Taylor & Francis
Taylor & Francis Group

Statistics

Statistics
A Journal of Theoretical and Applied Statistics

ISSN: 0233-1888 (Print) 1029-4910 (Online) Journal homepage: www.tandfonline.com/journals/gsta20

Quantum geometric-entropic optimization for
customer lifetime value prediction: convergence
theory and an empirical study on transactional
retail data

Massimiliano Ferrara , Laura Saez-Ortufio, Santiago Forgas-Coll , Jorge
Refugio Fabila-Fabian , Carlos Martin-Isla & Karim Lekadir

To cite this article: Massimiliano Ferrara, Laura Sdez-Ortufio, Santiago Forgas-Coll, Jorge
Refugio Fabila-Fabian, Carlos Martin-Isla & Karim Lekadir (11 May 2026): Quantum geometric-
entropic optimization for customer lifetime value prediction: convergence theory and an
empirical study on transactional retail data, Statistics, DOI: 10.1080/02331888.2026.2667471

To link to this article: https://doi.org/10.1080/02331888.2026.2667471

a © 2026 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group.

ﬁ Published online: 11 May 2026.

N
[:J/ Submit your article to this journal &

A
& View related articles '

(&) view Crossmark data®

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=gsta20


https://www.tandfonline.com/journals/gsta20?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/02331888.2026.2667471
https://doi.org/10.1080/02331888.2026.2667471
https://www.tandfonline.com/action/authorSubmission?journalCode=gsta20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=gsta20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/02331888.2026.2667471?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/02331888.2026.2667471?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/02331888.2026.2667471&domain=pdf&date_stamp=11%20May%202026
http://crossmark.crossref.org/dialog/?doi=10.1080/02331888.2026.2667471&domain=pdf&date_stamp=11%20May%202026
https://www.tandfonline.com/action/journalInformation?journalCode=gsta20

STATISTICS
https://doi.org/10.1080/02331888.2026.2667471

Taylor & Francis
by informa.
& OPEN ACCESS | ™ Oneck for updtes|

Quantum geometric-entropic optimization for customer
lifetime value prediction: convergence theory and an
empirical study on transactional retail data

Massimiliano Ferrara®®:<, Laura Saez-Orturiod, Santiago Forgas-Coll4, Jorge Refugio
Fabila-Fabian¢, Carlos Martin-Isla® and Karim Lekadir®

3Department of Law, Economics and Human Sciences & Decisions Lab, University Mediterranea of Reggio
Calabria, Reggio Calabria, Italy; PICRIOS, Bocconi University, Milan, Italy; Faculty of Engineering and Natural
Sciences, Istanbul Okan University, Istanbul, Turkey; ¢Facultat d’Economia i Empresa, Universitat de
Barcelona, Barcelona, Spain; ®Facultat de Matematiques i Informatica, Universitat de Barcelona, Barcelona,
Spain; fICREA, Barcelona, Spain

ARTICLE HISTORY
Received 8 March 2026
Accepted 25 April 2026

ABSTRACT
Predicting customer churn from transactional data is a central prob-
lem in management science, with direct implications for retention

strategy, revenue forecasting, and resource allocation. This paper KEYWORDS

introduces Quantum Geometric-Entropic Optimization (Q-GEO), a
framework that integrates Geometric-Entropic Optimization - com-
bining Riemannian gradient methods with entropy-regularized opti-
mal transport — into the training of variational quantum kernels
for classification. The algorithm operates on a parameter mani-
fold equipped with a Fisher-Wasserstein metric and incorporates
Sinkhorn-type projections to enforce distributional coherence on
the quantum feature space. We establish three theoretical contribu-
tions: (i) a convergence theorem for Q-GEO-trained variational quan-
tum kernels under a combined Polyak-tojasiewicz and Sinkhorn
contraction framework, yielding linear convergence in the Rieman-
nian condition number plus geometric contraction of the Sinkhorn
residual; (i) a margin amplification result showing that GEO-trained
quantum embeddings achieve improved separation bounds over
Euclidean-trained counterparts due to the spectral regularization
provided by the Wasserstein component of the Fisher-Wasserstein
metric; and (iii) a distributional stability result proving that Sinkhorn-
projected quantum kernel matrices preserve a doubly stochas-
tic spectral structure that mitigates kernel collapse in imbalanced
settings. We validate the framework on the UCI Online Retail Il
dataset (N = 5,942 customers, d = 11 RFM-extended features, churn
rate ~37%), a publicly available transactional benchmark. Under
nested cross-validation, Q-GEO achieves 0.8614 accuracy, 0.8103 pre-
cision, 0.7891 recall, 0.7996 F1, and 0.9047 ROC AUC, outperform-
ing both classical baselines (including logistic regression, random
forest, XGBoost, and CatBoost) and standard variational quantum
kernel methods. We complement the accuracy analysis with SHAP-
based explainability, computation time comparisons, and a detailed
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feature engineering appendix to support interpretability and repro-
ducibility. We interpret these results as evidence that geometric
optimization principles can materially enhance quantum machine
learning for management science applications.

1. Introduction

Customer relationship management (CRM) constitutes one of the most consequential
domains in management science, where predictive analytics directly informs resource allo-
cation, retention budgeting, and long-term revenue forecasting [1,2]. Within this domain,
customer churn prediction - identifying customers likely to discontinue purchasing -
represents a canonical classification problem whose solution feeds into a cascade of down-
stream managerial decisions: targeted marketing interventions, loyalty program design,
dynamic pricing adjustments, and workforce scheduling for service teams [3]. The eco-
nomic magnitude of churn-related losses is substantial: industry estimates suggest that
acquiring a new customer costs five to seven times more than retaining an existing one,
making accurate churn identification a high-leverage operational capability [4].

From a management science perspective, churn prediction on transactional data
presents distinctive analytical challenges that distinguish it from survey-based or
subscription-based settings. Transactional datasets record purchasing events rather than
explicit cancellation signals, requiring the analyst to define churn through recency thresh-
olds - an inherently ambiguous boundary that interacts with seasonal purchasing patterns,
product lifecycle dynamics, and heterogeneous customer segments [5]. The feature space
combines monetary, temporal, and behavioural dimensions (recency, frequency, mone-
tary value, product diversity, temporal regularity) that exhibit nonlinear interactions and
heavy-tailed distributions. Class imbalance, while less extreme than in some operational
settings, remains a material concern, as churned customers typically constitute 30-40% of
the base [1].

Classical machine learning approaches - logistic regression, random forests, gradient-
boosted trees, and support vector machines — have been extensively applied to churn
prediction with considerable success [2,6,7]. These methods, however, face structural lim-
itations in capturing the complex nonlinear manifold structure of transactional feature
spaces. Kernel methods, which map data into higher-dimensional spaces where linear
separation becomes feasible, offer a principled alternative, but classical kernels (RBE, poly-
nomial) are constrained to feature spaces whose dimensionality grows polynomially with
the input dimension.

Quantum kernel methods exploit the exponentially large Hilbert space of quantum
circuits to define inner products in spaces of dimension 2" at cost polynomial in the
qubit count #n [8-10]. This enables richer feature representations while preserving the
convex optimization structure of support vector machines. Building on recent advances
demonstrating the feasibility of quantum kernels for marketing analytics [11] and work-
force management [12], this paper addresses a fundamental limitation of existing quantum
kernel approaches: the optimization of variational circuit parameters.
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Standard variational quantum kernel training treats the parameter space as Euclidean,
applying gradient descent or Adam-type updates to optimize kernel alignment or clas-
sification loss. This approach ignores the intrinsic Riemannian geometry of quantum
circuit parameters, where the Fisher information metric captures the statistical sensitivity
of quantum state outputs to parameter perturbations [13]. The Geometric-Entropic
Optimization (GEO) framework [14] was recently introduced to address precisely this
gap: by combining Riemannian gradient descent (respecting the Fisher metric) with
entropy-regularized optimal transport constraints (enforcing distributional coherence via
Sinkhorn projections), GEO achieves provably faster convergence and more stable training
dynamics for neural networks. The present paper extends GEO to the quantum com-
puting setting and applies it to a management science classification problem with real-
world data.

1.1. Main contributions

This paper makes three theoretical and one empirical contribution:

(1) Q-GEO convergence theory (Theorem 4.7): We prove that variational quantum
kernel optimization using Riemannian gradients with respect to the quantum
Fisher-Wasserstein metric, combined with Sinkhorn projections on the kernel
Gram matrix, converges at rate O(xg log(1/¢)) + O(p*K), where x¢ is the con-
dition number of the combined metric and p is the Sinkhorn contraction rate. The
convergence guarantee unifies the Polyak-Lojasiewicz framework from quantum
kernel theory with the geometric contraction analysis from optimal transport.

(2) GEO-enhanced separation bounds (Theorem 5.1): We demonstrate that quantum
feature maps trained via GEO achieve margin amplification of Q (/2L /deg) - (1 +
Aow) over classically trained quantum embeddings, where oy captures the spectral
regularization provided by the Wasserstein component of the Fisher-Wasserstein
metric. The improvement arises because Riemannian optimization navigates the
quantum parameter landscape more efficiently, avoiding the flat directions and
saddle points that plague Euclidean training.

(3) Sinkhorn-stabilized quantum kernels (Proposition 5.2): We prove that applying
Sinkhorn projections to the quantum kernel Gram matrix enforces a doubly
stochastic spectral structure that provably prevents kernel collapse — a pathology
where all pairwise kernel values converge to a constant, eliminating discriminative
capacity. This result has implications for any quantum kernel method operating on
imbalanced data.

(4) Empirical validation on transactional retail data (Section 6): We validate Q-GEO on
the UCI Online Retail IT dataset [15], a publicly available benchmark containing
over 1,000,000 transactions from a UK-based online retailer. After REM-extended
feature engineering, the resulting customer-level dataset (N = 5,942, d=11 fea-
tures, churn rate 237%) provides a realistic management science testbed. Q-GEO
achieves the highest AUC (0.9047) and F1 (0.7996) among all methods tested.



4 (&) M.FERRARAETAL.

1.2. Relation to management science

The contribution of this paper to management science operates along three dimensions.
The first dimension is methodological: we introduce a quantum optimization framework
whose convergence guarantees and separation bounds are stated in terms that connect
directly to managerial decision variables — misclassification costs, retention intervention
budgets, and the cost-benefit ratio of predictive accuracy improvements. The second
dimension is empirical: by validating on transactional data rather than synthetic or
subscription-based datasets, we demonstrate applicability to the non-contractual setting
that characterizes most retail, e-commerce, and wholesale operations. The third dimen-
sion is architectural: the Q-GEO framework is designed to be modular, with the geometric
optimization layer operating independently of the downstream decision model, enabling
integration with stochastic programming, multi-criteria optimization, or game-theoretic
allocation mechanisms [14].

1.3. Related work

1.3.1. Quantum kernel methods and management science

The quantum kernel framework was formalized by Schuld and Killoran [10] and experi-
mentally demonstrated by Havli¢ek et al. [8]. Rigorous quantum advantages for classifica-
tion were established by Liu et al. [9]. Recent applications to marketing analytics [11] and
workforce management [12] have demonstrated feasibility in management science settings
with formal convergence and separation guarantees. Within operations research, quantum
computing has been explored for portfolio optimization [16], vehicle routing [17], and sup-
ply chain management [18], but applications combining quantum kernels with advanced
optimization frameworks for customer analytics remain unexplored.

1.3.2. Geometric and Riemannian optimization

The Riemannian optimization paradigm, rooted in the geometric dynamics tradition [19],
has gained considerable traction in machine learning through the natural gradient [13],
optimization on matrix manifolds [20], and recent applications to deep learning including
Muon [21] and manifold-constrained hyper-connections [22]. The GEO algorithm [14]
unified these approaches through the Fisher-Wasserstein metric and Sinkhorn-based con-
straint enforcement. The present paper represents the first extension of geometric-entropic
optimization principles to quantum computing.

1.3.3. Customer churn prediction

Classical churn prediction methods span logistic regression, ensemble methods, deep
learning, and hybrid approaches [1,2,7]. The REM (Recency, Frequency, Monetary) frame-
work provides a standard feature engineering pipeline for transactional data [5]. To our
knowledge, no prior work has combined quantum kernel methods with Riemannian
optimization for customer churn prediction.
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1.4. Paper organization

Section 2 reviews quantum kernels, the GEO algorithm, and the cost-sensitive Q-SVM
formulation. Section 3 develops the Q-GEO framework, including the quantum Fisher-
Wasserstein metric and Sinkhorn-stabilized kernels. Section 4 presents the convergence
theory. Section 5 derives separation bounds. Section 6 presents the empirical validation
and cost-benefit analysis. Section 8 concludes.

2. Preliminaries
2.1. Quantum feature maps and kernels

Let X C R be the input space. A quantum feature map is gy : X — H, where H =
(C?)®" is the n-qubit Hilbert space, realized by a parameterized unitary circuit:

9o (x) = U(x,0)10)®", (1)

with U(x, ) encoding data x and variational parameters# € ® C RP. The quantum kernel
is the squared overlap:

ko (xi» ) = (o (x;) o (x))]*. (2)

The Gram matrix Ky € RV*N with entries [Kylij = ko(xi, x;) is positive semi-definite by
construction and serves as the kernel matrix for downstream SVM optimization.

2.2. The GEO framework

The Geometric-Entropic Optimization algorithm [14] operates on parameter manifolds
equipped with a combined Fisher-Wasserstein metric [23].

Definition 2.1 (Fisher-Wasserstein metric): For a parameterized model p(y|x, ), the
Fisher-Wasserstein metric tensor is:

G;j(0) = g 0) + 2g; (©), (3)

where g¥ is the Fisher information metric, g" is the Wasserstein metric tensor capturing
distributional geometry, and 4 > 0 balances the two components.

GEO iterates consist of four operations: (1) Riemannian gradient computation using
the metric inverse G!; (2) Sinkhorn projection of constrained matrices onto the dou-
bly stochastic manifold; (3) orthogonal retraction via Newton-Schulz iterations (used in
the original GEO formulation for weight matrix orthogonalization; in the quantum set-
ting of this paper, this step is replaced by the unitarity constraint inherent in quantum
circuit parameterization, see Algorithm 1); and (4) multi-scale entropic regularization.
Letting T denote the number of optimization iterations and K the number of Sinkhorn
projection steps per iteration, the convergence rate is O(1/ VT) + O(p*X), where the first
term reflects Riemannian gradient descent and the second captures Sinkhorn contraction
(14,24].
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2.3. Cost-sensitive Q-SVM formulation

For a training set D = {(x;, y,)} , with y; € {—1, 41}, the cost-sensitive Q-SVM solves:

mm Za ioyiyike (xi, ;) — Za,, s.t. Za,yl =0, 0<0a;<C), (4)
ij=1

where C4; = C-wy and C_; = C- w_ reflect asymmetric misclassification costs. In
churn prediction, w4 > w_ penalizes missed churners more heavily, reflecting the high
cost of customer loss relative to the marginal cost of unnecessary retention interventions.

3. Quantum geometric-entropic optimization
3.1. The quantum Fisher-Wasserstein metric

We extend the Fisher-Wasserstein metric to the quantum circuit parameter space. For
a variational quantum circuit U(x, @), the output state pg(x) = |pg(x)){@g(x)| defines a
family of quantum states parameterized by 6.

Definition 3.1 (Quantum Fisher Information Matrix): The Quantum Fisher Informa-
tion Matrix (QFIM) at 4 is:

[Fo(0)]ij = 4Re [(0i0010j00) — (igalpa) (9aldjpe)] (5)

where |0;p9) = J|pp)/06; and we suppress the data dependence for notational clarity.

The QFIM captures the sensitivity of the quantum state to parameter perturbations
and defines a natural Riemannian structure on the parameter manifold ®. However, the
QFIM can become ill-conditioned for deep circuits or redundant parameterizations - a
phenomenon related to barren plateaus in variational quantum algorithms [25].

Definition 3.2 (Quantum Fisher-Wasserstein metric): The quantum Fisher-Wasserstein
metric at 6 is:

Go(0) = Fqa(0) + 4 Wq(9), (6)

where W (6) is the Wasserstein-induced metric tensor defined by:
2
Wa®)ls = 5 Z W3 (00 @: porsg () /0, (7)

evaluated over a minibatch B C D, with ej the j-th standard basis vector and W, the 2-
Wasserstein distance between the output distributions induced by the quantum states.

Remark 3.1 (Regularization of the QFIM): The Wasserstein component A W serves as
a spectral regularizer for the QFIM. When Fg has small eigenvalues (corresponding to
flat directions in the quantum loss landscape), W provides a positive lower bound on the
combined metric’s spectrum. This mitigates the vanishing gradient problem without the ad
hoc damping strategies commonly used in natural gradient methods for quantum circuits.
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3.2. Sinkhorn-stabilized quantum kernels

The quantum kernel Gram matrix Ky can suffer from kernel concentration in the NISQ
regime: noise and limited circuit expressivity cause all pairwise kernel values to con-
verge toward a constant, eliminating class-discriminative information [26]. We address this
through Sinkhorn normalization of the kernel matrix.

Definition 3.3 (Sinkhorn-normalized quantum Kkernel): Given the quantum Gram
matrix Ky with entries kg (x;, xj) € (0, 1], the Sinkhorn-normalized kernel is:

Ky = D1 Ky D, (8)

where D; = diag(u) and D, = diag(v) are diagonal scaling matrices computed by K
Sinkhorn iterations:

M(k+1) =10 (KH V(k)), 1/(k-ﬁ-l) =10 (Kgu(k-l-l))’ (9)

with @ denoting elementwise division and uniform target marginals.

The Sinkhorn normalization projects Ky onto a neighborhood of the doubly stochastic
manifold DS = {P € RIJ\F] *N'. P1 =1, PT1 = 1}, ensuring that the kernel matrix main-
tains a balanced spectral profile across classes.

3.3. The Q-GEO algorithm

Algorithm 1 presents the complete Q-GEO procedure for variational quantum kernel
training.

The weight matrix W € RN*N encodes asymmetric misclassification costs: Wij = wy,
for same-class pairsand Wj; = /wy, W), for cross-class pairs. The multi-scale entropy regu-
larization operates at batch level (Hp,tch, encouraging diversity in kernel evaluations across
the minibatch) and parameter level (Hparam, preventing parameter collapse).

Remark 3.2 (Computational cost): The per-iteration cost of Q-GEO is dominated by
three components: quantum circuit evaluations for the Gram matrix (O(B? - p - nL) using
the parameter-shift rule, where L denotes the number of circuit layers), Sinkhorn itera-
tions (O(K - B?) [27,28]), and KFAC-approximated metric inversion (O(p) [29]). Under
the assumption K < p-n-L (which holds in our experimental setting where K=5,
p=30, n=>5, L=3), the Sinkhorn and KFAC costs are negligible relative to circuit evalu-
ations, so the total overhead compared to standard variational quantum kernel training is
approximately 2x (from the QFIM estimation via additional parameter-shift evaluations).

4. Convergence theory
4.1. Setup and assumptions

Consider the cost-weighted kernel alignment objective:

- .
(Ko wan}, (10)

IKg o Wl llyy T IlF

where Ky is the Sinkhorn-normalized quantum kernel.

Ly(0) = Ep~p |:_
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Algorithm 1 Quantum Geometric-Entropic Optimization (Q-GEO)

Require: Initial parameters 6, learning rate #, Sinkhorn iterations K, entropy scales
(£1, €2), Wasserstein coupling 4, cost weights (w4, w_)
1. fort=0,1,2,..., T —1do
Sample minibatch B; C D of size B
Compute quantum Gram matrix Ky, on B; via circuit evaluation
Sinkhorn projection:
fork=1,...,Kdo
u® 10 (Ko, vEDy R 10 (K;; u®)
end for
Ky, « diag(u'®) Ky, diag(v'X))
Compute cost-weighted kernel alignment loss averaged over the minibatch:
1 (Kg, oW, yy")F
Ly(0) = 157 2.5, (_ nf%otqu |ny||p)
10: Riemannian gradient:

Estimate GQ (6¢) via parameter-shift rule with Kronecker-Factored Approxi-
mate Curvature (KFAC) [29] block-diagonal approximation of the quantum Fisher-
WassersteinA metric

& < Go(6)™'VyLy,(6))

11: Entropic regularization:
gt — gt + &1 Vo Hpatch (61) + €2 V49I_Iparam(6t)
where Hp,ch () = — Z(i )eB IAclj log IAc,'j is the batch-level kernel entropy

RS o

(with IAcij = ko (xi, x;)/ > J ko (x, xj)) encouraging diversity in kernel
evaluations, and Hparam (0) = — > O log Ok (with O = 0,3/||0||2)
is the parameter-level entropy preventing parameter collapse

12: Update: GH_I — (9t — ﬂgt

13: end for

14: Solve cost-sensitive Q-SVM (4) using K@T

Assumption 4.1 (Bg-Riemannian smoothness): The loss L, () is fg-smooth with
respect to the quantum Fisher-Wasserstein metric:

IV6Lw(©) — VeLw(@)llg-1 < e d(0,0")

for all 6,0" € ©, where dg is the geodesic distance and Vg = 661V is the Riemannian
gradient.

Assumption 4.2 (Quantum Fisher-Wasserstein metric bounds): The metric satisfies
ucl = Gqg(0) = Mgl for all 0 € ®, where g = Amin(GQ(0)) and Mg = Amax(Gq(0))
denote the minimum and maximum eigenvalues of the quantum Fisher-Wasserstein
metric tensor, respectively, with condition number kg = Mg/ 6.

Assumption 4.3 (Riemannian PL condition): The loss satisfies a Riemannian Polyak-
Lojasiewicz condition:

IVGLw(O) 13- > 2ug-(Ly(©0) — L},)
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for some ,ugL > 0, where L}, = infgc@ L, (f) denotes the optimal (infimal) value of the
cost-weighted kernel alignment loss.

Assumption 4.4 (Sinkhorn contraction): The Sinkhorn iterations on Ky converge with
rate p < 1: ||I~((5k) — K;IIF < Cop* for some Cy > 0.

Assumption 4.5 (Shallow circuits): The number of circuit layers satisfies L < clog(n)
for constant ¢ > 0, where L is the number of repeated encoding-rotation-entangling blocks
(layers) and n is the qubit count. The circuit depth (total number of elementary gates) scales
as O(n - L) under the hardware-efficient ansatz employed in this work. This assumption
is a sufficient condition (design choice) ensuring bounded gradient variance and avoiding
barren plateaus [25,26].

4.2. Main convergence result

Lemma 4.6 (Riemannian smoothness under the quantum Fisher-Wasserstein metric):
Let f be the Euclidean smoothness constant of L,,. Under Assumption 4.2, the Riemannian
smoothness constant satisfies fg < f - Mc;/,uZG.

Proof: Forany 0,6’ € ©:

IVGLw(@) = V6Lw(@)lg-1 = 1G5 (VLw(©@) = VL,(0) g

< 1Gg lop  IVLw(@) = VLw(@)II - 1G5 llop
1 1
< Lpo-01 - < L G dsw.0).
HG VUG 7P
Tightening via the metric bounds yields fg < Mg/ yZG. [ |

Theorem 4.7 (Q-GEO convergence): Under Assumptions 4.1-4.5, the Q-GEO algorithm
(Algorithm 1) with learning rate n = 1/ and K Sinkhorn iterations per step satisfies:

PL\*’ 2 2K
* % GC
Lo@) — L, < (1= 26 ) @u@n) - L5) + ﬁ+’; (12)
Ba 2ug
Riemannian descent Sinkhorn residual

Achieving L,,(0;) — L}, < € requires at most:

1

1
t=0 (KPL lo —) iterationsand K = O (—
¢ % log(1/p)

C
log —0) Sinkhorn steps, (13)
€

wherex;,” = P/ ug is the Riemannian condition number.

Proof: The proof integrates two convergence mechanisms.
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Part 1: Riemannian descent with exact Sinkhorn. Suppose the Sinkhorn projection is
exact (K — 00). By Riemannian fg-smoothness, the descent lemma on the manifold
gives:

Ly(Or41) < L) = 7l V6Luw(0) g1 + ﬁGT'anGLw(et)né_l. (14)
Setting n = 1/f¢:
Ly@is1) < Lu(@) - 2,%G||VC;LW(¢90||%;_1. (15)
Applying the Riemannian PL condition (Assumption 4.3):
. G .
Ly(Or41) — L3, < ( - %)(Lw(et) —Ly). (16)

Iterating yields the first term of (12).

Part 2: Sinkhorn projection error. After K iterations, the Sinkhorn projection intro-
duces error ||I~(éK) - K; lr < CopX by Assumption 4.4. We assume that the loss L, (6; )
is Lipschitz-continuous with respect to the kernel matrix in the Frobenius norm, i.e., there
exists {x > 0 such that |L,,(0;K;) — L,,(0; K3)| < €x||K; — K || for all admissible ker-
nel matrices Kj, K. This holds for the normalized kernel alignment objective (10) with
tx = O(|W| g/ ||ny lF), since the alignment is a ratio of bilinear forms that is Lipschitz
on bounded sets.

To combine the two error sources rigorously, we apply the triangle inequality. Define
the overall error as:

Etotal = |Lw(@ KE) — L%, (17)

Introducing the intermediate quantity L, (6;; K*) (the loss at iteration ¢ with exact Sinkhorn
projection):
euotal = |Lu(O3 K) = Ly (@5 K") + Ly (05 K") — Ly
< w0 K™ = Ly(@: K| + L0 K*) — L. (18)

€K &t

The term ¢; is bounded by Part 1 (Riemannian descent with exact Sinkhorn). For the
Sinkhorn approximation error ¢k, the Lipschitz continuity of L,, with respect to the kernel
matrix gives:

ex < Lk KP — K*||p < €xCopK. (19)

Since £k < fcCo/(2 ,uPG’L) under our smoothness and metric assumptions, the quadratic
dependence p2X in (12) provides a conservative bound via (£xCopX)?/(2fx) <
ﬁGC(Z) P2 ,ugL). Combining both contributions yields the stated bound (12).
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The iteration complexity (13) follows from standard analysis:

PL\!
SYaTci) R
Jite Ly(6o) — L},

requires t = O(KgL log(1/¢)), and the Sinkhorn residual is at most & when

log(Co/+/2ug ¢/ Ba)
log(1/p)

Remark 4.1 (Comparison with Euclidean training): Standard variational quantum ker-
nel training achieves convergence rate O (kg log(1/¢)) where kg = B/ u is the Euclidean
condition number. The Wasserstein regularization in Q-GEO ensures kg < g (by spec-
tral stabilization of the metric), so Q-GEO converges no slower than Euclidean training
and typically faster when the QFIM is ill-conditioned. Empirically, we observe kg &~ 0.3xg
on the retail dataset (Section 6).

We note that the convergence analysis above addresses the optimization error. Two addi-
tional sources of error are present in practice: (a) the Sinkhorn approximation error from
using finitely many projection steps, which is controlled by the O(p?KX) term in (12); and
(b) the estimation error in the metric tensor G () arising from the KFAC block-diagonal
approximation and finite-shot parameter-shift estimates. The KFAC approximation intro-
duces a bias that is bounded by the oft-block-diagonal entries of the true QFIM; for the
hardware-efficient ansatz employed here (with local entangling gates), this bias is typi-
cally small [29]. The finite-shot estimation error contributes an additional O(1/ VS) term
(where S is the number of circuit shots per gradient estimate) that can be made arbitrar-
ily small with increased sampling. A complete analysis incorporating stochastic gradients
with finite shots is left for future work.

5. Separation bounds
5.1. GEO-enhanced quantum feature extraction

Define the quantum feature extraction (QFE) operator:
Dy : X —> RY,  Dy(x) = [(po(0)Pilop ()], (20)
where {P;} is the n-qubit Pauli basis. The geometric margin achieved by QFE is:

yiwl g (x;)

oK) 21
Wl [[Dg (x) 2D

yQre(0) = miin

Theorem 5.1 (GEO-enhanced separation bounds): Let 0; and 0, denote the parameters
obtained by Euclidean and Q-GEO optimization respectively, with the same initialization and
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budget of T iterations. Under Assumptions 4.1-4.5, for circuits with depth L > log,(d) + 1
and effective dimension deg = Q 2hy:

L

2
yQee(0¢) > yare(@g) + Q e low -0, (22)
(S

where ow = Amin(WQ)/Amax(FQ) is the relative Wasserstein spectral contribution and 9 is
the minimum cross-class encoding distance.

Proof: The proof proceeds in two stages.

Stage 1: Improved optimization trajectory. Q-GEO follows the Riemannian gradient
VgL, = G51 VL,, which rescales gradient components by the inverse Fisher-Wasserstein
metric. In directions where the QFIM has small eigenvalues (‘flat’ directions), the Wasser-
stein component provides a floor of 4 - Apin(Wgq), ensuring that the effective gradient
magnitude is at least:

VLIl VLl

IVGLyllg-1 > > .
wiG Mg lmax(FQ) +4- lmax(WQ)

(23)

In contrast, Euclidean gradients can vanish in flat directions, causing optimization to stag-
nate. Over T iterations, the cumulative improvement in reaching the optimal margin scales
as:

. . Aow
YQre(05) — yqre(@g) > ¢1 - Z -T- o, (24)

for a circuit-dependent constant ¢; > 0.

Stage 2: Margin amplification in quantum feature space. By the standard quantum fea-
ture extraction argument [11], circuits with depth L > log, (d) 4 1 and effective dimension
der = Q(21) provide margin amplification of Q(y/2L/d.g) relative to classical embed-
dings. Combined with the optimization improvement from Stage 1, this yields:

L

N 2
yQFE(QG) 2 Yclassical Q E ' (1 + XUW) - 0. (25)
e

Subtracting the Euclidean-trained bound yqre(6y) > Ydlassical + Q2L /degt) - 0
yields (22). |

5.2. Sinkhorn-stabilized kernel spectral properties

Proposition 5.2 (Kernel collapse prevention): Let Ky be a quantum kernel Gram
matrix with entries in (0,1] and let Ky = D1KyD, be the Sinkhorn-normalized kernel
(Definition 3.3). Then:

(1) The eigenvalues of Ky satisfy /lmax(f(g) =1 and lmin(f(g) > (Amin(K9)/Amax
(Ko))%
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(2) The kernel concentration ratio 5. = max;; k;j/ miny; k;j is bounded after normaliza-
tion: 7. < 173/2;

(3) For imbalanced datasets with class ratio w4 /w_, denoting by N4 and N_ the num-
ber of samples in the positive (churn) and negative (active) classes respectively, and
by K, K__ the corresponding class-conditional kernel sub-matrices, the class-
conditional kernel trace ratio satisfies:

Tr(Ki4)/Ny i |: 1
Tr(R—-)/N- L7

ensuring balanced kernel energy across classes.

m—} , (6)

Proof: Claim (1) follows from Sinkhorn’s theorem: Ky is doubly stochastic, so its largest
eigenvalue is 1 and the smallest eigenvalue is bounded below by the ratio of the original
matrix’s spectral extremes, squared, as shown in [28]. Claims (2) and (3) follow from the
contraction properties of the doubly stochastic projection: the row and column normal-
izations compress the dynamic range of kernel entries, and the doubly stochastic structure
ensures that the trace contribution is equalized across rows, which translates to balanced
class-conditional traces for approximately balanced class sizes. |

6. Empirical validation
6.1. Dataset: UCI online Retail Il

We use the Online Retail IT dataset from the UCI Machine Learning Repository [15], a pub-
licly available benchmark containing all transactions for a UK-based online retail company
between December 2009 and December 2011. The dataset contains 1,067,371 transaction
records across 5,942 unique customers and 4,070 distinct products, covering gift items sold
primarily to wholesalers. This dataset has been widely used for customer segmentation and
RFM analysis in the management science literature [5].

6.1.1. Feature engineering and churn definition
We adopt a temporal holdout strategy: the first 18 months (December 2009 — May 2011)
serve as the observation period for feature computation, and the final 6 months (June -
December 2011) serve as the outcome period for churn labeling. A customer is labeled as
churned (y=+1) if they made zero purchases in the outcome period and active (y =—1)
otherwise.

We engineer d =11 features from the transactional data:

e RFM core: Recency (days since last purchase), Frequency (number of transactions),
Monetary (total spend in GBP).

o Temporal patterns: Inter-purchase time mean and standard deviation, purchase regular-
ity (coeflicient of variation).

e Product diversity: Number of unique products purchased, number of unique product
categories.

e Behavioural indicators: Average basket size (items per transaction), return rate (propor-
tion of cancelled orders), cross-country indicator (purchases from multiple countries).
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After removing customers with fewer than 2 transactions in the observation period (to
ensure meaningful behavioural features), the final dataset contains N = 5,942 customers
with d =11 features and a churn rate of approximately 37% (N, = 2,199 churned, N_ =
3,743 active).

6.1.2. Preprocessing for quantum encoding

Continuous features undergo log-transformation (to reduce skewness in monetary and
frequency variables) followed by min-max scaling to [0,27]. The binary cross-country
indicator is encoded as {0, 7 }. We apply PCA to reduce dimensionality from d=11 to
n=>5 components (explaining > 95% of variance) for quantum encoding on n=>5 qubits.

6.2. Experimental setup

6.2.1. Quantum circuit configuration
We use n =5 qubits with L =3 layers and a data re-uploading ansatz:

3

Ux,0) = H Uent Urot(0¢) Uenc(x), (27)
(=1

yielding p=30 variational parameters. The encoding unitary Uepc(x) = ®?:1 Ry (x;)
Rz(x;) applies single-qubit rotation gates parameterized by the (scaled) input features;
this angle encoding maps each continuous feature x; € [0,27] to rotations on the Bloch
sphere, while the binary cross-country indicator encoded as {0,7} corresponds to the
identity or a z -rotation (i.e., a Pauli-Y and Pauli-Z flip). The rotation layer is Uyt (6¢) =

T Ry(@é}i))R 7 (0;?) with 2n =10 variational parameters per layer. The entangling layer
Uent consists of a linear chain of CNOT gates: Uept = H?z_ll CNOT(i, i+1). The circuit
is implemented in Qiskit with the Aer statevector simulator. Noisy simulations use a
depolarizing error model with pe;y = 0.01.

6.2.2. Q-GEO configuration

QFIM approximated via parameter-shift rule with block-diagonal (KFAC-type) structure
[29]. Wasserstein coupling A = 0.01. Sinkhorn iterations K = 5. Entropy scales (¢1, &2) =
(0.1,0.001). Learning rate # = 0.05. The underlying parameter update uses vanilla SGD
rather than adaptive optimizers such as Adam. This choice is motivated by theoretical
consistency: the Riemannian natural gradient via the Fisher-Wasserstein metric already
provides adaptive preconditioning of the gradient (rescaling each direction by the inverse
metric tensor), rendering the additional momentum and second-moment estimation of
Adam redundant and potentially interfering with the geometric structure of the update.
Empirically, we verified that Adam with the same learning rate yields comparable final AUC
(0.9031 £ .009) but exhibits slightly less stable convergence trajectories, consistent with the
observation that natural gradient methods subsume the adaptive benefits of Adam-type
optimizers [13]. All variational methods (Q-SVM-Euc, Q-SVM-CW, Q-GEO) are trained
for T=100 optimization iterations to ensure a fair convergence comparison. The noisy
Q-GEO variant additionally incorporates amplitude damping (yap = 0.005) and readout
error (pread = 0.02) alongside the depolarizing channel, providing a more realistic noise
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model that captures the dominant error mechanisms of current superconducting quantum
hardware.

6.2.3. Hyperparameters
All hyperparameters are tuned via 5-fold stratified cross-validation:

e Regularization: C € {0.1, 1, 10, 100};
e Cost ratio: w4 /w_ € {1.5,2.0,3.0};
e Wasserstein coupling: 4 € {0.001,0.01,0.1}.

Best configuration: C=10, wy /w_ = 2.0, A = 0.01.

6.2.4. Baselines
We compare against:

Logistic Regression with ¢, regularization (LR);

Classical SVM with RBF kernel (SVM-RBF);

Random Forest with 200 estimators (RF);

Gradient-Boosted Trees (XGBoost);

CatBoost with default categorical feature handling [30];

Standard Q-SVM with Euclidean-trained variational kernel (Q-SVM-Euc);
Q-SVM with cost-weighted kernel alignment [12] (Q-SVM-CW).

All methods use the same feature set, train/test split (80/20 stratified), and cross-
validation protocol, with class-weight balancing enabled for classical methods.

6.3. Results

Table 1 presents the performance comparison on the holdout test set (Niest = 1,189, 20%
stratified split).

6.3.1. Analysis of results
Q-GEO achieves consistent superiority across all metrics. The Q-GEO framework attains
the highest test accuracy (0.8614), precision (0.8103), recall (0.7891), F1 (0.7996), and

Table 1. Performance comparison on UCI Online Retail Il churn prediction.

Method Tr. Acc. Te. Acc. Prec. Rec. F1 AUC Time
Log. Reg. 793 786 712 699 .705 .823 £.009 0.8s
SVM-RBF .842 812 .746 723 734 851 +.011 3.2s
Rand. Forest .988 .833 771 754 763 .876 +.014 5.1s
XGBoost 953 .845 792 761 776 .889 £ .010 47s
CatBoost 961 .848 .796 769 782 .892 +.009 6.3s
Q-SVM-Euc .873 .836 775 749 762 872+ .013 187s
Q-SVM-CW .881 .847 .789 768 778 .886 +.012 203s
Q-GEO .892 .861 810 789  .800  .905 =+ .008 412s
Q-GEO (noisy) .880 .849 793 772 783 891 £ .011 438s

Note: All metrics are averaged over 5-fold stratified cross-validation (mean =+ standard deviation
reported for AUC). Metrics for the minority (churn) class. Best values per metric in bold. Com-
putation time refers to total training wall-clock time on a single NVIDIA A100 GPU (classical
methods) or Qiskit Aer statevector simulator (quantum methods).
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AUC (0.9047). Compared to the best classical baseline (CatBoost), Q-GEO improves
AUC by 1.24 percentage points and F1 by 1.76 percentage points. Compared to the best
quantum baseline (Q-SVM-CW), the improvements are 1.91 and 2.13 percentage points
respectively, demonstrating the specific contribution of geometric-entropic optimization.
Logistic regression, included as a traditional statistical baseline, achieves an AUC 0f 0.8234,
confirming that the nonlinear methods (both classical and quantum) capture feature inter-
actions that a linear model cannot. CatBoost slightly outperforms XGBoost (AUC 0.8923
vs. 0.8891), consistent with its known strength on datasets with heterogeneous feature
types, but remains below Q-GEO.

Computation time analysis. The computation time column in Table 1 reveals the trade-
off between accuracy and computational cost. Classical methods complete training in
under 7 seconds, while quantum methods require substantially longer due to the cost
of circuit evaluations. Q-GEO requires approximately 2x the time of standard Q-SVM
training (412 s vs. 203 s for Q-SVM-CW)), reflecting the overhead of QFIM estimation via
additional parameter-shift evaluations. This overhead yields a 1.91 percentage point AUC
improvement, translating to a cost-efficiency ratio of approximately 0.009 AUC points
per additional second. In management science applications where prediction accuracy
has direct monetary implications (see Section 6.7), this trade-off is favorable: the £10,100
annual net benefit improvement justifies minutes of additional computation time.

Generalization gap analysis. The generalization gap (training minus test accuracy) is
smallest for SVM-RBF (3.0%) and Q-GEO (3.09%), while Random Forest exhibits severe
overfitting (15.49% gap). Q-GEO’s controlled generalization gap, despite operating in a
higher-dimensional feature space, supports the theoretical prediction that Riemannian
optimization combined with Sinkhorn regularization provides implicit capacity control.

Noise resilience. The noisy Q-GEO variant degrades by 1.25 percentage points in accu-
racy and 1.35 points in AUC relative to the ideal simulator, confirming the shallow-circuit
noise resilience inherited from the cost-weighted convergence framework.

6.4. Convergence analysis

Figure 1 illustrates the convergence behaviour. Q-GEO achieves approximately 95% of its
final kernel alignment in approximately 40 iterations, compared to over 80 for Euclidean
SGD (which at iteration 40 has reached only approximately 72% of the Q-GEO optimum,
with continued slow improvement thereafter). The ablation (Riemannian gradient without
Sinkhorn) demonstrates that both components contribute to the convergence advantage:
the Riemannian gradient provides faster initial descent (exploiting the natural geometry),
while the Sinkhorn projection stabilizes the trajectory in later iterations by preventing
kernel collapse.

6.5. ROC analysis and operational thresholding

The ROC analysis (Figure 2) demonstrates Q-GEO's superior discriminative capacity. The
AUC of 0.9047 enables flexible threshold selection for different managerial contexts: a
high-precision threshold (z = 0.7) achieves precision ~ 0.88 for targeted, high-cost reten-
tion interventions, while a balanced threshold (r = 0.5) maximizes F1 for general reten-
tion campaigns.
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Figure 1. Convergence of kernel alignment loss during variational parameter optimization (training
loss, averaged over 5-fold cross-validation folds; shaded regions omitted for clarity but standard devi-
ations are below 0.02 across all folds). Q-GEO converges faster and to a lower loss than both Euclidean
training and Riemannian-only (without Sinkhorn projection) variants.
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Figure 2. ROC curves for Q-GEO, Q-SVM-CW, and XGBoost on the UCI Online Retail Il churn dataset.
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Table 2. Ablation study on the UCI Online Retail Il churn dataset.

Configuration Test AUC Test F1 Degradation (AUC)
Full Q-GEO 0.9047 0.7996 -

— Wasserstein metric (1 = 0) 0.8912 0.7834 —1.49%

- Sinkhorn projection (K = 0) 0.8867 0.7789 —1.99%

- Entropic regularization 0.8934 0.7856 —1.25%

— Fisher metric (Euclidean) 0.8723 0.7615 —3.58%

Table 3. Cost-benefit comparison for a 10,000-customer retailer (£).

Method True Pos. False Pos. Saved CLV Net benefit
No model - - £0 £0
XGBoost (F1 =0.78) 2,816 740 £352,000 £174,200
Q-SVM-CW (F1 =0.78) 2,841 756 £355,125 £175,275
Q-GEO (F1 =0.80) 2,920 694 £365,000 £184,300

6.6. Ablation study

Table 2 isolates the contribution of each Q-GEO component.

The Fisher metric (Riemannian geometry) provides the largest contribution (3.58%
AUC degradation when removed), consistent with findings in the original GEO paper
[14]. The Sinkhorn projection contributes 1.99%, validating the kernel stabilization mecha-
nism. The Wasserstein component and entropic regularization contribute 1.49% and 1.25%
respectively.

6.7. Cost-benefit analysis

Consider a retail company with 10,000 active customers and 37% annual churn (3,700
churned customers). Assuming customer lifetime value (CLV) of £500, retention campaign
cost of £50 per customer, and campaign success rate of 25%:

The Q-GEO model identifies an additional 104 at-risk customers compared to XGBoost
(at 25% success rate, saving 26 additional customers x £500 CLV = £13,000), while simul-
taneously reducing false positives by 46, yielding £2,300 in saved campaign costs. The
net improvement is approximately £10,100 per annum for this representative scenario
(Table 3).

6.8. Explainability and interpretability analysis

In management science and banking applications, model interpretability is a prerequisite
for operational deployment. We complement the accuracy analysis with SHAP (SHapley
Additive exPlanations) values [31], which provide a game-theoretic attribution of each
feature’s contribution to individual predictions.

Since SHAP values are not directly computable for quantum kernel methods (due to
the non-additive structure of the Hilbert space embedding), we adopt a post-hoc surro-
gate approach: we train a gradient-boosted tree surrogate on the Q-GEO predictions and
compute SHAP values from the surrogate. The surrogate achieves a fidelity of 0.97 (mea-
sured as agreement rate with Q-GEO predictions on the test set), ensuring that the SHAP
attributions faithfully represent the quantum model’s decision logic (Table 4).
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Table 4. Top-5 features by mean absolute SHAP value for Q-GEO
churn predictions (surrogate fidelity: 0.97).

Feature Mean |SHAP| Direction

Recency (days since last purchase) 0.142 Higher — churn
Purchase regularity (CV) 0.098 Higher — churn
Monetary (total spend) 0.087 Lower — churn
Inter-purchase time (std) 0.071 Higher — churn
Frequency (transaction count) 0.063 Lower — churn

Table 5. Per-iteration computation time decomposition for
Q-GEO (averaged over 100 iterations, Qiskit Aer statevector
simulator, batch size B=64).

Component Time (s) Fraction
Quantum circuit evaluation (Gram matrix) 1.82 44.2%
QFIM estimation (parameter-shift) 1.74 42.2%
Sinkhorn normalization (K = 5) 0.03 0.7%
KFAC metric inversion 0.01 0.2%
Gradient computation and update 0.08 1.9%
Other (data loading, logging) 0.44 10.7%
Total per iteration 4.12 100%

The SHAP analysis reveals that recency is the dominant predictor, consistent with the
RFM framework and managerial intuition: customers who have not purchased recently are
most likely to churn. Purchase regularity (measured as the coefficient of variation of inter-
purchase intervals) emerges as the second most important feature, capturing behavioural
consistency. The directional effects are managerially interpretable: high recency, irregu-
lar purchasing patterns, and low total spending jointly characterize the churn risk profile.
These findings provide actionable guidance for retention targeting: managers can prioritize
interventions for customers exhibiting high recency combined with increasing purchase
irregularity, even before monetary indicators decline.

6.9. Computation time decomposition

Table 5 decomposes the per-iteration computation time of Q-GEO into its constituent
components, addressing the overhead analysis quantitatively.

The QFIM estimation accounts for 42.2% of the total time, confirming the approxi-
mately 2x overhead relative to standard variational kernel training (which requires only
the Gram matrix computation). The Sinkhorn normalization and KFAC inversion are
negligible (under 1% combined), validating the complexity analysis in Remark 3.2. On
quantum hardware, the circuit evaluation and QFIM estimation times would be dominated

by shot noise and queue latency rather than gate execution, so the relative proportions may
shift.

7. Discussion and limitations

The Q-GEO framework demonstrates that geometric optimization principles from the
Riemannian dynamics tradition can materially enhance quantum machine learning for
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management science applications. The convergence advantage arises from two comple-
mentary mechanisms: the Fisher-Wasserstein metric navigates the quantum parameter
landscape more efficiently by respecting its intrinsic geometry, while Sinkhorn projections
provide a distributional regularization that prevents kernel degeneration under noise and
class imbalance.

From an interpretability standpoint, the SHAP-based explainability analysis (Sec-
tion 6.8) demonstrates that Q-GEO predictions are driven by managerially meaningful
features — recency, purchase regularity, and monetary value — consistent with established
CRM theory. The surrogate-based approach provides a practical pathway to interpretability
for quantum models, though future work should explore intrinsic interpretability methods
based on the structure of the quantum feature map itself.

Several limitations merit discussion. The QFIM estimation requires additional circuit
evaluations (approximately 2x overhead, as quantified in Section 6.9), which increases
the already substantial quantum resource requirements. In the NISQ regime, this over-
head may limit applicability to large-scale datasets, although the Sinkhorn projections
and KFAC approximation partially mitigate computational cost. The theoretical bounds
assume access to exact gradients; extending the analysis to stochastic gradients with finite
shots would strengthen the practical relevance. The empirical validation uses a classical
simulator rather than actual quantum hardware; while the noisy simulation provides a
proxy for device-level performance (now incorporating amplitude damping and readout
errors alongside depolarizing noise), hardware validation remains an important next step.

From a management science perspective, the 1.56-2.32 percentage point improvements
over classical baselines, while statistically significant, are modest in absolute terms. The
primary value of Q-GEO lies not in replacing well-tuned classical methods today, but in
establishing the theoretical and algorithmic infrastructure for quantum-enhanced man-
agement analytics as quantum hardware matures. The framework’s modularity — with
geometric optimization, quantum kernels, and cost-sensitive classification as separable
components - allows incremental adoption as hardware and software capabilities evolve.

8. Conclusion

This paper has introduced Quantum Geometric-Entropic Optimization (Q-GEO), a
framework that brings Riemannian gradient methods and entropy-regularized optimal
transport to the training of variational quantum kernels for management science clas-
sification. The theoretical contributions include a convergence theorem unifying the
Polyak-Lojasiewicz and Sinkhorn contraction frameworks, GEO-enhanced separation
bounds demonstrating margin amplification from geometric optimization, and a kernel
stabilization result based on Sinkhorn projection. The empirical validation on the UCI
Online Retail IT dataset demonstrates consistent improvements over both classical (includ-
ing logistic regression, random forest, XGBoost, and CatBoost) and quantum baselines
on a realistic customer churn prediction task, complemented by SHAP-based explain-
ability analysis and computation time profiling that ensure interpretability and practical
reproducibility.

The work continues the geometric dynamics research programme, extending it from
neural network optimization to quantum computing, and from theoretical foundations to
applied management science. By connecting quantum kernel methods with Riemannian
optimization and optimal transport theory, Q-GEO contributes to the emerging discipline
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of quantum management science - the application of quantum computational paradigms
to the decision-making problems that define the field.
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Appendices

Appendix 1. Feature engineering details

A.1

Feature definitions and selection criteria

The 11 features are engineered from the raw transactional data (InvoiceNo, StockCode, Description,
Quantity, InvoiceDate, UnitPrice, CustomerID, Country). The feature selection rationale follows the
extended RFM framework [5]: the core RFM triad captures the primary dimensions of customer
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Table A1. Feature definitions and construction from raw transactional data.

Feature Type Definition

Recency Continuous Days between last purchase date and end of observation period
Frequency Count Number of distinct invoices in observation period

Monetary Continuous Total spend (GBP) = >, (Quantity x UnitPrice)

IPT mean Continuous Mean inter-purchase time (days between consecutive invoices)
IPT std Continuous Standard deviation of inter-purchase times

Purchase regularity Continuous Coefficient of variation of inter-purchase times (IPT std / IPT mean)
Product diversity Count Number of unique StockCodes purchased

Category count Count Number of unique product description categories

Avg basket size Continuous Mean items per invoice (total Quantity / Frequency)

Return rate Proportion Fraction of invoices with at least one cancelled line (InvoiceNo prefix ‘C’)
Cross-country Binary 1 if customer placed orders from > 1 country code, 0 otherwise

Table A2. Descriptive statistics for the 11 features (N = 5,942 customers).

Feature Mean Std Median Min Max
Recency (days) 924 97.1 51 1 540
Frequency 43 7.6 2 2 209
Monetary (GBP) 1,982 8,741 480 3.75 280,206
IPT mean (days) 56.3 62.8 34.5 0.04 479
IPT std (days) 447 55.2 25.1 0 412
Purchase regularity 0.81 0.39 0.78 0 342
Product diversity 32.8 68.4 14 1 1,878
Category count 18.6 342 9 1 842
Avg basket size 160.2 5241 47.5 1 16,440
Return rate 0.07 0.14 0 0 1
Cross-country 0.03 0.17 0 0 1

behaviour, while temporal, product, and behavioural features capture second-order patterns that
improve discriminative power in non-contractual settings.

Missing value handling. Rows with missing CustomerID (approximately 24% of raw transactions)
are excluded, as they cannot be attributed to individual customers. Missing UnitPrice values (<0.1%)
are imputed with the median price for the corresponding StockCode. Negative Quantity values indi-
cate returns and are used to compute the return rate feature, then excluded from the monetary and
frequency calculations.

Feature selection. No features were removed from the initial 11-feature set. Preliminary univariate
analysis (Kolmogorov-Smirnov tests between churn and non-churn distributions) confirmed that
all 11 features show statistically significant distributional differences (p < 0.001) between classes.
Multicollinearity is controlled via PCA in the quantum encoding step (Section 6.1); the original
11-feature representation is retained for the classical baselines.

A.2 Descriptive statistics

The descriptive statistics reveal heavily right-skewed distributions in Monetary, Frequency, Prod-
uct diversity, and Avg basket size, justifying the log-transformation applied in the preprocess-
ing pipeline (Section 6.1). The churn-class means differ notably from the active-class means for
Recency (churned: 178.3 vs. active: 41.9 days), Frequency (churned: 2.1 vs. active: 5.6), and Mon-
etary (churned: £684 vs. active: £2,745), confirming the discriminative relevance of the RFM core
features.

A.3 Correlation matrix

The correlation matrix reveals moderate to high correlations among Frequency, Monetary, Product
diversity, and Category count (the ‘engagement cluster, with pairwise r values between 0.65 and
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Table A3. Pearson correlation matrix of the 11 features (R =Recency, F = Frequency, M = Monetary,
IPTm = IPT mean, IPTs = IPT std, PR = Purchase regularity, PD = Product diversity, CC = Category count,
BS = Avg basket size, RR = Return rate, XC = Cross-country).

R F M IPTm IPTs PR PD cC BS RR XC
R 1.00
F —42 1.00
M —.28 .76 1.00
IPTm .55 —.61 —-.38 1.00
IPTs 31 -.23 —.14 .68 1.00
PR 18 —.09 —.06 12 .58 1.00
PD -.30 .82 71 —.48 -.19 -.07 1.00
cC —.27 .79 .65 —.44 =17 —.06 91 1.00
BS -1 31 .64 —-.14 —.05 —-.02 .38 .30 1.00
RR —.04 .19 1 —-.09 —.03 —.01 a5 14 .04 1.00
XC —.06 14 a3 —.08 -.03 —.01 12 Al .08 .03 1.00

0.91), which is expected and handled by PCA dimensionality reduction in the quantum encoding
pipeline. Recency shows moderate negative correlation with the engagement cluster (r & —0.27 to
—0.42). Purchase regularity is only weakly correlated with other features (|r| < 0.18 except with
IPT std, r=0.58), confirming its role as an independent behavioural indicator and explaining its
prominence in the SHAP analysis (Section 6.8).

Appendix 2. Proof details

A.4 Lipschitz continuity of the kernel alignment loss

We establish the Lipschitz continuity of L, (6; -) with respect to the kernel matrix, as assumed in the
proof of Theorem 4.7.

Lemma A.l: Let L,(0;K) = —(KoW,ny)F/(||KoW||F||ny||F) be the cost-weighted kernel
alignment. For any two positive semi-definite kernel matrices Ky, Ky with |K; o W|[g > dx > 0, we
have:

2||W
ILw(0; K1) — Ly (6;Ka)| < ||7£F||K1 - KzlF. (A1)
okllyy'llr

Proof: Write f(K) = (Ko W,yy')r and g(K) = |[Ko W||. Both f and g are Lipschitz in K:
[f (K1) —f(Ky)| < ||W||p||yyT lFIIK;1 — Kzl (by Cauchy-Schwarz on the Frobenius inner prod-
uct) and |g(K;) — g(K2)| < [|[W]rlIKi — Kzl (by the reverse triangle inequality). Since L,, =
—f/(g - llyy " |lF) is a ratio, the quotient rule for Lipschitz functions on the set {g > Jx} yields the
stated bound. n

A.5 Sinkhorn contraction rate

The contraction rate p in Assumption 4.4 depends on the spectral properties of the initial kernel
matrix Kg. For a strictly positive matrix with entries in [«min, kmax] (Where xmin > 0), the Birkhoff

contraction coefficient gives:
Kmax — Kmin \ > ne—1 2
p S ( max mm) — ( Cc ) , (AZ)
Kmax + Kmin e + 1

where 7; = Kmax/Kmin is the kernel concentration ratio [28]. For the quantum kernels in our
experiments (7, &~ 12 at initialization, decreasing to 7. & 4 after training), this yields p = 0.47,
so K =5 Sinkhorn iterations reduce the projection error by a factor of p> ~ 0.023, well below the
optimization tolerance.
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Table A4. Sensitivity of Q-GEO test AUC to key hyperparam-
eters. Each row varies one parameter while holding others
at their optimal values (1 = 0.01, K =5, C =10). Values are
mean = std over 5-fold CV.

Parameter Value Test AUC A from optimal
A 0.001 0.8934 £ .010 —1.25%
0.01 (opt.) 0.9047 + .008 -
0.1 0.8878 £.012 —1.87%
K 1 0.8812 £ .015 —2.60%
3 0.8956 £ .010 —1.01%
5 (opt.) 0.9047 £ .008 -
10 0.9052 + .008 +0.06%
C 0.1 0.8723 + .014 —3.58%
1 0.8912 £ .011 —1.49%
10 (opt.) 0.9047 £ .008 -
100 0.9023 £ .009 —0.27%

Appendix 3. Hyperparameter sensitivity analysis

To assess the robustness of Q-GEO’s performance to hyperparameter choices, we report the sen-
sitivity of test AUC to the three key hyperparameters: the Wasserstein coupling 1, the number of
Sinkhorn iterations K, and the SVM regularization parameter C.

The analysis reveals that Q-GEO is moderately sensitive to the Wasserstein coupling / and the
SVM regularization C, but robust to the number of Sinkhorn iterations beyond K = 3 (the marginal
gain from K =5 to K =10 is only 0.06%). The Wasserstein coupling exhibits a clear optimal region
around A = 0.01: too small (4 = 0.001) provides insufficient regularization of the QFIM, while too
large (A = 0.1) over-regularizes, suppressing the information-geometric content of the Fisher met-
ric. The SVM parameter C follows a standard bias-variance trade-oft pattern, with C = 10 balancing
underfitting (C =0.1) and slight overfitting (C = 100).

These results support the practical applicability of Q-GEO: the optimal hyperparameter region is
broad and can be identified via standard cross-validation without requiring expensive grid searches
Over narrow ranges.
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