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Abstract: We consider a duopoly game model of R&D (research and development) rivalry between
two high-tech firms with time delay, in which a monopoly sector with R&D spillover is studied
using a mixture of game theory and nonlinear dynamics theory. The local asymptotic stability
of the equilibrium point is studied by analyzing the corresponding characteristic equation. It is
found that the delay can lead the system dynamic behavior to exhibit stability switches and Hopf
bifurcations appear.

Keywords: duopoly; Hopf bifurcation; R&D; time delay

1. Introduction

With the exponential advancement of economics, business rivalry has been increas-
ingly fierce. If companies, who are an essential component of the industry, are to survive
and stay invincible in the market, they must develop a major competition that is distinct
from that of other firms. Research and development (or R&D for short) has emerged as
the primary driver of corporate growth and is, therefore, an essential means for businesses
to achieve core competitiveness. In reality, enterprises’ R&D activities will lower manu-
facturing costs, enhance product quality, increase market share, and boost their market
competitiveness. However, in the modern world, R&D spillovers often occur while R&D
operations are carried out. Because of the knowledge sharing of R&D among firms and the
flow of human capital, R&D spillovers are unavoidable.

Entrepreneurs and economists have been paying attention to competitiveness and
collaboration in R&D investment in recent years. The classic research dates back to the 1980s
when D’Aspremont and Jacquemin [1] developed a popular duopoly model of technology
spillover. Ziss [2] created a two-stage duopoly game model with R&D spillovers based
on the AJ and KMZ models. Amir [3] looked into the consequences of R&D spillover and
found that as the volume of technology outflow increased, so did the expense of R&D
for businesses. Katsoulacos and Ulph [4] have studied endogenous spillovers in R&D
collaboration. Yin [5] looked at the asymmetric R&D cooperation system and found that
increasing market share is one of the main reasons for delivering collaborative creativity.
Under asymmetrical R&D spillover, Atallah [6] investigated the impact of spillover levels
on cooperative motivation and shared benefit. Chi et al. [7] built a two-stage game theoretic
model to explore the cooperative and noncooperative R&D activities in alternative fuel
vehicles with spillovers. Wei-wen et al. [8] discussed the impact of mixed spillovers and
product differentiation on duopoly enterprises equilibrium output and profits in different
cooperative states using the AJ model.
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Bischi et al. [9,10] developed a two-stage competitive game based on industry informa-
tion share and R&D competitiveness and examined the model’s stability. Zhang et al. [11]
looked at a two-stage duopoly model with semi-collusion in development, and they investi-
gated the model’s dynamic disorderly behavior. The multi-stability of a three-dimensional
dynamical oligopoly model was investigated by Agiza et al. [12]. In their article, they
looked at the paths to complex attractors and the formation of basins with complex struc-
tures. Cavalli and Naimzada [13] created an oligopoly model with several rational players
and then investigated the complex dynamical behaviors caused by the coexistence of multi-
ple attractors in the model. It is not difficult to conclude from the abovementioned research
findings that R&D rivalry between duopoly firms that manufacture complementary goods
is rarely examined. However, R&D rivalry between companies that make complementary
goods is prevalent in the real world. Li and Ma [14] studied a bounded rational dual-
channel game, simulating the model’s complicated dynamical behavior. Many academics
have looked at the complicated dynamical behaviors of nonlinear oligopolies from a variety
of perspectives, including differentiated products [15–17], heterogeneous companies [18,19],
and delayed choices [20,21].

Zhou and Wang [22] produced a two-stage duopoly game model with R&D spillover,
complementary goods, and joint benefit maximization as the backdrop. According to their
study, the firm learns its marginal profitability at time t and uses that knowledge to produce
at time t + 1. In other words, the monopolist decides to begin production at time t with a
product that will be effective in the period [t, t + 1). At time t + 1, this production process
will deliver the quantity q(t + 1) to the market. With this type of modeling approach,
markets are open at discrete-time intervals, and no trading happens in the interval of
time (t, t + 1). One of the benefits of working with a continuous-time arrangement is
that it allows markets to remain open at all times, allowing for the consideration of some
latencies related to the firm’s information set or production technology through time delays
(gestation lags). Pansera et al. [23] converted their model into a continuous-time model by
introducing a time delay. It was found that the Nash equilibrium was destabilized via Hopf
bifurcation. Similarly, Ferrara et al. [24] transformed the discrete model of Zhang et al. [11]
into a continuous delayed time model and found the model to be capable of exhibiting
extremely complicated dynamic behaviors.

This paper considers a different modeling approach to study a duopoly game model
of R&D rivalry based on the model by Zhou and Wang [22]. In Pansera et al. [23], they
assumed that production is immediately available, but there exists a time lag between the
time at which the firm computes its own marginal profit (t− τ) and the time at which such
a marginal profit is used to produce the final output (t). In contrast, the instantaneous
variation of production is now based on the differential existing between the target (based
on past information with a delay τ) and current production. If such a differential is positive
(resp. negative), production will tend to increase (resp. reduce). Unlike the mechanism
detailed previously, the explicit knowledge of production at time t is now necessary to
adjust production. We demonstrate that depending on how a discrete-time model is
transformed into a continuous-time model, various conclusions about the local stability of
the Nash equilibrium can be obtained. It is then seen how equilibrium can be switched to
chaos and instability can be shifted back to stability. As a result, the time delay has both a
destabilizing and a stabilizing impact on the system.

The paper develops as follows. Section 2 presents the model. Section 3 studies its
dynamical properties and analyses the bifurcation. Section 4 gives the numerical example.
The final section outlines the conclusions.

2. The Model

In this section, we transform the discrete duopoly game model of R&D competition
between two high-tech enterprises of Zhou and Wang [22] using a different approach
than the one presented in Pansera et al. [23]. To this purpose, we note that their system
xm(t + 1) = φ(xm(t)), with xm the R&D effort of firm m (m = 1, 2), is also equivalent to
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[xm(t + 1)− xm(t)] = −xm(t) + φ(xm(t)). Hence, by assuming that the term in brackets
represents an approximation of ∂xm(t)/∂t, and also the existence of a time delay about
the knowledge of the expression on the right-hand side, we derive the following time-
delayed model

ẋ1(t) = −x1(t) + x1(t− τ) + α1x1(t− τ)

{
4(β + 1)2b

9
[x1(t− τ) + x2(t− τ)]

+
4(a− 2bc)(β + 1)

9
− γx1(t− τ)

}
,

ẋ2(t) = −x2(t) + x2(t− τ) + α2x2(t− τ)

{
4(β + 1)2b

9
[x1(t− τ) + x2(t− τ)]

+
4(a− 2bc)(β + 1)

9
− γx2(t− τ)

}
,

where the parameters a > 0, b > 0 and c > 0, respectively, reflect the market size,
commodity price sensitivity, and unit cost of manufactured products without R&D efforts;
αm > 0 denotes the speed of adjustment of a firm m, β ∈ (0, 1) is equivalent to R&D
spillover, and γ > 0 is the expense parameter of a firm’s technical advancement. As shown
in Zhou and Wang [22], the previous system has a unique Nash–Cournot equilibrium point

E3 = (x∗, x∗), with x∗ =
4(a− 2bc)(β + 1)
9γ− 8(β + 1)2b

,

which is stable in the absence of delays. In order to guarantee the economic meaningfulness
of E3, we assume the conditions

a > 2bc, 9γ > 8(β + 1)2b.

The local stability of the positive equilibrium point is governed by the roots of the
corresponding characteristic equation for our system. By linearising it at E3, it follows that
the associated characteristic equation is the following two degree exponential polynomial
equation where namely

λ2 + 2λ + 1 + (pλ + p)e−λτ + qe−2λτ , (1)

where

p = −2 +
[

γ− 4(β + 1)2b
9

]
(α1 + α2)x∗

and

q = 1−
[

γ− 4(β + 1)2b
9

]
(α1 + α2)x∗ +

[
γ− 8(β + 1)2b

9

]
γα1α2x2

∗.

3. Local Stability and Bifurcation Analysis

We follow the method proposed in Chen et al. [25] to investigate the distribution
of characteristic roots of (1). First, we observe that λ = 0 is not an eigenvalue since
1 + p + q =

[
γ− 8(β + 1)2b/9

]
γα1α2x2 > 0. Assuming that λ = iω (ω > 0) is a purely

imaginary root of (1), we substitute it in (1) and obtain

−ω2 + 2iω + 1 + (piω + p)e−iωτ + qe−2iωτ = 0. (2)
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Case (ωτ)/2 6= (π/2) + kπ, k ∈ Z. Letting θ = tan[(ωτ)/2], we get

e−iωτ =
1− iθ
1 + iθ

. (3)

Separating real and imaginary parts in (2) leads to{ (
ω2 − 1 + p− q

)
θ2 − 4ωθ = ω2 − 1− p− q,

(p− 2)ωθ2 + 2
(
−ω2 + 1− q

)
θ = −(2 + p)ω.

(4)

Denote

D(ω) =

∣∣∣∣∣ ω2 − 1 + p− q −4ω

(p− 2)ω 2
(
−ω2 + 1− q

)
∣∣∣∣∣

= −2
[
ω4 + (−p + 2)ω2 − p + pq− q2 + 1

]
,

E(ω) =

∣∣∣∣∣ ω2 − 1− p− q −4ω

−(2 + p)ω −2
(
ω2 + 1− q

)
∣∣∣∣∣

= −2
[
ω4 + (p− 2q + 4)ω2 − p + pq + q2 − 1

]
,

and

F(ω) =

∣∣∣∣∣ ω2 − 1 + p− q ω2 − 1− p− q

(p− 2)ω −(2 + p)ω

∣∣∣∣∣ = (−2p)ω
(

ω2 + 1− q
)

.

In case D(ω) = 0, solving Equation (4) for θ, we must have E(ω) = F(ω) = 0. This
means that ω satisfies Equation (4). If D(ω) 6= 0, Cramer’s rule implies

θ2 =
E(ω)

D(ω)
and θ =

F(ω)

D(ω)
,

which givse rise to the follow identity D(ω)E(ω) = [F(ω)]2. By a direct calculation, we get
the following polynomial equation in ω2 = z,

z4 + s3z3 + s2z2 + s1z + s0 = 0, (5)

where

s3 = 4− p2, s2 = 6− 2q2 − 3p2 + 2p2q,

s1 = −3p2 + 4 + 3p2q− 4q2, s0 = (1− q)2[−p2 + (1 + q)2].

Since the leading term of the polynomial is z4, it tends to infinity as z→ +∞. If s0 < 0,
i.e., q 6= 1 and (1 + q)2 < p2, the existence of positive roots of (5) is guaranteed.

Case (ωτ)/2 = (π/2) + kπ, k ∈ Z. Since e−iωτ = −1, according to (2), we obtain ω2−
1 + p− q = 0 and (2− p)ω = 0. Hence, D(ω) = F(ω) = 0. Under these circumstances, ω2

is still a positive root of (5).
Based on the previous analysis, we have the following result.
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Lemma 1. If (5) has a positive root ω2
∗, then (1) has a purely imaginary root iω∗ at τ = τk

∗
(k = 0, 1, 2, ...), with

τk
∗ =


2arctan(θ∗) + 2kπ

ω∗
, if D(ω∗) 6= 0,

π + 2kπ

ω∗
, if D(ω∗) = 0.

The next result establishes that a basic root curve occurs and travels transversally
around the imaginary axis under some conditions of transversality.

Lemma 2. Let λ(τ) = u(τ) + iω(τ) be a root of the characteristic Equation (1) satisfying
u(τk
∗ ) = 0 and ω(τk

∗ ) = ω∗ . Then the root is simple and the root crossing criterion is derived as

sign
[

d(Reλ)

dτ

]
τ=τk∗

= sign[G(ω∗, θ∗)],

where

G(ω∗, θ∗) =
{[

(p− 2q)τk
∗ − p + 2

]
θ2
∗ + 4ω∗θ∗ + (p + 2q)τk

∗ − p− 2
}[

pω∗θ
2
∗ − 4qθ∗ + pω∗

]
−
[
(pτk
∗ + 2)ω∗θ2

∗ − 4(qτk
∗ + 1)θ∗ + (pτk

∗ − 2)ω∗
][
(p− 2q)θ2

∗ + p + 2q
]
.

Proof. Taking the derivatives in Equation (1) with respect to τ, we get

M(λ, τ)
dλ

dτ
= λN(λ, τ) (6)

with
M(λ, τ) = 2λ + 2 + pe−λτ − (pλ + p)τe−λτ − 2qτe−2λτ

and
N(λ, τ) = (pλ + p)e−λτ + 2qe−2λτ .

From (6) it follows(
dλ

dτ

)−1

λ=iω∗
=

M(iω∗, τk
∗ )

iω∗N(iω∗, τk∗ )
= − iM(iω∗, τk

∗ )N(iω∗, τk∗ )

ω∗N(iω∗, τk∗ )N(iω∗, τk∗ )
. (7)

Using (3) in (7) yields

sign

{
d(Reλ)

dτ

∣∣∣∣
λ=iω∗

}
= sign

{
Re
(

dλ

dτ

)−1

λ=iω∗

}

= sign

{
G(ω∗, θ∗)

(1 + θ2∗)
2
ω∗
∣∣N(iω∗, τk∗ )

∣∣2
}

.

It remains to show the simplicity of the root λ = iω∗. Suppose it is not simple. Then (6)
would imply

piω∗ + p + 2qe−iω∗τk
∗ = 0.

If (ωτk
∗ )/2 = (π/2) + kπ, k ∈ Z, then e−iω∗τk

∗ = −1, so that

piω∗ + p− 2q = 0

leads to the absurd ω∗ = 0.
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If (ωτk
∗ )/2 6= (π/2) + kπ, k ∈ Z, then

piω∗ + p + 2q
1− iθ∗
1 + iθ∗

= 0.

Consequently, one has pω∗ − 2qθ∗ = 0 and −pω∗θ∗ + 2q = 0. Thus, θ∗ = ±1,
i.e., tan

[
(ωτk

∗ )/2
]
= ±1. In conclusion, we get (ωτk

∗ )/2 = (π/4) + kπ, k ∈ Z, which
is a contradiction. The statement follows.

A positive sign of G(ω∗, θ∗) corresponds to crossings of the imaginary axis at τ = τk
∗

as τ increases from right to left, while a negative sign means a crossing from left to right. In
view of the above Lemmas, we derive the following results.

Theorem 1.
(1) If Equation (5) has no solutions, then no stability switches exist.
(2) If Equation (5) has a unique solution ω2

∗, then our system is locally asymptotically stable for
τ ∈ [0, τ∗). If sign[G(ω∗, θ∗)] < 0, the equilibrium E3 remains stable, while in case one has
sign[G(ω∗, θ∗)] > 0 it loses its stability via a Hopf bifurcation at τ = τ∗.

(3) If Equation (5) has at least two positive roots, then, according to the sign of G(ω∗, θ∗), a finite
number of stability switches may occur as the time delay τ increases from zero to the positive
infinity, with the occurrence of a Hopf bifurcation at each switch.

4. Numerical Example

In this section, a numerical example is given to illustrate the validity of Theorem 1
obtained in Section 3. Consider the system with parameters a = 1.5, b = −2.2, c = 1,
α1 = α2 = 1, γ = 1.2, and β = 0.8, it can be calculated that the equilibrium point E3 is equal
to 0.6263 and therefore has a unique solution ω2

∗ based on Equation (5) with ω∗ = 3.4937.
Then one has θ∗ = 1.3309 and τ∗ = τ0

∗ = 0.5303, which implies G(ω∗, θ∗) = 387.6839 > 0.
Based on Condition ()2) in Theorem 1, if sign[G(ω∗, θ∗)] > 0, the system loses its stability
via a Hopf bifurcation at τ = τ∗. Therefore, the waveform diagrams are illustrated in
Figures 1 and 2. From Figures 1 and 2, one can find that trajectories converge to the equi-
librium point when 0.4 = τ < τ∗ = 0.5303, that is, x1(t) and x2(t) are stable, and they lose
their stability at τ = τ∗, then there exists Hopf bifurcation with 0.6 = τ > τ∗ = 0.5303.
Define the initial conditions x1(0) = 0.5 and x2(0) = 1, for the discrete duopoly game
model of R&D competition between two high-tech enterprises, Figures 3 and 4 show that
the system state x1(t) is asymptotically stable at 0.4 = τ < τ∗ = 0.5303, and there exists a
Hopf bifurcation when 0.6 = τ > τ∗ = 0.5303, the state x1(t) still exhibits periodic changes
over time in the case of competition with enterprise x2(t). Similarly, Figures 5 and 6 depict
the dynamic trajectory phase diagrams of state x2(t) under competition with enterprise
x1(t). Therefore, the two competing states trade off each other, showing periodic changes
over time. In addition, simulations for other cases can be given similarly.
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Figure 1. Waveform diagram with 0.4 = τ < τ∗ = 0.5303, the system is stable.
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Figure 2. Waveform diagram with 0.6 = τ > τ∗ = 0.5303, the system with a Hopf bifurcation.
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Figure 3. Phase diagram of x1(t) with 0.4 = τ < τ∗ = 0.5303, the system is stable.
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Figure 4. Phase diagram of x1(t) with 0.6 = τ > τ∗ = 0.5303, the system with a Hopf bifurcation.
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0.62
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Figure 5. Phase diagram of x2(t) with 0.4 = τ < τ∗ = 0.5303, the system is stable.
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0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

Figure 6. Phase diagram of x2(t) with 0.6 = τ > τ∗ = 0.5303, the system with a Hopf bifurcation.

5. Conclusions

By taking the discrete-time nonlinear monopoly model with R&D spillover of Zhou
and Wang [22] as a starting point, Pansera et al. [23] proposed a continuous-time version
of it with discrete delays. This paper has considered a different way of transforming a
discrete-time dynamic set up into a continuous-time model with delays. The resulting
R&D model presents Hopf bifurcation phenomena at the positive equilibrium. In addition,
the dynamic behavior of the system around the positive equilibrium may change from
local asymptotic stability to instability or vice versa. Contrary to Pansera et al. [23], this
new scenario exhibits more complex dynamics that may dramatically change the long-term
findings of an economy. A final comment: studying this kind of model in a stochastic
(i.e., non-deterministic) context could be fruitful for a possible future research agenda. We
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did not develop a stochastic model here because we wanted to concentrate on determin-
istic chaos. In addition, further development of the topic would be to use a model with
distributed delays.
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