaluated by solving the deterministic eigenvalue problems in Egs.(26a,b)
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where the vectors af,’; and af,’; are defined taking into account the information given by the

sensitivity analysis. Table 6 shows that the LB and UB of the first three eigenvalues obtained by the
proposed procedure for Aa =0.1 are the same as those provided by the vertex method despite the
latter requires 2° deterministic eigenvalue analyses. It follows, that Eqgs.(26a,b) yield the exact
bounds of the first three eigenvalues. As in the previous examples, differences between the
proposed and vertex solutions may occur for larger uncertainties which, however, correspond to

unrealistic variations of the beam geometry.

Finally, in CASE 111, the LB and UB of the first three interval eigenvalues A; can be estimated

by solving the eigenvalue problems in Egs. (29a,b) where the combinations of the extreme values of

the parameters b' affecting both the stiffness and mass matrices are defined as in CASE II. Since

CASE Il includes both the previous cases and errors may occur only in the presence of uncertain

geometrical parameters b, the same accuracy of CASE |1 is achieved.

Figure 11 shows the comparison between the coefficient of interval uncertainty of the first three
interval eigenvalues in the three cases examined above for a deviation amplitude of the uncertain
parameters Aa =0.1. The proposed estimates are always coincident with those provided by the
vertex method. Furthermore, it is observed that in CASE I, the uncertain parameters produce the
same dispersion of the first three eigenvalues with respect to the nominal value. Conversely, in

CASES Il and 111, uncertainties have a different influence on the first three eigenvalues.

5. CONCLUSIONS

An efficient procedure for the solution of the generalized interval eigenvalue problem arising in
vibration analysis of linear undamped structures with uncertain-but-bounded parameters has been
presented. The underlying idea is to properly take into account the actual variability and

dependencies of uncertainties in real structural problems. This is accomplished by associating an
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extra unitary interval to each uncertain parameter according to the so-called improved interval
analysis. The use of the extra unitary interval enables to handle all possible situations occurring in
real structural analysis where mass and stiffness uncertainties may be fully disjoint, completely or
partially coincident. In all these cases, based on the information on the monotonic behaviour of the
eigenvalues with respect to each uncertain parameter given by a preliminary sensitivity analysis, the
bounds of the eigenvalues have been evaluated as solution of two appropriate deterministic

eigenvalue problems.

The salient features of the proposed procedure may be summarized as follows: i) the actual
variability and dependencies of uncertainties arising in real structural problems are duly taken into
account; ii) regardless of the type of uncertainties involved, the bounds of the eigenvalues are
obtained as solution of two appropriate deterministic eigenvalue problems, thus allowing to perform
the vibration analysis of real-sized structures; iii) as long as the eigenvalues are monotonic
functions of the uncertain parameters, the proposed estimates of the bounds are exact despite no use
is made of a combinatorial procedure. In particular, based on the definition of eigenvalue
sensitivities it has been shown that the eigenvalues of a structural system are monotonic increasing
and decreasing functions of the parameters affecting only the stiffness and mass matrices,
respectively. Thus, for these types of uncertainties, the combinations of the extreme values

providing the exact bounds of the eigenvalues are known a priori.

Numerical results concerning the eigenvalue analysis of two truss structures and a FE modeled
cantilever beam have demonstrated the robustness and accuracy of the proposed procedure by
comparison with the vertex method. Moreover, numerical investigations have demonstrated that the
eigenvalues are significantly influenced by variations of geometrical and mechanical properties. In

particular, different effects of uncertainties on the various modes have been detected.
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Figure 1. 2-bar truss structure with interval parameters.
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FIGURE 2

Figure 2. Plot of the (a) first and (b) second eigenvalues of the 2-bar truss versus the dimensionless
fluctuations ~ of  the  uncertain  cross-sectional  areas @, € a;, =[-0.3,03] and

a,,€a,,=[-03,03].
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FIGURE 3

Figure 3 . Plot of the (a) first and (b) second eigenvalues of the 2-bar truss versus the dimensionless
fluctuations of the uncertain lengths ¢, , € 7, , =[-0.3,0.3] and ¢, , € @, , =[-0.3,0.3].
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Figure 4. Truss structure with interval parameters.
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Figure 5. Coefficient of interval uncertainty of the first five eigenvalues of the 27-bar truss for three
different deviation amplitudes of the uncertain parameters (CASE I E' =E,(1+Aaér,),
i=16,17,...,24; mi=m(1+Aaé,;), j=4,5,...,12): proposed estimates coincident with the
vertex method solutions.
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Figure 6. Proposed coefficient of interval uncertainty of the first five eigenvalues of the 27-bar truss
for three different deviation amplitudes of the uncertain parameters (CASE II: A’ = A0(1+A0{éi,i),

i=16,17,...,27): proposed estimates coincident with the vertex method solutions.
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Figure 7. Coefficient of interval uncertainty of the first five eigenvalues of the 27-bar truss for three
different deviation amplitudes of the uncertain parameters (CASE II: L =L, (1+AaéL,),
i=16,17,...,27): proposed estimates coincident with the vertex method solutions.
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Figure 8. Comparison between the (a) first and (b) second eigenvalues versus A¢ for the 27-bar
truss with uncertain cross-sectional areas A’ =A,(1+A@@},) and lengths L = L (1+ A%, ;) of the
diagonal bars (i =16,17...,27): proposed estimates coincident with the vertex method solutions.
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Figure 9. Coefficient of interval uncertainty of the first five eigenvalues of the 27-bar truss for three
different deviation amplitudes of the uncertain parameters (CASE II: E' =E, (1+Ace,,),

i=14,15,...,19; L =L (+Aae,;), j=20,21,...,25; m =m(1+Aae, ), s=7.9,...,12):
proposed estimates coincident with the vertex method solutions.
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Figure 10. FE modeled cantilever beam with interval parameters.
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Figure 11. Coefficient of interval uncertainty of the first three interval eigenvalues of the FE
modeled cantilever beam with fully disjoint (CASE I), fully coincident (CASE II) and partially
dependent (CASE III) uncertain parameters (Aa =0.1): proposed estimates coincident with the
vertex method solutions.



Table 1

Table. 1. Proposed and exact estimates of the coefficient of interval uncertainty of the eigenvalues
of the 2-bar truss structure

Aa=0.3
Uncertain parameters Proposed Exact
Cﬂa Cﬂfz Cﬂa Cﬂz
E' E!,m! (CASE I 0.5460 | 05460 | 0.5460 | 0.5460
A, A, (CASE IN) 0.2946 | 0.2946 | 0.2946 | 0.2946
L', L} (CASE II) 0.3053 | 0.3053 | 0.3053 | 0.3053
my;E' AL, i=12 (CASE ) | 0.8432 | 0.8432 | 0.8432 | 0.8432




Table 2

Table. 2. Proposed and vertex estimates of the LB and UB of the first five eigenvalues of the 27-bar
truss (CASE I: E! =E,(1+Aaét,), i=16,17,...,24; mj =my(l+Acén;), j=4,5,...,12)

Aa=0.3
Mode j Proposed Vertex
A A A i
1 850.0677 1828.0729 850.0677 1828.0729
2 6500.6504 12630.1009 6500.6504 12630.1009
3 7769.2498 17255.2954 7769.2498 17255.2954
4 21014.8905 45340.6585 21014.8905 45340.6585
5 22485.9512 59380.7113 22485.9512 59380.7113




Table 3

Table. 3. Proposed and vertex estimates of the LB and UB of the first five eigenvalues of the 27-bar
truss (CASE II: A' = A(1+Aaéni), i1=16,17,...,27)

Aa=0.1
Mode j Proposed Vertex
A A A i
1 1163.6119 1254.8756 1163.6119 1254.8756
2 8642.5472 8905.0102 8642.5472 8905.0102
3 10440.5503 11846.0027 10440.5503 11846.0027
4 30399.0633 31518.8968 30399.0633 31518.8968
5 32241.0597 38153.2708 32241.0597 38153.2708




Table 4

Table 4. Proposed and vertex estimates of the LB and UB of the first five eigenvalues of the 27-bar
truss (CASE II: i = Loi(1+Ac @), i=16,17,...,27)

Aa=0.1
Mode j Proposed Vertex
4 4 4 4
1 1165.2002 1262.9742 1165.2002 1262.9742
2 8633.4062 8943.1691 8633.4062 8943.1691
3 10474.4983 11955.0812 10474.4983 11955.0812
4 30388.5339 31647.8782 30388.5339 31647.8782
5 32425.7685 38591.2873 32425.7685 38591.2873




Table 5

Table 5. Proposed and vertex estimates of the LB and UB of the first five eigenvalues of the 27-bar
truss (CASE IIl: E =E,;(1+Acé;)), i=1415,..,19; L, =L, (1+Acé ), j=20,21...,25;

m, =m, (1+Aaé, ), s=7,8,...,12)

Aa=0.3
Mode j Proposed Vertex
4 4 4 4
1 866.4222 1830.5995 866.4222 1830.5995
2 6707.3286 12198.6704 6707.3286 12198.6704
3 8280.3216 15990.0442 8280.3216 15990.0442
4 18816.8552 49945.9058 18816.8552 49945.9058
5 23173.8337 53612.4145 23173.8337 53612.4145




Table 6

Table. 6. Proposed and vertex estimates of the LB and UB of the first three eigenvalues of the FE

modelled cantilever beam (CASE II: b' =by(1+Aaéy;), i=12,...,6)

Aa=0.1
Mode j Proposed Vertex
A i A i
1 31807.1793 45609.6314 31807.1793 45609.6314
2 1372113.3990 | 1625864.4583 | 1372113.3990 | 1625864.4583
3 11184143.9897 | 12520595.7158 | 11184143.9897 | 12520595.7158




