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ABSTRACT Electromagnetic scattering from a set of scatterers located above a planar perfect electric
conductor is a canonical problem that is relevant to many scenarios of practical interest. In this work, we
focus on the canonical case of arbitrarily shaped cylinders with parallel axes, which is of interest for the
analysis and synthesis of metagratings and reconfigurable intelligent surfaces. This scenario is also pivotal
for synthesizing such structures through inverse design approaches. In particular, a simple and effective
strategy for analyzing the scattering behavior of this kind of structures is proposed. The developed tool
is compared with commercial simulation software, showing its ability to provide comparable results with

significantly higher computational efficiency.

INDEX TERMS Inverse design, metagratings, metasurfaces, mutual scattering, scattering matrix, scattering

problems.

. INTRODUCTION
HE evaluation of the electromagnetic (EM) scattering
from a set of distinct objects in a given environment
is a very relevant problem, as witnessed from the large
number of related applications [1], [2], [3], [4], [5], [6],
(71, [81, [91, (101, [11], [12], [13], [14], [15], [16], [17],
[18], [19], [20], [21], [22], [23]. These include radar
systems, EM compatibility, molecular scattering [4], [5]
composite materials, and innovative artificial materials-based
devices [23], [24], [25]. In fact, accurate analysis and design
of scattering behavior (through the proper location and
choice of the scatterers) along with the appropriate design of
primary sources represents the only available ways to shape
the EM field to meet specific application requirements.
Recent examples in ICT applications include the design of
devices such as reconfigurable intelligent surfaces (RIS) [26],
[27], [28], metagratings [24], [25], [29], arrays and reflec-
tarrays [30], [31], metasurfaces [32], invisibility cloaks [33],

and smart skins [34]. Notably, in these applications it is often
required to solve the scattering problem in the presence of
a planar perfect electric conductor (PEC). Accordingly, in
the following, we focus on the canonical case of 2D parallel
cylinders with arbitrary cross-section in the presence of a
PEC plane.

In the literature, several contributions address the 2D
scattering from cylinders with arbitrary cross-section in free
space (see [l], [10], [11], [12], [18], [23] and references
therein), as well as in the presence of a planar infinite
discontinuity (e.g., PEC) [2], [3], [6], [7], [8], [9], [13],
[14], [15], [16], [17], [19], [20], [21], [22]. However, the
referenced works handle the problem through approaches
that differ completely from the one proposed in this paper.
Typically, they focus on a single or very limited number of
scatterers [1], [2], [6], [20], which are also small compared
to the wavelength. As a result, the scatterers are approx-
imated to wires, allowing for straightforward application
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of the image theory and/or first-order approximations of
the scattering problem. Other works instead rely on full-
wave analysis and numerical methods [17], which makes the
solution process computationally heavy, or are specifically
derived for canonical shapes [3], [10], [13], [14], [15],
[16]. Finally, another set of approaches focuses on periodic
arrangements of scatterers [24], [25], thereby missing many
practical scenarios and losing possible degrees of freedom
available in the corresponding synthesis problems.

In contrast, our approach allows handling many (and
potentially different) scatterers and enables a more com-
prehensive evaluation of both their individual scattering
contributions and the cooperative effects among them.

To this end, we show in the following how the problem
can be conveniently solved in the framework of the so-
called scattering matrix method (SMM), originally developed
in [11] for scattering in free space and more recently adopted
for the design of graded metamaterials-based antennas and
guiding devices [35], [36], [37].

The SMM is based on representing the electromagnetic
properties and response of each scatterer using a scattering
matrix (as defined in [11]), which relates the coefficients of
a suitable representation basis for the incident and scattered
fields. In this way, the scattering problem is reduced to a
system of linear equations, where the known terms encode
the primary incident field (e.g., the field generated by the
primary source in the absence of the obstacles), while the
unknowns are the coefficients of the field scattered by each
cylinder.

Notably, as stated in the original paper of Felbacq [11],
although other authors (e.g., [10]) had used a similar
formalism for the specific case of circular cylinders, the
concept of the scattering matrix allows for a generaliza-
tion to arbitrarily shaped cylinders without introducing a
computational overhead (but for simple preliminary offline
computations).

The ability to consider (and quickly analyze) this kind
of scenarios considerably extends the range of cases that
can be addressed using the analytical tools presented
in [24], [25] and related references. Obviously, many tools
can be employed to analyze the scattering phenomenon under
consideration, ranging from full-wave numerical procedures
that discretize the volume under test into pixels (or voxels)
to homogenization theory. Actually, full-wave simulations
provide high accuracy, but come with drawbacks in terms of
computational burden and, hence, scalability. On the other
hand, homogenization procedures overcome this limitation
but are intrinsically approximate, as they hold for sufficiently
smooth varying objects. In this respect, scatterers-oriented
tools (such as the SMM) represent a suitable alternative
at a mesoscale level. In fact, while still guaranteeing high
accuracy, they considerably reduce the number of unknowns
with respect to general purpose numerical simulators and do
not rely on local-periodicity assumptions.

Last but not least, thanks to the above-mentioned features,
the developed model can be readily applied within an inverse

design framework, as successfully demonstrated by some of
the authors in the free-space case [36], [37]. This paves the
way for the efficient and controlled design of devices such
as RIS, metagratings and similar technologies.

With respect to the problem dealt with in this work, i.e.,
the scattering from N arbitrary shaped cylinders in presence
of a PEC plane, the proposed SMM-based approach exploits
the simple yet effective idea of introducing image scatterers
whose scattered fields are such to satisfy the boundary
conditions at the PEC surface. Notably, the presence of the
PEC and the position of the scatterers with respect to it are
properly accounted for in the final system. This allows to
formulate the overall scattering problem by still using the
free-space scattering matrix of each scatterer, resulting in a
remarkable conceptual simplification and a benefit in terms
of computational burden.

The paper is organized as follow. Section II is devoted
to deriving a proper representation of the field scattered by
arbitrary cylindrical objects positioned above a planar PEC
surface, for both E-parallel and H-parallel field polariza-
tion. Section III presents the formulation of the proposed
Combined Image Theory Scattering Matrix Method (CIT-
SMM) for fast and effective analysis of the forward scattering
problem at hand. The aim of Section IV is to evaluate
the accuracy and computational efficiency of the developed
approach and associated codes, while in Section V the CIT-
SMM is applied to more applicative scenarios. Conclusions
are drawn in Section VI. Finally, three Appendices provide
further details on specific implementation aspects.

A 2D scalar formulation of the problem is considered for
both field polarizations, and the adopted time dependence is
of the form /"

Il. FIELDS REPRESENTATION IN CASE OF CYLINDERS
ABOVE A PLANAR PEC

The interaction of the incident field with scatterers having
specific EM features modifies the original (incident) field,
resulting in the so-called scattered field. Moreover, the
presence of the PEC plane further alters the overall scattering
phenomenon with respect to the free-space scenario, leading
to the challenge of computing the resulting field in an
efficient manner.

In this contribution, we take advantage of the planar nature
of the PEC to derive the total scattered field in the upper
half-space by extending the concept of image sources to
non-wire-like scatterers. In this approach, the PEC plane
is considered as an additional scatterer whose response is
computed as the superposition of two contributions: the first
corresponds to the reflection of the incident field from the
PEC when no scatterer is present, and the second arises from
the fields radiated by image scatterers located behind the
plane.

The scattering problem at hand is sketched in Fig. 1(a),
where a finite number N of arbitrarily shaped scatterers, par-
allel to the z-direction and invariant along it, are positioned
in front of an infinite planar PEC surface parallel to the
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FIGURE 1. (a) Original scattering scenario involving cylinders in the presence of an
infinite planar PEC. (b) Equivalent free-space scenario obtained by modeling the
scattering phenomenon in (a) through the image principle.

y-axis. In contrast, Fig. 1(b) shows the equivalent scenario
in which the PEC is substituted by proper image scatterers.

In the following, Section II-A and II-B will focus,
respectively, on the E-polarization and H-polarization case,
where it is understood that the field (E or H) is parallel to
both the cylinders axis (i.e., the z-axis) and the planar PEC
surface.

A. E-POLARIZATION

Let us consider a cylindrical harmonics expansion! of the
incident (as generated by the primary source) electric field
on the ¢-th cylinder, i.e.,:

Eine, = Z Qt.mIm(koRp)e™ (1)

m=—00

In this latter, J,, is the m-th order Bessel function, k¢ is
the free-space wavenumber and (R, 6;) denotes an arbitrary

lNotably, other choices are also possible [38], [39].

point in the space of coordinates (x, y), defined with respect
to the local reference system of the ¢-th scatterer.

By using the same modal expansion, the electric field
scattered by the actual £-th cylinder as if it were in free-space
can be represented as:

actual
E scaty

Z by, HSY (koR¢)e™ )

where H,(,l2 ) is the m-th order Hankel function of second kind.
Based on the above considerations regarding the applica-

bility of the image theory, the overall scattered electric field

for the inhomogeneous scenario at hand, due to the ¢-th

cylinder, can be computed as:

Eactual +Elmag€ +EPEC (3)

ESC(II( scaty scaty scaty

EFEC and E;'?aa;ie being, respectively, the reflection from
the PEC plane of the primary incident field and the field
scattered by the ¢-th image cylinder.

In formulas:

PEC 6,
Escatg - l’j}j{ Z QZ n k RZ) " “)
n=—0oo
Eqn¢ = Z bE HP (koR}) e (5)

where in (R}, 6;) indicates an arbitrary point in the reference
system of the ¢-th image scatterer.

Finally, once each ¢-th field is expressed in a unique
reference system, the overall scattered field is given by
summing (3) over the total number N of cylinders.

Notably, the expansion coefficients Qp ,, in (1) and Q/An
in (4) can be easily computed based on the kind of primary
source (see Appendix A).

Since the PEC plane is present, the tangential component
of the overall scattered electric field must be cancelled out
at x=0. This condition implies that the coefficients bf/n are
dependent on the coefficients bEm (or vice versa). As a
consequence, the overall contribution from both the actual
cylinders and their images can be expressed solely in terms
of the coefficients bE 0 m-

Notably, the nulhng of the tangential electric fields can be
enforced for each ‘actual+image’ scatterer pair individually,
without considering the summation over all cylinders. In
fact, since both uniqueness and linearity hold true [40], once
a solution is found for each pair, the solution built by the
superposition of effects becomes the unique solution, as it
satisfies both the boundary conditions and the Sommerfeld
radiation condition at infinity.

Accordingly, the condition to enforce for each pair is the
following:

o0
> BEHD (koRp)e™ = —

m=—00

o.¢]
> BEHP (koRp)e™ e
n=-—00

(6)
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FIGURE 2. Detail of the reference system for the actual scatterer and its
corresponding image.

where the relations R, = R, and 6, = 7 —6, have been used,
see Fig. 2. Then, by considering the substitution n = —m
and using the property of the Hankel function H* @ )(Z) =
(—l)mef) (z), one gets that, in the chosen reference system,
eq. (6) is satisfied V¢ if:

bE = —bE (7)

Notably, as the actual coefficients in (2) and (5) depend on
the chosen reference system, eq. (7) holds true for the case
where the reference axes for the polar system on the cylinders
are perpendicular to the planar PEC. Other relationships
amongst the set of primed and unprimed coefficients [which
can be easily inferred by processing (6) and (7)] will hence
hold true for different choices of the polar reference system.

B. H-POLARIZATION
In the case of H-polarization, the formalism presented in
Section II-A can still be applied, but with reference to the
magnetic field. The corresponding electric fields can then be
computed by directly applying Maxwell’s equations.

Both the incident and reflected magnetic field for the
£-th actual and image cylinder can be expressed in terms of
cylindrical harmonics as:

mcz = Z le-]m(kORl)e”ne‘Z (8)
m=—00
HIES = 3 00, (k) O
n=—00

where the coefficients Qg , and Q/e’n can still be computed
based on the type of primary source (see Appendix A).

The same arguments apply to the scattered magnetic fields
that read:

B S B H GoR e (10)
m=—00
Honase — Z bl HP (koR}) (11)

n=—00

Thus, the overall scattered magnetic field for the inhomo-
geneous scenario at hand, due to the ¢-th cylinder, can be
computed as:

Hactual +Htmage +HPEC

scaty scaty scaty

Hscar, = 12)

Since the overall tangential magnetic field has to double
with respect to the incident one, the boundary condition on
the PEC plane becomes:

- actual
in X (Hinc + H )zz

1
= T (H + H

mc

PEC PEC

13)

where/ﬁ1 is the normal unit vector to the PEC plane, and the
summation over the N cylinders is considered.

Notably, Hinf can be easily computed to satisfy the
boundary conditions on the PEC plane by using proper Q/E,n
coefficients (see also Appendix A).

Conversely, to satisfy condition (13) for the scattered
fields, a relationship amongst the coefficients bH and bH
of the representations must be derived.

By extending the same arguments given for the
E-polarization case, this relationship can be derived by con-
sidering each actual+image pair individually. Therefore, V¢:

oo oo
> BHHD kR = Y b HP (koRe)e™ eI, (14)

m=—00 n=—00

where the relations R, = R, and 6, = m — 6; have been
used. Again, by considering the substitution n = —m and
the above cited property of Hankel functions, it follows that
in the chosen reference system (see Fig. 2) eq. (14) holds
Ve if:

bl = pH (15)

me
lll. A COMBINED IMAGE THEORY SCATTERING MATRIX
METHOD (CIT-SMM)

In the canonical free-space case, the idea underlying the
SMM [11] is that the EM properties of a given target can
be encoded in the so-called scattering matrix. This matrix
relates the coefficients of the representation bases of the
incident and scattered field as follows:

by = Scay, (16)

where, for the ¢-th scatterer, a; and by, denote the
vectors of coefficients corresponding to the incident and
scattered field, respectively, while S, is the scattering
matrix whose expression is available in analytical form
for canonical shapes [41] (whereas offline numerical sim-
ulations are required to determine it for non-canonical
shapes).

Notably, the adoption of cylindrical harmonics expansions
for both the incident and scattered fields facilitates account-
ing for the degrees of freedom of each scatterer, that is,
the (finite and) minimal number of harmonics required to
accurately represent any actual non-superdirective incident
and scattered fields [42] (as reported in [43]), [44].
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By so doing, the harmonics expansion can be truncated
from [—kop¢] to [kope], where p; is the radius of the
minimal circle enclosing the scatterer at hand, and symbol
[.] indicates the upper integer [44]. It follows that the overall
number of unknowns grows with the sum of the perimeters of
each cylinder, whereas standard numerical approaches would
imply a number of unknowns growing with the sum of the
scatterers’ areas (when using the method of moments) or
with the overall area of interest (when using other methods).
Such a circumstance allows the proposed approach to achieve
significant reductions in terms of computational burden.

Moving to the scenario addressed in this manuscript, it is
worth noting that modeling the PEC plane as an additional
scatterer justifies the adoption of the scattering matrix as
defined for the free-space case, since the contribution of the
plane is embedded through the image scatterers and their
related scattering matrices.

Hence, by rewriting the harmonics field representations of
Section II into a unique reference system through the Graf’s
addition theorem (see [11] for more details), the overall
incident field (electric or magnetic, depending on the adopted
polarization) on the £-th scatterer can be expressed in matrix
form through the vector of coefficients:

N N
a=Q+Q” + Y Tebi+d Wb,  (17)
i=1,it i=1

where the first and second term encode the direct contri-
butions (i.e., the primary incident field and its reflection
from the PEC), while the last two terms pertain to
the fields scattered by the actual and image cylinders,
which act as secondary incident fields on the £-th
scatterer.

In (17), Q¢ (and hence Qzeﬂ ) depends on the specific
primary incident field (see Appendix A for details of some
cases of interest), while the two summations allow taking
into account the contributions from the actual and image
scatterers to the overall field impinging on the ¢-th scatterer
at hand. Notably the transformation matrices T, ; and Wy ;
allow expressing these contributions directly in terms of
the coefficients b;. As such, these matrices consider the
reciprocal locations of the actual and image cylinders and,
in the case of Wy ;, also reflect the coefficient relationships
derived earlier in (7) and (15).

Going into details, from [11] one has:

Tpimg = ™IHD, (kOR;;). (18)
where (Ri,éé) denote the polar coordinates of the i-th
scatterer in the reference system of the ¢-th scatterer (see
yellow path and yellow angle in Fig. 1(b)).

By extending (18) and incorporating the relationships in
(7) and (15), the elements of W, ; matrix can be expressed as:

_T/ X

£,i,m,q°

We.imqg = { 7 1
£,i,m,q’

E — polarization

H — polarization (19)

TABLE 1. Geometrical parameters of the cylinders used in the numerical analysis.

. Radius Permittivity Position
Scenario
p &r (x4, Ye)
1 dielectric cylinder A/12 2 (24/3,0)
1 metallic cylinder /12 - (24/3,0)
. . . (A6, /3),
2 dielectric cylinders /12 2 (A3.-A/4)

wherein Té,i,m, g are the elements of the T;)i matrix, which
plays a role analogous to Ty ;, but applies to image scatterers.
These matrices modify the expansion coefficients according
to the different reference systems. Accordingly:

limag

— ei(q—m)é?[ H,gnzlq (kORZimag>’

Thimg (20)
where (R?"’“g ,Béi’""g ) are the polar coordinates of the i-th
image cylinder relative to the £-th actual cylinder (see red-
dashed path and red angle in Fig. 1(b)).

Finally, by substituting (17) into (16), one has the

following system of linear equations:

N N
by — > STebi— ) SWeb; =S (Qe + Qfﬂ),
=1 i=1

Ve=1,.N 1)

Once the system in (21) is solved for the by unknowns (see
Appendix B for implementation details), the scattered fields
can be computed using (2) and (5) for E-polarization, or (10)
and (11) for H-polarization. Then, the overall scattered field
at any point outside the scatterers is obtained by summing
over all N terms in (3) for E-polarization or in (12) for
H-polarization.

In summary, the joint consideration of suitable repre-
sentations of scattered (both electric or magnetic) fields,
the formulation of the image theory in terms of these
representations, and the scattering matrix concept allow to
formulate the overall problem in a compact and efficient
form.

IV. NUMERICAL ANALYSIS

To assess the accuracy and the computational efficiency of
the proposed method, we compare the results obtained with
the CIT-SMM with those obtained by using the full-wave
commercial electromagnetic software Comsol Multiphysics.
In particular, scenarios involving both dielectric and metallic
cylinders with circular and non-circular cross-sections are
considered.

To model the 2D scenario in Comsol, an air-filled rectan-
gular domain embedding the cylinders was used. Perfectly
matching layers (PML) were added on all sides of the domain
except on the conductive plane, where a PEC boundary
condition was imposed. A plane wave excitation was used as
background field. Several numerical tests were performed by
varying the set of scatterers (e.g., material, position, number)
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TABLE 2. Geometrical parameters of the cylinders used in the numerical analysis for the 12 cylinders case.

Cylinder £
1 2 3 4 5 6 7 8 9 10 11 12
Xo/A 0.98 0.63 0.69 1.28 0.38 1.38 1.07 1.28 0.99 0.46 0.64 0.45
Ve/A | 0.56 1.07 | -098 | -0.56 | -1.78 136 | -1.73 | 0.30 1.84 0.43 -0.42 1.47
pe/A | 012 0.17 0.20 0.39 0.13 0.26 0.11 0.22 0.24 0.13 0.18 0.12
& 2 2 - 2 - - - - - 2 - 2
TABLE 3. NMSE values for the numerical examples in Section IV. Figure 3 shows the amplitude and phase of the scat-
. Incidence angle, O, tered field for the case of N=12 randomly distributed
Scenario 300 450 60° 90° cylinders with different radii and materials (see the first
1 diel. cylinder 29565 78156  498E-6  3.62E6 row of Figure 3 .and Table 2 for details). Specifically,
results obtained using the proposed method are compared
1 met. cylinder 2.76E-5  826E-6  4.63E-6  3.46E-6 with those derived from Comsol. A visual inspection of
2 diel. cylinders 3.03E-5 8.10E-6 5.2E-6 3.62E-6 the field distribution within the domain, combined with
12 mix. cylinders 1.00E-4  2.00E-4  1.00E-4  2.00E-4 the quantitative metrics, confirms that the developed tool
provides highly accurate field evaluations in close agreement
with Comsol results. This observation holds across all
numerical test cases, as summarized in Tables 3 and 4.
TABLE 4. SSIM values for the numerical examples in Section IV. To demonstrate the Capability of the proposed technique
. to deal with non-circularly symmetric cylinders, we consider
. Incidence angle, o;,, . . . . . . .
Scenario a case involving metallic strips. In particular, an alignment
30° 45° 60° o0° of 5 metallic strips, each of dimensions 0.1Ax0.54, is
1 diel. cylinder 0.9949 0.9949 0.9951 0.9949 placed at a height of 2A/3 above the PEC plane, with
1 met. cylinder 0.9954 0.9951 0.9953 0.9954 a spacing of 0.75\ between strips. In order to apply
2 diel. cylinders 09945 09943 0.9942 0.9942 the CIT-SMM to this scenario, the S matrix describing
12 mix. cylinders 0.9880 0.9873 0.9876 0.9880 the free-space scattering behavior of a strip is needed.

as well as the direction of incidence of the plane wave.
Geometrical details are reported in Tables 1 and 2.

For the sake of brevity, the computed scattered field
is shown for just a single test case, while the results
for all examples are compared using quantitative metrics
summarized in Tables 3 and 4. In particular, the considered
metrics are the normalized mean square error (NMSE)?
between the Comsol-computed complex field, ES?7°! and
the CIT-SMM result, EngfSMM , as well as the structural
similarity index measure (SSIM) between the corresponding
magnitude images. The metrics were evaluated over a 2A x4\
domain, except for the test case involving 12 cylinders, for
which a 2.53Ax5.6A domain was considered. Concerning
the truncation of fields representations, the dimensions of
the involved scatterers led to consider 5 harmonics in all
examples, except for the case with 12 mixed cylinders where
9 harmonics were used.

Finally, it is worth to underline that an advantage of the
CIT-SMM lies in the fact that the S matrix for circular
inclusions is diagonal and known in closed form for both
dielectric and metallic cylinders [41].

2In our case, it is more appropriately described as a measure of
discrepancy rather than an error.

For non-circularly symmetric obstacle (where analytical
expressions are generally unavailable) this matrix must be
derived numerically using commercial solvers. Details of the
procedure can be found in Appendix C.

The real and imaginary parts of the computed scattering
matrix for the metallic strip involved in this example are
shown in Fig. 4. Given the strip dimensions, the harmonics
representation was truncated to the first 11 terms. Fig. 5
compares the scattered field computed using CIT-SMM (left
column) with that obtained from Comsol (right column),
again confirming the effectiveness and accuracy of the
proposed approach. Note that, according to the analytical
derivation, the CIT-SMM field representation is valid at all
points outside the minimum circle enclosing each scatterer,
that is, outside the regions bounded by dashed black lines
in Fig. 5. Within the validity domain, the computed metrics
are: NMSE=9.49E-5 and SSMI=0.9996.

As the Comsol simulations embed diffraction effects
from edges, a larger computational domain (90 Ax90 A)
was considered to ensure these effects become negligible,
enabling a fair comparison with our results based on the
hypothesis of an infinitely extended PEC plane.

Regarding computational costs, the overall simulation time
using our method was only a few seconds in the worst
case, while Comsol simulations (also considering the larger
domain, see above) took several minutes. Notably, solving
the system in (21) took only fractions of a second, with
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FIGURE 3. Scenario with 12 mixed cylinders. The first row shows the simulated
configuration, where blue cylinders are dielectrics (¢,= 2) and gray cylinders are PEC.
The second and third rows display the magnitude and phase, respectively, of the total
scattered field, Esc.t, computed using CIT-SMM (left column) and Comsol full-wave
simulation (right column), for 45° incident plane wave.

Re[S] Im[S]
0 0.3
0.2

1 0.2
0.4 H
0.6 04
0.8 0

432101234 43210123 4

m m

FIGURE 4. Numerical scattering matrix of a metallic strip with dimension
0.12x0.52: real part (top) and imaginary part (bottom).

the remaining computation time attributed to assembling the
overall matrix ruling (21) and evaluating the field over the
observation domain.

All simulations were performed on a workstation equipped
with an Intel Xeon w5-2455X processor and 256 GB RAM.

V. CIT-SMM IN ACTUAL APPLICATIONS
To appraise the performance of the proposed approach in
application-relevant scenarios, we simulated the behavior of

CIT-SMM Comsol

-

o

N
=) )

N

FIGURE 5. Five aligned metallic strips of size 0.1 x0.51, positioned 21/3 above the
PEC. Magnitude (left) and phase (right) of the total scattered field, Escat, computed
using CIT-SMM (left column) and Comsol full ion (right 1), for 60°
incident plane wave.

—Actual
- --CIT-SMM

Power Pattern[dB]

-50 0 50
0[deg]
(c)

FIGURE 6. Luneburg lens example. (a) Dielectric distribution profile of the entire
lens; (b) profile of the half lens. In (a), black cross markers indicate the rods replaced
by the PEC in the half-lens configuration, while red dot markers indicate the rods lying
along the symmetry plane, which do not have a corresponding images. (c) Power
pattern distribution of the entire and half lenses.

a set of small inclusions properly organized to realize specific
radiating functionalities.

As a first possibility, we considered a specific cylinders
arrangement for the realization of artificial-materials-based
lens antennas, a topic previously considered by the authors
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also from an inverse design point of view [36], [37]. In
this respect, let us note that, for the E-polarization, all the
relationships described above can be directly applied to the
case of cylinders in a parallel plate waveguide [45], enabling
the design of a lens manipulating the field in a plane.

We leverage herein the property of a Luneburg lens,
whereby its size can be halved by putting a PEC plane
along the axis of symmetry, allowing field steering (over a
halved range) without deformations [46], [47]. Accordingly,
in order to both develop a reduced-size scanning antenna and
compare its performance with the full lens, in the following
we examine the case of a half Luneburg-like antenna realized
by means of properly graded cylinders.

The relative dielectric permittivity distribution of a z-
invariant canonical Luneburg lens is defined as:

&) =21 for Ir| < 1. (22)

Starting from this continuous distribution, we realize the
corresponding discrete lens by sampling it according to
a given arrangement of small circular scatterers. In our
example, the lens is composed of N=217 fixed circular
cylinders with radius A/12 and having an overall radius equal
to 1.5A. The resulting device is depicted in Fig. 6(a). We
then introduce a PEC plane along the vertical axis to serve
as a symmetry plane. As a result, cylinders located in the
region x < 0 [identified by crosses in Fig. 6(a)] are removed,
yielding the configuration in Fig. 6(b).

Fig. 6(c) shows the power pattern radiated by the entire
(blue continuous line) and halved (red dashed line) lens when
a line-current positioned 0.4A far from the lens’s rim is used
as primary feed. As it can be seen, the two patterns closely
match, confirming that the half device performs congruently
with the entire lens. Notably, this remains true even though
the 9 cylinders located at x = 0 [touching the PEC surface,
see red crosses in Fig. 6(a)] are completely neglected in the
CIT-SMM, since their images cannot form.

As shown in [35], [36], similar results can be achieved by
substituting dielectric cylinders having a varying permittivity
with PEC cylinders of appropriately chosen variable radii
(see [35] for more details).

Beyond this application, the findings validate the proposed
approach for efficient analysis of symmetric structures and
confirm the capability of the CIT-SMM to deal with line-
current generated incident fields.

The second scenario is inspired by metagratings (structures
composed of small objects above a planar PEC) [24], [25]
that enable ‘anomalous reflection’, i.e., an overall scattered
field focused on a direction not predicted by the Snell’s law.

By leaving aside the complete and accurate inverse design
of such a device (which is deferred to future work), we
exploit the fact that the scattering matrix of circularly
symmetric cylindrical objects is known in a closed form,
along with the established requirement that, at a macroscopic
level, a linear phase variation in the overall scattered field
is needed [48], as measured just above the metagrating.

240

— 2S00

(deg)

100 . . . 1
0 0.05 0.1 0.15 0.2

p/A

0.25

FIGURE 7. Phase of the m=0 order scattering coefficient as a function of the radius
p of a metallic cylinder.

Hence, a first solution to the synthesis of a metagrating
allowing anomalous reflection can be given under the
hypothesis of small metallic cylinders, as follows: (i) choose
the distance between each cylinder and the PEC plane
to ensure positive interference between each scatterer and
its image in the desired reflection direction; (ii) choose
metallic cylinders radii to get a linear phase variation in the
scattered field above the metagrating. Because the cylinders
are small, the dominant scattering coefficient Sop governs
the response. The analytically known phase behavior of Sgg
(see Fig. 7) shows an approximately linear variation with the
cylinders dimensions in the evidenced [0.03-0.2]A interval.
As a consequence, by ignoring mutual coupling amongst
cylinders, some (limited) phase control can be gained by
adjusting cylinders radii accordingly.

Using this concept, we considered a linear array of
N = 9 metallic circular cylinders illuminated by a plane
wave coming from the direction orthogonal to the PEC
plane. Based on the above arguments, in order to realize an
anomalous reflection, we set the inter-cylinders spacing equal
to A/2, while the distance between cylinders and the plane
was chosen approximately A/4 to get a positive interference at
15°. Then, by exploiting the results in Fig. 7, the interval of
p corresponding to a linear Spo phase was uniformly sampled
into N=9 values assigned to the cylinders [see Fig. 8(a)].

Fig. 8(b) shows the resulting overall scattered field.
Although having limited extent (neglecting higher-order
harmonics and mutual coupling amongst cylinders), the
design demonstrates an observable anomalous reflection
phenomenon. More pronounced anomalous reflection is
expected with scatterers offering greater Soo phase variability.
In this respect, loaded or reconfigurable obstacles (such as
those in [24], [25]) are expected to guarantee much more
degrees of freedom.

In our understanding, the above results, combined with
the CIT-SMM’s ability to rapidly analyze structures with
varying parameters, point to the method’s potential as a
powerful tool for the inverse design of metagratings and/or
RIS inspired devices. In fact, one could properly engineer
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FIGURE 8. Metagratings-inspired device. Sketch of the alignment of metallic
cylinders with varying dimensions (left). Real part of the total scattered field computed
using CIT-SMM for a plane wave incident field normal to the PEC plane (right).

the structure, from both an electromagnetic and geometrical
point of view, to realize anomalous/unconventional reflection
of the impinging field, avoiding wire approximation of the
cylinders and local periodicity assumptions. Ongoing work
is focused on advancing these capabilities.

VI. CONCLUSION

A simple and effective approach for evaluating the scattered
field (under both E-parallel and H-parallel polarizations)
from a set of parallel cylinders in the presence of a planar
and infinite perfect electric conductor has been proposed,
developed and validated. The method leverages the image
theory (as particularized in terms of the representations
of the different scattered fields), and the scattering matrix
concept [11], which relates the coefficients of a proper
expansion basis for the incident and scattered field.

This approach enables encoding the electromagnetic prop-
erties of the scatterers within their scattering matrices as
defined for the free space case, while mutual interactions
are incorporated into the matrix coefficients of the resulting
linear system. Solving this system provides the total scattered
field.

The proposed tool has been successfully validated through
comparison with full-wave simulations and applied to sce-
narios of interest for ICT. Notably, the use of the scattering
matrix concept allows for generalization to arbitrary-shaped
cylinders without additional computational overhead (but for
simple, preliminary offline computations), thus broadening
the applicability of the proposed tool. To the best of our
knowledge, despite its conceptual simplicity, this kind of
approach has not been systematically considered in the
literature.

Furthermore, the availability of closed-form expressions
for the scattering matrix coefficients of canonical objects
enables the realization of unconventional functionalities.
As demonstrated in our prior work on free-space scat-
terers [35], [36], [37], such an analysis tool can be
profitably employed in the optimal inverse design of devices,
such as reconfigurable intelligent surfaces, metagratings,
and metaprisms, without relying on global optimization
algorithms.

While the final goal of our investigation includes the
development of such inverse design capabilities and the
extension of the tool to 3D scenarios, these aspects fall
outside the scope of the present contribution.

APPENDIX A

DETAILS ON THE COMPUTATION OF THE ELEMENTS OF
THE Q VECTOR

It is worth to consider that, whatever the adopted polariza-
tion, any incident field can be expressed as a superposition
of cylindrical harmonics. For example, in the case of line
sources, the incident field can be expressed using the
fundamental harmonics in its natural reference system, and
then expanded into the local harmonics of any given cylinder
by means of the Graf’s addition theorem [49].

Ultimately, in all cases, the different sources simply
modify the entries of the Q matrix in the final linear system
of equations (21) in a known fashion.

For the case of an incident field generated by either a plane
wave or a line source, the following analytical expression
hold [11], [36]:

o—Ikor" sin(cine—0") p—jmaine

=0l
_ w/lz-‘ols Hr(rlz) (korlés)e—jmé?ls

plane wave (pw)
Qﬁ,m ==

line source (Is)
(A.1)

where oy, is the incidence angle with respect to the y-axis,
I indicates the intensity of the line source, and (rfS,QfS)
are its polar coordinates with respect to the ¢-th cylinder’s
reference system, see Fig. 9 for notation.

Accordingly, for the considered reference system with the
PEC plane parallel to the y-axis, one gets:

a0 imag gimag .
Jkor sln(amc —6 ) —jma ™8
Fé e

. inc pw

QZ]ZL = wu I (2) Zimag _,mgeimag (A.z)
T Hy, (korls )e Jms Is

with (rf;mg, Gf;lmug) being the coordinate of the image line

source with respect to the ¢-th reference system. The sign
depends on the field polarization: the upper sign corresponds
to E-parallel polarization, and the lower sign to H-parallel
polarization.

APPENDIX B
CIT-SMM IMPLEMENTATION DETAILS
Following [11], eq. (21) can be written in matrix form as:

[[A]+ [A']](b] = [S][1Q] + [Q']], (A3)

This represents a linear system of equations, where b is
the column vector of unknown scattered field coefficients,
by, and Q and Q' are the column vectors representing the
incident and reflected field coefficients, respectively. S is the
scattering matrix.
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Let us focus on matrices A and A’. By denoting I as the XA p
. . . . . ine source
unit matrix, and following [11], the matrix A, associated xt cromee
with the actual cylinders, is given by: pactual - & e
I —S1T12 —-S1TiN 8 plane ¥
—Sszyl | . —Ssz)N | Qinc
A = . . A4 ¢ imag, L
: A 9y (M Y
—SNTN,1 —SNTIN2 R |
>
The detailed formulation of the submatrices in A is " PEC o 22};’{ ,f'y
reported in (A.5), shown at the bottom of the page. ~ -
The matrix A’, corresponding to the contributions from \ ) \ >
image cylinders, is given by: =\ o ytimee
N /.f\[}’7ﬂg/}7m7 -
—S1W11 —S1Wi2 ... =SiWinN N% Fllane i ~
—S:W21 —S:Wa3 ... —S;Wa N SN
A/ — (A6) \8) imaginary
Ce . xtimag line source
—SNWn1 —SnWn2 ... —SNWn N
FIGURE 9. Notation adopted for the definition of line source and plane wave
The detailed formulation of the submatrices in A’ is  incidentfield.
reported in (A.7), shown at the bottom of the page.
Notably, A’ differs from A in two main aspects. First,

A’ does not contain unit matrices along the diagonal, as it
accounts for the self-interaction of each cylinder with its

own image.

Second, the submatrices W,, , are horizontally flipped
according to the conditions (7) or (15), depending on whether

E-polarization or H-polarization is considered.

The final system of equations for the multiple scattering
problem involving cylinders in presence of a planar PEC is
reported in (A.8) shown at the bottom of the page.

It is important to note that the matrices and vectors are
truncated such that the harmonics indices m and g range
from —M to M, where M = [kop¢]

10... StuyTio,—m—m - S1_yT12,-MMm ]
010 B .
20 ... SiuTi2.m,-m SiuT12.mMm
A — S2 uTo-m—m - S22 1, - M (1) (1) 0 (A.5)
S2u T2 1.M,-M S2y T2 1. MM 20...
C S Wiamm - S1_yWiim—m | St_uWizmm - S1_yWiamm h
LSy Wit—mm - Sy Win-m-m | | SiyWio-mm - S1yWiz—m—um
A = S22 yWoimm - S2 Wi m,—m S yWaomm - S2 yWaom—m (A7)
| SouWo i, —mm - SoyWo i —m—m | | S2uWoo—mm - S2 W22 M, —m
S + refl
I-S1Wi11  =S1(T12+Wi12) ... =Si(Tin+WiN) || b1 1 Qi Q:eﬂ
—S2(T21 +Wa1)  1-8:Wa;, oo =S2(ToN +WaN) || b2 S2(Q2+Q, A8)
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Accordingly, the total size of matrices A and A’ to be
inverted for solving the system and evaluating the field
coefficients is (2M + 1)N.

APPENDIX C

DERIVATION OF THE SCATTERING MATRIX FOR
NON-CANONICAL SHAPE OBJECTS

The numerical evaluation of the entries of the scattering
matrix for non-canonical targets can be pursued through the
following steps:

1) build a numerical model for the target at hand in
free-space;

2) calculate the truncation index for the incident field
harmonics representation as M = [kop], where p
is the radius of the smallest circle enclosing the
scatterer [44]. Accordingly, the representations of the
incident field [(1) for the E-polarization and (8) for
the H-polarization] read:

M
Vine® =Y amIm(kor)e™ (A9)

m=—M

¥ being the E or H longitudinal field component, par-
allel to the target’s axis, depending on the considered
case;

3) Vm and for unitary amplitude (that is, a, = 1), solve
the scattering problem for the numerical model by
using wi(:z) as incident field. Store the m-th computed
scattered field as "

4) using the harmonics representation of the scattered
field (eq. (2) or (10), properly truncated to M = 1\~/I),
determine the representation coefficients bj; by solving
the following least-squares minimization problem:

~ 2
M
_ A
miny ™ |y — Y baHg (kor)d™ | |
" fii=—M
(A.10)

where y ™ is a weighting factor equal to the inverse of

the energy of 1//5?2 Note (A.10) must be performed at

points outside the scatterer to avoid singularity issues.

5) By virtue of (15), since unitary harmonics were
considered for the incident field, the retrieved bj;
coefficients exactly correspond to the m-th column of
the scattering matrix.
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