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Abstract

The increasingly widespread use of autonomous mobile robots in scenarios such as surveil-
lance, search and rescue, and logistics requires navigation strategies that guarantee safety,
robustness, and feasibility even in the presence of stringent constraints, external disturbances,
model uncertainties, and communication delays.

This research focuses on the development of set-theoretic methodologies for trajectory
and motion planning of remotely controlled skid-steered tracked mobile robots, with the aim
of ensuring the feasibility and safety of navigation in the presence of model uncertainties,
external disturbances, and actuation constraints in complex environments. Two methods are
proposed that solve the problem of safe navigation in the presence of model uncertainties,
external disturbances, and actuation constraints for the single-robot case, and two methods
that solve the problem of safe navigation in the presence of model uncertainties, external
disturbances, and actuation constraints for multi-robot systems, to which are added the
crucial challenges of coordination management and collision prevention to maintain safe and
cooperative operations.

The main contributions of the work are:

(i) A Set-Theoretic Feasible Trajectory Planning (ST-FTP) Method for skid-
steered tracked mobile robots subject to sliding phenomena and controlled through a commu-
nication network (NCS) based on graphs and feasibility conditions formulated as semidefinite
programming (SDP) problems with Linear Matrix Inequalities (LMIs) constrains; the objec-
tive of the method is to generate trajectories composed of a sequence of straight segments,
each to be traveled at a desired speed, which ensure that the robot maintains a predeter-
mined safety distance from any obstacle in the operating environment, regardless of the
model uncertainties, the external disturbances, and the actuation constraints, guaranteeing
that these trajectories are dynamically achievable by the system.

(ii) A Set-Theoretic Model Predictive Control (ST-MPC) Method that addresses
the problem by ensuring safe navigation from the initial state to the target state, while man-
aging uncertainties, external disturbances, and network-induced delays using set-theoretic
arguments. Model predictive control (MPC) based on set-theoretic arguments is capable of
handling unexpected obstacles, network delays, and dynamic uncertainties, ensuring com-
pliance with constraints and safety. The contribution exploits the ideas of receding horizon
set-based control and customizes them according to the proposed framework, in which at
every moment in time, information about the obstacle-free region is subject to inevitable
latency phenomena.

(ii) A Set-Theoretic Feasible Coordinated Trajectory Planning (ST-FCTP)

Method that aims to plan optimal trajectories that robustly guarantee the absence of colli-
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sions during the movement of the robots along assigned feasible trajectories, explicitly consid-
ering the presence of errors in the trajectory tracking. The coordinated planning method for
multi-robot systems integrates disturbances and uncertainties in the planning phase through
a graph search problem and LMI constraints; The key aspect of the contribution leads in
the fact that the collision avoidance aspects are addressed by resorting to set-theoretic ar-
guments, while the trajectory planning aspects are reformulated in terms of solving a mixed
graph search problem and solving SDP problems with constraints expressed by LMIs con-
strains.

(iv) A Set-theoretic Time-based Trajectory Synchronization (ST-TBTS) method-
ology for temporal synchronization of trajectories, formulated as an LMI optimization prob-
lem, which minimizes the occupancy of the shared common spaces while ensuring feasibility
and robustness. Collision avoidance and coordination are achieved through synchronization
of robot trajectories by imposing delays on platform departures. The procedure exploits
the trajectory’s feasibility property by solving optimization problems involving LMIs con-
straints. The algorithm operates in separate offline and online phases. In the offline phase,
the time delay intervals useful for synchronization are calculated based on the planned feasi-
ble trajectories. Then, in the online phase, the actual delay is calculated by solving a linear
programming (LP) optimization problem that minimizes the occupancy time of the shared
operational space.

All the proposed methodologies have been validated through extensive numerical simu-
lations and real-world experiments using skid-steered tracked mobile robots available at the

Automatic Control Laboratory of the Mediterranean University of Reggio Calabria.

Keywords: Safe navigation, Trajectory planning, Motion Planning, Predictive control,

Multi-robot coordination, Set-theoretic methods, Skid-steered Tracked Mobile Robot.



Sommario

L’uso sempre pit diffuso di robot autonomi in scenari quali sorveglianza, ricerca e soccorso
e logistica richiede strategie di navigazione che garantiscano sicurezza, robustezza e fattibilita
anche in presenza di vincoli di attuazione rigorosi, disturbi esterni, incertezze di modello e
ritardi di comunicazione.

Questa ricerca si concentra sullo sviluppo di metodologie basate sulla teoria degli in-
siemi (set-theoretic) per la pianificazione della traiettoria e del movimento di robot mobili
cingolati a guida differenziale controllati da remoto con l'obiettivo di garantire la feasibil-
ity e la sicurezza della navigazione in presenza di incertezze del modello, disturbi esterni e
vincoli di attuazione in ambienti complessi. Vengono proposti due metodi che risolvono il
problema della navigazione sicura in presenza di incertezze del modello, disturbi esterni e
vincoli di attuazione per il caso di un singolo robot, e due metodi che risolvono il problema
della navigazione sicura in presenza di incertezze del modello, disturbi esterni e vincoli di
attuazione per sistemi multi-robot, ai quali si aggiungono le sfide cruciali della gestione del
coordinamento e della prevenzione delle collisioni.

I principali contributi del lavoro possono essere riassunti come segue:

(i) Un metodo Set-Theoretic Feasible Trajectory Planning (ST-FTP) per la pi-
anificazione di traiettorie feasible per robot cingolati a guida differenziale soggetti a fenomeni
di slittamento, e controllati attraverso una rete di comunicazione, basato su algoritmi di
ricerca su grafo e condizioni di feasibility formulate come problemi di programmazione
semidefinita (SDP)con vincoli formulati sottoforma di disequazioni lineari di matrici (LMI);
I’obiettivo del metodo & quello di generare traiettorie composte da una sequenza di segmenti
rettilinei, ciascuno da percorrere alla velocita desiderata assegnata, che assicurano che il robot
mantenga una distanza di sicurezza predeterminata da qualsiasi ostacolo nell’ambiente op-
erativo, indipendentemente dalle incertezze del modello, dai disturbi esterni e dai vincoli di
attuazione, garantendo che tali traiettorie siano dinamicamente realizzabili dal sistema.

(#1) Un metodo Set-Theoretic Model Predictive Control (ST-MPC) che affronta
il problema garantendo una navigazione sicura dallo stato iniziale allo stato finale, gestendo
al contempo le incertezze di modello, i disturbi esterni e i ritardi indotti dalla rete di comu-
nicazione, utilizzando argomenti set-theoretic. Il controllo predittivo set-theoretic é capace
di gestire ostacoli imprevisti, ritardi di rete e incertezze dinamiche, garantendo il rispetto dei
vincoli e la sicurezza. Il contributo sfrutta le idee del controllo basato su insiemi a orizzonte
recedente e le personalizza in base al quadro proposto, in cui in ogni momento le informazioni
sulla regione priva di ostacoli sono soggette a inevitabili fenomeni di latenza.

(#11)Un metodo Set-Theoretic Feasible Coordinated Trajectory Planning (ST-

FCTP) per sistemi multirobot che mira a pianificare traiettorie ottimali coordinate che
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garantiscano in modo robusto ’assenza di collisioni durante il movimento dei robot lungo
traiettorie fattibili assegnate, considerando esplicitamente la presenza di errori nel traccia-
mento della traiettoria. Il metodo di pianificazione coordinata per sistemi multi-robot integra
disturbi e incertezze nella fase di pianificazione attraverso un problema di ricerca su grafo
e vincoli LMI; 'aspetto chiave del contributo risiede nel fatto che gli aspetti relativi alla
prevenzione delle collisioni vengono affrontati ricorrendo ad argomenti set-theoretic, men-
tre gli aspetti relativi alla pianificazione della traiettoria vengono riformulati in termini di
risoluzione di un problema di ricerca su grafo e di risoluzione di problemi SDP con vincoli
espressi da LMI.

(i) Un metodo Set-theoretic Time-based Trajectory Synchronization (ST-
TBTS) per la sincronizzazione temporale delle traiettorie, formulata come un problema
di ottimizzazione LMI, che riduce al minimo l'occupazione degli spazi comuni condivisi
garantendo al contempo fattibilita e robustezza. L’evitamento delle collisioni e il coordi-
namento delle piattaforme sono ottenuti attraverso la sincronizzazione delle traiettorie dei
robot schedulandone opportunamente le partenze. La procedura sfrutta la proprieta di fea-
sibility della traiettoria risolvendo problemi di ottimizzazione che coinvolgono vincoli LMI.
L’algoritmo opera in fasi separate offline e online. Nella fase offline, gli intervalli di ritardo utili
per la sincronizzazione vengono calcolati sulla base delle traiettorie feasible pre-pianificate.
Successivamente, nella fase online, il ritardo effettivoimposto per ogni piattaforma viene cal-
colato risolvendo un problema di ottimizzazione che riduce al minimo il tempo di occupazione
dello spazio operativo condiviso.

Tutte le metodologie proposte sono state validate tramite simulazioni numeriche e sper-
imentali con piattaforme reali disponibili presso il Laboratorio di Controlli Automatici

dell’Universita Mediterranea di Reggio Calabria.

Parole chiave: Navigazione sicura, Pianificazione di traiettoria, Pianificazione di movi-
mento, Controllo predittivo, Coordinamento multi-robot, Metodi set-theoretic, Robot cingo-

lati a guida differenziale.
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Introduction

This Chapter introduces the motivation of this research and its aims, defines central research
objectives, and summarizes the contributions. The Chapter also covers the structure of the

thesis.

1.1 Motivation

Recent years have witnessed an increasing interest in unmanned vehicles, aerial (UAVs),
surface (USVs), and ground (UGVs), in virtue of their capability to accomplish many tasks
autonomously in different application fields (industrial, agricultural automation, search and
rescue, surveillance and inspection), see the comprehensive review [1,2]. In environments such
as airports, warehouses, or production facilities, there is a need to use automated surveillance
systems for two main reasons. On the one hand, it is important to implement these systems
because, among other things, they are able to distinguish an intruder from an authorized
person, or are capable of automatically creating and updating a map of the environment,
taking into account the presence of human operators and moving elements. On the other
hand, these systems must be kept as economical as possible in order to remain competitive
with traditional fixed-device solutions (sensor networks, cameras, etc.). These requirements
have encouraged the development of intelligent systems based on mobile sensors mounted
on autonomous or semi-autonomous robotic platforms. In this context, robots are therefore
playing a key role in expanding the potential of surveillance systems, enabling more intelli-
gent interaction with the environment, with humans, and possibly with other robots involved
in performing complex missions. In particular, the agricultural sector faces a growing need
for automation because of labor shortages, increasing global food demand, and the necessity
for precision navigation across varying field conditions. Autonomous agricultural vehicles
(AAVs) offer a promising solution to improve productivity, minimize resource wastage, and
ensure sustainable agricultural practices. Traditional control strategies, however, often strug-
gle in unpredictable agricultural environments, motivating the development of more robust
and adaptive methodologies for enhancing operational efficiency [3]. A more complex scenario

emerges in planetary exploration, where robots face challenges such as strict weight and size
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constraints, harsh extraterrestrial conditions, and significant communication delays. Efficient
operation in such environments requires high levels of autonomy [4]. To achieve these capa-
bilities, a mobile robot must be able to perceive obstacles and barriers within its operating
environment in order to develop a movement control strategy compatible with environmental
constraints and ultimately execute the planned maneuver. In other words, a mobile robot
closes the loop between perception of the environment through its sensors and execution
of the movement using its locomotion systems. A key issue across all these applications is
collision avoidance. Anti-collision capabilities are essential for safe navigation in complex
environments, especially under realistic assumptions like limited knowledge about obsta-
cles, model uncertainties, and communication errors. Consequently, trajectory planning and
navigation must address unknown and time-varying environments while satisfying inherent
physical constraints [5,6]. In natural disaster scenarios (e.g., tsunamis, earthquakes, torna-
does, avalanches), autonomous ground robots can reduce human intervention in hazardous
rescue operations [7]. Tasks such as rescuing victims from collapsed structures involve in-
stability, dust, toxic chemicals, or radiation [8,9]. For these cases, a control strategy should
provide: low computational needs to maximize the chance of success, guaranteed collision

avoidance, and navigation laws designed in a discrete-time setting.

1.2 Literature Review

1.2.1 Path planning

Global path planning is a well-studied research area where a measure of the algorithm
quality is the completeness, i.e., the capability of ensuring the computation of an admissible
path whenever one exists. Path planning algorithms generate a geometric path from a starting
point to an end point, passing through predefined waypoints, both in the joint space and in
the robot’s operating space.

Path planning algorithms are usually divided according to the methodologies used to generate

the geometric path, namely:

e road-map techniques;
e cell decomposition algorithms;

e artificial potential methods.

Path planning approaches can be broadly divided into three categories [10]:

a) Search-based methods, such as A* and its variants (D*, Theta*), which operate on a
discretized representation of the environment and compute the shortest path by graph
search [11-13]. Other examples include Tangent Graph-Based Planning, which constructs
a graph by connecting tangent points around polygonal obstacles and then searches for
the shortest path. This approach is particularly suitable for 3D urban environments

where obstacles have well-defined boundaries [14].
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b) Sampling-based methods, such as the Probabilistic Roadmap (PRM) and Rapidly-
Exploring Random Tree (RRT), which incrementally build graphs or trees in the con-
figuration space to connect feasible collision-free configurations [15,16].

¢) Optimization-based methods, which iteratively refine a candidate path by minimiz-
ing a cost function under geometric constraints. Examples include Artificial Potential
Field Methods, where virtual attractive/repulsive forces guide the robot towards smooth
collision-free paths [17]; Optimization of Predefined Paths, which refine an initial path
to improve smoothness, path length, or energy consumption under kinematic/dynamic
constraints [18]; and Evolutionary algorithms, simulated annealing, particle swarm opti-
mization, which are population-based methods that explore the solution space through

heuristic search strategies [19-21].

Other methods include Partially Observable Markov Decision Processes (POMDPs),
which provide a probabilistic framework for decision making under uncertainty. Here, the
robot maintains a belief over possible states and selects actions to maximize the expected
reward over a planning horizon, which is particularly useful in long-horizon navigation tasks

under uncertain sensing [22]. See the table 1.1 for more details about the classification.

1.2.2 Trajectory Planning

Trajectory planning algorithms differ from path planning methods because they take
a given geometric path and associate it with a temporal travel law. Trajectory planning
algorithms are fundamental in robotics because defining the passage times at transition
points influences not only the kinematic properties of the movement, but also its dynamic
properties. From a methodological point of view, the main categories of trajectory planning
algorithms essentially correspond to those of path planning methods, with the fundamental
difference that here each approach directly generates a timed and dynamically admissible

trajectory [23]:

e Search-based methods, which extend graph search to state-time space. Typical ex-
amples are lattice-based planners or variants of A* with kinematic primitives, which
respect speed and acceleration constraints.

e Sampling-based methods, such as kinodynamic RRT or kinodynamic PRM, which
generate feasible trajectories by sampling both states and control commands.

e Optimization-based methods, which formulate a continuous optimization problem
to produce a timed trajectory, including, for example, polynomial or clothoid splines,

direct collocation methods, or MPC-based predictive controllers.

All these approaches share the main objectives of trajectory planning: ensuring the ab-
sence of collisions along the entire path, correctly defining the temporal laws of motion and,

in some cases, directly integrating planning with online control.
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Table 1.1: Classification of path planning methods for mobile robots

Method Category Description
Graph search on a discretized grid; finds
A* D* Theta* Search-based
shortest path [11-13].
Tangent
Graph connecting tangent points around
Graph-Based Search-based
obstacles; shortest path [14].
Planning
Probabilistic roadmap; connects random
PRM Sampling-based
points in free space [15].
Randomly growing tree; probabilistically
RRT Sampling-based
covers free space [16].
Artificial Potential Attractive/repulsive forces to generate smooth
Optimization-based
Field Methods collision-free paths [17].
Optimization of Refines initial path to minimize cost under
Optimization-based
Predefined Paths constraints [18].
Evolutionary
Population-based heuristic search for optimal
Algorithms / SA / | Optimization-based
paths [19,20].
PSO
Probabilistic planning under uncertainty;
POMDPs Other
maximizes expected reward [22].

1.2.3 Set-theoretic trajectory planning methods

Roughly speaking, motion planning for autonomous vehicles consists of finding the shortest
or optimal collision-free path between two points. In general, all of the methods discussed
above address the trajectory generation problem independently of the tracking problem. This
raises the issue of the calculated trajectory’s feasibility. Indeed, solving a motion planning
problem without explicitly considering the performance of the trajectory tracking control
may result in the definition of trajectories that are incompatible with the capabilities of
the robot or necessitate an unacceptable level of control effort. Most literature solutions
do not formally take into account a crucial aspect: the need to rigorously guarantee the
feasibility of the computed motion sequence with respect to the robot capabilities. As it

is well-known, feasibility constraints significantly increase the complexity of the underlying
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control problem [24,25] but on the other hand they provide a formal way to address control
actions in realistic scenarios.

To address such a problem, set-theoretic trajectory planning algorithms [26—29|
have gained popularity, being able to explicitly account for the closed-loop dynamics of the
robot, uncertainties, and the presence of external disturbances.

Namely, to find a collision-free trajectory through an obstacle-filled environment, such ap-
proaches use the invariance property of some safe sets. The trajectory planning problem is
formulated in terms of a graph search, where the nodes represent equilibrium conditions and
related positively invariant sets, defined in the space of states in which the robot can move
without colliding, ensuring that all prescribed constraints are satisfied [23]. Arcs indicate
how these safe sets are connected: the presence of an arc connecting two nodes indicates
that it is possible to reach one of the two safe sets without leaving the other. Arcs indicate
that another safe set can be reached without leaving the current safe set. Set-based mo-
tion planners have the advantage of explicitly considering control performance for trajectory
tracking during motion planning, ensuring a collision-free trajectory that is compatible with
the dynamics of the vehicle, with the control loop performances, and with all the prescribed

constraints.

1.2.4 Trajectory tracking

Trajectory tracking is one of the most important operational tasks: a mobile robotic system
must be able to follow an assigned trajectory accurately in an environment with obstacles,
even in the presence of external disturbances or uncertainties, always ensuring that the maxi-
mum deviation from the assigned trajectory is limited to ensure collision-free movement. The
possibility of the robot also being remotely controlled via a data communication channel can
exacerbate the problems of accurately tracking a trajectory, as transmission delays and/or
packet loss can significantly affect the tracking capabilities of a trajectory.

From the existing literature, the trajectory tracking control algorithms include proportional-
integral-derivative (PID) control [30] back-stepping control [31], sliding mode control (SMC)
[32], output-feedback control [33], fuzzy logic control |34] and model predictive controller
(MPC) [35]. Among them, it is commonly accepted that MPC-based approaches are in-
creasingly applied to vehicle navigation problems, see the recent contributions [36,37]. The
reasons behind such a success relies mainly on their natural flexibility to combine path
planning with on-line stability and convergence guarantees [38].

The in-depth analysis of these contributions has highlight that the use of AVs in complex
and hazardous missions requires that the underlying control architecture enjoys some key
properties. First of all, the capability to guarantee constraints satisfaction at each time
instant when moving in unknown environments. This clearly leads to conceive a control
strategy in charge to keep a sufficiently high level of the flexibility when unpredictable events

take place, for example time-varying obstacle scenarios that could prevent the use of pre-
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computed control actions. A second important property consists in ensuring energy savings
in order to increase the chance of success. Given that the autonomous vehicles considered
are battery-powered, this results in defining a control architecture capable to mitigate as
much as possible the on-board battery consumption.

It is quite evident that these two aspects are conflicting each other: the on-line updating
of the control law gives rise to increasing energy demanding, while minimizing the energy
consumption could lead to excessive poor control performance that could compromise the
mission accomplishment. Existing approaches often point the attention to one of these is-
sues by addressing compatible operating scenarios, e.g. in indoor environments, although
possibly unknown, the energy waste assumes a less relevant role [39], conversely in planetary
explorations the energy savings have a primary importance with respect to the optimiza-
tion of regulation/tracking specs [40]. As a matter of fact, the satisfaction of both these
requirements naturally leads to networked control configuration where time-delays must be
formally managed [41] and in the worst case data losses could compromise the chance to
accomplish the mission. Starting from this reasoning, the literature items show that the
navigation problem for autonomous vehicles still deserves further studies at least to improve
the trade-off between regulation/tracking performance and energy savings when complex

operating scenarios are of interest.

1.2.5 Multi-Robot Systems

The ability to use autonomous multi-robot systems (MRS) to perform complex tasks is
a key requirement in various application scenarios such as reconnaissance [42], surveillance
and patrolling of large areas [43], search and rescue operations after disasters [44]. These
applications leverage the collective power and versatility of MRSs to manage tasks that
require coordination and efficiency. In these scenarios, it is crucial for effectiveness that
several robot units can operate in a joint deployment scenario. Task coordination requires
the development of algorithms that enable both the synchronization of robotic actions and
the efficient distribution of operational tasks according to the individual capabilities of the
robots. This requirement necessitates the planning of coordinated movement strategies that
allow each robot unit to reach its goal while avoiding collisions.

Coordinated control addresses the problem of optimizing the overall performance of the
entire multi-robot system by developing strategies that maximize the efficiency of task ex-
ecution. Coordinated control of robotic movements presents certain algorithmic challenges
that do not exist for a single mobile robot. Individual units must be able to coordinate their
movements to avoid collisions and optimize overall system performance. Despite the price
of increased management and control complexity, the use of a MRS offers non-negligible
benefits [45-48]. In general, a multi-robot coordination algorithm must satisfy four basic

conditions to be effective:



1.2 Literature Review 7

(a) must be distributed, so that individual robots can act only on the information available
to them, e.g., through recognition or active communication;

(b) must be decentralized so that the algorithms executed by an individual robot do not
depend on the size of the entire team;

(c) must ensure safety, as robots must be able to avoid collisions with each other and with
the environment;

(d) must have emergent properties, i.e., the global properties of the system must emerge

from the local interaction rules;

Numerous algorithms satisfying these conditions have been proposed in the literature and
have been successfully used to form and maintain platoons [49,50], to monitor areas [51,52]
and to patrol border areas [53,54].

When it comes to motion planning for the MRS, the challenge is that each robot not only
has to consider static obstacles in the environment, but also the possible interference from
other robots. When robots in a team perform independent tasks in a common workspace,
each of them becomes a moving obstacle for the others. The motion planning of each robot
in the team must therefore take into account the movements of the others. The collision
avoidance task is usually solved by implementing reactive control techniques, i.e., equipping
each robot with the ability to react appropriately to the presence of other robots that impede
its movement. However, motion planning for the units of an MRS system is inherently diffi-
cult, and research in this area has been going on for more than two decades [55]. The most
common solution used so far in various applications involves a decoupled approach, where
path planning methods [56,57] are used to plan paths that allow each robot unit to reach its
assigned goal, without taking into account the presence of other units, while reactive control
algorithms [58] allow robots to coordinate with other units in real time to avoid collisions,

maintain a formation and follow the given path.

1.2.6 Path planning for MRS

It involves determining a path defined by a sequence of waypoints, that makes it possible
to reach the final destination while avoiding obstacles and optimizing certain criteria such
as distance, time or energy consumption. Path planning for multi-robot systems is an
important area of research in autonomous robotics. The goal is to ensure that a group
of robots can move in a coordinated, safe, and efficient manner in a complex operational
scenario. This non-trivial challenge is accompanied by several problems that require advanced
technical solutions. Generally speaking, the principal challenges in path planning for multi-

robot systems are three.

(i) Coordination - One of the major obstacles in path planning for multi-robot systems

is the need to coordinate the movements of each robot. It is critical to avoid collisions
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between the robots themselves and obstacles in the environment. Planning must take into
account the dynamic interactions between the robots and the specific motion constraints
of each robot.

(i) Computational complexity - Trajectory planning for MRS requires computationally
efficient algorithms and methods to provide real-time solutions. As the number of robots
involved increases, the computational complexity increases exponentially and requires
heuristic solutions or optimization-based approaches.

(iii

=

Scalability - Another important challenge is the scalability of the system. As the number
of robots increases, it becomes increasingly difficult to plan paths that satisfy all the
constraints and limitations of the environment. Trajectory planning must be able to

effectively manage large fleets of robots without compromising safety or overall efficiency.

The importance of finding a solution to the problem of autonomous navigation and path
planning have led to that the developments reached in this area have grown exponentially
in the last years, and cover a wide range of methods based on different techniques and char-
acteristics [59]. The expansion of autonomous vehicles and their frequent use within MRS
has led to the adaptation of classic methods of path planning, initially designed for a single
vehicle. Along with this adaptation, new techniques have appeared that consider multiple
vehicles in the planning, and allow planning in real time, as the vehicles navigate through

the environment.

Regarding Graph-based algorithms such as Dijkstra’s algorithm and the A* algorithm [11].
In [60], a planning algorithm has been proposed for a heterogeneous multi-vehicle system,
in which, a task assignment phase is established, along with a Dijkstra-based path planning
algorithm to minimize the travel time between two locations. The work [61] implemented
an A*-based algorithm with modifications to apply it to the resolution of the path planning
problem in MRS.

As for Sampling-based algorithms, including the PRM and RRT [62], in recent years, these
classical methods have been significantly improved to increase their performance and appli-
cability. In [16] an asymptotically optimal version of RRT was proposed, which guarantees
convergence to the optimal path when the number of samples approaches infinity. In [63]
it is presented a multidimensional RRT* to carry out path planning within a system with
multiple autonomous underwater vehicles. The idea of this work is to develop a method to
improve the efficiency in the tasks of search, surveillance, and monitoring of the seabed. The
purpose of the RRT* is to create a set of optimal, reachable and collision-free paths through

which the different AUVs travel from an initial state to a final one.

Regarding Artificial Potential Field methods, which model the robot and obstacles as charged
particles, are often used to plan motions that take into account the presence of obstacles

due to their simplicity [64]. Works such as [65] studied the use of APF for free movement
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of obstacles from Formations Leader—Followers of mobile robots. Two potential fields are
generated, one attractive to the destination, and one repulsive of the obstacles working with
both jointly to form a composite potential field, and making the MRS to reach the goal
avoiding the obstacles, moving relative formations in order to perform the task safely and
reliably.

However, these methods often encounter problems with local minima. To solve this prob-
lem, hybrid approaches have been explored that combine potential fields with heuristic so-

lutions [66].

1.2.7 Reactive control strategies for collision avoidance in MRS

In the literature they are generally implemented by decentralized strategies that allow each
robot to make decisions based on local information, which improves scalability and reduces
computational overhead [67]. These algorithms allow robots to react quickly to dynamic
environments and unexpected obstacles and ensure flexible deployment in complex spaces.
Among the solutions proposed in the literature, artificial potential fields model robots and
obstacles using attractive and repulsive forces that guide the robots to their goals while
avoiding collisions [64]. In behavior-based control, robot actions are decomposed into behav-
iors such as obstacle avoidance and target search, which are then combined to produce the
desired motion [68]. Control barrier functions provide a mathematical framework to ensure

that safety conditions are met and control goals are achieved [69].

Other reactive control strategies include: the dynamic window approach [70], which takes into
account the kinematic constraints of the mobile robot; the elastic band method [71], which
adjusts the path of the robot based on the shape of obstacles; the null-space based behavioral
approach [72,73], where collision avoidance is formulated by coordinated control using a pri-
ority logic; the potential field method [64], where obstacles are modeled as repulsive forces
and the goal as an attractive force; the vector field histogram method [74], which builds a
polar histogram of obstacle density to select feasible motion directions; and the curvature-
velocity method [75], which searches for admissible trajectories by combining curvature and
velocity constraints. Finally, collision avoidance can also be addressed by implementing algo-
rithms that regulate the speed of each robot along its assigned path. The decomposition of
the autonomous navigation problem into separate subproblems of path planning and robot

velocity profile assignment is discussed e.g. in [76,77].

1.2.8 Time-base synchronization methods for MRS

Other methods address the problem of movement coordination and collision avoidance
through platform prioritization and allocation of delays. In [78], the authors develop a method

that uses k-means clustering to balance tasks between robots and a collision model with time
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priority constraints. This model defines interference zones between the robots. To avoid col-
lisions, a directed acyclic graph (DAG) is constructed to represent the priority constraints,
and the final scheduling minimizes the overall completion time while ensuring collision-free
execution. In [79], the collision avoidance problem is addressed for a multi-robot system
through the imposition of delays. Specifically, the trajectories consist of sequences of regions
to be followed, with an associated travel time for each region, and collisions are avoided by
properly allocating initial delays along the trajectories.

Beyond scheduling and delay-based approaches, other contributions propose coordina-
tion strategies that act directly during the trajectory planning phase. These approaches are
effective since they do not require the installation of dedicated hardware for collision man-
agement, and often exploit optimization or graph-based formulations to guarantee safety.
For instance, some works integrate conflict resolution within centralized planners, while oth-
ers rely on decentralized formulations where each agent adapts its trajectory in real time
according to shared constraints or consensus rules. In this context, coordination is not only
achieved by delaying motion, but also by reshaping trajectories or dynamically reallocating

waypoints, thus improving scalability and robustness in large-scale multi-robot systems.

1.3 Objectives and Methodologies

1.3.1 Research Objectives

In the following, the research objectives (ROx) are formulated to address the identified
challenges and research gaps in the field of safe and feasible navigation for mobile robots. We
divide the challenges and research gaps into two main categories: (i) single-robot navigation
under constraints and uncertainties in cluttered and unknown environments, and (%) multi-
robot coordination and collision avoidance, under constraints and uncertainties in cluttered
and unknown environments.

The increasing deployment of autonomous ground robots in applications such as surveil-
lance, search-and-rescue, and automated logistics requires navigation strategies that guar-
antee safety, feasibility, and robustness even under limited sensing, uncertain dynamics,
external disturbances, and actuation/state constraints. To meet these requirements, novel
set-theoretic methodologies are needed for the systematic design of controllers and planners
capable of handling uncertainty while ensuring performance guarantees.

Past research has largely focused either on reactive local strategies, which adapt to ob-
stacles in real time but often lack formal guarantees, or on centralized coordination schemes,
which may ensure safety but are not scalable or robust to uncertainties. Moreover, commu-
nication delays and parameter varying models, especially in the case of remotely controlled
robots, further challenge the reliability of navigation strategies. These limitations highlight
the need for methodologies that can: (i) provide rigorous feasibility and safety guarantees in

uncertain and dynamic environments; () extend naturally from single-robot to multi-robot
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systems without requiring additional hardware for collision management; and (i) balance
between robustness, scalability, and computational efficiency.
To bridge these gaps and advance the development of safe and feasible navigation strate-

gies in unknown cluttered environments, we:

¢ RO1. Propose a graph-based trajectory planning framework for single skid-
steered mobile robots under constraints. The operating environment is discretized
into a finite grid, and feasible trajectories are obtained by solving a shortest-path problem
with feasibility guaranteed via semidefinite programming (SDP).

e RO2. Develop a set-theoretic model predictive control (MPC) framework
for single robots navigating in unknown and cluttered environments. The
method ensures collision avoidance and mission completion despite communication de-
lays, unpredictable obstacles, and model uncertainties, while guaranteeing boundedness
and constraint satisfaction.

¢ RO3. Formulate a set-theoretic planning approach for multi-robot systems
subject to uncertainties and disturbances. Coordinated trajectories are generated
by solving a mixed graph search problem and semidefinite programs with linear matrix
inequality (LMI) constraints, guaranteeing collision-free navigation even in the presence
of tracking errors.

¢ RO4. Introduce a time-based trajectory synchronization strategy for multi-
robot systems under slippage and actuation constraints. Coordination and colli-
sion avoidance are achieved by imposing optimized departure delays, computed through
LMI-based optimization, thus minimizing shared space occupancy while ensuring tra-

jectory feasibility.

To address the challenges and research gaps formulated above, a general research method-

ology was adopted in this work. It consists of several stages defined as follows.

e Study of the state of the art. A comprehensive analysis of existing navigation and
collision avoidance strategies for single and multi-robot systems was carried out, with
particular attention to reactive methods, scheduling-based approaches, and set-theoretic
techniques. This stage provided the necessary background to identify open issues and
limitations.

o Problem formulation and use case analysis. Based on the literature review and the
targeted applications (e.g., cluttered unknown environments, networked control, multi-
robot coordination), the main research gaps were translated into well-defined problem
statements addressing feasibility, safety, and robustness.

e Solution design. The identified problems were addressed through the design of four
set-theoretic methodologies: two for single-robot navigation and two for multi-robot
coordination. Each solution was conceived to guarantee feasibility, robustness to uncer-

tainties, and satisfaction of state and actuation constraints.
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e Modeling and formal validation. For each proposed methodology, mathematical
models were defined and feasibility conditions were formulated in terms of optimiza-
tion problems involving semidefinite programming (SDP) or linear matrix inequalities
(LMIs). These models enabled formal validation of safety and performance guarantees.

e Simulation and experimental evaluation. The effectiveness of the proposed solu-
tions was assessed through extensive simulations and, where applicable, experimental
validation on skid-steered mobile robots, highlighting advantages and trade-offs of each

method.

1.3.2 Methodologies

The detailed results of this thesis are organized in four methodologies (A-D), each corre-
sponding to the research objectives formulated in Section 1.3. Methodology A and Methodol-
ogy B address the single-robot navigation problem, while Methodology C and Methodology
D extend the analysis to multi-robot systems.

Methodology A — Set-theoretic trajectory planning algorithm for single
robot under uncertainties, external disturbances, and state/actuation constrains.

The main technical outcomes can be summarized as follows:

e The discretization of the environment into a finite-dimensional grid and the formulation
of a weighted graph structure;

e The definition of feasible trajectories as shortest paths on the graph, subject to actuation
and state constraints;

e The guarantee of trajectory feasibility through sufficient conditions formulated as
semidefinite programming (SDP) problems;

e The validation of the proposed approach through experimental simulations.

Methodology B — Set-theoretic model predictive control for navigation in
dynamical unknown environments. The main technical outcomes can be summarized

as follows:

e The formulation of a networked control framework to handle communication-induced
delays;

e The design of a predictive control scheme within a set-theoretic framework to guarantee
feasibility and robustness;

e Anti-collision and safety guarantees even under unpredictable obstacle occurrences and
uncertain dynamics;

e Proof of ultimate boundedness and constraint satisfaction of the regulated trajectory;

e Validation through experiments on skid-steered tracked mobile robots.

Methodology C — Set-theoretic coordinated trajectory planning method for

multi-robot systems. The main technical outcomes can be summarized as follows:

e The reformulation of coordinated trajectory planning as a mixed graph search problem;
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e The incorporation of uncertainties and external disturbances into the planning stage;

e The formulation of collision-avoidance constraints through semidefinite programming
with linear matrix inequalities (LMIs);

e Validation of the proposed framework through experiments with two remote-controlled

skid-steered mobile robots.

Methodology D — Set-theoretic Time-based trajectory synchronization method

for multi-robot systems. The main technical outcomes can be summarized as follows:

e The formulation of the trajectory tracking error dynamics as an uncertain system with
disturbances and actuation constraints;

e The synchronization of coordinated trajectories by imposing optimized departure delays;

e The computation of feasible delay intervals via LMI-based optimization, with separate
offline and online phases;

e The minimization of shared-space occupancy time while guaranteeing feasibility;

e Validation of the proposed method through extensive numerical simulations.

1.3.3 Publications

The methods described above have been included in the following publications:

1. Methodology A — Scordamaglia Valerio, Nardi Vito Antonio , and Ferraro Alessia.
"A feasible trajectory planning algorithm for a network controlled robot subject to skid and
slip phenomena.” 2019 24th IEEE International Conference on Emerging Technologies
and Factory Automation (ETFA). IEEE, 2019.

2. Methodology B — Scordamaglia Valerio, Ferraro Alessia, and Franzé Giuseppe.
"Autonomous tracked vehicles operating in cluttered and unknown environments: a net-
worked set-theoretic receding horizon control strategy”. IEEE Transactions on Cybernet-
ics (2025).

3. Methodology C — Scordamaglia Valerio, and Ferraro Alessia. "A set-based method
for planning coordinated trajectories for skid-steered robotic units subject to constraints,
uncertainties and external disturbances.”" IEEE Access (2025).

4. Methodology D — Ferraro Alessia, De Capua Claudio and Scordamaglia Valerio.
"Set-theoretic Time-based Trajectory Synchronization Approach for Skid-Steered Robotic
units subject to Constraints, Uncertainties, and External Disturbances.” 2025 11th In-
ternational Conference on Control, Decision and Information Technologies (CoDIT).

IEEE, 2025.
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1.4 Thesis Outline

The thesis is organized into 5 Chapters, their content is briefly described below.

e Chapter 1 contains the motivation, objectives, contributions, and structure of this
work.

e Chapter 2 presents the dynamic model of the skid-steered robotic platform used
throughout the thesis. This model provides the foundation for both single-robot and
multi-robot navigation methodologies.

e Chapter 3 focuses on navigation for a single robot. It introduces two set-theoretic
methodologies for single robot (Methodology A and Methodology B) for safe and feasi-
ble trajectory planning in cluttered and unknown environments, explicitly considering
control and state constraints, network-induced delays, external disturbances, and tra-
jectory tracking performance.

e Chapter 4 addresses navigation for multi-robot systems (MRS). It presents two set-
theoretic methodologies (Methodology C and Methodology D) for coordinated trajectory
planning and time-based trajectory synchronization, focusing on collision avoidance,
inter-robot coordination, uncertainties, external disturbances, and actuation and state
constraints.

e Chapter 5 includes the summary of research outcomes and the discussion of future

research.

The final part of the thesis includes the Appendix and the Bibliography.



Mathematical Modeling of the Robotic Platform

The effectiveness of any control strategy for autonomous robotic systems depends largely on
the accuracy of the mathematical model adopted. To ensure the robustness and feasibility
of control in real environments, it is essential that the model not only describes the ideal
kinematics of the robot, but also captures the non-ideal phenomena and uncertainties that
inevitably affect its performance. This chapter introduces the mathematical description of
the skid-steered tracked mobile robot, starting from its ideal kinematic model. The model is
progressively extended to include elements such as interactions between tracks and terrain
(sliding phenomena) and communication delays in networked control schemes (NCS).
In particular, the chapter is structured as follows.

Section 2.1 introduces skid-steered tracked robots (SSTMRs), describing their main character-
istics and applications. Section 2.2 introduces the kinematic model of the skid-steered tracked
mobile robot, describing the equations that link the speeds of the tracks with the robot’s posi-
tion in the plane, and analyses sliding phenomena, modeled using variable coefficients that
represent the interaction between the tracks and the ground. Finally, Section 2.3 presents the
remote control architecture based on networked control systems (NCS) theory, discussing its

advantages, critical issues and the modeling of communication delays.

2.1 Skid-steered tracked mobile robots

This thesis considers a skid-steered tracked mobile robot (SSTMR) [80], belonging to a class
of ground vehicles widely used in unstructured environments thanks to their mechanical sim-
plicity, robustness, and high maneuverability. Tracked mobile robot is a type of robot that is
used in specific situations related to the nature of the environment in which it works, espe-
cially when the ground is uneven or constantly changing [81]. Tracked robots offer numerous
advantages: they provide great traction on slippery surfaces and can carry heavy loads, while
also ensuring high performance and power [82]|. In particular, SSTMRs play a key role in
several applications fields such as rescue missions [83|, and surveillance [84]. However, they
require more power when turning or cornering due to the slip steering method they use. In

a skid-steered mobile robot, the steering action is performed by controlling the differential
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velocity of left and right side of the vehicle [85], this generates a torque to counteract the
resistance to rotation caused by the slippage of the tracks on the ground and the rotational
inertia of the robot. In other words, the slip steering technique is based on changing the
relative speeds of the two tracks, which will cause slippage and cutting of the ground to
achieve steering. Skid-steering drive mechanism offers significant advantages compared to
alternative steering mechanisms: it is mechanically robust and simple, providing at the same
time a good maneuverability (i.e., zero radius turning capability). Such kind of locomotion
scheme poses some problems from the point of view of motion control due to the presence
of non negligible sliding effects.

Modeling such systems is very essential especially for controller’s derivation. The model of
such systems can be developed based on Newton’s dynamics where force and moment equa-
tions are involved [85-87]. Others developed such models depending on empirical formulae
which make them of no use for online predictions [88]. Classical mathematical representa-
tions of a mobile robot involve nominal nonholonomic kinematic equations for the mobility
description [89]. Nonholonomic constraints are violated by the presence of sliding phenom-
ena, thus requiring different mathematical models to be considered. In [90] it is introduced
a classification of mobile robots based upon the influence of sliding effects on the kinematic
model. In literature two main alternative approaches are proposed to properly take into ac-
count sliding effects. As shown in [91-94] reliable representations involve dynamic model of
sliding phenomena providing the possibility to reach best accuracy at the price of significant
growth of complexity of mathematical models [95]. An alternative approach lies in kinematic
description of effects of sliding phenomena. Such an approach is attractive from a practical
point of view, seeming reasonable since sliding effects can be viewed at the kinematic level
in terms of disturbances of control velocities [96,97]. The presence of sliding phenomena
poses some difficulties when the prediction of motion of vehicle is required [98]. Steering is
achieved by adjusting the relative speeds of the two tracks, a feature that differentiates the
kinematic model of these systems from that of wheeled robots and requires specific attention
in control design. This robot belongs to the class of nonholonomic wheeled vehicles and, as

a consequence, the wheels can perform only pure rolling motions [99].

2.2 Robot mathematical model

2.2.1 Kinematics Model of Mobile Robot

Let E be the inertial reference frame with respect to which the map of the operating envi-
ronment is defined. To describe the mathematical model of the robot, it is assumed to be
a rigid body moving on a horizontal plane. Referring to Fig. 2.1, the first-order kinematic

model of the system without slippage can be written as
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z = cos(0(t)) V(t),
g = sin(6(t) V (2), (2.1)
6 =w(t)
where 6 represents the direction of the robot, x and y represent the robot’s center position
in E, and V is the robot forward speed. The speeds of the right track V. and left track V; of

the mobile robot are

‘/'r:RpT
Vi=Rp

(2.2)

where R is the track or sprocket rolling radius, and p, (p;) is the angular velocity of the
driving motors of right (left) track. Hence, the robot forward translational velocity can be

obtained as follows

v YotV (2.3)
2
Using the last equation, the mobile rotational velocity or yaw rate w can be given as
=—=———=— 2.4
@ r 2r D (2:4)
where r is the radius of curvature of the robot and D is the tread of the robot.
Considering the inertial reference frame N'WU the pose of the robot at time ¢ in E is
T
as(t) = [2(t) w(t) 0(1)] - (2.5)
Let
T
() = V() wv)] (2.6)

be the control velocity vector where the forward and rotational speeds are V' and w, respec-
tively. By controlling these two quantities,it is possible to achieve both trajectory tracking
and maneuvering without directly handling the individual track velocities, which simplifies
the control design while still capturing the essential dynamics of the platform. Therefore,
the robot kinematics is described, in the continuous-time domain, by the following nonlinear

differential equations:

ge(t) = G(t) - u(?) (2.7)
with
cos(6(t)) 0
G(t) = [sin(8(t)) 0 (2.8)
0 1

2.2.2 Sliding phenomena

Accurate modeling of the interaction between the tracks and the ground is challenging [100—

102], as it involves complex contact mechanics and variable friction effects. Such complexity



18 2 Mathematical Modeling of the Robotic Platform
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Fig. 2.1: Robot Kinematics.

makes it impractical to derive a fully detailed mathematical model suitable for control design.
To account for this in a control-oriented framework, in this thesis it is adopted a macroscopic
approach: the track-ground interaction is modeled through two dimensionless, positive, time-
varying coefficients, p.(t) and p;(t), here in after referred as sliding coefficients, representing
the sliding behavior of the right and left tracks, respectively. The forward and rotational
speeds of the robot are related to the p,(t) and p;(t) motor angular speeds through the

following relation:

u(t) =J - H(t) - p(t) (2.9)
being
T
p(t) = [pT(t) pl(t)] (2.10)
S R/2 R/2 1)
R/D —R/D
and
o = | @0 (2.12)
0 ()

where R is the radius of the gears connecting the tracks to the motors, and D is the distance

between tracks.
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Let us assume that the robot is controlled by two commands the forward speed V and
the rotational speed @

a(t) = [V(t) @(t)]T (2.13)

Nominal angular speeds of the two electric motors required to generate (2.13) are calculated

assuming the two sliding coefficients are both taken as unit values
pt)=J 1 at) (2.14)

However, since the sliding coefficients p,(t) and u;(t) depend on the interaction between the
track and the ground and may vary over time, the effective forward and rotational speeds of

the robot result

w(t) = J - H(t) - p(t) (2.15)

In view of egs. (2.14)-(2.15),eq. (2.7) can be rewritten in the following form
Ge(t) =G(t)-J-H(t)-J - at) (2.16)

Remark - It is important to note that the validity of eq. (2.16) is guaranteed under the
assumption that the response time of the track speed controllers is negligible compared to

the dynamics of the robot.

2.3 Remote Control Architecture for Mobile Robots

In this thesis, the operational setup shown Fig. 2.2 will be used, it represents a network
implementation of control systems where feedback control loop is closed through a com-
munication network. This kind of architecture is widely adopted for applications involving
mobile robots [25,98,103]. Networked control system offers significant advantages, for exam-
ple, higher system resource employment, testability and maintainability, flexibility in control
architecture design, cost reduction and simplified deployment [104].

Despite these benefits, designing and implementing an NCS is not a trivial task. The intro-
duction of a shared communication channel within the feedback loop gives rise to phenomena
that are absent in classical control schemes. In particular, networks induce stochastic effects
such as variable delays, jitter, and packet dropouts [103-105], which can degrade stability
and performance if not properly addressed.

In the framework of this thesis, the adoption of an NCS architecture is motivated by the
limited on-board computational resources of the tracked mobile robot (SSTMR). Executing
complex algorithms on embedded hardware would significantly reduce efficiency and auton-
omy. Offloading the majority of computations to a remote control station mitigates these
limitations, preserves battery energy, and extends the operational lifetime of the robot. Fur-

thermore, the choice of this type of architecture guarantees the scalability of the method,
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Fig. 2.2: Outline of a networked control system (NCS) scheme.

allowing it to be applied even to smaller platforms. At the same time, it enhances maintain-
ability and allows the use of advanced control strategies that would otherwise exceed the
processing capabilities of the vehicle. The drawback of this approach is that the presence
of the communication channel inevitably introduces additional delays. With the theoreti-
cal tools provided by NCS theory [104], it is possible to model the impact of these delays
and incorporate them into the control design. The main effects are summarized in Fig. 2.2.
Specifically, let 75¢ denote the sensors-to-control delay, which represents the time required
to transmit information from the sensor side to the controller. Let 74 denote the control-
to-actuator delay, i.e., the time required for the control signal generated by the controller to
reach the actuator. Both 7°¢ and 7¢4 are variable but assumed to be bounded. In addition,
let 7€ be the computation delay, accounting for the time needed by the controller to process

a new control action.



Set-theoretic Navigation Methods for Single Robot

In this chapter, the objective is to address the problem of safe and feasible navigation for
a skid-steered tracked mobile robot in complex environments crowded with obstacles, taking
into account uncertainties, external disturbances, implementation constraints, and delays in-

troduced by the communication network.
The chapter is structured as follows.

Section 3.1 formulates the problem of trajectory planning in environments crowded with ob-
stacles, modeling the robot based on the kinematic equations in Chapter 2 and including

constraints, slippage phenomena, and communication delays.

Section 3.2 presents the the Set-Theoretic Feasible Trajectory Planning (ST-FTP)
Method. In 3.2.1, the tracking error is defined, while in 3.2.2 and 3.2.3, the system is described
as a networked control system subject to delays, for which a robust controller is designed. In
3.2.4, robustly invariant ellipsoidal sets are introduced, used in 3.2.5 to establish trajectory
feasibility conditions. Section 3.2.6 proposes a planning algorithm based on graph-search A*-

like algorithm, and 3.2.7 reports the experimental results on a real robot.

Section 3.3 introduces the Set- Theoretic Model Predictive Control (ST-MPC) Method.
In 3.8.1, the nonlinear model of the robot is embedded into a LPV form. Sections 3.3.8-3.3.6
describe the predictive controller based on robust sets and overlapping RPIs, followed in
3.3.7-3.3.9 by the path planning application and the complete control scheme. Finally, in
8.3.10, the experimental results are presented, confirming the robustness and effectiveness of

the method even in scenarios with unezpected obstacles.
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3.1 Problem formulation

In this section, the trajectory planning problem is formulated for the skid-steered tracked
mobile robot (SSTMR) presented in Section 2.2. The robot kinematics are expressed in
continuous time by a set of nonlinear differential equations, see eqgs. (2.5)—(2.16), which
include the sliding coefficients p(t) and p;(t). These coeflicients are assumed to vary within

closed and bounded intervals centered around their normalized nominal values, as follows:

l’l”‘(t) € [1 7ﬁ7‘7 1 +ﬁr]

l”(t) € [1 — Iy 1 +ﬁl}7Vt >0

(3.1)

thus accounting, at each time ¢, for possible mismatches between the computed control input

u(t) and the effectively applied u.(t), i.e.,
ue(t) # u(t), vt >0 (3.2)

In addition, the SSTMR operates under the following ellipsoidal constraints on input

and state variables:

wt) eU :={u € R™: uTu < v}, (3.3)
z(t) € X ={zx e R" :zTx <zl..} Vt>0,
It is assumed that the vehicle operates within an indoor cluttered planar environment

populated by static but unknown obstacles. Specifically:

e FEnvironment planimetry: without loss of generality, it is assumed that the overall layout
is exactly known in terms of the accessible region. Let n. be the number of corridors char-
acterizing the planar structure. Each aisle is formally defined by resorting to polyhedral

arguments, i.e. 9
cr s N {)Ip> ().}, (3.4)

s=1
where p := [z y]T € R? are the planar components of the state space, (W")T char-
acterizes the wall directions in the I-th corridor/aisle and, in a planar representation,
are defined by 2-elements row vectors, (c')s denotes the shift vs. origin term of the I-
th corridor walls (scalar quantity in a planar representation). The p-plane point locus
(WHTp = (). denotes a linear manifold characterizing the walls boundary whereas
(WHTp > (c!)s are half-spaces whose intersection generates the corridor, see Fig. 3.1.

The accessible region is

OF .= EJ {per’ipecr} (3.5)
=1

Notice that the integer n. takes care of same drive-through corridors in opposite direc-
tions.

e Obstacles:

Definition 3.1. Let OV be an object with a polyhedral convex structure described as the

intersection of l; half-spaces:
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o' = (W), 2> () (01, 2> ),

Fig. 3.1: Aisle/Corridor polyhedral representation

ov: [mi,...m] p<[d..d] (3.6)

An obstacle scenario O is defined as
O :={0b',...,0b™} (3.7)
where no, denotes the number of involved objects. ]

Definition 3.2. Let O be an obstacle scenario. Then, the non-conver obstacle-free region

pertaining to O is identified as follows

0% ={peR>: pe f(0)}, (3.8)
where

no U
f@) =) F®)f )= {p er*: | Jw]) p> gl }

j=1 k=1
O

Then, at each time instant ¢ the obstacle free-region is given by
O':={peR’:pe f(p,)} N Of e (3.9)

with f(p,t) having the same structure of f(p).

Obstacle avoidance and motion planning in unknown cluttered environments

(OAMP-UCE)
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Given a cluttered environment with free space O}Eree, an initial state qr(0) € R® and a tar-
get state qé € R3, the problem consists ensuring safe navigation from qr(0) to q};. The
strategy must always respect state and input constraints, guarantee collision avoidance with
obstacles in the environment (3.9), and cope with uncertainties introduced by the presence of
communication delays, and sliding phenomena modeled as external disturbances.

The OAMP-UCE problem thus requires addressing two key aspects:

e the management of time delays to guarantee the existence of admissible commands;
o the design of a robust strategy capable of satisfying constraints and avoiding collisions

despite uncertainties and latency effects;

O
To address the OAMP-UCE problem, in this thesis are proposed two set-theoretic method-

ologies for a single SSTMR:

e Methodology A— proposes a feasible trajectory planning approach, using ellipsoidal
positively invariant sets to guarantee the trajectory feasibility, for a constrained SSTMR
connected through a communication network. Proposed search algorithm takes explicitly
into account closed loop trajectory tracking control, non-deterministic network variable
delays, non-negligible skid and slip phenomena and a set of prescribed constraints in-
volving robot motion and actuation. Operating scenario is firstly discretized with a finite
dimensional grid. Then, an undirected weighted graph is built using grid points as nodes
and trajectory segments connecting points as arcs. Given starting and ending nodes, Ax-
like algorithm is used to select an optimal feasible trajectory compliant with prescribed
constraints. Trajectory is expressed in terms of succession of segments to cross at pre-
scribed velocities connecting starting and ending points. Feasibility is guaranteed by
recurring to set-theoretic arguments involving the solution of Semi-definite Program-

ming (SDP) minimization problems with Linear Matrix Inequalities (LMI) constraints.

e Methodology B— addresses the constrained navigation problem for autonomous
robots moving in unknown cluttered environments. In particular, a novel control ar-
chitecture is conceived whose the main features can be summarized as follows: anti-
collision capabilities despite time-induced time-delay occurrences along the communica-
tion medium; mission accomplishment despite unpredictable obstacle occurrences along
the nominal path. These properties are formally proven together with ultimate uniformly
boundedness and constraints fulfillment of the regulated trajectory regardless of the ve-
hicle uncertainties. The path to follow is expressed in terms of succession of waypoints
connecting starting and ending vehicle poses whose feasibility is guaranteed by recurring
to set-theoretic arguments involving the solution of Semi-definite Programming (SDP)

minimization problems with Linear Matrix Inequalities (LMI) constraints. Final exper-
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iments are provided to show the effectiveness and to highlight the main advantages of

the proposed control architecture.

Both approaches exploit set-theoretic arguments to systematically ensure feasibility, safety,

and robustness in real-time motion planning for a single SSTMR.






Methodology A

3.2 Set-Theoretic Feasible Trajectory Planning Method

This section presents the Set-Theoretic Feasible Trajectory Planning (ST-FTP)
Method for SSTMRs subject to sliding phenomena and controlled through a communica-
tion network (NCS), originally proposed in [25,106]. In order to solve the OAMP-UCE
problem, the objective of the method is to generate trajectories composed of a sequence of
straight segments, each to be traveled at a desired speed, which do not intersect obstacles
in the operating environment, ensuring that these trajectories are dynamically achievable
by the system. Starting from the tracking error dynamics of the SSTMR, which already
accounts for sliding phenomena and network-induced delays (see Chapter 2), the proposed

method is based on:

e the design of a robust constrained controller that ensures compliance with state and
actuation constrains;

e the definition of a robust positive D-invariant ellipsoidal set representing the permissible
evolutions of the tracking error in the presence of disturbances;

e the integration of these constraints into a graph-search planning algorithm which, using
semi-definite optimization (SDP) problems with linear matrix inequality (LMI) con-
straints, finds trajectories compatible with the robot’s dynamics and the control perfor-

mances.

In summary, the purpose of the method is to provide a feasible trajectory planning
solution capable of jointly taking into account constraints, uncertainties, and disturbances,

going beyond geometric approach.

3.2.1 Trajectory Tracking Error

In the context of this thesis, the problem of safe navigation for tracked robots is addressed
through the application of different control methodologies, each of which requires a specific
representation of the system model. To address the issue of safe navigation, it may be useful

to introduce a state vector representing the error of pose with respect to a desired pose both
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T
expressed in a local reference system L. We define ¢p(t) = [q; p-t0 0] as the desired pose

of the robot along the trajectory’s segments at a time ¢, in a local reference frame L centered

in M with coordinates (xo,yo) which is aligned with the axis z according to the trajectory

segment M N, see Fig. 3.2 for details.

A

YE

YL Xy

Yo

: 74

. P

Fig. 3.2: Reference frames. Robot pose in the E frame is denoted as {x,y, 0}, the L

reference frame for trajectory tracking has its origin in M with the z-axis oriented in

accordance with the assigned trajectory segment M N.

The roto-translation to go from E to L is
qr(t) = RE(00)(ge(t) — o)

T
where qp = [Io Yo 00] with 8y represented in Fig. 3.2 and being

cos(0o) sin(fo) O
RE(60) = —sin(o) cos(fp) 0
0 0 1

TP () = @2 ()" wP” ’

(3.10)

(3.11)

(3.12)

the desired trajectory expressed in the reference frame L, defined in terms of permissible

pairs of poses and control actions consistent with the kinematic relation (2.7) being ¢ (0) =

T T
[0 0 0] and uP = [VD 0} where VP is the desired nominal feedforward speed of the
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robot in the trajectory segment M N. A null nominal speed is assumed as rotational speed.
At the time instant ¢, the desired pose expressed in the reference system L is calculated as

follows
T
qr (t) = [VD~t 0 0] (3.13)

Be
e(t) = an(t) ~ a2 (1) = [ea(t) €y(®) colt)] (3.14)
the trajectory tracking error, du(t) = a(t) — uP = [(Sv(t) w(t)}T the difference between
the effective and nominal control velocity vectors and d(t) = [5%@) S (t)] g the vector of
the variations of the sliding coefficients from the nominal values pY = 1 and u¥ = 1. By
recombining egs. (2.16), (3.10) and (3.13), the following equation is obtained

VD
é(t) = RE(00)-G(t)-J-H@)-J ' -a@)— | o (3.15)

0

which can be rewritten in the scalar form

éx(t) = V(t) - 7a(t) - coseq(t) — &(t) - g Au(t) - cosep(t) — VP
éy(t) = V(t) - Ta(t) - sineg(t) — &(t) - g A (t)sineq(t) (3.16)
o(t) = =2 V(1) - Au(t) + (1) - ()

being i(t) = “ 4+ £2 and A, (1) = “ — #) Finally, by applying the classical

linearization procedure, it is possible to define a linear time-invariant representation around

the nominal condition

V() ={qr (), v, p, ul'} (3.17)
é(t) = Ae(t) + Bou(t) + Bpd(t) (3.18)
00 0
8é(t)‘ b
= =loo0V 3.19
9e() |v (3.19)
00 0
10
de(t)
== =100 3.20
9i0) | o o) (3.20)
01
vb vP
€(t) 7
Bp =4 =10 0 (3.21)
u(t) v (t) VD D
5 D
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3.2.2 Modeling of networked control system

This thesis assumes a reliable connection-oriented and ordered communication protocol,
where the number of packets lost during communication is assumed to be zero. Let us assume
that the sensors operate synchronously: sampling occurs at times ¢, = k-7, with k € N and
Ts is the sampling time. Assume that both the controller and the actuators are event-driven,
i.e., they respond immediately to new data. Under these assumptions, the three delays above

can be conveniently combined into a single delay term
=79 474 4+ ¢ (3.22)

hereafter referred to as network delay. Let Tpmaz (Tmin) be the maximum (minimum) value
of 7. Let d be the smallest positive integer satisfying the relation d > Tmaz/Ts. Let d be
defined as the largest positive integer satisfying the relation d < Tpnin/Ts. During a generic
sampling period T, the control action can change at most d — d times [107]. For simplicity,
we will assume that 0 < Timin < Tmae < Ts such that d = 1 and d = 0. According to Fig.
3.3, be t! the generic time instant between t; and t,1 when the control action changes from

ou(ty—1) to du(ty). With recourse to the classical arguments of the theory of Networked

Su

bu(t,)

-~ - - ===

k+1

Fig. 3.3: Temporal diagram of actuation update

Control Systems [108], continuous time system (3.18) can be rewritten in the discrete form

(3.26). The state of the system (3.18) at time ¢r41 can be rewritten as:

1—th

t, thp1—t!
e(tisr) = e+ e(gly 4 / e do Bou(ty) + / e’ doBpd(ty) (3.23)
0

0

In the same manner
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tl—ty

e(t') = eA(tlftk')e(tk) + /

th—ty
e doBéu(ty_1) + / e doBpd(ty) (3.24)
0 0

By appropriately recombining (3.23) and (3.24), the following form can be obtained

1 N
AT, b=t Ts Ao
e(tk+1) =" Te(ty) + e”7doBéu(ty) + e doBéu(ti—1)+ (3.25)
0

tgypr—tt

Ts
+ / e*?doBpd(ty)
0

For sake of clarity, the time-dependent functions sampled at time instants ¢, will henceforth

be denoted by the notation fr = f(tx). Eq. (3.25) can be rewritten in the following form

AT, [Ts Ao tep1—t' Ao Ts Ac
- ettt e*?doB]| . k17 o490 B e’ ?doB
Erv1 = thgr—th &k + 0 5U,(tk) + fo b dy
0 I 0
A(tpyr—tl) B(tg41—th) Bd
(3.26)
where
- T
& = [ef our_,] er (3.27)

represents the vector of states, hereinafter named lifted trajectory tracking error, being
ns = ne + (d — d) - n,, with n, and n, the number of states and inputs of (3.18)
respectively (in this case n. = 3 and n,, = 2).

For the purposes of this thesis, it is useful to conservatively approximate the repre-
sentation (3.26) as uncertain system with norm-bounded uncertainty. Thus, resorting
to the procedure proposed in [109], the system (3.26) was embedded in the following

classical representation

g]ﬂ»l = Agk + B(Su;g =+ Bde =+ Bppk (328)
Pr = Apqr (3.29)
qr = Cybi + D ouy, (3.30)

where ||Ag]] < 1Vk >0, and Bp, C'q and Dq are matrices of proper dimensions, the
vector py is the way by which the uncertainty of (3.26) is considered. More details

can be found in [109].

3.2.3 Trajectory tracking control design

This section presents the trajectory tracking control design. Such a step is required
to properly introduce the constraints for feasible trajectory planning task. A generic

discrete-time control system with a linear time-invariant structure is considered

Zkt1 = Aczi + BCgk (3.31)
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dup, = Cozg + chk (3.32)

being z € R™ the vector of control system state variables.
Let
N T
§k = [ I zﬂ € R™ (3.33)

be the closed-loop trajectory tracking error vector, (with ng = n. + ng) the vector of
closed-loop system state variables. The dynamics of the closed-loop trajectory track-
ing error can be rewritten in the form of an uncertain system with norm-bounded
uncertainty subject to external disturbance by combining the egs. (3.28)-(3.30) and
(3.31)-(3.32):

Ee1 = &k + Hpdy, + Bppy (3.34)
P = Akqr (3.35)
Gk = ok (3.36)
with
A+ BD¢ BC
¢ = o (3.37)
BC AC
B
Hp=| " (3.38)
0
BP
B, = (3.39)
0
~ ~ T T
Cy+ DyD
¥, = (Ca T o) (3.40)
(DqCC)T

3.2.4 Definition of the positive robust D-invariant region

Consider the following ellipsoidal constraints on the state of the system & and the
input d,:
€, Re={6eR™ 7S£ <1, S >0}, (3.41)

by € Ry, 2y = {6, € R™ :678,6, <1, S, > 0}. (3.42)

Furthermore, assume that the ng external perturbations acting on (3.34) can be

bounded according to the following ellipsoidal condition

de 2y, Qg={deR" :d" Myd <1, My >0} (3.43)
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Let
Ly={¢eR™ :¢"RE<1 Py >0} (3.44)
be an ellipsoidal D-invariant robust region [110,111] for the uncertain system (3.34)-

(3.36) compatible with the constraints (3.41)-(3.43).

Lemma 1 The region (3.44) is robust positive invariant concerning the disturbance
(8.43) if the two following statements are fulfilled

Statement 1 There exist two positive scalars 7, and T2 such that

p Z T2P0 (345)
with
P=Py— ¢"Pop— 1 X2~
T o 3.46
HER| |-HLPHp + My —HLP)B, HEPRyp| (3:46)
B;Z-IP()()ZS * 7BZPOBP+T1[ ngogb

being scalars 71 and T2 solution of the following GEVP problem

min 7o (3.47)
T2
71 20 (3.48)
>0 (3.49)
s.t.
Py — ¢"Pop —m T X, ¢T PyHp ¢ Py B,

* ~HEPHp +72My  —HLPyB, >0 (3.50)

* * —B;P()Bp + 7l

—HLPyHp + My  —HLP)B
DEOTD TR CE N N (3.51)
* —BI'PyB, + 71

Statement 2 There are three positive scalars o1, o2 and o3 solution of the following
feasibility problem
01>0 (3.52)

02> 0 (3.53)

035>0 (3.54)
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l—0o1mm—022>0 (3.55)
—¢TPyp + 01 P — 0327 %, —¢TPyHp —¢"PyB,
* ~-HEPyHp +0oMy  —HEPB, >0 (3.56)
* * 7BZ;POBP + 0'3]

Proof. See Appendiz.

3.2.5 Trajectory feasibility condition

Consider the operational scenario ¥ C R?, representing the OF, . environment. Let
C be the grid of n points discretizing ¥. Be ¢;, where ¢ = 1---n, the point of C with

coordinates in the E inertial reference frame

T
{xm yai}

Finally, define the undirected weighted graph G, whose points are the elements of
C, and consider two generic elements {c1} € C and {c2} € C. Let ¢i¢z be the linear
segments connecting ¢; with co. If the following conditions are met, the pair {c1,co}

is connected by an arc denoted by g, c,:

1. the segment ¢1¢; is completely within the operational scenario ¥ and guarantee
a collision-free movement with known obstacles

2. ¢1 # co

3. in order to limit the connectivity degree of G, the segments ¢1¢z has a maximum

length smaller than L>0

The nodes of G represent possible robot positions within the operational sce-
nario, while the arcs represent some possible maneuvers where the vehicle moves on
a collision-free trajectory segment.

Let S; € C and F; € C be the departure and arrival points of the robot.

The problem of feasible trajectory planning is to determine, whether there is, an
admissible sequence of G arcs connecting the elements {S; } and {F; } while accounting
for the robot’s uncertain dynamics (3.34)-(3.36), the unknown but bounded external
disturbance (3.43) and the presence of ellipsoidal (3.41) and (3.42) constraints.

Consider Fig. 3.4. Let A and B be two points of C. The segment of the trajectory
connecting them is denoted by AB and has length

Iap=+/(xa—25)2+ (ya —yp)? < L. (3.57)
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Assume that the trajectory segment AB is to be traversed at constant nominal
speed VAP, Let Nap be the maximum positive integer for which the following in-
equality holds

l
Nap < ‘VAgE,; T (3.58)

T
where T is the sampling time. Let [xD(t) yP (t)} be the desired position expressed

in the inertial frame E at time instant ¢. Moreover be {x(t) y(t)} ’ the robot position
expressed in the inertial frame E at time instant t. Consider the point C' € C and
assume a trajectory consisting of the sequence of the two adjacent segments AB and
BC. Let t4 be the time when the robot is in A. Let [ta,ta + Nap - Ts] be the time
interval in which the robot moves along the segment AB. At time tNag =ta+Nap-Ts
the transition between the two trajectory segments AB and BC occurs. Thus, at
tn,p the closed-loop trajectory tracking error £ undergoes the instantaneous change
denoted by

T
II'= 2P (tn,,) — 28 Y2 (tnay) —yB 09 0---0 (3.59)

See Fig. 3.4 for details. The transition is considered admissible if the following condi-
tion is met

(Enap — 1) € I (3.60)

where £y, ,, is the value of ¢ before the transition from segment AB to segment BC

occurs. To define &y, ,, let I'4 be the set to which £ belongs at time ¢4
Fa={¢€ly:E"Pag <1, Pa>0} (3.61)

The ellipsoidal set I'y,, C Iy containing all admissible tracking errors {y,, can be

obtained by exploiting the following result.

Lemma 2 Consider the uncertain system (3.34)-(3.36) subject to the bounded dis-
turbance (3.43). Let

o={& ey : P& <1,P, >0} C Ty (3.62)

be the ellipsoidal region containing the state & at time ty. The minimum volume el-

lipsoidal region [109] containing the state & at time t41

D1 = {&1 € To : &1 Popabpn <1, Py > 0} C 1o (3.63)

can be obtained by solving the following minimization problem:
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Fig. 3.

4: Trajectory switch between segments AB and BC. 2P (tn, ;) (y" (tn,,)) rep-

resents the nominal robot position in E at time ¢y,

min log det P,;_ll (3.64)
Pk+1>077’120,7'220,7'320 (365)
(=¢" Poy1¢ + 11 Py— - "
. —¢* Pyy1Hp —¢* Py By
- Tng Eq)
(—ngk+1HD+ >0 (3.66)
. ~HT Py B,
+ 1o Myg)
* * _ngk-ﬁ-pr + 73
1—7’1—7’220 (367)

Proof. See Appendiz.

Note that, taking into account the asymptotic stability of the system (3.34)-(3.36) and

the properties of the robust D-invariant region (3.44), it can be observed that I'yiq

is encompassed by Iy. Consequently, Lemma 2 provides a reduction in the volume of

I';;+1 compared to the case where I}, = Iy.

Given I'y,,, the condition (3.60) is verified if the following condition is satisfied
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I'sCIy (3.68)
being
I'p={{el,:"Ppé<1, Pg >0} (3.69)
the smallest ellipsoidal set such that
Ing @I ={¢+ g€ Tn,,} C I (3.70)
Eq.(3.70) implies that
(E+ 1) "Pp(€+1T) <1, VE Py € < 1 (3.71)

By recurring to the same arguments of Lemma 2, (3.69) can be obtained by solving

the following minimization problem:

min log det P " (3.72)
Pp>0,7>0 (3.73)
1—-ITPgIl — 7 ~IITP,
v X (3.74)
* —Pgp +TPNAB

If eq.(3.68) holds, the sequence of segments AB and BC is considered feasible.

3.2.6 Algorithm for feasible trajectory planning

This work exploits an A* — like algorithm to plan a feasible trajectory, connecting
a starting point S € G with final point F' € G, consisting in a sequence of segments,
possibly of minimum length, traveled at constant speed. A* relies upon the exploration
of the most promising arc according to an heuristic function estimating the lower-
bound of the cost of path including arcs to be explored. If the heuristic function
never overestimates path cost, as shown in [25,112,113], the algorithm guarantees the
exploration of fewer nodes than any other algorithm using the same heuristic. The
graph search method A* is used here with the following heuristic function: consider
the trajectory connecting the initial node S to M € G, denoted hereafter as cgps.
More precisely, M represents the last node of the trajectory under investigation. Let
MN be the candidate segment to be concatenated with cgys. Let [(SM) be the length

of cspr. The structure of the heuristic function here considered is shown below:
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F(esae, MN,NF) = [(SM) + |M = N|| + [N = F| (3.75)

where | - || denotes the Euclidean norm. It is easy to observe that the function (3.75)
provides a lower bound on the length of the final trajectory connecting S to F' by
including csa; and M N, since the length of the trajectory (M F) connecting M and
F (if it exists) is such that [(MF') > ||M — F||. Given (3.75), the trajectory planning
algorithm is shown in Fig. 3.5. The recursive function is detailed in the following

Pseudocode.

Feasible Trajectory Planning Algorithm

Input: F, X, copt, Ceup;
Output: cope;
1: Function TRAJECTORYPLANNER(F, X, Copt, Cexp)
2: Be AX the last arc of Cezp
3: for all arcs XY whose origin is X do
4: if f(Ceup, XY ,YF) <l(copt) + length of c,p then

5: Given I'4 as defined in (3.61), find I'y,, according to Lemma 2
6: Given the succession of segments AX and XY, compute I'x according to
(3.72-3.73)
7: if I'y C Iy according to (3.68) then
8: Append XY t0 ceyp
9: if Y = F' is the destination node then
10: Copt = Cexp
11: else
12: Call TRAJECTORYPLANNER(F, Y, Copt, Ceap)
13: end if
14: end if
15: end if
16: end for

17: return c,p;

3.2.7 Results — Experimental Validation

A campaign of experimental simulations was conducted using the SSTMR Jaguar
V4 from Dr. Robot, Fig. 3.6, available at the Control Systems Laboratory of the

University "Mediterranea" of Reggio Calabria. It is a tracked mobile robot, the gear
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START

Initial Settings

W=
N

N
.
N

Copt= { }

Cexp=1 |

l(Copt): 0
X=S

Ending Node

cop=TrajectoryPlanner(F,X,copt,Cexp}

END

Fig. 3.5: Flowchart of the feasible trajectory planning algorithm

connecting the motors to tracks has R = 8c¢m, the distance between left and right
tracks is D = 50 cm.

It is equipped with two LIDAR UTM-30LX sensors, mounted on the front
and backward, used by an on-board Raspberry Pi unit that estimates the robot’s
position and direction in E using the AMCL algorithm. The trajectory tracking
control is implemented on a remote ground station connected to the robot via an
802.11n wireless data communication network using the TCP /IP protocol stack, see
Fig. 3.7. A sampling time 7, = 0.2 s and a nominal forward speed V = 0.20m/s were
chosen. Notice that, a motor control is also implemented on board to regulate the
speed of the tracks. The response times of the latter are significantly smaller than T
and are therefore considered instantaneous.

The operational scenario considered is an indoor space with an area of approxi-
mately 80m? and is shown in Fig. 3.8. Within the operating scenario, several mea-
surements were performed to estimate the sliding coefficients p,- and p; as well as the

communication delay 7 caused by the data communication network, all introduced
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Fig. 3.6: Skid-Steered Tracked Mobile Robot Jaguar V4 by Dr.Robot
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=

Fig. 3.7: Control framework details: trajectory tracking control action is performed

Onboard WIFI

Tracks

on a remote computer connected to the mobile robot through a Wi-Fi communication

network using TCP-IP protocol stack.

in Sect. 2.2. The measured values are as follows: p, () € [0.8, 1.2] and according
to a measurement campaign Tm,q. = 4 sampling steps. In accordance with (3.27), the
following lifted trajectory tracking error was defined with ny = 5 components
]T

& = [e} oul_, (3.76)

and the uncertain discrete-time mathematical model (3.41-3.43) was calculated. For

control, a proportional-integral (PI) control law was considered
ziy1 = Aoz + Beky, (3.77)

oup, = Cozp + Dcék (3.78)



3.2 Set-Theoretic Feasible Trajectory Planning Method 41

where Ac =1, B = S -T,, Cc = Ki, Dc = Kp, being S € R?*5 a matrix that

selects tracking errors e, ed e

10000
S = (3.79)
01000

whereas Kp and Ki are the gain matrices of proper dimensions tuned by trial and
error procedure.

The following constraints were considered:

i) maximum allowable tracking error of 0.5m on e, and e, an eg on eg;
i i llowabl king £ 0.5 d e, and 60 deg

(ii) V €0, 0.4] m/s and w € [—30, 30] deg/s

The robust ellipsoidal D-invariant region (3.44) has been calculated, the quadratic
function [|£]3, =1 defines its limit.

The operational scenario was discretized using a grid of approximately 1000 points
spaced appropriately from obstacles to account for the actual footprint of the Jaguar

V4 robot. An initial tracking error of
(a) 0.1 m in each direction and 10 deg for orientation were assumed.

The was used to find a feasible trajectory connecting the starting position (square)
and the target (triangle), see Fig. 3.8. The resulting optimal trajectory consists of
64 segments with a total length of 24.58 m. To test the feasibility of the planned
trajectory, 10 experimental simulations were performed varying the initial condition in
accordance with the constraint (a). The results are shown in Figs. 3.8-3.11. Specifically,
Fig. 3.8 shows the experimental trajectories (black lines) traversed by the robot within
the operational scenario. Figs. 3.9 and 3.10 show the values assumed by the trajectory
tracking error and the values of the robot’s control speeds, respectively. The red
dashed lines indicate the relative bounds. Fig. 3.11 shows the experimental values
of [[£]|%, The red line represents the boundary beyond which fault is detected. As
expected, since the planned trajectory is feasible, the closed loop trajectory tracking
error always stays within (3.44) and this brings the number of false alarms detected

in these simulations to zero.



42 3 Set-theoretic Navigation Methods for Single Robot
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Fig. 3.8: The planned feasible trajectory (green line) connecting the starting point
(red square) to the ending point (red triangle) is overlaid the original floor plan.
The red line represents the boundary of the operational scenario measured using the

SLAM algorithm. Black solid lines represent the trajectories performed.
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Fig. 3.9: Red dashed lines represent bounds. Black solid lines represent trajectory

tracking errors.
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Fig. 3.10: Red dashed lines represent bounds. Black solid lines represent control

speeds.
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Fig. 3.11: Red dashed line represents the bound condition. Black solid lines represent

the values of ||£[|%, related to D-invariant region (3.44).






Methodology B

3.3 Set-Theoretic Model Predictive Control Method

This section presents the Set-Theoretic Model Predictive Control (ST-MPC)
Method for SSTMRs operating in unknown cluttered environments and controlled
through a communication network (NCS) originally proposed in [114]. The method
addresses the OAMP-UCE problem by ensuring safe navigation from the initial to
the target state, while handling uncertainties, external disturbances, and network-

induced time delays. The main features of the method are summarized as follows:

e a networked control framework that provides anti-collision capabilities despite
time delays occurring along the communication medium;

e the design of a robust MPC scheme based on set-theoretic techniques, guarantee-
ing compliance with state and input constraints even in the presence of vehicle
uncertainties and unpredictable obstacles;

e formal guarantees of ultimate uniform boundedness of the regulated state trajec-

tory and satisfaction of all constraints under disturbances and latency effects.

In summary, the purpose of ST-MPC is to provide a robust control architec-
ture capable of achieving mission objectives in cluttered environments while ensuring
safety and constraint fulfillment, independently of unpredictable disturbances and

communication delays.

Notation and preliminaries

Given a set S C R", we denote by In[S] C S its inner ellipsoidal approximation,
namely the ellipsoid of maximum volume that lies entirely within S.Such an approx-
imation provides a compact and tractable representation of S, especially useful for

analysis and control applications. Moreover, if S C X xY C R" x R™, the projection
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of the set S onto X is defined as Projy(S) :={zx € X|Jy €Y s.t. (z,y) € S}. This
operation allows one to reduce the dimensionality of the problem by focusing only on

the components of interest, disregarding the remaining variables.

Definition 3.3. Given a set W C R" and a point x € R", the distance is defined as:

dist(x, W) =

= inf ||z —wl.,
weW

where * is any relevant norm.

Let us consider the discrete time model
x(t+1) = Az(t) + Bu(t) (3.80)
where z(t) € R™, u(t) € R™ and

[A B] € Co ({[Ai B}}n) (3.81)

i=1

where Co{-} is the convex hull operator [109]. Moreover,

wt) eU :={fuecR™:uTu<u? },
(0 etts={ < ) .
zt)e X ={x e R":2Tx <22} Vt>0,

with U, X convex and compact subsets of R"™ and R"*, respectively.

Definition 3.4. [115] A set & C X is said to be a Robust Positively Invariant set
for (3.80) under constraints (3.82) if there exists a control law u := h(z(t)) € U such
that Vz(0) € & — Axz(t) + Bh(z(t)) € £, V[A B] complying with (8.81)Nt € Z. .

Definition 3.5. [115] Let S be a neighborhood of the origin. The closed-loop trajec-
tory of (8.80), namely xcr(+), is said to be Uniformly Ultimately Bounded (UUB) in
S if for all u > 0 there exist T(n) > 0 and u(t) € U such that, for every ||z(0)| < pu,
zor(t) € S, V possible realizations (3.81) and t > T'(p).

Lemma 3 Given the plant (3.80) subject to (3.82). Then, the state-feedback control
law

u(t) = Kzt —7(t)), 7(t) < 7,Vt >0, (3.83)

where 7(t) denotes the time-varying round-trip delay in the state-feedback loop, and
T < 00 18 a known positive scalar representing the mazimum admissible delay, which

stabilizes the requlated plant
z(t+1) = Ax(t) + BK z(t — 7(t)) (3.84)

and satisfies the constraints (3.82) is obtained as the solution of the following matriz

inequalities
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ETPE-SATP
> 0, (3.85)
PA P
.
w2, ET PE
0 >0 (3.86)
ko]
ETPE > L 3.87
> 2 (3:87)
where
1 I

S := diag{S,0},S =57 >0,A=
(A—I+BK) -1

Moreover, the ellipsoidal set

& := Proj {z € R*" |zTETPETz < 1}

3.88
={reR"|2TQzr <1},Q = QT >0, (359

is a RPI region for the closed-loop state evolutions (8.84) such that € C X and

K& C U, irrespective of any time delay occurrence 7(t) < 7.
Proof. For the proof, see [116].

Lemma 4 Let £ # () be a given RPI ellipsoidal region determined according to
Lemma 3. The sequence of one-step state ahead controllable sets [115], compliant with
(3.82) and with any realization of the time delay T(t) < 7, is given by the following
family of ellipsoids:

E=¢
E = Proj{In[Touy e X X X X X X X:Ju€el: (3.89)
Projx{gaugfaug + Baugu} S gi—l]}

I I 0 0
_ _A—I—I—?ATA
Ml o 0 0 T

0 0 0 Al

_ T
Baug = |:O BT 0 Oi|
where Taug = [xT T zg]T, with y accounting for the one-step difference x(t +

1) —x(t),Vt, and 21, 22 € €1, Vi, two slack variables taking care of all the cumulative

sum vectors y(j), j=t—7,...,t — 1.

Proof. For the proof, see [116].
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3.3.1 Linear embedding of the nonlinear kinematics
In this section, a linear description of the vehicle kinematics (2.5)-(2.16) is derived.

To this end, a quasi Linear Parameter Varying (LPV) description of the nonlinear

kinematics (2.16) is first obtained by defining the following quantities

o (t) = cos(G(t))M (3.90)
as(t) == cos(@(t))MTd (3.91)
as(t) == sin(@(t))M (3.92)
as(t) = sin(ﬁ(t))MTd (3.93)
as(t) == %‘d’”(t) (3.94)
ag(t) = M (3.95)

and rewriting the model (2.16) as

e (t) = Bla(t))u(t) (3.96)
with o = [, g, a3, oy, as, ag]? and
an(t) ()
B(a(t)) = |as(t) aslt)] - (3.97)
a5 (t) ag(t)

Hence, the discrete-time counterpart obtained by using the Euler forward discretiza-

tion with the sampling time T}

4B(tht1) = qu(te) + Gla(ty))u(ty) (3.98)

with G(a(tg)) = Ts B(a(ty)), is embedded into a polytopic description according to
the lines indicated in [117]:

G(m) € X(IT) = {G(r) = >_mG;,Vr € I} (3.99)

i=1
where G;,i = 1,..., L, are the vertices of the polytopic representation X(II), i.e.,
vert(X(IT)), and the uncertain vector m belongs to the unitary simplex
L
H={reR":) m=10<m<1} (3.100)
i=1
In conclusion, all the state trajectories resulting from the kinematics (2.16) are in-

cluded in the tube pertaining to the following multi-model description
{I,G(n(tx))} € Co{(I,G1),(I,G2)-- ,(I,GL)}, Vti (3.101)

where C'o denotes the convex hull operator [109].
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3.3.2 Management of delays introduced by the communication network

As far as the control architecture is concerned, the networked configuration of Fig.
2.2 is exploited. The reasons behind such a choice mainly relies on the limited compu-
tational resources available on-board the SSTMR. Hence in order to keep the robot
autonomy as long as possible, it is mandatory to save battery charges by moving on the
remote side most of computations pertaining to the control action. Though effective,
this approach necessarily gives rise to latency effects during the data transmission,
and as it is well-known, if not adequately addressed time-delays occurrences could
compromise the overall control performance and, in the worst case, lead to instability.
The delays can be abstractly collected into a single bounded positive scalar 7, see eq.
(3.22), such that

T(t) < T, (3.102)

Vit > 0,7 < 00, accounting for the round-trip delay [118]. A key issue arising with the
architecture of Fig. 2.2 relies on a proper time-induced delay management in order to
keep the feasibility property of the control scheme. The path-planning is updated on
the remote side and is exclusively based on the availability of past data qg (tk—nk ).

Therefore the underlying control action, if directly computed, could lead to colli-
sions because the real/current obstacle scenario O% could have been modified. In view
of this reasoning, a worst case approach must be adopted to take care of all possible
operating conditions both in terms of time latency and obstacle occurrences. Specifi-
cally, the idea is of resorting to the set-theoretic receding horizon control arguments
developed in [116] here adequately customized to comply with above framework. To
formally describe the network latency, the following definitions are used.

The delay on the command channel side is defined as TtCkA € Z ., while the delay
on the measurement side Ttskc S/

Moreover, 7/ < Ttg“‘ and 77 < T{ZC refer to the ages of the state measurement
and of the command input, respectively. Then, on the plant-controller link at each
time instant t; when computing the input wu(¢x), the age network latency is Tt]kv L=

¢y + Tt - Since the round-trip delay 77 . is not available at the controller side,

tk tk
the upper bound 7. on the controller-actuator link during both the controller design
and the command computation u(-) phases is considered, i.e.,

T, = Tip +Te < T, Vi, (3.103)

where 7 is the maximum allowable transmission interval (MATI) [105].
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3.3.3 The MPC controller

In view of this analysis, the key property to ensure is that for any point gg of the
domain of attraction (DoA) of the designed controller, understood as an initial con-
dition for the vehicle kinematics, the 7 — th step ahead state trajectory under the
action of a single causal control remains confined in the disk D(gg, R) centered at qg

and with radius R, being the vision radius of the Lidar, i.e.,
s—1
gp+Y_G(m)a C D(gp. R),r€M,s=1,...,7—1, (3.104)
i=0

with G()(r) characterizing the i —th state prediction. This condition must be used to
ensure that, starting from ¢g(tx—r, ) € DoA and applying the command @ for 7, <7
instants consecutively, the 7, — step state ahead prediction remains confined within
the obstacle-free region D(gg(tk—r, ), RR).

A second important issue to properly take into account concerns with the obstacle
occurrence during the on-line operations. This occurrence could make the current
controller no longer viable. By referring to the abstract architecture of Fig. 3.12, this

critical scenario occurs when the following condition holds true:
D(gp(tr, ), R) £ O (3.105)

whose the meaning is as follows: the Lidar recognizes an obstacle along the DoA and
the condition (3.104) cannot be guaranteed from t; onward.

As a matter of fact, these developments prescribe that the control unit must
enjoy a switching structure in charge to ensure the viability property whenever an
unpredictable occlusion along the nominal path occurs. The idea is of resorting to
set-theoretic arguments outlined in [116]. and here customized to the OAMP-UCE

prescriptions.

3.3.4 Robust positively invariant (RPI) sets

First, notice that in order to comply with (3.104), the convex hulls of all s — th state

predictions starting from g under the virtual command @ have to be formally defined:
X°(qg) := Co {z + G (m)a,Vr € IT,Vz € vert (Xs_l(qE))} (3.106)

According to the above analysis, the following result provides a formal way to address

the off-line computation of RPI regions.

Proposition 3.6. Let qp(tk—r, ), with 7, < T be a state measurement, the state

feedback control law
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u(tk) = KQE(tkfnk )

s such that the regulated plant

qe(te1) = qe(te) + G(r (k) Kqe (t—r, )

is asymptotically stable, if the matrix inequalities

ETPE-SATP
P A; P

KT
Upaz ET PE 11
0 Zoaumam:min{i 7}7

QV7 qw
o]
ET(—~P+)\I)E  —PB; + \H® 0
% —BTB;+ A\, HO HE g >0,
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(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)
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G, K , .
withB; = |7 |, H® =32 GO (r)K,Yr € II, E = diag{I,0} , S= diag{S,0}, S =
0

I I
ST >0, A= ,j =1,..., L, admit a solution. Therefore, the ellipsoidal

Gj K -1
set:

€ :={qw € R"|qpPqe < 1},P = P" >0, (3.113)

is a RPI [115] set for the closed-loop state evolutions (3.108) complying with input

and geometric constraints.

Proof. First notice that the matrix inequalities (3.109)-(3.111) are derived by resorting
to the Independent-of-Delay (I0OD) stability concept under the technicalities exploited
in [116]. Conversely, the admissibility of the control law (3.107) within the architecture
of Fig. 3.12 results from the satisfaction of (3.111) with Kqg(tx—-,, ) in place of . The
7 set inclusions guarantee the set-membership of all the state predictions from tk—r,
to t; do not overcome the disk D(gg(tx—r,, ), R). This is comes out due to the fact that
for all initial conditions belonging to the segment qg(tx—r, ), 7¢, < 7, the controller
(3.107)) can be consecutively applied for 7;, time instants without comprising closed-
loop stability and constraints fulfillment. According to this reasoning and by noticing
that the s — th step state ahead prediction polyhedral (3.106) are known because the
state conditions g (t;) # qE(tk,nk) are not available in the off-line phase, inequalities
(3.111)-(3.112) comes out by resorting to S-procedure technicalities [119] applied to

the following quadratic form implications:

D <(IE(tk) + gi GO(m)Kqp(te—r, ), R) ;

1=0
VreMs=1,...,7—1,

4
QE(tk) + G(TF)KqE(tk_Ttk ),VT( S H,
where one-step-evolution (3.108) under (3.107) belongs to £.

3.3.5 Robust one-step state ahead controllable (ROSAC) sets

Here, the following definition will be used.

Definition 3.7. Given the plant (3.34)-(3.36) and a RPI target set £, the set of states
i-step controllable to T is defined via the following recursion:
To:=¢&

(3.114)
Ti:={qg:Juel :qg+G(m)u € Ti_1,Vm € IT}
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where T; is the set of states that can be steered into T;_1 using a single control move.

To address the discrepancy introduced by the networked configuration
ap(tk-r,) # ap(ty) (3.115)
the following one-step transition map applies V7i € [0, 7]
qe(tet1) = a8 (tk—r, ) + G(m(ty))u(ts)- (3.116)

Then, the time-delay dependency can be explicitly taken into account by consid-

ering the auxiliary state

Aqp(tr) = qe(tkv1) — ae(ty). (3.117)

and by means of the descriptor form

t
qe(te+1) _ (3.118)
0
Aqp(te) + gp(ty)
| —Aqu(tr) + ¢ (tk-7, ) + G (tr))ulte) — qu(tr)
By resorting to the worst-case approach 7, =7, one has
te—1
qp(tk—r, ) = ap(ty) — Z Aqp(te—j;)
j=t—T
and the following model description comes out:
th—1
Ba(tyyr) =0x(ty)+Gu(m(te) ulty) —Gag Y, Aqe(tr—;) (3.119)
Jj=tr—T
. T I I T
with z(t) = [qg(tk) AdE(ty)| and & = - ,Gag = [0 I} s Gu(m(ty)) =

T

[0 G(w(tk))} . Then,a ROSAC sets sequence can be computed according to the fol-
lowing proposition.
Proposition 3.8. Let £ # () be a given ellipsoidal RPI region complying with Propo-
sition 3.6 prescriptions and Tqyug = [qg AdL 2T zg]T the augmented state describing
the dynamics (3.119) with z1, zo € R™ accounting for all the cumulative sum vectors
Aqr (), j =tk—sy...,tk—1. Then, the ellipsoidal set sequence

Eor=¢&

& = Proj, {In[Tauy € R*™ withzy,20 €&_1: ueU :

Proj,,, {PougTaug + Gaug(m)u} € &_1],

o (3.120)
Proj,, {Taug + Z G%g(ﬁ)u} C D(gg, R),
i=0

j=1,...,7=1)Vr €ll}
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I' 71 0 O

0—-1—-7d7I
dsaug =

00 0 I

00 0 I

Gaug(m) = [0 GT(7)0 O]T
Gy (m) = [0 GO (1) 0 or, i=1,...,7

if non-empty, satisfies & C T;.

Proof. By following the lines indicated in [116] and the arguments developed in Propo-

sition 3.6 for the state predictions constraints (3.104).

3.3.6 Overlapped RPIs

A critical issue arising from using the low-demanding control strategy relies on the
lack of flexibility when the time-varying obstacle scenario makes no longer viable the

state trajectory tube U&-. In such a case, it’s possible to determine sequences of

i

overlapped RPIs during the on-line operations. The feasibility BMI problem (3.109)-
(3.111) could be computational impracticable because it is a NP-hard problem [120].
The following step allows to mitigate such a complexity and to provide a procedure

to bypass this obstacle.

Proposition 3.9. Let Z' -1 be a RPI set computed at the time instant tj,_1, centered
at the equilibrium qE;; and compliant with the constraints (3.3) and (8.104). Given
the state measurement qp(tx—-,) € Z'-1 and the vision radius R"~"x, such that

D(qg(tk—r,), R™="+) is obstacle-free, then the set

= {qE €ER" | (g5 — 4@ o) P (a8 — af ) < 1}
centered at the equilibrium

Qfoq = arg max |lgg ., — anl2 (3.121)
qeEE"k

and with
Pl = pls ple—1 (3.122)

is obtained by solving the following quasi-LMI optimization

te . —
—a 3.123
p rg min_p (3.123)

subject to

p>0 (3.124)
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ET (thkfl)Eis A}“ (thk:—l)

>0, j=1,....L, (3.125)
(pPH) Ay Pt
K"
Unaw BT (pP"1) E
0 >0, (3.126)
COI
(Rr= )2 *
Zo thr. >0,
E P 4 ayrmo) |20
0 0 (3.127)
Vzs_1 €vert(X Yap(th_r,))), s =1,..., 7 =1,
j=1,...,L.
Moreover, it results that Z'-1 0 Z' £ (). (3.128)

Proof. As the optimization (3.123)-(3.127) resolvability is concerned, it follows from
the idea to soft the complexity of the BMI problem (3.109)-(3.111) by using shape
and size of the previously computed set Zt-1. Then by shifting Z*+-1 with respect
to the new equilibrium (3.121), an admissible, though not optimal, solution there
always exits for a sufficiently large value of the scalar p because in the worst case
Zt reduces to a neighborhood of qté“} ¢q according to standard linearity arguments
[118]. Moreover, the collision avoidance is guaranteed in virtue of using R*-" that
represents the last admissible received radius obstacle-free, i.e., t;_;, . In fact, the
new set =% will no overcome the disk D(qg(tx_r,), R"~ ") thanks to (3.127), that,
differently from the Proposition 3.6 (inequalities (3.111)-(3.112)), is simply translated
into 7 — 1 set-membership checks. Finally, the overlapping property (3.128) is directly

valid by construction in virtue of the selection rule (3.121).

3.3.7 Controller design

Based on the above developments, the controller design is split in off-line and on-line
phases. In the off-line phase, state trajectory tubes pertaining to all the realizations

of the induced time-delay 0 < 7 < 7 are computed by using Propositions 3.6 and 3.8:
{E;F}f\;ov 72071777_— (3129)

For the sake of simplicity, it is assumed that each sequence of £ consists of the same
number of ROSAC sets. This choice is exclusively dictated by control performance
reasons since the availability of the network latency may allow to significantly improve
the functioning of the regulated SSTMR. Conversely, to properly address the on-

line phase a time-stamp protocol, equipped with a clock synchronization mechanism,
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is used to properly identify the age of each data-packet sent from the sensor and
controller nodes. Specifically the event (¢g,t,,) denotes the pose measurement g

sent at the time instant t,,, whereas (u,t,) refers to the command u i command

9E>
sent by the controller and marked by the stamp t¢,. Then, at each time instant ¢
the computation of the command input u(t;) on the remote side is performed by
selecting the most recent data packet (¢g,t4,) and as a consequence selecting the

set-membership compatible with the time induced delay 7, , i.e., gz € {&; * }. Then,

an admissible input u(ty) is obtained as follows:

u(ty) = argmin Jy;, ) (qe, u) s.t. (3.130)
QE-i-GjuEEi?:_l,ueu,j:L...,L, (3.131)
with
Tigu (g, u) = max|lqp + Gullfr, - (3.132)
i, —1

On the other hand, whenever the condition (3.105) becomes true and a sequence of

the overlapped RPI sets = must be built during the on-line operations, the control

action is computed by means of the following tracking one-step MPC problem [121]:

a(tg) := argmin max IGe (tk—r, ) + G(m)il % s (3.133)
s.t.
G(th—r, )+ Gue ™ uel, (3.134)
with g := qr — qtécfe;, U i=u— uz’;“ and P'+1 the shaping positive definite matrix

of Etk+1,

3.3.8 Path planning in @f7ee

In this section, the aim is to derive a sequence of obstacle-free way-points to be used
as references by the MPC controller for computing the family of ROSAC sets (3.129)
and, whenever necessary, during the on-line operations. Specifically, the unit must
guarantee that the SSTMR can be driven from an initial position gz(0) to the target
qé by taking care of possible forbidden zones due to the presence of obstacles not
a-priori detectable, see the illustrative example of Fig. 3.13. In the off-line phase, the
Path Planner determines a sequence of way-points I' := {wq, w1, ..., Wwn, }, with
wo = qg(0) and w,, = q]’;, by using the RRT™* algorithm discussed in [122] and
exploiting the obstacle-free region O%. This sequence is then used to compute the
state trajectory tube (3.129) by adapting the OCSP procedure presented in [121],
see Fig. 3.13. Whenever the condition (3.105) is verified, the path I' is no longer
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Fig. 3.13: Obstacle scenario O and operating conditions: the red star and green

hexagon denote the initial and target poses, respectively.
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Fig. 3.14: State trajectory tube (3.129).

viable and an overlapped sequence of RPIs has to be on-line determined. This requires
the computation of new admissible way-points achievable by means of the following

optimization:
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w' =arg min  dist(qg, I")
apESTE (3.135)
subject to (3.121)

which represents the pose at the minimum distance from the nominal path I. The
latter is instrumental to reconnect the SSTMR to the nominal path (3.129) as soon

as its viability is recovered, i.e., the set-containment (3.105) is no longer valid.

Remark 6 - Notice that by construction the problem (3.135) has always a solution
since, in the worst case, it is retrieved the one determined at the previous time instant,

ie., wh-1. m|

3.3.9 A set-theoretic model predictive control scheme

All the above developments allow to write down a computable algorithm in charge to
comply with the requirements of the OAMP-UCE problem.
Recursive feasibility and Uniformly Ultimate Boundedness of the Navigation-MPC

Algorithm are formally stated in the following result.

Lemma 5 Let {5{}?;0 ,7=0,1,...,7, be non-empty families of ROSAC sets. Then,
the Navigation-MPC Algorithm ensures constraints satisfaction and Uniformly Ul-
timate Boundedness for oll m € II, for all time-delay occurrences 1, < 7 and for all

admissible obstacle scenarios O.

Proof. Consider without loss of generality that at the generic instant t;, the state qg €
7;?;3“ Then by construction there exists an input vector u € U such that the one-step
state evolution ¢g + G(m)u belongs to 5;?71, Vr € II and V1, < 7. In virtue of the
recursions (3.114), at the next time instant ¢; 1, a solution u,, ,, for Step 8 is ensured.
Conversely, when the state trajectory tube is no longer admissible (condition (3.105)
in Step 10), the feasibility is retained because Proposition 3.8 ensures the existence
of an admissible, though not optimal, solution at tx,1. As the collision avoidance
feature is concerned, it is ensured for all time induced delays 74, < 7 thanks to the
set-containment (3.104). Finally, Uniformly Ultimate Boundedness follows by using

N or
=0 gz

similar arguments. Under the nominal regime each initial state ¢z (0) € UI_, U
is by construction driven to the target set centered in q]’;. On the other hand, whenever
the occurrence of new obstacles O prevents the use of the state trajectory tube
(3.129), overlapped RPIs can always be computed according to the prescriptions of

Proposition 3.9. Therefore, in the worst case the state trajectory will be confined in

Ul U, &
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Navigation-MPC Algorithm

Off-line
Input: ¢z (0); qé; 7 U; O Output: {5[}510, 7=0,1,...,7;
1: Compute the nominal way-points sequence {w,,wn,...,w,,} by the Path
Planner;
2: forr=0,1,...,7 do
3: Compute the pair (], K") via Proposition 1;
4: Compute the sequence of ROSACs {Ef}fil by means of Proposition 2;
5: end for
6: Store {S{}f\io ,7=0,1,...,7, in the Controller Buffer;

On-line

CONTROLLER SIDE -

Input: ¢p(ty—r, ); {‘27}?;07 7=0,1,...,7; Output: w,,; for all t;, € Z

1

[\]

: Acquire the packet (¢g,tqy);
: Determine O;
if (3.105)==false then
Compute 7, = 7' + T, With 77" =t — 1p;
Determine i(t;) := min{i : ¢z € &, }
if i(ty) = 0 then u;, = K™k qpg
else
Solve (3.130)-(3.131);
end if
else
Compute the new way-point w'* by (3.135);
Compute the overlapped pair ()%, K'*) via Proposition 3;
Solve (3.133)-(3.134);
: end if
: Transmit the packet (uy,,ty,);

PLANT SIDE -

Input: u(tx—r, ); Output: qp(tx); for all t € Z

1:
2:
3:

Acquire the packet (u,t,);

Apply u to the SSTMR;

Measure qg(tr) by using the Lidar;
Transmit the packet (¢g(tr),tqy);




60 3 Set-theoretic Navigation Methods for Single Robot

Remark 7 - Notice that the Navigation-MPC Algorithm has been developed with
a two-fold aim: reduce as much as possible the on-line computations by moving off-
line or in the remote side most of them; ensure (guaranteed) constraints satisfaction
at each time instant, formally management of latency phenomena within the net-
worked control configuration and guarantee to safely converge to the target point. All
these requirements are achieved in a formal way via the so-called set-theoretic ap-
proach [115] that is recognized to well adapt to uncertain operating conditions. A loss
of performance naturally comes out because in real applications several uncertainty
sources arise, nonetheless the advantage coming from the satisfaction of the above
requirements highly compensates a sustainable loss of performance. Finally, fixed but
unknown obstacle scenarios (as a consequence time-varying on the vehicle side) have
been considered in order to be complaint with real-like operating conditions. For the
sake of simplicity, the presence of moving obstacles (agents) has been omitted even
if their presence can be addressed by customizing the ideas developed in [121] at the

present context.

3.3.10 Results — Experimental Validation

In order to demonstrate the effectiveness of the proposed algorithm, some experimen-
tal tests have been carried out at the Control Systems Laboratory of the Mediter-
ranean University of Reggio Calabria by using the differentially driven Jaguar V4 by
Dr. Robot. It is a tracked robotic platform with a footprint of 70 x 50 cm?. The gear-
box connecting the motors to the tracks has a radius of 8 cm, the distance between
the left and right track is 50 cm. Moreover, forward and rotational speeds satisfy the
following bounds:

V € [0;0.4]m/s (3.136)
w € [-60; 60]deg/s (3.137)

In addition, the robotic platform is equipped with a front-mounted UTM-30LX LI-
DAR sensor capable to detect objects within pre-assigned ranges pmin < P < Pmaz
and with a field of view of 360 degrees, until R = 10m, and the hardware in charge
to regulate the rotational speed of left and right tracks. It is assumed that the sliding
coefficients p, and p; take values within the range [0.8;1.2]. Note that values higher
than the nominal value 1 have been considered to take into account possible tracks
slippages during the deceleration phases. Then, the state trajectories of the robot
nonlinear kinematics (2.5) have been embedded within those of the multi-model de-

scription (3.98)-(3.101) with L = 12.
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Finally, the vehicle moves in the indoor space reported in Fig. 3.15 whose size
24.6 x 4m? and is geometrically described in terms of its shell, i.e., the hyperball

centered at the centroid of the shell £ and with radius dgpe;; = 43 cm.

W/////K////K////‘,///// 7 ‘ 4‘ 4‘ | ‘ 4‘ ’—‘ ‘ V//////{//////////KI////// A
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Fig. 3.15: Indoor operating environment

Hereafter, the control architecture of Fig. 3.16 is considered. Notice that pose
estimation, environment map generation and command input computation tasks are
completely performed on the remote station. Notice that data exchanged between
vehicle and ground station are transmitted by a dedicated 802.11n wireless data
communication network that makes use of the TCP/IP protocol stack and ensures
no data packet losses. In particular, the data collected by the on-board laser scanner
sensor are synchronously transmitted to the ground station every sampling time Ts =
0.4s. As soon as new measurements are available, a SLAM algorithm [123] is in
charge to estimate the robot pose, while the control action is computed in terms
while the control action is computed in terms of forward and rotational speeds. A
measurement campaign has provided an estimation of the MATI pertaining to the
WIFI communication medium, namely 7 = 2 sampling steps.

For the proposed algorithm, the following off-line computations have been per-
formed. First, the Path Planner has determined a sequence I of twenty way-points
connecting gg(0) = [0 0 0]7 to the target ¢, = [15.8 1.5 0], are collected in the
following Table 3.1.

As far as the controller structure is concerned, for all possible occurrences of the
induced delay 7 = 0,1, 2, a family of nineteen ROSAC sequences, each one consist-

ing of N = 40 ellipsoids and tuned with respect the way-point w; along the path
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Fig. 3.16: Networked control architecture: SLAM, Controller and WIFI units.

Table 3.1: The path I

’Way-point‘ x [m)] y[m] 0 [deg]
wo 0 0 0
w1 1.2318 0.3316 0.2630
w2 3.4277 0.9229 0.2630
w3 5.4844 1.4766 0.2630
Wa 6.5000 1.7500 0.2630
ws 6.5000 1.7500 0.2619
We 6.5000 1.7500 0.1233
wr 6.5000 1.7500 —0.0208
ws 6.5000 1.7500 —0.1912
Wo 6.5000 1.7500 —0.4636
w10 7.0000 1.5000 —0.4636
w11 8.0000 1.0000 —0.4636
w12 8.0000 1.0000 —0.3838
w13 8.0000 1.0000 —0.2414
W14 8.0000 1.0000 —0.1209
wW1s 8.0769 1.0055 0.0713
wie 9.9688 1.1406 0.0713
w17 15.000 1.5000 0.0713
w1 15.000 1.500 0
w19 15.800 1.500 0

w19 — W, with wig = q]’; the starting condition, have been computed by using the
technicalities of Sections 3.3.4 and 3.3.5.
All the experiments are collected in Figs. 3.17-3.24. First, it is important to emphasize

that, during the on-line operations, no a-priori information on the obstacle locations
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Fig. 3.17: Cumulative time-delay realizations.

Fig. 3.18: The green hexagon denotes the target qlJ;, while the red star indicates the

initial condition gg(0).

are available. Through the overall experiment, the networked cumulative delay is
depicted in Fig. 3.17. At the initial time instant ¢ty = 0s, by resorting to the available
information ¢g(0) and using the LIDAR, the SSTMR recognizes the obstacle-free
region O (green dashed zone). This allows to compute the path I" (blue circles) by the
RRT* algorithm and, then, to compute the DoA (3.129), namely the blue ellipsoids.
Here for the sake of clarity, the ROSAC sequences pertaining to the maximum delay

7 = 2 are only depicted. At t; = 10.4s, the vehicle has moved around the way-point
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Fig. 3.19: The continuous black line accounts for the SSTMR evolution under the
action of (3.130)-(3.131) moving towards overlapped RPIs.

we where the critical condition (3.105) is verified and, as a consequence, the state
trajectory tube resulting from the nominal path I" no longer viable, see Fig. 3.19.
Then, a new way-point w!®* = [6.5 1.5 — 0.4636]" is determined by solving (3.135)
and an overlapped ellipsoid =104 (the red region in Fig. 3.19) computed by Step 12 of
the Navigation-MPC algorithm. From now on, the vehicle is drive through the state
trajectory tube determined by a sequence of 40 overlapped RPIs (red ellipsoids) whose
the last one is centered at w264 =[9 0.1 —0.1244]7, see Fig. 3.23. At t; = 26.4s, the
orientation of the overlapped ellipsoids changes towards the nominal path I" until at
tr, = 33.2s the ellipsoid centered at w332 = [13.5969 0.9492 0.2450]7 (the mustard-
colored one of Fig. 3.20) intersects the nominal path and condition (3.105) is no longer
satisfied, so that the off-computed state trajectory can be recovered and the controller
again switches to the rule (3.130)-(3.131). As a matter of fact, the resulting control
action is significantly less conservative and the SSTMR asymptotically converges to
the target qj;. This phenomenon can be also observed in Fig. 3.21 (see the shadow
zone) where the input behavior is reported: in fact when the vehicle reconnects to the
nominal path a saturation effect comes out. Moreover, Fig. 3.22 depicts the distance
dist(&, Obpmin) between the SSTMR centroid and the closest obstacle at each time
instant t, respectively. As expected, the latter is always greater than the vehicle shell
dsheyr-  Finally for the sake of completeness, Figs. 3.23-3.24 show all the computed
state trajectory tubes (ROSACs, RPIs and overlapped RPIs) and the robot evolution

from ¢g(0) to q};, whose length is about 16.4 m, respectively.

3.3.11 Emnergy consumption analysis

For the sake of completeness, the energy analysis arising from the use of the proposed

Navigation-MPC Algorithm is here provided.
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Fig. 3.20: The continuous black line accounts for the SSTMR evolution under the
action of (3.133)-(3.134) moving towards the path I

w [deg/s]

Fig. 3.21: Command inputs. The dashed red lines represent the prescribed constraints.

First of all, recall that the Jaguar V4 vehicle is equipped with a Turnigy LiPo battery
whose capacity is 888 [Wh] and its consumption is mainly due to the joint action of
two DC motors and the on-board CPU unit. In particular, the DC motors comply
with the following consumption upper bound 160 [W] at a speed of 5 [Km/h|, while
the Jetson Orin Nano operates within the range [7, 25] [W]. The measurement setup
is conceived by using the National Instruments NI9215 module that is capable of

providing voltages within the range [—10, 10][V] up to 100 [kS/s] and a resolution
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Fig. 3.23: State trajectory tubes: ROSACs families (blue ellipsoids); Overlapped RPIs
(red ellipsoids) switching control rule: (3.130) — (3.131) — (3.133) — (3.134); Over-
lapped RPIs (green ellipsoids) switching control rule: (3.133) — (3.134) — (3.130) —
(3.131).
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Fig. 3.24: Robot trajectory (solid orange line).

of 16 [bit]. Then, current and voltage transducers (the LEM CT 25-T and LEM CV
3-100/SP3, respectively) are used to get measurements compatible with the N19215
module.

Along the whole experiment, the battery consumption has been reported in Table
3.2. Notice that the re-planning phase consists of two events at 10.4s and 26.4 s,

respectively. As it clearly results, the re-planning phase gives rise to an extra battery
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consumption of the same order as that pertaining to the control action computation.
Then, it is quite reasonable that such an aspect will become critical for long endurance

missions in uncertain environments.

Table 3.2: Battery consumption [Wh]

Task Energy

Actuation 0.576

Control action| 0.166

Re-planning | 0.111

3.3.12 Computational complexity analysis

As far as the computational burdens are considered, it is necessary to split the discus-
sion between off-line and on-line phase. In the off-line the main computational task
concerns with the derivation the ROSAC sets. From a theoretical point of view, the
required CPU time grows up linearly with the number of polytope vertices, see [124],
while the average CPU time per step related to the experiment is 0.39 sec. Conversely,
the computation of the overlapped RPI reduces to the O(n?) complexity, while its
CPU time per step is equal to 0.03 sec.






4

Set-theoretic Navigation Methods for Multi-Robot

Systems

This chapter focuses on the problem of safe and feasible coordinated navigation for
a multi-robot system composed of skid-steered tracked mobile robots in cluttered and
unknown environments. Compared to single robots, multi-robot systems introduce ad-
ditional challenges, such as ensuring collision avoidance, synchronization, and scala-
bility, all in the presence of state and actuation constraints, model uncertainties, exter-
nal disturbances, and communication delays. To address these issues, two set-theoretic
methodologies are presented: the first dedicated to coordinated trajectory planning, the

second to temporal synchronization of trajectories.
The structure of the chapter is as follows.

Section 4.1 formulates the problem of coordinated trajectory planning for multi-robot
systems, defining the dynamic model of the individual platforms considering dis-
turbances, uncertainties, and feasibility constraints. The problem is then reduced to
a graph-based formulation, in which the coordinated trajectories must respect both

collision-avoidance and actuation and state constraints.

Section 4.2 introduces the Set- Theoretic Feasible Coordinated Trajectory Plan-
ning (ST-FCTP) Method. In 4.2.1, the reference model for multi-robot coordination
is presented. The closed-loop tracking error dynamics considering communication de-
lays and the definition of the robust positively D-invariant region are presented in
4.2.2-4.2.3. Subsequently, the feasibility conditions for coordinated trajectories are ex-
plained in 4.2.4. 4.2.5, the algorithm that solves the planning problem is formulated
as a graph search algorithm, integrating feasibility conditions derived from LMI con-
straints. Finally, 4.2.6 reports the results of experimental simulation campaigns con-

sidering two remotely controlled tracked robots.
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Section 4.3 presents the Set-theoretic Time-based Trajectory Synchronization
(ST-TBTS) Method. In particular, 4.3.1 introduces the dynamics of tracking error
in scenarios with disturbances and constraints. In 4.3.2, the definition of the posi-
tively invariant robust region is introduced. Subsequently, in 4.3.3, the synchronization
method based on the imposition of optimized motion start delays, formulated as an op-
timization problem based on LMI constraints, considering previously planned feasible
independent trajectories, is explained. In 4.3.4, the offline calculation phase of the
admissible delay intervals from the online optimization phase is rewritten in the form
of algorithms. Finally, Subsection 4.3.5 presents the extended numerical simulations

that validate the effectiveness of the proposed synchronization approach.

4.1 Problem Formulation

Consider the multi-robot system consisting of N remote-controlled, autonomous, skid-
steered tracked units, denoted as {&CJTMR(U7 SSTMR), - S’STMR(N))} oper-
ating in a common space W C R2. Let W be connected. Consider an inertial reference
frame E. Let ¢¥ = [2F y¥ 6F]T be a pose vector expressed in E, defined by the posi-
tion {z¥ yF} and the direction %, see Fig. 4.1. Let us denote with A(¢¥) = {2F yF}
the position of the robot, and with J(¢®) = 0F the robot’s orientation. Let O denote
the space occupied by obstacles in W. Let OJIZJTEE = W6 O be the free space available
to the robots. To define the space occupied by the robot body, we consider a circle
with the radius R. The space occupied by the robot with the pose ¢ is denoted by
R(¢®). Let us define the path P¥ as a sequence of Np poses

PP ={ef )" (4.1)

with ¢ = 0---Np — 1. Let Tpr be the trajectory obtained by associating a time
parametrization with the path P¥. Denote with Tp=(t) the pose of the trajectory
Tpe at time ¢ with ¢ € [0, tend] Where tenq is the time required to traverse Tpe.

We assume that each SSTM R(; is controlled by the commands of the forward

velocities V(;) and the rotational velocities w(;). Let
T
U(;) = [V(z) W(i)} (4.2)

be the vector of control variables.
It is assumed that the robot SSTM R;) has limited movement possibilities ac-

cording to the following condition

UGy € U(i) (4.3)
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INERTIAL
REFERENCE
FRAME

Fig. 4.1: The inertial reference system is denoted by E, W represents the operating
environment, @ denotes the occupied space, OJ‘?,.EE denotes the free space, ¢© denotes
the pose of the generic SSTM R, R(q”) denotes the region occupied by SSTRM

whose pose is ¢Z.

where
Uy = {{‘/(i)M(i)} Vi Vi) < Viy,wey S w) < E(i)}~ (4.4)

being V ;) (w;)) and V(;(@(;)) the minimum and maximum values of the forward
(rotational) speed, respectively. It is also assumed that the interaction between the
tracks and the ground exposes each SSTM R;) to non-negligible sliding phenomena,
so that

i (8) # uge (0 (45)

with @) (t) = [f/(l) () @ (t)}T the vector of actual velocities ‘7(1‘) (t) and @ (t) of
SSTMR;y at time t. The two bounded, time-varying positive coefficients, u" and u
for the used to modeled the track-soil external disturbance acting on the system are
subject to the following constraint

weH (4.6)

where

H={{p p}y:p <p <p p<p<p}. (4.7)
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where p" (') and f"(f') are the minimum and maximum values of the right (left)

sliding coefficient. We assume that

r

3

1 (4.8)

=
IN
IN
=

IN

1 (4.9)

IN
=

Hl

We also assume that each SSTM R; uses its own C(;) trajectory tracking controller
connected via a data communication network. The use of remote control contributes
significantly to increasing the operational autonomy of the individual robot unit by
shifting the entire computational load to a remote ground station. However, it must be
pointed out that such a control architecture has significant drawbacks, mainly related
to the introduction of latency, which, if not properly taken into account, can affect
the operation and performance of the entire system. In this thesis, we assume that the
time delay caused by the data communication channel can be abstractly summarized

in a single positive scalar 7(;) for each robot
T(Z) € [0’ TmaazL i = 17 e 7N (410)

this is the total delay in the control loop for the i-th robot. The presence of a latency
(4.10) in the control loop in combination with the limited handling capabilities (4.3)
of the robotic units on the one hand and the sliding phenomena (4.5) due to the inter-
action between tracks and ground on the other hand can lead to non-zero trajectory
tracking errors. As previously explained in the previous chapter 3.2 of this thesis, we

refer to this as
(1) = aff (1) ~ Tpe (1 (411)
is the difference between the pose of SST'M R(;) and the prescribed one at time t.
In this thesis, we assume that the closed-loop dynamics of the trajectory tracking

error, i.e., considering the effect of the controller C(;), can be described by the following

discrete-time uncertain system with norm-bounded uncertainty

Ei) (ter1) = Py (1) + Grdpgey (te) + Gpp (t) (4.12)
ey (te) = Ay (tr) o) (te) (4.13)

(i (tk) = Co(iy(tr) (4.14)

ey (te) = F&u (t) (4.15)

where ||Ag(te)|| < 1Vt > 0 with ¢,G,,, C; and F' matrices of appropriate size

and 6 an external disturbance assumed bounded in accordance with the following

ellipsoidal constraint
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5/1@) € “Ql“ “QH = {5N(i) e R : 5/‘%;)Mu6,u(i) <1, MM > 0}. (4.16)

The aim is to find a solution to the following problem.

Obstacle avoidance and coordinated motion planning in unknown cluttered
environments (OACMP-UCE) for N robots forming the MRS

Given a cluttered environment with free space Ofme, an initial state for each robotic
platform composing the multi-robot system qg)(O) € R3 and a target state q(b;) (tend) €
R3, the problem consists ensuring safe and coordinated navigation for each robot from
qg)(O) to q(b;)(tend). The strategy must always respect state and input constraints, guar-
antee collision avoidance with obstacles in the environment (3.9), ensure the coordi-
nated collision free movements of the robots, and cope with uncertainties introduced
by the presence of communication delays, and sliding phenomena modeled as external

disturbances. The OACMP-UCE problem thus requires addressing two key aspects:

e define a suitable mathematical model as in (4.12)-(4.15) that can describe the
dynamics of the trajectory tracking error of each robotic unit by taking into account
both the effects of the time delay caused by the communication channel and the
time-varying sliding phenomena of the tracks on the ground;

o the design of a robust strategy capable of satisfying constraints and avoiding col-
lisions despite uncertainties and latency effects;

o Design a strategy for platform coordination that guarantees safe and synchronized

navigation in the operational environment.

The goal is to plan/synchronize trajectories {T’p(E])7T'p(E2)

the SSTM Rs to move at the nominal velocity Vp and to guarantee :

e ’TP(EN)} that allow

1. limited trajectory tracking error
A (q(’f) (t)) cz (TP(E) (t)) (4.17)

Vt >0 withi=1---N Vt > 0 denoting by Z (Tpg) (t)) a suitable convex set with
center in Tp(b;) (t);
2. obstacle avoidance
R (af)(1) € OF... (4.18)
Vt >0 withi=1---N;
3. collision avoidance
R (q(% (t)) NR (qg.)(t)) —0 (4.19)

vVt >0, wherei,j=1---N and j # i.
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order for the OACMP-UCE problem to be well-defined, we assume that the fol-

lowing conditions are met:

(i) there is a connected shared free space in which robots can operate

OF . 410 (4.20)

(ii) start and end poses ensure that no collisions occur

To

R (Tpg) (0)) nR (Tpg) (0)) =0 (4.21)
R (Tpg) (tend)) nR (Tpg) (tend)) =0 (4.22)
withi,j=1---N and j # i

O

address the OACMP-UCE problem, in this thesis are proposed two complemen-

tary set-theoretic methodologies for MRS composed of SSTMRs:

Methodology C proposes a solution to the problem of coordinate the skid-
steered units subject to sliding phenomena of a multi-robot system by planning
a set of feasible coordinated trajectories. The key aspect is that the proposed
solution aims to plan optimal trajectories that robustly guarantee the absence of
collisions during the movement of the robots along assigned trajectories, explicitly
considering the presence of errors in the trajectory tracking. The collision avoid-
ance aspects are addressed by resorting to set-theoretic arguments. The trajectory
planning aspects are reformulated in terms of solving a mixed graph-search prob-
lem and solving semi-definite programming problems with constraints expressed

by linear matrix inequalities (LMIs).

Methodology D presents a set-theoretic time-based trajectory synchronization
method to coordinate the skid-steered units subject to sliding phenomena of a
multi-robot system. The closed-loop trajectory tracking error dynamics are ex-
pressed in the form of an uncertain system subject to external disturbances and
actuation constraints. Collision avoidance and coordination are achieved through
synchronization of robot trajectories by imposing delays on platform departures.
The procedure exploits the trajectory’s feasibility property by solving optimiza-

tion problems involving Linear Matrix Inequalities (LMIs) constraints.

Both approaches exploit set-theoretic arguments to systematically ensure feasi-

bility, safety, and robustness in real-time motion planning for a MRS composed of

SSTMR units.



Methodology C

4.2 A set-theoretic Feasible Coordinated Trajectory Planning
Method

This section presents the Set-Theoretic Feasible Coordinated Trajectory Plan-
ning (ST-FCTP) Method for the SSTMR units of a MRS subject to sliding phe-
nomena and controlled through a communication network (NCS), originally proposed
in [125]. In order to solve the OACMP-UCE problem, the objective of the method
is to generate coordinated feasible trajectories composed of a sequence of straight
segments, each to be traveled at a desired speed by each robot, which do not inter-
sect obstacles in the operating environment, guaranteeing coordinated collision free
movements.

To solve the OACMP-UCE problem, the following issues are formally addressed:

e define a suitable mathematical model as in (4.12)-(4.15) that can describe the
dynamics of the trajectory tracking error of each robotic unit by taking into
account both the effects of the time delay caused by the communication channel
and the time-varying sliding phenomena of the tracks on the ground;

e computing sufficient conditions that ensure that a trajectory can always be fol-
lowed by a robot with an assigned dynamics that guarantees (4.17), despite the
possible presence of uncertainties, actuation constraints and external disturbances
that alter the robot’s motion capabilities;

e formalization of an algorithm for the coordinated planning of a set of coordinate
trajectories {Tpg),Tp(Ez), e 7TP(EN)}7 which ensure robust collision-free move-

ments (4.18)-(4.19).
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4.2.1 Norm-bounded LDI of the trajectory tracking error dynamics

The kinematic model of the SSTMR, including the effect of track—soil interaction
through bounded sliding coefficients, has already been derived in detail in the previous
chapter 2. In the same way, this method considers the linearized open-loop trajectory
tracking error dynamics, together with its representation in a local reference frame
aligned with the desired path. Furthermore, the same operational set-up of Fig. 2.2has
been considered, where the sampling of sensor data, the event—driven nature of the
controller, and the presence of a bounded end—to—end communication delay have been
explicitly modeled. Starting from these results, according to [107], the following LPV
representation was used to mathematically describe the dynamics of the trajectory
tracking error, explicitly taking into account the maximum possible delays caused by

the data transmission channel
(te1) = AO)E(tr) + Bu(O)du(ty) + Bu(O©)dpu(tr), (4.23)

where 6 is a suitable parameters vector that depends on the delay, and where

- T
E(tr) = [T (ty) SuT (ty_1) --- &ﬂ(tma)} e R™ (4.24)
is the vector of lifted states at time tj, hereinafter referred to as lifted trajectory
tracking error, with ng = ne + d - ny, where n. and n, are the number of states and
control inputs of (3.18), respectively. Finally, in accordance with [109], it is possible to
resort to the following uncertain linear system with norm-bounded uncertainty, which

embeds the dynamics of the LPV system (4.23)

E(th1) = AL(tk) + Budu(ty) + Buop(tr) + Bypp(tr) (4.25)
p(tr) = A(tx)o(tx) (4.26)

o(ty) = Co€(ty) + Do udulty) (4.27)

e(tr) = F&(ty) (4.28)

where ||A(t)|| < 1Vt > 0, and B, C,, Dy, and F are matrices of proper dimen-

sions.

4.2.2 Closed-loop trajectory tracking error dynamics

In order to define the closed-loop trajectory tracking error dynamics, the control law
for trajectory tracking must be taken into account. Without loss of generality, we

assume that we use a discrete-time LTI controller with the following structure
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2(tri1) = Acz(ty) + Beé(ty) (4.29)
du(ty) = Coz(t) + Doé(ty) (4.30)

where z € R™= is the vector of state variables of the control system. Let
. T
£(tk) = [gT(tk) zT(tk)} e R™ (4.31)

be the augmented vector of the state variables of the closed control loop with ng = n.+
ns. By combining the equations (4.29)-(4.30) and (4.25)-(4.27), we obtain the following
uncertain mathematical model with norm-bounded uncertainty in the presence of

external disturbances

E(tit1) = PE(tr) + GLou(ty) + Gpp(te) (4.32)
p(ty) = A(tg)o(tr) (433)
olie) = CoLlin) (4.34)
elte) = Filt) (4.35)
where [|[A(tg)|| < 1 Vtp >0, ¢ = A+ B,D¢c B,Cc 7
BC AC
G“ - B# aG;D = BP )
Oncxnu Onans

Co = |y + DyuDe DyuCe] and F = [ 0

ne X (H~nu+nc) :

4.2.3 Definition of the positive robust D-invariant region

At the price cost of a certain degree of conservatism, suppose that the constraints

(4.3) and (4.6) can be recast into the the following ellipsoidal form
€€ 0,0 ={E€R™ : 7S£ <1, S >0} (4.36)
Sp € 2y, 2, ={6p € R™ : ou" M,6p < 1, M,, > 0}. (4.37)
Consider a given convex constraint on the allowable trajectory tracking error
e e,]” € Z(0). (4.38)

According to (4.35), (4.31), (4.24) and (4.11), eq.(4.38) can be rewritten in the fol-
lowing form

5693,!22:{5672”5 Z£TSZ£S1, 5320} (439)

According to (4.17) this means that
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A (g% (tr)) € Z(Tpe(te)), Ytk > to. (4.40)

where Z (Tpr (1)) is the region Z (0), which is centered in A (Tp=(¢)) and rotated
by Y (Tp=(tx)). Finally, according to [111], we assume that a robust D-invariant

ellipsoidal region can be defined
Ty={(eR™:"RE<T Py>0} C 02 )02z (4.41)

which fulfills the following property: if £(tg) € I then £(ty) € Iy Vi > to regardless
of the allowable uncertainty of (4.32)-(4.34) and the external disturbances (4.37).

4.2.4 Trajectory feasibility

In this section, we first outline the set-theoretic arguments necessary to define the
sufficient conditions for planning a feasible trajectory for a single SSTRM. Since the
full procedure has already been detailed in Section 3.2.5, we provide only the essential
references here, while a detailed explanation of the algorithm for coordinated feasible
trajectory planning is given in the following.

Consider the path shown in Fig. 4.2, which consists of a sequence of straight line

segments WyW; and W1 Ws,. Let E be the reference system centered in Wy and such
that W; lies on the z-axis. Let E be defined by the following two pose sequences
PP = {gi}¢ and Py = {q{’}3 where A(¢%y.) = Wo, Y(aZos) =0, A(¢Z,5) = Wi,
Y(gE1) =0, A(ays) = Wi, V(aZys) = 6%, A(qZs5) = Wa and Y(¢Z5.) = 6. Let
Tpre and Tpp be the trajectories obtained from P§ and P¥, respectively, using the
following time parametrization. Following eq. (3.58) let A7 be the maximum positive

integer so that
< o — W1||27
Vp - Ts

then, consider a second reference frame L centered in W; and obtained from E by the

M (4.42)

roto-translation (3.10) where the matrix R% is defined as in (3.11) being 8 = 6.

Let A2 be the maximum positive integer such that

[W2 — Wil
<=, 4.43
N2 — VD . TS ( )
Let Tpre be the trajectory expressed in E for which
T
Tppe(t) = [VD 10 0} (4.44)

with ¢ € [0, N7 - T), while the trajectory Tpe can be expressed more conveniently in

the reference frame L as

T
Tpr(t) = [VD-(t—/\f1 “Ty) 0 0} (4.45)
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Fig. 4.2: Path segment switch from WoW; to W;W5. The pose of the robot ¢”(t,)
is shown in black. The green robot represents the pose at time TplE (tXfl)' The red

robot represents the pose Tpz (tn, ).

with ¢ € [N - Ty, (M1 + N2) - Ty). Consider the dynamics of the trajectory tracking
error (4.32)-(4.35).

The succession of trajectories Tpr and Tpp is considered feasible if
E(ty) € Iy, Vtg € [0, (N1 + Na) - Tyl (4.46)

Remark 8 - The procedure to prove the feasibility condition in (4.46) follows
exactly the same set-theoretic approach already presented for Methodology A 3.2
in Section 3.2.5. Therefore, for the sake of brevity, the derivation of the admissible
tracking error sets, the computation of the instantaneous transition offset due to pose

changes, and the associated SDP problem with LMI constraints are omitted.
4.2.5 Coordinated feasible trajectories planning algorithm
Let ¥ be a discretization by nyg points of the free space Ofree. Let us denote by
c= [zl yP]" € OF.. (4.47)

the generic point of ¥ expressed in E. Let us now introduce the set g =@ x ¥ x
W X --- x W. Let us define the weighted oriented graph G™) whose nodes correspond

to the elements of ¥(¥). Given two generic nodes
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go ={ck b, By ew® (4.48)
gb:{chl,chz,~--,chN}€LT/(N), (4.49)

the arc connecting g, with g, is denoted by W,;. Note that W,; identifies the set of
N segments connecting cZ to ¢}/, where i =1, ---, N. To restrict the density of the

graph G(N) | assume that the arc W,;, only exists if
e €Sg(ch),i=1---N (4.50)

where Sz (c¥) is the largest circle with a radius less than or equal to L that is centered
in ¥ and completely contained in OJIZJTE .- Let cﬁ (cﬁ) € ¥ be the initial (final) position
for the i-th trajectory. The solution of the planning problem of the N coordinated
feasible trajectories starting from cg and ending in cﬁ, possibly of minimum length,
which guarantee the avoidance of collisions between the robots, is thus obtained by
recursively exploring the G(V).

Given a sequence of nodes of GMV) | according to the notation introduced in Sect.4.2.4,
let P be a sequence of poses representing the N paths to be traversed at constant
forward velocity Vp. Consider an SSTM Ry;), denote by Tpg) its trajectory and by
qg) (t) its pose at generic time t. In accordance with Sect. 4.2.4 it is assumed that

all trajectories TP(E) with ¢ = 1--- N are feasible. According to (4.17)- (4.18) it is

assumed that the following conditions are checked
A(afy(®)) € Z(Tps (1)) (451)

R (46)(1) € OF..c (4.52)
and finally, in accordance with (4.19), given SSTM R(;y and SSTM Ry with 4,5 =
1,---,N and i # j, it is guaranteed that ng)(t) A (q(b;)(t)) c Z(Tpg) (1)) and
Vgl (t) : A (qg)(t)) € Z(Tpg) (t)) with t >0

R(af) () [ R@E) () =0 (4.53)

see Fig. 4.3. Let lpn) = Zf\il lP(E), where ZP(@) is the length of TP{%T)~ The exploration

of GV) aims to find an alternative sequence of nodes (if any) that identifies a new
N . . . .

sequence of poses 77( ), which is characterized by the same properties of P(Y)| but

for which the following condition is satisfied
lf(m < l’P(N).

To achieve this, a recursive exploration of the graph G¥) was chosen in this work,

which uses an algorithm of research A*.
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Fig. 4.3: The red dots represent the position of the robots. The red circles represent
the space occupied by the robots. The green dots represent the points along the tra-
jectories. The green rectangle represents the regions where the robots are guaranteed

to be.

4.2.6 Results—Experimental Validation

In order to demonstrate the effectiveness of the algorithm described in Sect. 4.2.5,
some planning results obtained for a multi-robot system, involving two robotic plat-
forms, are discussed here. Let us consider the experimental setup depicted in Fig. 4.4.
It consists of two tracked skid-steered robotic units mod. Jaguar v4 by Dr.Robot.
The robot has dimensions 0.6 x 0.7m?. Specifically, each robotic platform is con-
nected to its control unit via a common 802.11n data communication channel on a
wireless network using the TCP /IP protocol stack. The controllers are responsible for

zeroing the trajectory tracking errors, which are estimated using a motion capture
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Fig. 4.5: Experimental Operating Scenario.

system by VICON. The motion capture systems send all relevant information to the
controllers via a wired communication channel using the TCP/IP protocol stack. The
pose of the robots is measured synchronously every Ts = 0.2 s. The robots operate
asynchronously by applying a control action as soon as it is available and maintain-

ing it until a new command (ZOH) is received. In accordance with Sect. 2.2, the



4.2 A set-theoretic Feasible Coordinated Trajectory Planning Method 83

mathematical model proposed in (4.25)-(4.28) has been defined. For this purpose, a
series of experimental measurements were carried out in advance to estimate both the
maximum delay introduced by data communication channels (4.10) and the allowable
values of the sliding coefficients in the operating scenario, see (4.6). In particular, it
is assumed that the sliding coefficients p, and p; can deviate from the unit nomi-
nal value of +25% and that 7,4, < 27T. All values required to define the uncertain

mathematical model can be found in Tab. 4.1.

Table 4.1: Experimental Scenario: relevant values.

‘ Parameter ‘ min max typ. unit
R - - 0.08 m
D - - 0.5 m
ex —-0.35 0.35 - m
ey —0.35 0.35 - m
e —60 60 - deg
R - - 0.46 m
%4 0 0.4 0.2 m/s
w -35 35 0 deg/s

() 0.75 1.25 1 -
T 20-107° 2801077 - 5
Ts - - 0.2 S
Vb - - 0.2 m/s

Each robotic unit uses the following discrete-time proportional-integral (PI) con-
trol law for trajectory tracking:

Z(tk+1) = Z(tk) +S- f(tk) - Ty, (4.54)

Oult) = K - 2(t) + Kp - E(t). (4.55)

where g(tk) = {@T(tk) 517;(75,@71) 55(%72) ’ is the lifted trajectory tracking error
(4.24) required to account for delays introduced by the architecture of control system
and S = [1’2 02X5],

0.091 0

K;=— : (4.56)
0 0.019

0.4020.001 0 0.01 0 0.0250
K,=— . (4.57)
0 082105 0 —0.007 0 0
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Based on the above information, the mathematical model of the dynamics of the
robot’s closed-loop trajectory tracking error (4.32)-(4.35) was defined. Finally, accord-
ing to Sect. 4.2.2 the robust ellipsoidal region (4.41) was calculated. For the planning
purposes, the operating environment shown in Fig. 4.5 with a size of about 6 x 6 m?
was considered. Taking into account the robot’s dimensions, the circular safety zone
has a radius R = 0.46 m, see Sect. 4.1. Based on the maximum permissible errors in
trajectory tracking, according to Sect. 4.2.5, the region Z(0), see (4.17) and (4.38),

takes the following form

e
2(0) =S {es ey} eR2:T- | | <b (4.58)
€y
where
T
1-100
001-1
T
and b = [ex,max —€x.min €ymaz —e%mm} , see Tab. 4.1. The free space was dis-

cretized, be ¥ the discretization using a regular grid with 515 points with a resolution
of 0.25m. According to Sect. 4.2.5, the weighted oriented graph G(?) was defined by
assuming L = 2m.

In Figs. 4.6-4.7 are shown the results of the planning algorithm. The planning result
obtained by applying the method proposed in this paper is denoted by TP-MRS
and represented by black lines. For the first robot, the identified path consists of 12
segments with a length of 8, 59 m. For the second robot, the identified path consists
of 11 segments with a length of 6.26 m. Both paths must be traveled at the prescribed
nominal speed Vp = 0.2m/s. As can be seen in Fig.4.7, see black solid lines, the
collision threshold 2 - R is never violated and then the (4.19) is always guaranteed.
Two alternative planning methods, referred to as TP-D and TP-F, were consid-
ered in order to provide a comparison that allows a better evaluation of the results
obtained. The method TP-D, see red lines in Figs. 4.6-4.7, uses Dijkstra’s classical
algorithm to plan two independent paths connecting given starting and ending points.
The TP-D does not consider any temporal parameterization of the paths in the plan-
ning phase, furthermore the TP-D uses an ad-hoc reduced grid of points to account
for the constraint (4.18).

The method TP-F uses the set-based approach proposed in [25] to perform the in-
dependent planning of two trajectories defined by a sequence of path segments to be
traversed at the nominal velocity Vp, guaranteeing the fulfillment of the constraints
(4.17)-(4.18). The results are shown in Figs. 4.6-4.7, see green lines.

The results of the comparison are shown in Tab. 4.2. As expected, the algorithm TP-
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D identifies the two shortest trajectories in the shortest time. However, even under
nominal conditions (i.e., zero trajectory tracking error) the collision threshold is vio-
lated, see red solid line in Fig.4.7. The algorithm TP-F calculates two independent
feasible, non-coordinated trajectories that guarantee a limited tracking error (4.17).
The trajectories calculated with TP-F are shorter than those obtained with TP-
MRS and the planning time is also shorter, yet the collision threshold is violated due
to the lack of coordination between the planned trajectories, see green solid line in
Fig.4.7.

When comparing TP-D, TP-F and TP-MRS, it turns out that the latter is the
only way to guarantee the absence of collisions during the robots’ movements. As
expected, this result is achieved at the price of an increase in the total length of the

trajectories combined with a significant increase in computation time.

Table 4.2: Comparison summary table.

‘Algorithm‘ Total Length Coll. Avd. Feas. Planning Time
TP-D 24.76 m No No 1.89 s
TP-F 25.16 m No Yes 23.02 s

TP-MRS 27.78 m Yes Yes 107.89 s

Figs 4.8-4.9 show the results obtained with 10 experimental runs using the experi-
mental setup described above. These were performed to stress the properties of the
trajectories planned by TP-MRS through experimental simulations. Fig. 4.8 shows
the trajectories executed by the robots with different starting poses in order to change
the initial trajectory tracking errors. Fig. 4.9 shows the distance between the geomet-
ric centers of the robots. The collision threshold is shown in red dashed line. As
designed, the distance between the robots is always greater than the collision thresh-
old. Figs. 4.10 and 4.11 show the trajectory tracking errors and the control velocities
of the robots, respectively. As the reader can see, all the values fulfills the relative
constraints indicated by the red dashed lines. Finally, to better illustrate the coor-
dinated movement of the two robots, Fig. 4.12 shows the poses qg) and q(b;) of the
two robots at different times during one of the experimental runs performed. The
solid green rectangles denote the regions ZTP(L;) and ZTP(E;)~ The red dashed circles
represent the circular regions R(qg)) and ’R(q(b;)) that enclose the footprint of the

robots.
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Fig. 4.6: The red and green solid lines show the sequence of segments composing the
coordinated planned trajectories. Squares and triangles show the starting and ending

points respectively.

0 5 10 15 20 25 30 35 40
Time [s]

Fig. 4.7: Black (TP-MRS) and green (TP-F) solid lines represent the worst-case
separation distances between robots. Red (TP-D) solid line represents the distance
between the robots under nominal conditions (i.e. zero trajectory tracking error). The

red dashed-dot line indicates the collision threshold.
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Fig. 4.8: Experimental example. The solid orange (blue) lines represent the paths

executed by Robot #1 (#2) in different numerical runs at different starting poses.

Time [s]

Fig. 4.9: Experimental runs. Experienced distance between the geometric centers of

the robots. The red dashed-dot line denotes the collision distance .
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Fig. 4.10: Experimental runs. Trajectories tracking errors. Dashed lines represent al-

lowable bounds.
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Fig. 4.11: Experimental runs. Control speeds. The dashed lines represent allowable
bounds. The green solid lines represent the prescribed forward and rotational speeds

along the trajectories
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Fig. 4.12: Details of an experimental run. Snapshots at different times. The dashed
orange (blue) line represents the path taken by Robot #1 (#2). The squares and
triangles show the starting and ending points respectively. Solid green rectangles rep-
resent the regions Z (Tp(b;)) and Z (Tp(b;) ), while dashed red circles represent the space
occupied by the robots. Green arrows represent Tp(b;) and TP(EZ). Red arrows indicate

the pose of the robots.






Methodology D

4.3 Set-theoretic Time-based Trajectory Synchronization
Method

This section presents the Set-theoretic Time-based Trajectory Synchroniza-
tion (ST-TBTS) Method to coordinate the skid-steered units subject to slippage
phenomena of a multi-robot system, originally proposed in [126]. In order to solve the
OACMP-UCE problem, the objective of the method is to synchronize independent
feasible trajectories composed of a sequence of straight segments, each to be traveled
at a desired speed by each robot, which do not intersect obstacles in the operating
environment, guaranteeing coordinated collision free movements. Collision avoidance
and coordination are achieved through synchronization of robot trajectories by im-
posing delays on platform departures. The algorithm operates in separate offline and
online phases. In the offline phase, the time delay intervals useful for synchroniza-
tion are calculated based on the planned feasible trajectories. Then, in the online
phase, the actual delay is calculated by solving an optimization problem that mini-
mizes the occupancy time of the shared operational space. To implement the proposed
set-theoretic time-based trajectory synchronization method, the following issues are

formally addressed:

e modeling the closed-loop trajectory tracking error dynamics of each skid—steered
unit as an uncertain system affected by external disturbances and actuation con-
straints, while explicitly accounting for sliding phenomena;

e ensuring collision avoidance and coordination of the multi-robot system by syn-
chronizing the trajectories through the imposition of suitable departure delays;

e building of a scheduling set-theoretic algorithm for synchronizing a set of feasible
independent trajectories {Tpg) ,Tpe -+ ,TP(EN) }, to guarantee robust collision-

@)
free movements for the robotic platforms.
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4.3.1 Closed loop trajectory tracking error dynamics

Similar to the methodology described above, this methodology also considers the
kinematic model of the SSTMR, which explicitly takes into account the track-ground
interaction modeled by limited sliding coefficients, derived entirely in the previous
Chapter 2. Assume that each robot has no reactive capabilities implemented, and no
robots exchange information with other robots in the system. The dynamics describ-
ing the closed-loop trajectory tracking error for a single robot following a straight
trajectory with constant velocity can be expressed by an uncertain discrete linear
time-invariant system with norm-bounded uncertainty [109] subject to an external

disturbance as follows

&1 = O&, + Hady, + Bppr, (4.59)
Pr = Ak, (4.60)
Ik = 28k, (4.61)
A+ BD¢ BC, _ T _ T
where [|Agl| < 1Yk >0, ¢ = “7 N Ha=[Bso] By = [B,0] and
Be Ac

Eq = éq + DqDC DqCC .

4.3.2 Definition of the positive robust D-invariant region

Assume that admissible state and control input variations are constrained according

to the following ellipsoidal sets:
£€ 2, Qe ={eR":¢TSe <1, S >0}, (4.62)

ou € 2y, 2, ={6u e R™ : oulS,ou <1, 8, > 0}. (4.63)

In addition, ng external perturbations acting on (4.59)-(4.61) can be bounded

according to the following ellipsoidal condition
de g, 2y={decR™ :d" Myd <1, My > 0}. (4.64)
Finally, according to [111], it’s possible to define the robust D-invariant region
Io={¢cR:¢TP¢<1 Py>0}. (4.65)

Remark 9 - Region (4.41) is robust to the disturbance d and defines a positively
invariant ellipsoidal set in the augmented state space, ensuring £ € I for all ¢ > 0,
despite uncertainties and admissible disturbances affecting (4.59)-(4.61), and thus

guaranteeing the feasibility property to the trajectories.
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4.3.3 Set-theoretic time-based synchronization method

The purpose of this thesis is to exploit set-theoretic methods to solve engineering
problems related to mobile robotics, in particular, in this section, the problem of
coordinating SSTMR platforms that share a common operating space. In confined
spaces where coordinated planning using the 4.2 methodology is not possible, the
proposed solution considers coordination in the form of temporal synchronization of
the independent trajectories assigned to the robots. In this methodology, the authors
specifically aim to exploit the guarantee that the state of the system (4.59)—(4.61)
belongs to the ellipsoidal D-invariant set (4.65), which ensures the following limited

tracking error condition:

A(qP(tr)) € Z(Tpr(ty)), Vi, > to. (4.66)

where Z (Tpr(tx)) is the region Z (0), which is centered in A (Tp=(tr)) and rotated
by Y (Tpre(ty)), thus allowing the formulation of the following collision avoidance

condition:

R (q(b;) (t)) NR (qg) (t)) =0. (4.67)

Therefore, the fundamental prerequisite for the applicability of the method for
synchronizing trajectories by scheduling robot departures lies in feasible independent
planning of trajectories for robots, which in this work was carried out using the algo-
rithm presented in 3.2. Readers are invited to review the details of the methodology.
The feasibility properties of the planned trajectories, ensures that for each trajectory

the following feasibility condition holds:

Definition 4.1. If the initial state of the system &(to) € I, then &(tx) € I C Ip
Vitr > to, regardless of the allowable uncertainty of (4.59)-(4.61) and the external

disturbances (4.64), along the complete trajectory.
Proof. For the proof, see Lemma 1.

For each robot the feasible independent trajectory Tpz, planned in OF7¢¢, is
represented by a succession of the robot’s desired pose, hereinafter labeled as way-
points:

Tpe = [w(ty), -, w(ty), - ,w(t)] € REFD*3 (4.68)

each of them with the following form w(t) = [x(t) y(¢t) 6(t)], and where w(to) (w(te))

is the starting (ending) desired pose. For each couple of planned trajectories Tp(p;) and
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T7’5) with 4,5 =1,--- N, and j # i robotic platforms, where T'Pg) (to) # Tpg)(to),
and Tp(b;) (te) # Tpg) (te), the following procedure is applied.

A geometric distance is imposed between the sets to which the states of the sys-
tems are guaranteed to belong, such that the collision avoidance condition (4.66) is
ensured. To ensure a minimum geometric distance between the ellipsoids associated
with points along the robots’ trajectories, the problem is solved by considering couple
of trajectories. For each pair, a constrained minimization problem and a constrained
maximization problem are solved to identify the intervals where collisions could occur.
By determining the critical points along the trajectories where the minimum distance
is not guaranteed, and exploiting the fact that the trajectories are piecewise straight
and traversed at a constant assigned forward speed, it is possible to define departure
time intervals for one robot relative to the other that ensure collision-free motion

along the trajectories.

4.3.4 Algorithm for trajectory synchronization

Collision avoidance and coordination of the skid-steered platforms composing the
MRS are addressed in this work by synchronizing the platforms through time schedul-
ing of robot departures, ensuring a minimum safety distance between the robots during

the trajectory tracking. The procedure consists of offline, and online phases.

e In the offline phase, mutual delays between platforms that ensure no collision dur-
ing robot movement are calculated on the basis of planned feasible trajectories.
Assume that for each robotic platform a trajectory is preliminarily planned. The
trajectory is composed of a sequence of straight segments that must be traveled by
the robot at constant assigned forward velocity vp. For each combination of feasi-
ble independent planned trajectories, the mutual departure delays are calculated
to ensure that there are no collisions between the platforms.

e In the online phase, the delay calculated for feasible synchronization of trajectories
are used in the online phase of the algorithm to schedule the motion starts of the
robotic platforms according to the instant of time when the activation request
occurs. The delay value is calculated by minimizing the overall duration of the

operations.
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Offtine phase:

Consider two generic trajectories
Tfp(E) ={S;,--+,A4;,B;, - F;}, (4.69)

T’Pg):{Sja"'vAijja"'Fj}’ (470)

where S; (S;) is the starting pose of the i-th (j-th) trajectory, and F; (F}) is the final
pose of the i-th (j-th) trajectory, with A;, B;, (A;, B;) intermediate waypoints. It is

possible to calculate the length of the generic segment A;B; as follows

lAiBi = \/(‘73:41 - xBi)2 + (yAi - yBi)z' (471)

Let Nap be the maximum positive integer for which the following inequality holds

la;B,

Na. g, <
AlBT_’UD'Ts

(4.72)

where T is the sampling time. The trajectory segments composing TP(E) and TP(E_),
i J
are discretized using the interpolation parameters «, 5 € [0, 1], such that the way-

points along the trajectory can be rewritten as follows:

w(a) = (1 —a)A; + aB;, (4.73)

and
w(B) = (1-B)A; + BB;. (4.74)

The purpose of this work is to identify all pairs of points for which the collision
avoidance condition (4.67) is not met and to calculate the minimum and maximum
permissible delays between platform departures that do allow it to be guaranteed.
To find these collision extremes the following mixed integers optimization problems
involving LMIs constrains are solved:

1) Collision lower bound
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= min B (4.75)
- B,2,qi,q5
s.t.
1 2
= {O’EE;;’FEQE”""l} (4.76)
>0, (4.77)
B<, (4.78)
_ 1 B
>0 (4.79)
R(0a)" (4 — w(@)) Fy'|
- 1 .
>0 (4.80)
R(05)"(q; —w(B)) Py

>0 (4.81)
* 1
(4.82)
2) Collision upper bound
B= max (4.83)
B,0,qi,q;
s.t.
1 2
aef0,— = ... 1 4.84
{ Nan Nan } (4.84)
B >0, (4.85)
B <1, (4.86)
[ 1 * ]
) >0 (4.87)
R(6.)" (0 — w() Pr
1 *
- . >0 (4.88)
| R(0:)7 (g —w(8)) By
_2 P — TMT
v (2 —q;) >0 (4.89)

where 1507 following [116], denotes the inner ellipsoidal approximation of the projection
of the set (4.65) onto z, y, and 6 components, R(6,) and R(63) are rotational matrices
defined as in eq. (3.11), the matrix M is the following

100
M= 1010/, (4.90)

000
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and 7 is the radius of the circle R (q(b;) (t)) accounting for the physical dimensions of

the robotic platforms calculated as follows:

)

with hi,ho being the width and length of the robot.

It is important to note that the maximum longitudinal and lateral tracking er-
rors are taken into account in the procedure by the constraints (4.79)-(4.80) and
(4.87)-(4.88), and the footprint of the platform by (4.81) and (4.89), thus ensuring
the presence of a safe distance, between the mobile robots, for every realization of
the dynamic state of the system, that provides no collision. See Fig. 4.13 for a 2D

simplified graphical representation.

/,
yj(tBj) A B.
yi(fAi) — ‘ !
|
yi(tBl.)i — ) — ‘
o
\ |
)’j(tAj)f — ‘7 o= ‘ 7 O) ‘ ‘
77 | |
xi(tAl,) x](tA]) -xi(tBi) 'x_](tB])

Fig. 4.13: 2D Graphical representation. A; B; and A; B; represent two segments of two
different trajectories. The green dots represent w(«) and w(S). Dark green ellipsoids
are a 2D representation of the Py sets to which the state of the system is guaranteed to
belong. The solid red line represents ~, the radius of the circle R (qg) (t)) accounting

for the physical dimensions of the robotic platforms.

Temporal representation: Departure Delays

The minimum and maximum values of § resulting from the minimization and

maximization problems represent the extremes of the range where the collisions could
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occur. By considering that the trajectories are traversed by the robots at assigned
constant forward speed vp, it is possible to calculate the instants of time corresponding

to the values of 3 and B as:

Vi —wa;)2+ (ys — ya,)?
up

t(B) =

+ta,, (4.92)

where t4; is the instant of time when the robot reaches A;. Calculating the global

minimum ¢(f) and maximum ¢(/3), that considers all the segments that make up the

trajectories, the minimum 4, ; and maximum A, j delay value between the departure

times of the skid-steered robotic platforms are calculated as follows:

Aij=ta, +t(a) —ta, —t(B), (4.93)

A, =ta, +t(a) —ta, —H(B), (4.94)

and finally organized into two matrices A and A with the following form:

0 41,2 e Al,i Al,j e 41,N

Aoy 0 Dy Ay Dy
A=A, 0 0 Ay Qx| (4.95)

Ajy e Ay 0 Ay

Apq ovv voe oo 0

A= A;q -0 Ay AN (4.96)
Zj,l ZN 0 ZLN
AN e e e 0

These values represent the minimum and maximum time that the j-th robot
can/should wait before starting up, taking into account the presence of the i-th robot.
Specifically, the j-th robot can go at most up to éi,j seconds later, or it must wait
to leave at least Zi,j seconds to ensure no collisions. The waiting time determines

the order in which the robots pass through the critical sections of the trajectory; it is
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possible to obtain negative values of A; ;, which represent the time advance that one

robot must have over the other to avoid collision.

Online phase:

Consider a N robot system. Without loss of generality we assume that t,eq n is
the instant at which the activation of the N-th robot is requested. Let tqe¢ i, with
i =1,---,N — 1, be the startup times of the first V — 1 robots. With the aim of
freeing up the operational space in the shortest possible time, thus minimizing the
total time for carrying out operations, the startup time of the N-th robot is calculated
according to the following linear programming problem that guarantees the minimum

delay with respect to tyeq,n

Ay, =mindy (4.97)
s.t.

A >0 (4.98)

treg N + At —tacti <Ay, i=1,-- N -1 (4.99)
or

A >0 (4.100)

treg N + At —tacti > ANy, i=1,-- N —1 (4.101)

4.3.5 Results—Numerical Validation

In order to test and evaluate the proposed scheduling algorithm several numerical
simulation were performed using the MATLAB Simulink environment.

The skid-steered robots are subject to model uncertainties and external distur-
bances due to varying terrain sliding coefficients. In all the numerical simulations
performed, a communication delay due to the data communication system was con-
sidered, which was randomly varied over time with a uniform distribution, and whose
maximum and minimum values are compatible with those given in Table 4.4. In ad-
dition, the initial tracking error was also randomly varied. Let consider the virtual
operating environment shown in Fig. 4.14, discretized with a grid of about 700 points
with a resolution of 0.5m. The operating environment was divided into 3 regions,
each characterized by the sliding coefficients given in Tab 4.3.

The nominal forward velocity assigned to robotic platforms is set at 0.2 m/s. All
relevant values for figuring out the simulation are given in Tab. 4.4. By considering

a physical footprint of each robot of 0.50 x 0.70 m?, the minimum distance required
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T T T

Y [m]

Fig. 4.14: Virtual operating environment. The points represent the grid that discretizes
the environment. Black points are utilized for path planning, while red points have
been excluded to ensure collision avoidance with the boundaries and obstacles. Three

areas with different sliding coefficients are assumed.

Table 4.3: Numerical scenario: sliding coefficients values.

Area 1 Area 2 Area 3
wr = 0.75 wr = 0.95 wr =0.85
Acceleration
w =09 = 0.95 w = 0.75
ur = 1.25 e = 1.05 ur = 1.15
Deceleration
w =11 = 1.05 w =125

to avoid collisions results in 2y = 0.86 m. Finally, in accordance with Sect. 4.3.4, the

calculation of the delay matrices A and A gave the following results:

0  —109.15 —154.34
A=|-101.71 0 —169.42], (4.102)
—56.07 —92.01 0
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0 7.88 —5.01
A= 5481 0 432 (4.103)
110.14 83.64 0

Table 4.4: Simulation relevant values.

‘Parameter‘ Minimum value Maximum value Unit
€ —0.35 0.35 m
ey —0.45 0.45 m
€ —60 60 deg
\% 0 0.4 m/s
w -35 35 deg/s
T 0 400-1073 s
tact 0 60 S

Each planned trajectory was simulated 10 times, and, in every simulation, the
activation request times of robots #2 and #3 were randomly varied with a Gaussian
distribution in the range ¢, = [0,60] s, while robot # 1 is always activated in time
instant t,.; = 0. The relevant timing data of the simulations are summarized in Tab.
4.5. The results of the simulations are illustrated in Figs. 4.15-4.18, which highlight
key aspects of the method.

Fig. 4.15 showcases the inter-platform distances during the simulations. Notably,
the collision avoidance safety distance 2v was always maintained, even in scenarios
where the trajectories intersected or the robots operated in close proximity. This
result underscores the effectiveness of the synchronization algorithm in coordinating
the robots’ movements while adhering to safety constraints.

Fig. 4.16 shows the trajectory tracking errors for all robots during the simulations.
These errors remained consistently within the allowable limits, demonstrating the
robustness of the feasible planning algorithm used, a key aspect for the application
of the proposed solution.

Fig. 4.17 provides profiles of the forward and rotational velocities of the control
algorithm. As can be seen, the values remain in the assigned range, demonstrating
the effectiveness of the method even in the case of limited actuation capabilities.

Finally, to emphasize the aspect of coordination, Fig. 4.18 shows the pose of the
robots at the time when the minimum distance between robot #2 and robot #3,
corresponding to t = 190 s, of a specific collected Run, was recorded. The results are

based on the data collected during Run #8. The ellipsoidal sets (4.65) to which the
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Table 4.5: Relevant simulations timing values.

Robot #2 Robot #3
Run # |Request time [s]|Activation time [s]|Request time [s||Activation time][s]
1 41.03 41.56 47.02 168.72
2 33.10 33.61 35.01 160.78
3 8.27 10.36 13.06 137.54
4 2.50 10.36 6.41 137.53
5 4.95 10.37 43.17 137.54
6 21.27 21.61 58.27 148.78
7 39.74 40.03 14.64 167.20
8 40.81 41.22 31.67 168.38
9 36.15 36.74 45.03 163.90
10 4.01 10.36 56.36 137.50

robot pose belongs are highlighted in the figure. It can be seen that even when they
turn out to be closest, the minimum distance imposed by the procedure is correctly
met. Overall, these results validate the proposed method as a reliable solution for syn-
chronization and coordination of multi-robot trajectories under realistic conditions,
confirming the method’s ability to ensure safety, accuracy, and robustness in various

operational scenarios.
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Fig. 4.15: Actual distances between the robots. The solid red line highlights the thresh-

old value 2v.
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Fig. 4.16: Trajectory tracking errors. From left to right the values recorded for robot
#1, #2, and #3 respectively. The solid red lines represent allowable bounds.



104 4 Set-theoretic Navigation Methods for Multi-Robot Systems

w [rad/s]

V [m/s]

w [rad/s]

140 150 160 170 180 190 200 210 220

Time [s]

Fig. 4.17: Values of the forward and rotational velocities of the robots. The plots in
the top-left, top-right, and bottom-center show the values for robots # 1, # 2, and

# 3, respectively. The solid red lines represent allowable bounds.
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Fig. 4.18: Run #8. Snapshot at the time instant ¢ = 190 s. Dashed line represents
assigned trajectories for the robot #1, #2, and #3. Solid lines represents the executed
trajectories. Squares and triangles represent the starting and target points. The blue,
red, and green ellipsoids represent the D-invariant regions for robot #1, #2, and #3,
respectively. Black dashed circles account for the physical footprints of the robot and
have radius 7. The black line between the ellipsoids represents the distance recorded,

which turns out to be equal to the threshold for collision avoidance 2+.






Conclusions

We conclude this thesis with a summary of the main research contributions and con-

clusions. We then present future research avenues.

5.1 Summary

This thesis addresses the problem of trajectory and motion planning for remote-
controlled skid-steer tracked mobile robots, with the aim of ensuring the feasibility
and safety of navigation taking into account the presence of model uncertainties, exter-
nal disturbances, and actuation constraints in complex environments. The proposed
approaches exploit set-theoretic arguments in different ways, with the aim of ensuring
robustness, feasibility, and safety in both single-robot and multi-robot scenarios.

The contributions can be summarized as follows:

e Set-Theoretic Feasible Trajectory Planning (ST-FTP)
It solves the problem of planning the optimal trajectory for a networked skid-
steered tracked mobile robot. First, a feedback control action is considered that
can solve the trajectory tracking problem, taking into account network delay,
external disturbances, and actuation constrains. A recursive algorithm is then
proposed to find the optimal trajectory that complies with the prescribed control
constraints. The feasibility of the trajectory is guaranteed by solving optimization
problems involving LMI constraints.

e Set-Theoretic Model Predictive Control (ST-MPC):
A control architecture that ensures safe navigation in cluttered environments un-
der the presence of model uncertainties, disturbances, and network-induced de-
lays. The method integrates set-theoretic predictive control with receding horizon
principles to handle obstacle avoidance, delayed information, and robustness to

uncertainties, guaranteeing constraint satisfaction and safety.
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e Set-Theoretic Feasible Coordinated Trajectory Planning (ST-FCTP):
A coordinated planning framework for multi-robot systems that ensures collision-
free execution of feasible trajectories despite tracking errors, disturbances, and
uncertainties. The problem is formulated as a combination of graph search and
convex optimization with LMI constraints, ensuring that coordination and colli-
sion avoidance are achieved robustly.

e Set-Theoretic Time-Based Trajectory Synchronization (ST-TBTS): A
temporal coordination methodology that synchronizes robot trajectories by ex-
ploiting feasibility properties and solving optimization problems involving LMI
and linear programming constraints. The approach minimizes the occupancy time

of shared spaces while guaranteeing robustness and collision avoidance.

All contributions have been validated through extensive numerical simulations and
experimental campaigns with skid-steered tracked robots available at the Automatic
Control Laboratory of the Mediterranean University of Reggio Calabria, demonstrat-

ing their practical applicability in real-world scenarios.

5.2 Discussion

The research presented in this thesis demonstrates that methodologies based on set-
theoretic arguments can effectively address the challenges of safe navigation for rigid-
steering tracked robots in both single-robot and multi-robot contexts. In particular,

the results highlight the following points:

e By solving the trajectory planning problem, the integration of a feasibility condi-
tion into graph search algorithms allows the optimal path from a starting point
to an end point to be found, taking into account control performance and al-
ways ensuring a minimum safety distance from obstacles, even in the presence of
model uncertainties, communication channel delays, implementation constraints,
and external disturbances affecting the system.

e By addressing the control problem of safe navigation through a model predic-
tive control approach integrated with control techniques that exploit set-theoretic
arguments, it is possible to manage network-induced delays, unpredictable obsta-
cles, and dynamic uncertainties, ensuring compliance with constraints and robust
navigation performance even in crowded environments subject to temporal vari-
ations.

e By reformulating the coordinated trajectory planning problem as a graph search

integrated with feasibility conditions expressed via LMIs, the proposed set-



5.3 Future Research and Challenges 109

theoretic methodology enables multiple robots to safely and reliably operate in
shared environments, explicitly accounting for trajectory tracking errors, uncer-
tainties, and external disturbances.

e By solving the synchronization problem through an optimization-based procedure,
the introduction of time delays on robot departures ensures the coordinated use
of shared operational spaces. This time-based set-theoretic strategy guarantees
feasibility and robustness while minimizing the occupancy of common areas, thus
improving safety and efficiency in multi-robot missions even in presence of model

uncertainties, network delay, external disturbances, and actuation constrains

5.3 Future Research and Challenges

The results obtained open up several perspectives for future research related to the
proposed methodologies.

A first direction that we are interested in investigating concerns the extension of the
ST-MPC to multi-robot scenarios. Although the proposed approach focuses on the
single-robot case, the advantages of predictive control combined with set-theoretic
arguments could be further exploited to manage coordination, safety, and robustness
in cooperative missions for multi-robot systems. This extension would allow more
complex tasks to be tackled, in which multiple platforms must operate jointly in dy-
namic and uncertain environments exchanging information through communication
networks subject to delays.

Another challenging extension concerns the computational scalability and online
adaptability of set-theoretic methods. The proposed approaches guarantee security
and robustness in the presence of uncertainties and model disturbances, but unfor-
tunately their computational complexity can increase significantly in complex envi-
ronments or as the number of robots involved grows. Future research could therefore
investigate approximate formulations that preserve formal guarantees while reducing
complexity. Such developments would further improve the applicability of set-theoretic

tools in large-scale, uncertain, and highly dynamic scenarios.
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Appendix

Proof of Lemma 1

Proof. To prove that Ij is robustly positively invariant even in the presence of the

allowable disturbance d, see Fig. 1 the following condition must be satisfied

Vk+1)—V(k)<0 (1)
Vd:d¥ Myd < 1 (2)

being
V(k) =& Pode < 1 (3)

where & represents the state of (3.34)-(3.36) at the time k. According to (3.44), eq.

(1) can be rewritten in the following form

P — " " Popt =T " PoHp —£" ¢ RyB,,
¢t « —HLPHp —HLP,B,|(>0 (4)
* x —BI'P,B,

T
being ¢ = [1 dr pT] . Eq. (2) can be rewritten as

1 0 O
¢’ s —My; 0/¢>0 (5)
* * 0

Finally, condition p™p < §TEqTEq§ can be rewritten as

¢TEIZE 0 0
"I« 0 o0f¢=0 (6)
* x —1
By recurring to classical arguments of S-Procedure [109], if there are two positive scalars

71, T2 > 0 satisfying the following condition
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" (Py — ¢  Pop—

—£"¢" PoHp —£"¢"RB,
— 11X B)€ — 72 -0 )
* —HEPyHp + 1My  —HHPyB,
* * -BIPB, + 11
then (4) is fulfilled for each ¢ satisfying (5) and (6).
If
—HLPHp + 1M, —-HTP,B
ptoHp + Mg ptoby >0 (8)

* —B;P()Bp + 7l

by applying the Schur’s Complement eq.(7) can be rewritten in the compact form

E'pe >y 9)
being
P=Py—¢"Pop — 11 EF T~
T —1 10
HEPo| |-HELPyHp + My  —HEPB, HEp| (1)
ngo(ﬁ * —ngon-f—TlI ngo(ﬁ

If P>0, eq. (9) represents the outer region of the ellipsoid
I = {¢:67P¢ < 1} (11)

According to Schur’s complement, P > 0 if the following LMI holds

Py —¢"Pyp - E] %, ¢" PoHp ¢" PyBy
* -HEP,Hp +72My  —HEPB, | >0 (12)
* * —B;P()Bp + 7l

To minimize the volume of I, solve the following GEVP problem

min 7o (13)
T2
1 >0 (14)
5 >0 (15)
s.t.
P0*¢TP0¢>*712QTZq ¢T PyHp ¢T PyB,
* —HgP()HD + oMy —ngon >0 (16)
* * —B;{P()Bp + 71

7H£P0HD +7—2Md 7H£P0Bp

>0 (17)
* —B;P()Bp + 7l
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Statement 2

x(k+1)

Statement 1

Fig. 1: Graphical representation of the two statements in a generic two-dimensional
state example. z(k) represents the current state whereas x(k + 1) the successive. 1

and x, are the two components of vector x.

To impose that 7 is internal to Iy, see Fig. 1, the Statement 1 must be fulfilled
P>nP (18)

Finally, to prove that I} is robust positively invariant even in presence of distur-

bance d the following Statement 2 must be held
V(k+1) <1,V :TPE <, Vd : d¥ Myd < 1 (19)

T
see Fig. 1. Be x = |1 &7 d7 p”| , eq. (19) can be rewritten as

1 0 0 0

N x —¢p"Pyp —¢"PHp —¢" PyB, >0 (20)
* * —~HEPHp —HLPyB,
* * * prTPOBp

Condition ¢ P¢ < 75 can be rewritten as
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> 0 00
* —P 00
X" x>0
* x 00
* % * 0

Condition d” M d < 1 can be rewritten as

10 0 O
*+0 0 0

X" x>0
* x —My 0

* « x 0

Moreover, condition pTp < §T232qf can be rewritten as

0 0 0 0
Ty 0 0

XT * q q X Z 0
* * 0 0
* * * —1

(23)

According to S-procedure, (19) is robustly satisfied if there is a solution to the follow-

ing feasibility problem

].—0'17'2—0'220

—¢TPop+ 01 P — 0357 5, —¢TPyHp
* —HEPyHp + 02 My
* *

_¢TPUBP
—-HEP,B,
~BTPyBy + a5l

>0

(24)
(25)

(26)
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Proof of Lemma 2

T
Proof. Let a= |1 ¢F dF pI'| . The condition (3.63) can be rewritten in the follow-

ing convenient form

1 0 0 0

o7 |F —¢"Pry1¢ —¢"PoyrHp —¢" Pria B, 0 (20)
«  «  —HYP . Hp —HLP..B,
* * * -Bl'Py1B,

The condition (3.62) can be rewritten as

1 0 00
x —P, 00

ol * a> (.30)
* x 00

The condition (3.43) becomes

10 0 0
*0 0 0

ol a>0 (.31)
* x =My 0

* % * 0

Finally, from norm-bound uncertain representation (3.34)-(3.36), the condition p} p; <

5,?252(1&6 can be rewritten as

0 0 0 0
* XTX,. 0 0
ol 7 a>0 (.32)
* * 0 0
* * * —1

Recalling the arguments of the S-procedure [109], the smallest region (3.63) can be
determined by solving the minimization problem (3.64)-(3.67).
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SOMMARIO
L'uso sempre piu diffuso di robot autonomi in scenari quali

sorveglianza, ricerca e soccorso e logistica richiede
strategie di navigazione che garantiscano sicurezza,
robustezza e fattibilita anche in presenza di vincoli di
attuazione rigorosi, disturbi esterni, incertezze di modello e
ritardi di comunicazione.

Questa ricerca si concentra sullo sviluppo di metodologie
basate sulla teoria degli insiemi - set-theoretic -per la
pianificazione della traiettoria e del movimento di robot
mobili cingolati a guida differenziale controllati da remoto
con l'obiettivo di garantire la feasibility e la sicurezza

della navigazione in presenza di incertezze del modello,
disturbi esterni e vincoli di attuazione in ambienti complessi.
Vengono proposti due metodi che risolvono il problema della
navigazione sicura in presenza di incertezze del modello,
disturbi esterni e vincoli di attuazione per il caso di un
singolo robot, e due metodi che risolvono il problema della
navigazione sicura in presenza di incertezze del modello,
disturbi esterni e vincoli di attuazione per sistemi multi-robot,
ai quali si aggiungono le sfide cruciali della gestione del
coordinamento e della prevenzione delle collisioni.

Tutte le metodologie proposte sono state validate tramite
simulazioni numeriche e sperimentali con piattaforme reali
disponibili presso il Laboratorio di Controlli Automatici
dell'Universita Mediterranea di Reggio Calabria.

ABSTRACT

The increasingly widespread use of autonomous mobile
robots in scenarios such as surveillance, search and rescue,
and logistics requires navigation strategies that guarantee
safety, robustness, and feasibility even in the presence of
stringent constraints, external disturbances, model
uncertainties, and communication delays.

This research focuses on the development of set-theoretic
methodologies for trajectory and motion planning of remotely
controlled skid-steered tracked mobile robots, with the aim
of ensuring the feasibility and safety of navigation in the
presence of model uncertainties, external disturbances, and
actuation constraints in complex environments.

Two methods are proposed that solve the problem of safe
navigation in the presence of model uncertainties, external
disturbances, and actuation constraints for the single-robot
case, and two methods that solve the problem of safe
navigation in the presence of model uncertainties, external
disturbances, and actuation constraints for multi-robot systems,
to which are added the crucial challenges of coordination
management and collision prevention to maintain safe and
cooperative operations.

All the proposed methodologies have been validated through
extensive numerical simulations and real-world experiments
using skid-steered tracked mobile robots available at the
Automatic Control Laboratory of the Mediterranean
University of Reggio Calabria.



