


Dr. phd Agnieszka Malesińska, Prof. Didia Covas, Dr. phd Nuno Martins, 







 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 





 



끫뷊끫뷊 = ±끫븘끫븘𝜌𝜌끫븘



Δp

ρ

Δv

-

-

Its first explicit statement in the context of water

 , 

 

in other fields: Joukowsky in aerodynamics and Kries

The transient event of water hammer was difficult to

/



p are presented in the form of pressure head changes H = p/γ, and the 

끫븪끫롶끫븪끫븪 +
1끫뢨끫뢨 끫븪𝜕𝜕끫븪끫븪 +

끫브𝑄𝑄끫뢶
2끫뢨끫뢨끫롨끫뢶 = 0

 
끫븪𝜕𝜕끫븪끫븪 +

끫뢨𝑔𝑔𝑐𝑐2 끫븪𝜕𝜕끫븪끫븪 = 0   

λ















h (m) time (s) Ø sup Ø inf V (m³) V (l) Q (m³/s) Q (l/h) ∆
Test 1 1.1 0.23 350.0000 0.2772 0.225 0.0114 11.43 3.27E-05 117.57 17.57%

100 1.2 0.23 365.0000 0.2772 0.225 0.0114 11.43 3.13E-05 112.74 12.74%

l/hr 1.3 0.23 359.0000 0.2772 0.225 0.0114 11.43 3.18E-05 114.62 14.62%

Test 2 2.1 0.23 268.0000 0.2772 0.225 0.0114 11.43 4.27E-05 153.54 2.36%

150 2.2 0.23 263.0000 0.2772 0.225 0.0114 11.43 4.35E-05 156.46 4.31%

l/hr 2.3 0.23 265.0000 0.2772 0.225 0.0114 11.43 4.31E-05 155.28 3.52%

Test 3 3.1 0.23 212.0000 0.2772 0.225 0.0114 11.43 5.39E-05 194.10 -2.95%

200 3.2 0.23 215.0000 0.2772 0.225 0.0114 11.43 5.32E-05 191.39 -4.30%

l/hr 3.3 0.23 214.0000 0.2772 0.225 0.0114 11.43 5.34E-05 192.29 -3.86%

Test 4 4.1 0.23 174.0000 0.2772 0.225 0.0114 11.43 6.57E-05 236.49 -5.40%

250 4.2 0.23 174.0000 0.2772 0.225 0.0114 11.43 6.57E-05 236.49 -5.40%

l/hr 4.3 0.23 176.0000 0.2772 0.225 0.0114 11.43 6.49E-05 233.80 -6.48%

Test 5 5.1 0.23 148.0000 0.2772 0.225 0.0114 11.43 7.72E-05 278.03 -7.32%

300 5.2 0.23 147.0000 0.2772 0.225 0.0114 11.43 7.78E-05 279.93 -6.69%

l/hr 5.3 0.23 144.0000 0.2772 0.225 0.0114 11.43 7.94E-05 285.76 -4.75%

Test 6 6.1 0.23 131.0000 0.2772 0.225 0.0114 11.43 8.73E-05 314.12 -10.25%

350 6.2 0.23 131.0000 0.2772 0.225 0.0114 11.43 8.73E-05 314.12 -10.25%

l/hr 6.3 0.23 130.0000 0.2772 0.225 0.0114 11.43 8.79E-05 316.53 -9.56%

Test 7 7.1 0.23 116.0000 0.2772 0.225 0.0114 11.43 9.85E-05 354.73 -11.32%

400 7.2 0.23 116.0000 0.2772 0.225 0.0114 11.43 9.85E-05 354.73 -11.32%

l/hr 7.3 0.23 116.0000 0.2772 0.225 0.0114 11.43 9.85E-05 354.73 -11.32%

Test 8 8.1 0.23 101.0000 0.2772 0.225 0.0114 11.43 1.13E-04 407.42 -9.46%

450 8.2 0.23 102.0000 0.2772 0.225 0.0114 11.43 1.12E-04 403.42 -10.35%

l/hr 8.3 0.23 101.0000 0.2772 0.225 0.0114 11.43 1.13E-04 407.42 -9.46%

Test 9 9.1 0.23 92.0000 0.2772 0.225 0.0114 11.43 1.24E-04 447.27 -10.55%

500 9.2 0.23 91.0000 0.2772 0.225 0.0114 11.43 1.26E-04 452.19 -9.56%

l/hr 9.3 0.23 91.0000 0.2772 0.225 0.0114 11.43 1.26E-04 452.19 -9.56%

Test 10 10.1 0.23 83.0000 0.2772 0.225 0.0114 11.43 1.38E-04 495.77 -9.86%

550 10.2 0.23 84.0000 0.2772 0.225 0.0114 11.43 1.36E-04 489.87 -10.93%

l/hr 10.3 0.23 84.0000 0.2772 0.225 0.0114 11.43 1.36E-04 489.87 -10.93%

Test 11 11.1 0.23 78.0000 0.2772 0.225 0.0114 11.43 1.47E-04 527.55 -12.07%

600 11.2 0.23 79.0000 0.2772 0.225 0.0114 11.43 1.45E-04 520.88 -13.19%

l/hr 11.3 0.23 79.0000 0.2772 0.225 0.0114 11.43 1.45E-04 520.88 -13.19%

Test 12 12.1 0.23 71.0000 0.2772 0.225 0.0114 11.43 1.61E-04 579.57 -10.84%

650 12.2 0.23 72.0000 0.2772 0.225 0.0114 11.43 1.59E-04 571.52 -12.07%

l/hr 12.3 0.23 72.0000 0.2772 0.225 0.0114 11.43 1.59E-04 571.52 -12.07%



y = 0.8533x + 20.66

R² = 0.9993
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minimum and amplitude of variation of the piezometric head, ΔHexp 

and theoretical Joukowsky overpressure, ΔHJ, are also presented.
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ΔH

ΔH

끫뤈끫뤌끫뤌끫뤌 =
끫뾤끫뾤끫룶        

∆끫룞끫룢끫룢끫룢끫룢끫룢끫룢끫룢끫룢끫룢 =
끫뤈끫뤌끫뤌끫뤌∆끫뤮끫뤐            

acceleration, ∆v = the 

        끫룲끫룲 =
�끫룞끫뤜끫뤜𝒎𝒎 −끫룞𝒔𝒔끫뤨𝒔𝒔𝒔𝒔끫뤨𝒔𝒔� − ∆끫룞끫룢끫룢끫룢끫룢끫룢끫룢끫룢끫룢끫룢끫룞끫뤜끫뤜𝒎𝒎 −끫룞𝒔𝒔끫뤨𝒔𝒔𝒔𝒔끫뤨𝒔𝒔                   
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∆끫뢐끫뢐 =
1

2

∆끫뢊끫뢊

∆끫뢊 = 끫뢊끫뢶끫뢶끫뢶끫롼끫롼
Ε ε

∆끫뢐끫뢐 =
1

2
∗ 2.62 ∗ 0.001 = 0.0013

∆끫뢐 = 5 ∗ 0.0013 = 0.0065 V = 6.5 mV



끫롺 =
끫븖

32
(𝐷𝐷4 − 끫뢢4) = 11.069 𝑐𝑐끫뢴4

끫뢔 =
끫븖

16
�𝐷𝐷4 − 끫뢢4𝐷𝐷 � = 5.677 𝑐𝑐끫뢴3

y = -24,28x + 1505,6

R² = 0,9943

800

900

1000

1100

1200

1300

1400

1500

1600

0 5 10 15 20 25

v
o

lt
a

g
e

 [
m

V
]

force applied [kN]



끫롨 =
끫븖
4

(𝐷𝐷2 − 끫뢢2) = 3.39 𝑐𝑐끫뢴2

끫뢦 =  
끫롲끫롾3
3끫롰𝐸𝐸



끫븨 = 2끫븖𝜋𝜋 [끫뢾끫뢾𝑟𝑟/끫룀]

끫븨 = �끫뢰끫뢴
끫뢴 =

끫뢰끫븨2



ω

ω



ω

끫뢴 =끫뢰/끫븨^2 ω

ω

끫뢴𝑥̈𝑥 + 𝑐𝑐𝑥̇𝑥 + 끫뢰𝑘𝑘 = 끫롲(𝑡𝑡)

끫뢌 = � 끫롲(𝑡𝑡)끫뢢𝑑𝑑끫룂2끫룂1



When the time Δt of force F(t) operatio

𝑥𝑥(𝑡𝑡) =
끫룀끫뢴끫븨끫롮 끫뢤−끫뢞𝑏𝑏끫룀끫룀끫룀끫븨끫롮𝑡𝑡

Δt

ω

끫븨끫롮 = �끫븨02 − 끫뢞2 

ω

𝑐𝑐 =
끫뢨𝑔𝑔끫븨   

끫븨 = 끫븨0   

끫뢨 = 끫롸𝐼𝐼끫롰∗/끫뢊𝑅𝑅끫롰∗     

끫뢰 = 끫롨𝐴𝐴𝐴𝐴끫롰∗/끫뢲    



끫뢎끫롮 =
2끫븖�끫븨02 − 끫뢞2   

ω

ℎ(𝑡𝑡) =  
1𝑚𝑚끫븨끫롮 끫뢤−끫뢞𝑏𝑏끫룀끫룀끫룀끫븨끫롮𝑡𝑡 

ω

ℎ(𝑡𝑡) =  1.716 ∗ 10−4끫뢤−5.69끫룂끫룀끫룀끫룀21.66𝑡𝑡

𝑥𝑥𝑚𝑚끫뢴끫뢴 =
끫뢌끫뢴끫븨끫롮 끫뢤−끫뢞끫뢞2끫븨끫롮     끫뢦끫뢦𝑓𝑓    𝑡𝑡 =  

끫븖
2끫븨끫롮 = 0.07 끫룀
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ɷ





ω

 
 









끫븪𝜕𝜕끫븪끫븪 +
1끫뢨끫뢨 끫븪𝜕𝜕끫븪끫븪 +

끫브𝑄𝑄끫뢶
2끫뢨끫뢨끫롨끫뢶 = 0

끫븪𝜕𝜕끫븪끫븪 +
끫뢨𝑔𝑔𝑐𝑐2 끫븪𝜕𝜕끫븪끫븪 = 0

끫롶(𝑥𝑥) = 끫롶끫뢐𝑐𝑐𝑐𝑐𝑐𝑐ℎ끫뷼𝛾𝛾 − 끫뢚끫롬𝑄𝑄끫뢐끫룀끫룀끫룀ℎ끫뷼𝛾𝛾
𝑄𝑄(𝑥𝑥) =  −끫롶끫뢐끫뢚끫롬 끫룀끫룀끫룀ℎ끫뷼𝛾𝛾 + 𝑄𝑄끫뢐𝑐𝑐𝑐𝑐𝑐𝑐ℎ끫뷼𝛾𝛾



−끫뢚끫뢠1끫뢚끫뢠2 𝑡𝑡𝑡𝑡𝑡𝑡ℎ끫뷼1끫롾1𝑡𝑡𝑡𝑡𝑡𝑡ℎ끫뷼2끫롾2 = 1

γ

끫뷼 = �끫롬𝐶𝐶(−끫븨끫롾끫뢞 + 𝑖𝑖𝑖𝑖)

끫뢚끫롬 = − 𝑖𝑖𝑖𝑖끫롬𝐶𝐶



끫뷼 = �−끫롬끫븨2끫롾끫뢞 = 끫븨𝜔𝜔�끫롬끫롾끫뢞
ζ

끫뷼 =
끫븨𝜔𝜔𝑐𝑐

끫뢚끫뢠 =
𝑐𝑐끫뢨𝑔𝑔

𝑡𝑡𝑡𝑡𝑡𝑡ℎ끫븨끫롾1𝑐𝑐1 𝑖𝑖 ∙ 𝑡𝑡𝑡𝑡𝑡𝑡ℎ끫븨끫롾2𝑐𝑐2 𝑖𝑖 = −𝑐𝑐2끫롨1𝑐𝑐1끫롨2

tanh 끫룎𝑧𝑧 =  
sinh 끫룎𝑧𝑧
cosh 끫룎𝑧𝑧

sinh 끫룎𝑧𝑧 = 𝑖𝑖 sin 끫룎 , cosh 끫룎𝑧𝑧 = cos 끫룎

𝑖𝑖 �𝑡𝑡𝑡𝑡𝑡𝑡 
끫븨끫롾1𝑐𝑐1 � 𝑖𝑖 �𝑡𝑡𝑡𝑡𝑡𝑡 

끫븨끫롾2𝑐𝑐2 � = −𝑐𝑐2끫롨1𝑐𝑐1끫롨2
𝑡𝑡𝑡𝑡𝑡𝑡 

끫븨끫롾1𝑐𝑐1  𝑡𝑡𝑡𝑡𝑡𝑡 
끫븨끫롾2𝑐𝑐2 =  

𝑐𝑐2끫롨1𝑐𝑐1끫롨2
ω



2끫뢎 =  
4끫롾𝑐𝑐끫뢤 =

2끫븖끫븨
𝑐𝑐끫뢤 =

2끫븖 끫롾𝐿𝐿



𝑐𝑐1끫롨2𝑐𝑐2끫롨1 tan
끫븨끫롾1𝑐𝑐1 tan

끫븨끫롾2𝑐𝑐2 +
𝑐𝑐1끫롨3𝑐𝑐3끫롨1 tan

끫븨끫롾1𝑐𝑐1 tan
끫븨끫롾3𝑐𝑐3 +

𝑐𝑐2끫롨3𝑐𝑐3끫롨2 tan
끫븨끫롾2𝑐𝑐2 tan

끫븨끫롾3𝑐𝑐3 = 1

ω



±



±

±





𝑐𝑐_끫뢤 = 2끫롾/끫뢎





























ω

끫롶끫롮1 =  −𝑄𝑄끫뢐1끫뢚끫롬1끫룀끫룀끫룀ℎ끫뷼1끫롾1
𝑄𝑄끫롮1 = 𝑄𝑄끫뢐1𝑐𝑐𝑐𝑐𝑐𝑐ℎ끫뷼1끫롾1

끫롶끫롮끫롮 = 끫롶끫뢐𝑈𝑈𝑐𝑐𝑐𝑐𝑐𝑐ℎ끫뷼𝑘𝑘끫롾𝑘𝑘 − 𝑄𝑄끫뢐𝑈𝑈끫뢚끫롬𝐶𝐶끫룀끫룀끫룀ℎ끫뷼𝑘𝑘끫롾𝑘𝑘
𝑄𝑄끫롮끫롮 = −끫롶끫뢐𝑈𝑈끫뢚끫롬𝐶𝐶 끫룀끫룀끫룀ℎ끫뷼𝑘𝑘끫롾𝑘𝑘 + 𝑄𝑄끫뢐𝑈𝑈𝑐𝑐𝑐𝑐𝑐𝑐ℎ끫뷼𝑘𝑘끫롾𝑘𝑘



𝑄𝑄끫롮끫롮 = −끫롶끫뢐𝑈𝑈끫뢚끫롬𝐶𝐶 끫룀끫룀끫룀ℎ끫뷼𝑁𝑁끫롾𝑁𝑁 + 𝑄𝑄끫뢐𝑈𝑈𝑐𝑐𝑐𝑐𝑐𝑐ℎ끫뷼𝑁𝑁끫롾𝑁𝑁 
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끫뷊끫뷊 = ±끫븘끫븘𝜌𝜌𝜌𝜌끫븘
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Δ
ρ

 

 

 

 

 

 

 

 

 

 

Schemas Seria L1 [m] L2 [m] D1 [mm] D2 [mm] 

 S1S2 26.45 21.20 42.0 35.0 

P1P2 24.00 24.00 40.8 32.6 

P1P4 24.25 25.00 40.8 20.4 

 S2S1 26.45 21.20 35.0 42.0 

P2P1 24.00 24.00 40.8 32.6 

P4P1 24.25 25.00 40.8 20.4 

 P1P2

P3 All pipes have the 

same length L = 12.00 

m 

D1 

[mm] 

D2 

[mm] 

D4 

[mm] 

 
P3P2

P1 
42 35 21 



Pressure values were measured with a time step of 5μs

Δ p

Pż

Δ pmax

 



 

ż





∆
characteristics; ∆pobl 
from the eqn (22); ∆pmax

As can be seen, a satisfactory correspondence between the values of Δp 

. The calculated value Δp is equal to the 

Series ce [m/s] tZ [s] Vo [m/s] ∆p [bar] ∆pobl [bar] 
∆pmax  

[bar] 

S1S2 1320 0.020 0.520 6.80 6.86 6.80 

P1P2 435 0.034 1.160 5.06 5.04 5.06 

P1P4 523 0.031 1.390 7.25 7.27 7.25 

S2S1 1155 0.021 0.203 2.27 2.34 3.94 

P2P1 350 0.033 0.950 3.30 3.32 4.35 

P4P1 225 0.035 0.810 1.80 1.83 5.60 

P1P2P3 458 0.028 0.917 4.20 4.19 4.20 

P3P2P1 288 0.033 1.200 3.50 3.47 6.50 











marked (● points from measurements of polyethylene pipes, ■ 
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