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Amor, ch’a nullo amato amar 

che, come vedi, ancor non m’abbandona…”









reference source where, by minimizing the difference between the array’s and 

continuous source’s cumulative functions, an optimal iso



















Quantum will be able to adjust its coverage and capacity to suit customers’ 







 –















y ‘optimal’ it

“

”



‘Matrix Pencil Method’ [

‘compressive sensing’ [



both ‘classic’ ([

led ‘Isophoric’ Sparse Arrays

synthesis procedures. In fact, since the elements’ locations are an unknown of 



‘at best’ the radiation requirements at hand;

and, only in the ‘pencil beams’ case, step 2 ([

‘shaped beams’ case. The reason of such lack derives from a simple 

s case is the ‘rough’ one in [

the problematic of the RCAS’s complexity by:

the elements’ locations by applying the 

] only to the RCAS’s amplitude;

RCAS’s

RCAS’s









SLL and element spacing. However, these “modified” Chebyshev 



𝑖(𝑟)
𝐸(𝑟) =∑𝑎𝑖𝑖(𝑟)𝑁

𝑖=1                (1)
𝑎𝑖 𝑖 = 1,… ,𝑁 

“  {𝑎𝑖, 𝑖 = 1,… .𝑁}
|𝐸 (𝑟0)|2 = |∑𝑎𝑖𝑖(𝑟0)𝑁

𝑖=1 |2          (2)
|𝐸(𝑟)|2 = |∑𝑎𝑖𝑖(𝑟)𝑁

𝑖=1 |2 ≤ 𝑆𝐿𝐿(𝑟)      (3)
SLL(r) 𝑟0



𝑎𝑖 = 𝑥𝑖 + 𝑗𝑦𝑖  , 𝑖 = 1…𝑁−𝑅𝑒𝑎𝑙(𝐸 (𝑟0))
𝐼𝑚𝑎𝑔 (𝐸 (𝑟0)) = 0
{ 
 |𝐸 (𝑟1)|2 ≤ 𝑆𝐿𝐿(𝑟1):|𝐸 (𝑟𝐿)|2 ≤ 𝑆𝐿𝐿(𝑟𝐿)

𝐿
𝑟0 |𝐸 (𝑟1)|2

“null

null” 









“null null” 







“Define the 𝑁𝐿𝐵(𝜗) ≤ |𝐸(𝜗)|2 ≤ 𝑈𝐵(𝜗) ”



𝑃(𝑢) = 𝑐0 +∑[𝑐𝑝 cos(𝑝𝑢) + 𝑠𝑝 sin(𝑝𝑢)] =𝑁−1
𝑝=1 ∑ 𝑃(𝑢𝑝)𝐷2𝑁−1(𝑢 − 𝑢𝑝)𝑁−1

𝑝=1−𝑁      (7)
u = bdcos(ϑ), up = 22N−1 𝑑

𝑃(𝜗, 𝜑) = ∑[𝐷𝑝𝑝(𝜗, 𝜑)]𝑇
𝑝=1                      (8)

Dp:

{  
  ∑[𝐷𝑝𝑝(𝜗, 𝜑)]𝑇
𝑝=1 ≤ 𝑈𝐵(𝜗, 𝜑)
∑[𝐷𝑝𝑝(𝜗, 𝜑)]𝑇
𝑝=1 ≥ 𝐿𝐵(𝜗, 𝜑)                (9)

P(ϑ,φ)2a



{  
  ∑[𝐷𝑝𝑝(𝜗𝑖 , 𝜑𝑗)]𝑇
𝑝=1 ≤ 𝑈𝐵(𝜗𝑖 , 𝜑𝑗)
∑[𝐷𝑝𝑝(𝜗𝑖, 𝜑𝑗)]𝑇
𝑝=1 ≥ 𝐿𝐵(𝜗𝑖 , 𝜑𝑗)     (𝑖 = 1…𝑀1, 𝑗 = 1…𝑀2)           (10)

Dp

T ≥ 2C

𝑃(𝑢) = ∑ [𝐷𝑝𝑒𝑗𝑝𝑢]𝑁−1
𝑝=−𝑁+1       𝑤𝑖𝑡ℎ 𝐷𝑝 = 𝐷∗𝑝              (11)

𝑃(𝑢)
𝑃(𝑢)𝑃(𝑢) = 𝐹(𝑢)𝐹∗(𝑢)                 (12)



𝐹(𝑢) = ∑[𝐹𝑝𝑒𝑗𝑝𝑢]𝑁−1
𝑝=0                              (13)

𝑁𝑃(𝑢)
𝑃(𝑢)

2𝑁0 𝑁0
𝐹(𝑢)

modified case of the classical pattern synthesis method based on the “zero 

location” (see [ 2𝑁0



 −1 ≤ 𝑢 ≤ 1
 ≤ 𝑢 ≤ 2
 



2N0N0 = 10





𝑃(𝑢, 𝑣) = ∑ ∑ 𝑃(𝑢𝑝)𝐷2𝑁−1(𝑢 − 𝑢𝑝)𝑀−1
𝑝=1−𝑀 [𝐷2𝑀−1(v − 𝑣𝑝)]                (14)𝑁−1

𝑞=1−𝑁



a 𝑃
𝑄(𝑎)𝑃



𝛩(𝑎, 𝐷) = ||𝑄(𝑎) − ∑𝐷𝑝𝑇
𝑝=1 𝛹𝑝(𝜗, ) ||        14. 𝑐𝐷 𝐷𝑝



number of elements. Indeed, the ‘common amplitude’ requirement

called ‘alte g projections’ technique [

‘global optimization’ algorithm 



2𝑁0 𝑁0
called ‘zero flipping’ procedure.









𝑎𝑆,𝑘 =(𝑎0𝑆,𝑘……𝑎𝑁−1𝑆,𝑘) 𝑎𝑃 = (𝑎0𝑃……𝑎𝑁−1𝑃)
2𝑁0

𝛷(𝑘) = ‖|𝑎𝑆,𝑘| − |𝑎𝑃|‖                  (15)



















|𝐴𝐹(𝜗)|2 = |∑𝑤𝑖𝑒−𝑖𝑘∗𝑟𝑖𝑁
𝑖=1 |2













– –



ϑ 𝜗0
𝜗1 (> 𝜗0 )𝜗 > 𝜗1



𝑅 𝑓() 

𝐸(𝜗) =  ∫ 𝑓()𝐽0(𝑅𝑠𝑖𝑛(𝜗))𝑑            (15)1
0 𝐽0



𝑓()
∫ |𝐸(𝜗)|220 𝑠𝑖𝑛(𝜗) 𝑑𝜗                        (16)

{ |𝐸(𝜗)|2 > 1     𝑓𝑜𝑟 𝜗 ≤ 𝜗0                   (17)  |𝐸(𝜗)|2 ≤ 𝑐(𝜗)     𝑓𝑜𝑟 𝜗 ≥ 𝜗1              (18)    ϑ



∫ |𝑓()|21
0 𝑑                   (19)

𝐸(𝜗0) = 1             (20)

‘relaxed’





‘super directive’ sources

‘ideal’ continuous sources to design 

‘optimal’ arrays, 



𝑃𝑟𝑃𝑎
𝑃𝑟 = ∫ 𝑃(𝑢)𝑢𝑑𝑢                 (21. 𝑎)∞

1𝑃𝑎 = ∫ 𝑃(𝑢)𝑢𝑑𝑢                  (21. 𝑏)1
0𝑄 = 𝑃𝑟 𝑃𝑎                                     (22)

𝑃𝑟
𝑄𝑚𝑎𝑥



∫ 𝑃0(𝑢)𝑢𝑑𝑢                    (23)1
0

𝐿𝐵(𝑢) ≤ 𝑃0(𝑢) ≤ 𝑈𝐵(𝑢)     𝑓𝑜𝑟 0 ≤ 𝑢 ≤ 1        (24. 𝑎)
∑ 𝑝𝑛𝑥𝑛 ≥ 0                      𝑓𝑜𝑟 − 1 ≤ 𝑥 ≤ 1     (24. 𝑏)𝑁0

𝑛=−𝑁0
∫ 𝑃0(𝑢)𝑢𝑑𝑢    ≤  𝑄𝑚𝑎𝑥   ≤  ∫ 𝑃0(𝑢)𝑢𝑑𝑢          (24. 𝑐)1

0
𝑢00  

𝑃𝑜 𝑁0 +1 𝑃𝑜𝑃𝑝𝑛



 0.25≤u≤0.25 deg

 |𝑢| ≥ 0.35 𝑑𝑒𝑔



 



𝑃0
𝑃0

𝑃0(𝑧) = ∑ 𝑝𝑛𝑧𝑛𝑁0
𝑛=−𝑁0              (25)

2𝑁 𝐸0(𝑢)



𝐸0(𝑢) 𝑓()𝐸 𝐸0
 𝐸(𝜗) = ∫ 𝑓()𝐽0(𝑅𝑠𝑖𝑛(𝜗))𝑑 10 𝐸(𝑢)

𝐸0(𝑢)𝑢0
𝑎𝑓() 𝑓()



 ≤

 |𝜗| ≤ 20°



212



e of the amplifiers’ 



𝐸1(𝜗) 𝐸2(𝜗) 𝜗



𝐴2 𝜃𝑇𝑈𝐵1 n the sidelobes region (say Ω). 

𝐿𝐵2(𝜗) ≤ |𝐸(𝜗)2|2 ≤ 𝑈𝐵(𝜗)2𝐿𝐵2 𝑈𝐵2

pertaining to the ‘shaped beam’ radia 𝑓2()𝑓2() = |𝑓2()|𝑒𝑖𝜑(), φ  the source’s 

the ‘pencil beam’ radiation modality, say 𝑓1() 𝑓1() = |𝑓2()|

beam’s source which most easily lends itself to be 



 𝑃1
 𝑆1
 𝑆2

𝑆1 𝑆2
‘more 

easily’ lends itself to be reconfigured



pencil beam’s source just consists in a ‘slight’ modification of the optimal one

on the pencil beam’s performances.



terms of solutions’ optimality and computational time.

𝑓2() is determined, ‘common core’ or ‘common tail’ [

𝑓1()
min𝑓1()∫ |𝑓1()|2𝑎

0 𝑑                 (26)
{|𝐸1(𝜗)|2 ≤ 𝑈𝐵1(𝜗)              (27)  𝐸1(𝜗𝑇) = |𝐴|                        (28)𝑓1() = |𝑓2()|  ∀ ∈        (29)

𝐸1(𝜗) = ∫ 𝑓1()𝐽0(2𝑎
0 sin (𝜗))𝑑           (30)








|θ|≥3.5°;



|θ|≤9°, and a maximum PSL lower than 20 dB for |θ|≥14°.

3 for a=11λ are shown in 





the sources’ amplitude (see





‘common core’ behavior of the sources by setting Γ as the region [0, 6λ]. 







from ‘common core’ reconfigurable sources







, identify a continuous source fulfilling ‘at best’

a fast and effective analytical ‘density taper’ technique 



ℎ(𝑥) 𝐼𝐶(𝑥)



𝐼𝐶(𝑥) = ∫ ℎ()𝑑𝑥
−𝑎                         (31)

2𝑎
ℎ(𝑥)

1/𝑁 {𝑥̂0, … . . 𝑥̂𝑁}𝐼𝐶(𝑥̂𝑛) − 𝐼𝐶(𝑥̂𝑛−1) = 1𝑁                      (32)

[𝐼𝐶(𝑥̂𝑛−1) + 𝐼𝐶(𝑥̂𝑛)]/2 = 𝐼𝐶(𝑥𝑛)      (33)



𝑥𝑛

𝑓0(𝑢) = ∫ ℎ(𝑥)𝑒𝑗2𝑥𝑢𝑑𝑥𝑎
−𝑎     (34)

𝑓𝑎(𝑢) = 1𝑁 ∑𝑒𝑗2𝑥𝑛𝑢𝑁
𝑛=1           (35)

𝑥𝑛 𝑢 = sin(𝜗),



𝛩(𝑥1, 𝑥2… . . 𝑥𝑛) = ∫ |𝑓𝑜(𝑢) − 𝑓𝑎(𝑢)|2𝑊(𝑢∞
−∞ ) 𝑑𝑢          (36)

𝑊(𝑢) = 1/𝑢2
𝐿2





L2


𝛩(𝑥1, 𝑥2… . . 𝑥𝑛) = ‖𝑓0(𝑢) − 1𝑁∑𝑒𝑗2𝑥𝑛𝑢𝑁
𝑛=1 ‖          (37)

‖‖ 𝐿2 𝐿∞(𝑢𝑚, 𝑢𝑀)

𝑥𝑛 = 𝑁∫ 𝑥ℎ(𝑥)𝑑𝑥𝑥̂𝑛𝑥̂𝑛−1                (38)



ℎ(𝑥)𝑥𝑛−1, 𝑥𝑛
2(𝑥 − 𝑥𝑛)𝑢 ≪ 1                          (39) 2(𝑥 − 𝑥𝑛)𝑢







“linear subinterval and sector and equal volumes” 



(ϑ,φ)
i() 

f(u) = ∫ î()J0(u)d         (40)R
0



J0()  = 2


u = sin(ϑ) î() i()

f̃a(u, φ) = ∑ ∑ e[jRkucos(φ−φnk)]    vk−1
n=0          (41)𝐾𝑟𝑖𝑛𝑔

k=1Kring vkφnk Rk
𝑖̃𝑎(, 𝜑) = ∑ ∑ 1


 (− 𝑅𝑘)(− 𝜑𝑛𝑘)vk−1

n=0          (42)𝐾𝑟𝑖𝑛𝑔
k=1



f̃a(u, φ) = ∫ ∫ 𝑖̃𝑎(, 𝜑)2
0

𝑅
0 e[jucos(φ−)]      (43)

𝑖() f̃a(u, φ)

𝑓𝑎(𝑢) = 〈f̃a(u, φ)〉 = ∫ 𝑖𝑎()𝐽0(𝑢)𝑑          (44)𝑅
0

𝑖𝑎() = ∫ 𝑖̃𝑎(, )𝑑2
0                 (45)



𝑓(𝑢) − 𝑓𝑎(𝑢) = ∫ [𝑖̃𝑅
0 () − 𝑖𝑎()]𝐽0(𝑢) 𝑑       (46)

𝐼() = ∫ 𝑖̂()  𝑑

0              (47)
𝐼𝑎() = ∫ 𝑖𝑎()  𝑑

0             (48)
𝐼(𝑅) = 𝐼𝑎(𝑅)𝑓(𝑢) − 𝑓𝑎(𝑢)

𝑢 = ∫ [𝐼𝑅
0 () − 𝐼𝑎()]𝐽1(𝑢) 𝑑       (49)

difference. Applying the Parseval’s theorem (see [

∫ |𝑓(𝑢) − 𝑓𝑎(𝑢)𝑢 |2+∞
0 𝑑𝑢 = 2∫ |𝐼() − 𝐼𝑎()|2𝑑           (50)𝑅

0 1/𝑢2
𝐼(𝑅) = 𝐼𝑎(𝑅)

𝐼𝑎() 𝑣𝑘 𝑘 = 1… . 𝐾𝑟𝑖𝑛𝑔𝑠𝐼𝑎(0) = 0
𝐼𝑎(𝑅) = ∑ 𝑣𝑘 = 𝑁𝐾𝑟𝑖𝑛𝑔𝑠

𝑘=1                (51)



𝐼(𝑅) = 𝐼𝑎(𝑅)
𝑖̂() = 𝑁 𝑖()∫ 𝑖() 𝑑𝑅0        (52)

𝑖() 𝐼() = 𝑁𝐼()           (53)
𝐼() = 𝑁 ∫ 𝑖() 𝑑0∫ 𝑖() 𝑑𝑅0           (54)

𝑖()


𝐼()𝐼𝑎() 𝑣𝑘𝑅𝑘 𝑟𝑘−1, 𝑟𝑘
{ 𝐼(𝑟𝑘−1) = 𝑣1 +⋯+ 𝑣𝑘−1𝐼(𝑟) = 𝑣1 +⋯+ 𝑣𝑘−1 + 𝑣𝑘 = 𝐼(𝑟𝑘−1) + 𝑣𝑘             (55)𝑣𝑘 𝑟𝑘−1 𝑟𝑘 𝑣𝑘



𝑣𝑘
𝐼(𝑟𝑘) − 𝐼(𝑟𝑘−1)(𝑣𝑘) = 1𝑁 𝐼(𝑟𝑘) − 𝐼(𝑟𝑘−1)𝑣𝑘 = 1𝑁          (56)



{𝑟1, …… 𝑟2, …… 𝑟𝐾𝑟𝑖𝑛𝑔𝑠}



{1, …… 2, ……𝑁}                  (57)
𝐼(𝑛) = 𝑛       𝑤ℎ𝑒𝑟𝑒 𝑛 = 1,2,3……𝑁            (58){𝑟1, …… 𝑟2, ……𝑟𝐾𝑟𝑖𝑛𝑔𝑠}

𝑣𝑘 = 𝐼(𝑟𝑘) − 𝐼(𝑟𝑘−1)              (59)𝐾𝑟𝑖𝑛𝑔𝑠 {𝑟1, …… 𝑟2, ……𝑟𝐾𝑟𝑖𝑛𝑔𝑠}
sectors should be as “square” as possible,

(𝑟𝑘+1 + 𝑟𝑘)𝑟𝑘+1 − 𝑟𝑘 = 𝐼(𝑟𝑘+1) − 𝐼(𝑟𝑘)                  (60)
(𝑟𝑘+1 + 𝑟𝑘)𝑣𝑘 ≥ 𝑑;   𝑟𝑘+1 − 𝑟𝑘 ≥ 𝑑       (61) 



𝑟𝑘+1 𝑟𝑘

 𝜑𝑛𝑘 𝑛 ∈ {0,1…… . . 𝑣𝑘 − 1}
 𝑅𝑘  ∈ [𝑟𝑘−1, 𝑟𝑘]

𝜑𝑛𝑘 = 2𝑛𝑣𝑘 + 𝜑𝑘𝜑𝑘
𝑅𝑘

𝐼(𝑅𝑘) = 𝐼(𝑟𝑘−1) − 𝐼(𝑟𝑘)2         (62)



layout by applying a ‘density taper’ technique 

two ‘upper’ and ‘lower’ bound functions

‘classical’ density taper techniques do not work



“goodness” of the reference source







𝑖(𝑥) 𝑥 ∈[0, 𝐿]
𝐼(𝑥) = ∫ 𝑖(𝑥′)𝑑𝑥′𝑥

0                (63)𝐼(𝑥)

I(x)



I(x)
I(x)

x0, … . . xNx0 = 0 and xN = L x̂k
IA(x) =∑u(x − x̂k)[I(N

k=1 xk) − I(xk−1)]         (64)
𝐼(𝑥) IA(x)



‖𝐹 − 𝐹𝐴‖2 =∑∫ |𝐼(𝑥) − IA(x)|2 𝑑𝑥       (65)𝑥𝑘𝑥𝑘−1
N
k=1

‖𝐹 − 𝐹𝐴‖2 =∑{∫ |𝐼(𝑥) − 𝐼(𝑥𝑘−1)|2 𝑑𝑥𝑥̂𝑘𝑥𝑘−1
N
k=1+ ∫ |[𝐼(𝑥) − 𝐼(𝑥𝑘−1)] − [𝐼(𝑥𝑘)𝑥𝑘−1𝑥̂𝑘− 𝐼(𝑥𝑘−1)]|2 𝑑𝑥}      (66) x̂k

𝑅𝑒𝑎𝑙 [𝐼(𝑥̂𝑘−1) − 𝐼(𝑥𝑘−1)𝐼(𝑥𝑘) − 𝐼(𝑥𝑘−1) ] = 12       (67)
𝐼(𝑥) 𝐼(𝑥̂𝑘)

𝐼(𝑥)

𝐼(𝑥)

sparse array’s

“normalized length” axis, which are the



source’s spectrum



one of the usual ESA’s choices to

In fact, since the elements’ locations are 



fulfilling ‘at 

best’ the radiation requirements at hand;

and, only in the ‘pencil beams’ case, step 2 (e

in the ‘shaped beams’ case. The reason 

‘rough’ one in [ RCAS’s 

identifying the elements’ locations by applying the

] only to the RCAS’s amplitude;

’

RCAS’s

RCAS’s



(
ϕ

The unknowns are the elements’ locations and excitation phases and the aim 

FRCAS(u) FCRISA(u)
𝐹𝑅𝐶𝐴𝑆(𝑢) = ∫ 𝑠()𝐽0(𝑢)𝑑           (68)𝑅

0



𝐹𝐶𝑅𝐼𝑆𝐴(𝑢) = ∫ 𝑠𝐴()𝐽0(𝑢)𝑑           (69)𝑅
0

𝑠𝐴() = ∫ ∑∑ (− 𝑟𝑚)(− 𝜑𝑘,𝑚𝑁𝑚
𝑘=1

𝑀
𝑚=1

2
0 ) (1


) 𝑑        (70)

u = sin(ϑ) (ϑ
 = 2/  rm Nm

CRISA’s ring and the number of elements located φk,m
It must be noted that differently from the RCAS’s far field, the 

CRISA’s 

in [9], such dependence is negligible for u<<Nmλ/(2πrm), m=1,…,M. In all 

∫ |𝐹𝑅𝐶𝐴𝑆(𝑢) − 𝐹𝐶𝑅𝐼𝑆𝐴(𝑢)
𝑢 |2 𝑑𝑢 =  ∫ |𝑆() − 𝑆𝐴()|2𝑑        (71)𝑅

0
∞
0 𝑆() 𝑆𝐴()𝑠() 𝑠𝐴()𝑆() = ∫ 𝑠() 𝑑

0            (72)
𝑆𝐴() = ∫ 𝑠𝐴() 𝑑

0          (73) 𝐹𝑅𝐶𝐴𝑆(𝑢)𝐹𝐶𝑅𝐼𝑆𝐴(𝑢) 1𝑢2







𝑁𝑚
𝑁𝑚

𝑉𝑚 = |𝑆(𝑚+1) − 𝑆(𝑚)𝑁𝑚 |        (74)
𝑚 𝑚+1

1 = 0 𝑀+1 = 𝑅𝑚 = 1… . .𝑀 𝑟𝑚
𝑅𝑒 [ 𝑆(𝑟𝑚) − 𝑆(𝑚)𝑆(𝑚+1) −  𝑆(𝑚)] = 12         (75) 𝑚 =1… . .𝑀 𝑆(𝑚)𝑆(𝑚+1)

𝑆()
𝑆()


𝑁𝑚 ‘iso volume’ sectors (





𝑉𝑚
𝑚 = 1… . .𝑀

CRISA’s ring inside the interval [𝑚, 𝑚+1]
𝑆𝐴() = ∑ 𝐻(− 𝑟𝑚)[𝑆(𝑚+1) −  𝑆(𝑚)]         (76)𝑀

𝑚=1



∫ |𝑆() − 𝑆𝐴()|2𝑑 𝑅
0 = ∑ ∫ |𝑆() − 𝑆𝐴()|2𝑑 𝑚+1

𝑚
𝑀
𝑚=1=∑[∫ |𝑆() − 𝑆(𝑚)|2𝑑𝑟𝑚

𝑚
𝑀
𝑚=1+∫ |𝑆() − 𝑆(𝑚+1)|2𝑑 𝑚+1𝑟𝑚 ]         (77)𝑆(0) = 𝑆𝐴(0) = 0. 𝑟𝑚

𝑆() 

assign to the CRISA’s elements the required circularly



 ± 0.5 𝑑𝐵
 ± 3 𝑑𝑒𝑔𝑟𝑒𝑒𝑠



 ≤ −20 𝑑𝐵 𝑓𝑜𝑟 5 ≤ |𝜗| ≤ 15 𝑑𝑒𝑔𝑟𝑒𝑒𝑠−15 𝑑𝐵 𝑓𝑜𝑟 |𝜗| > 15







Nm
𝑁𝑚 ‘iso volume’ 



CRISA’s ring and it is carried out using the equation 



S(m) S(m+1)










φ

















φ















φ 

, and a maximum ripple equal to ±0.41 dB for θ≤13.4

19.6≤θ≤90 degrees







aperture of diameter 5.86λ.

the elements’ number without experiencing any radiation loss

φ

gion θ≤13.4° and 



feeds’ shape and size as a degree 







λ) with a constant λ/2 inter







the reconfigurable array’s 

‘classical’ λ/2
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