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ABSTRACT

Using the powerful mathematical tools consistingy@ftor calculus, differential equations and
complex functions, the dissertation describes extety, by simulation, the scientific problems
relating to the introduction of determining factotise variation of pre-established parameters and
the modulation of specific aspects in the contéx$yonmetrical dynamic systems represented by
experimental models. The discussion is divided k@ sections, dedicated to the chosen
instruments and means of investigation (tools) eespely to the selected applications and to the
study substrates (works), and is divided into thpads, distinguished according to the prevailing
spheres of interest (since a segregation of thiedaopto completely separate compartments would
be ontologically impossible, due to the very delaggcal embrications and the very rich technical
implications), including seven documents, for thestnpart already published in relevant sectorial
scientific journals. In the first part on expourtle reference works: Stability and Hopf Bifurcation
Analysis of a Distributed Time Delay Energy Modet Sustainable Economic Growth; Bifurcation
Analysis of a Transportation Network for Energywidistributed Delayed Carrying Capacity; and
Dynamics of a Delayed Mathematical Model for Oned@tor Sharing Teams of Two Preys,
highlighting the consequences of the insertion efags and the effects of bifurcations in
symmetrical dynamic systems represented by modetsigiainable economic growth, of energy
distribution networks with delayed transport capaeind of closed ecosystems with one predator
and two preys struggling for survival. In the set@art on examines the reference works: Complex
Dynamics of a Model with R&D Competition; and Hdpifurcation Analysis in a Modified R&D
Model with Delay; underlining the effects of thesamtion of delays and the variability of
dichotomous solutions in models with two competidgpartments subjects to opportunistic
collaboration according to complex Dynamics of gatineory. In the third part on explains the
reference works: Multi-Attribute Decision Making & on Interval-Valued Trapezoidal
Neutrosophic Number and its Application in the Diagis of Viral Flu; and Analysis on Additional
Environmental Stress - PPE Kit Disposal During Ranid, A Dual Hesitant g-rung Orthopair
MARCOS Methodology under Uncertainty, by intercoctingy a multidisciplinary heterogeneous
polymorphous miscellany, which unites disparatgestib (diagnosis of viral flu based on indistinct
clinical symptoms, additional environmental poluti in the disposal of personal protective
equipment or difficulties in taking collegiate tdegcisions in conditions of uncertainty) connected

or reconnectable with the present ones pandemiesss



COURTESY ABSTRACT

Utilizzando i potenti strumenti matematici costituilal calcolo vettoriale, dalle equazioni
differenziali e dalle funzioni complesse, la disaeione descrive diffusamente, per simulazione, le
problematiche scientifiche relative all'introduzeondi fattori determinanti, alla variazione di
parametri prestabiliti e alla modulazione di aspsfiecifici nelllambito di sistemi dinamici
simmetrici rappresentati attraverso modelli spentake La trattazione si articola in due sezioni,
dedicate alle strumentazioni e ai mezzi di indagirescelti (tools) rispettivamente alle applicazion
e ai substrati di studio selezionati (works), swldivide in tre parti, distinte in base alle pitené
sfere di interesse (poiché una segregazione degtingenti in compartimenti completamente
separati risulterebbe ontologicamente impossilpié, le fittissime embricazioni logiche e per le
ricchissime implicazioni tecniche), comprendentieselocumenti, in massima parte gia pubblicati
su rilevanti riviste scientifiche settoriali. Nelf@ima parte si espongono i lavori di riferimento:
Stability and Hopf Bifurcation Analysis of a Diditited Time Delay Energy Model for Sustainable
Economic Growth; Bifurcation Analysis of a Transjadion Network for Energy with Distributed
Delayed Carrying Capacity; e Dynamics of a Delayédthematical Model for One Predator
Sharing Teams of Two Preys, evidenziando le coreseggidegli inserimenti dei ritardi e gli effetti
delle biforcazioni in sistemi dinamici simmetricppresentati attraverso modelli matematici di
crescita economica sostenibile, di reti di distzibne energetica con ritardi nella capacita di
trasporto e di ecosistemi chiusi con un predatodeie prede in contrasto. Nella seconda parte si
esaminano i lavori di riferimento: Complex Dynamafsa Model with R&D Competition; e Hopf
Bifurcation Analysis in a Modified R&D Model with &ay, sottolineando gli effetti dei ritardi e
delle biforcazioni nello sviluppo di dinamiche coegse in modelli con due reparti in
contrapposizione, ma non restii a collaboraziomarfunistiche, secondo la teoria dei giochi. Nella
terza parte si esplicano i lavori di riferimentoulttAttribute Decision Making Based on Interval-
Valued Trapezoidal Neutrosophic Number and its Agapion in the Diagnosis of Viral Flu; e
Analysis on Additional Environmental Stress - PPH Risposal During Pandemic, A Dual
Hesitant g-rung Orthopair MARCOS Methodology undéncertainty, interconnettendo una
miscellanea multidisciplinare eterogenea polimodia attualita, che accomuna temi disparati
(diagnosi di influenza virale basate su sintomaj@o cliniche evanescenti, inquinamento
ambientale aggiuntivo nello smaltimento di equipaggenti protettivi personali o difficolta
nell'assunzione di decisioni apicali collegiali @ondizioni di incertezza) collegati o ricollegabili

con le presenti problematiche pandemiche.
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INCIPIT

“Dicebat Bernardus Carnotensis nos esse quasi ngigastium homerus insidentes, ut
possimus plura eis et remotiora videre, non utigrggrii visus acumine, aut eminentia corporis,
sed quia in altum subvehimur et extollimur magnitedgigantea”, “Bernard of Chartres said we
are like dwarves on the shoulders of giants, sbwleacan see more things than them and farther
away, certainly not because of the acuity of sighthe height of our body, but because we are
lifted and carried aloft from the stature of gidr{tlohn of SalisburyMetalogicon I, 4).

The famous medieval aphorism, attributed to Bermdr@hartres, a french scholar of the twelfth
century, which metaphorically includes, condensed eises the essence of the philosophical
conception of the erudition of antiquity, assigntoghe learning of old knowledge acquired by the
ancestors the possibility of obtaining new notiteeened from posterity, underlines the advantage
of being able to exploit the cultural heritage bbse who preceded us (in credit) to transmit
knowledge (enriched by our contributions) to thede will follow us (in debt) and inspired the
composition of this dissertation, based on thefigation of innovative scientific awareness carried
out with the application of mathematical instrunsecdnsolidated by the daily experimentation and
conceived to try to reach the predetermined destima in collaboration with older teachers, with
peers of the same age and with younger learners.

For the unusual complexity of the subtle logicdl rbuge that unites them, in a serial way,
superficially, with different points of contact, dirdue to the uncommon abundance of notable
technical implications that connect them, in a paramanner, deeply, to different levels of
investigation, the editing of the essays that makethis complex work involved a special
commitment, in terms of intellectual concentrataord professional application, given the youthful
experience, mainly for the completion of the ordemllection of preliminary bibliographic
documentation, for the widening of the mathematmateling checks, for the improvement of the
precise enunciation of the axiomatic scientific dasions and for the supplement of the precise
generalization of the information experimentallyqaiced, respecting the correct and perfect
concinnitas betweerloyot e tomou (criss cross contour shaping) in terms of paradign
conceptions, of pragmatic correspondences andrafjpamatic constitutions.

Furthermore, before publication, requiring partgumethodological consideration, especially to
detect the major operational strategies to be dseithg the procedures for spatial arrangement of
the phenomena examined, and demanding a singutansatic weighting, particularly to determine
the best executive tactics to be used during thpdeal organization procedures of the analyzed
events, the relational expository references walgested to radical processes of formal revision

and substantial integration tending to make themenmmngruent and fitting both regarding the
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preliminary designation of the proposed objectivesicerning chosen indicators determination and
respecting collect data processing.

Today, in the context of current cultural realitiye planning, design and programming of organic
and rational coherent scientific researches cartistegard the use of the most advanced
mathematical tools, as they are the most flexibbgsatile and functional means for conducting
thorough methodical investigations and for the falation of comprehensive systematic
assessments concerning the notable aspects o&tioeiy matters in terms of issues, problems and
troubles.

Moreover, recently, the modern digital methods &ymbolic representation of measurable
guantities founded on discrete and finite numeraatodings, combined with the classic analog
systems for conventional expression of the evatuabtities based on linear and infinite continuous
modifications, was assuming a preponderant rol¢hen framework of inductive and deductive
practices essentials for technological developraadtfundamentals for scientific progress, because
the cybernetic equipments introduction, informatenponents diffusion and telematic instruments
evolution supplies contemporary experts with a idahle power of calculation, which increases in
logarithmic proportion to the performance improvetseof the hardware devices and to the
productivity flankins of the hardware applications.

Whether they are powerful videoterminals workingtime sharing, electronic calculators, digital
elaborators, dedicated workstations, informaticrafmes, personal computers or simple auxiliary
processors, currently machines, with different cotapon skills and with very variable response
speeds, they represent an essential aid for tren@afion of the information to be classified, and
constitute an irreplaceable support for the rewaykof the data to be examined during the
management of composite, difficult and heterogeaeoierventions, while the electronic functions
of artificial brains, built by Man, perfectly integje the neural activities of biological encephalon
created by Nature, admirably combining advancedadigoncepts with rooted analog visions (until
it's possible and as long as mankind don’t lose her or its humanity, because we haven't seen,
heard or felt nothing yet) to achieve the comptatethesis between logical creativity and creative
logic, providing the necessary automatic executsupports for the unattainable speculative
lucubrations of the human mind and transformingdhstract subjective internal theoretical ideas
into concrete external practical realizations.

However, a global approach to the problems of thoumcluded in the panorama of philosophical
sciences, rather than the philosophy of scienceaips to the philosophy of scientific discovery,
investing the field of pure abstraction, with whietrery researcher must confront before being able

to proceed with specific scientific experimentspjpcting his transcendent inferences (with
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functions concerning non-algebraic mathematicalitieg} into the sphere of immanent
phenomenology (based on metaphysical conceptsdiegasensitive realities) to draw irrefutable
certifications destined to abandon the evanescettol of individual hypotheses, deriving from
subjective conjectures inspired by instinctive itiums, to transit in the tangible world of proven
truths, descending from objective confirmationspsrged by an iron logic, assuming the value of
universal laws, characterized by - documental, dwtary and documented - evidence with
cosmic range.

The importance of mathematical tools in scientiésearch assumes a leading relief especially
during the practices of modular realization of gaheschemes, descriptive (referential) or
predictive (inferential), based on the formalizatiof the themes to be represented, determined
through logical structures exposed with expressifumections and equations, on the construction of
relational models, carried out using codified laages as precise, rational relationships and on the
experimental reliability tests conducted throughifieation of existence (presence of an effective
solution to the problem faced), optimality (persmte of an efficient resolution of the question
posed) and stability (subsistence of an abiliteftectively respond to changing system variables)
fulfilled with the aid of suitable selection algimns elaborated with computerized means to
achieve the validation of the model by simulation.

In principle, the work proposes the objectives dfir@ssing, clarifying and solving, with the
mathematical tools constituted by vector calcutliferential equations and complex functions, the
articulated scientific problems attributable to thwroduction of determining factors, to the
variation of pre-established parameters and theutatdn of specific aspects on symmetrical
dynamic systems represented through extraordinadi§ptable, flexible and versatile mathematical
models, while, specifically, the research neathpases, organically examining and minutely
explaining (highlighting natural links as interloaktossfader) the related logical applications
characterized by multiple interactions between cwis with complex implications, in the name of
a perfectly balanced morphological equilibration tetms of conceptual concinnity carefully
weighted between tools (detecting subjects) andksv(itetected objects).

Examining it superficially, without knowing its mwétional implications, the particular internal
organization of the dissertation (founded on maisirttt subjects articulated in seven papers) may
seem somewhat incongruous structurally and rativestibnally incongruent, due to the variety and
vastness of the topics considered, which makepeapculturally fractioned and frayed; however,
the discussion faithfully reflects the breadth ahepth of scientific research agreed with the
Academic Coordinators over the three-year periatiiarderlies the hidden logical trait d’'union that

connects, at various levels (ibidem et passim),nmitlike sundry articles, the studies concerning
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the first group of works - Stability and Hopf Biftation Analysis of a Distributed Time Delay
Energy Model for Economic Growth (with analysis wérious types of kernels in possible
combinations), Bifurcation Analysis of a Transptda Network for Energy with Distributed
Delayed Carrying and Capacity (with stability arsgdyand Hopf bifurcation in different cases of
kernel occurrences) - (I year), the in-depth staigiertaining to the second block of arguments -
Dynamics of a Delayed Mathematical Model for Onedator Sharing Teams of Two Preys
(with Hopf bifurcation and local stability analysts respective specific properties and complex
dynamics of a model with R&D competition explanajicand Hopf Bifurcation Analysis in a
Modified R&D Model with Delay (with local stabilitand bifurcation analysis) - (Il year), and the
experiments concerning the third section of mattefter an introductive synthetical description of
CoViD-19 or SARS-2 pandemic) - Multi-Attribute De@n Making Based on Interval-Valued
Trapezoidal Neutrosophic Number and its Applicatiorthe Diagnosis of Viral Flu (with Multi-
Criteria Decision Making strategy based upon therlral-Valued Trapezoidal Neutrosophic
Numbers and an illustrative numerical example fdre tapplication of the proposed
GRPT methodology based on IVTrNN representatioméaorks) and Analysis on Additional
Environmental Stress-PPE Kit Disposal during Pandera Dual Hesitant g-Rung Orthopair
MARCOS Methodology (with the Conventional MARCOS tkied and an analysis of sensibility
and comparison) - (Ill year).

In the first part the dissertation expounds, exasiand explains the reference works: Stability and
Hopf Bifurcation Analysis of a Distributed Time R Energy Model for Sustainable Economic
Growth; Bifurcation Analysis of a Transportation tiWerk for Energy with Distributed Delayed
Carrying Capacity; and Dynamics of a Delayed Mathigral Model for One Predator Sharing
Teams of Two Preys, highlighting the consequendabe insertion of delays and the effects of
bifurcations in symmetrical dynamic systems repmes# by models of sustainable economic
growth, of energy distribution networks with deldytansport capacity and of closed ecosystems
with one predator and two preys struggling for stal/

In the second part the dissertation expounds, exesrand explains the reference works: Complex
Dynamics of a Model with R&D Competition; and Hdpifurcation Analysis in a Modified R&D
Model with Delay; underlining the effects of thesamtion of delays and the variability of
dichotomous solutions in models with two competidgpartments subjects to opportunistic
collaboration according to complex dynamics of gdhsory.

In the third part the dissertation expounds, exasiand explains the reference works: Multi-
Attribute Decision Making Based on Interval-Valu&édapezoidal Neutrosophic Number and its

Application in the Diagnosis of Viral Flu; and Agals on Additional Environmental Stress - PPE
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Kit Disposal During Pandemic, A Dual Hesitant g-gu@rthopair MARCOS Methodology under
Uncertainty, by interconnecting a multidisciplindrgterogeneous polymorphous miscellany, which
unites disparate subjects (diagnosis of viral fasdal on indistinct clinical symptoms, additional
environmental pollution in the disposal of persgmaltective equipment or difficulties in taking top
collegiate decisions in conditions of uncertairdgghnected or reconnectable with the present ones
pandemic issues.

Given the particular organization of the contenks dissertation is subject to various reading
methods based on the prevailing contingent needspldi@tion ratio, interpretation filters,
acquisition integrations), therefore it can be od@®d with a sequential (horizontal) vision,
following the logical arrangement of the topics added, with a rational (vertical) scan, according
to the scientific connections of the articles régdy or by full consultation (diagonal), based ba t
different points of contact and in relation to tbeveral connection plans that characterize the
discussion.

Initially, the issues related to the introductioh delays into dynamic systems included in the
mathematical representation of models function e tesolution of accessory problems are
identified, studying them with the tools of vectmalculus applied to isomorphism relations with
reflexive, symmetric and transitive properties,nivee proceed with topological spaces evaluation
(without calculating their connectivity), by disgnishing the convergent sequences from the
fundamentals, we provide the complete normed spaessription related to the metric and of the
vector spaces generalizing the notion of euclidgeate considered through the functional analysis
and we continue with the determination of the pataim values by differential equations.

Then we study the effects of a delay distributecroime in an energy model concerning
sustainable economic growth and the results deyiviom its bivalent impact on the dynamic
behavior of the system, which can be stabilizeddestabilized based on the variations in the
equilibrium point of dichotomous bifurcations, supdical or subcritical, it continues with the
analysis of the consequences of a delayed disibof the transport capacity on the functioning of
an energy supply network in local asymptotic stghiland ends with the prediction of the
repercussions of a delay on the possible intemnasti®tween a predator and two prey inserted in a
closed ecosystem.

Then the complex dynamics linked to the reactiotayde of the competing research and
development sections, but opportunistically conmgyiare identified in the simulation of models
related to systems with symmetrical structure, att@rized by extreme variability induced by
continuous succession of interpretable crucialjons as intertwined divergent acquittals or cross

convergent dissolves (crossfading).
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Finally on consider the mind clearness coefficiergating to the discriminating capacities of
multifactor evaluation of inaccurate, uncertaircansistent, incomplete, unimportant, indeterminate
or unidentified clinical informations in viral fldiagnostics, the additional environmental pollution
caused by massive use (with consequent overdormos#l of plastic individual protective
equipments and the importance of disturbing elemientollective apical specialistic decisions.
Moreover, as supplementary corollaries, it is gassito determine extensively fundamental
nosological, statistical and demographic implicasiobased on the interactions between habitat,
agent and patient, useful for the construction athematical epidemiological models (necessarily
imperfect), deterministic or stochastic, with a sgd or open option, homogeneous or
heterogeneous, with descriptive or predictive vaassigning subjects to subgroups corresponding
to different stages of contagion with transitionne® expressed as derivatives, using differential
equations, defining the possible variables as pitibas, quantified in percentage terms, or
segregating the subjects in isolated uniform cotnpamts not susceptible to transfers, to obtain
projections concerning space-time profiles of mmarents activation (origin), evolution (growth),
attenuation (weakness) and extinction (ending).

From collation of the three parts into which thesdirtation is divided, it is easy to go back to the
technical motivations, to the didactic impulses émdhe implementation themes that inspired the
research work, articulated in a balanced triparttan combining philosophical conceptions,
gnoseological notions and epistemological cogn#tion an equal footing in a synchronic cultural
synchrasis aimed at harmonizing natural sciencedoffy and medicine) with social sciences
(sociology and economics) through suitable mathealadpplications (statistics and demography)
in a polymorphic whole capable of fully expressihg interests vastness animating a three-year
period of studies, forcibly protracted due to theViD-19 (SARS-2) pandemic, which caused
multiple deferments, postponements and extensionsglthe studies conduction and embarrassing
complications, difficulties and impediments in tbheurse of the investigations completion, but

ended too soon, unfortunately, considering the thhedlhuman experiences involved.
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SECTION A
(Tools)

CHAPTER 1

Preliminariesand Tools

1.1 Introduction

In this chapter we gonna introduce some theoregilgahents, tools, definitions, theorems, very
useful for the sequel in giving to the reader adre better understand the new results contamed |
the second part of this thesis. It will be orgadiZzeto three sub paragraphs in which will be

arranged basic elements from algebra, vector ascand some functional analysis ingredients.
1.2 Some Algebraic Tools and Structures

The aim of this thesis is mainly to introduce tletemtial reader to its central scope: the delay

differential equations. In doing this we need samseful definitions.
Let two setsA andB theCartesian Productl X B is the set whose elements are ordered fajiis)
of elements such thate A andb € B.

AxB={(a,b)| a€eA beB} (1)
The setd x A is indicated with4?.
More generally we can defid* the set whose elements are the ordered n-tdples., a,,) with
a, ..., a, € A.

A" ={(ay,...,ay) | q; €A V;=1,..,n} (2)
Fixed a subsef of the Cartesian Produdtx B, we can define eelationshipthe correspondence
f:A - B such that:

Va€eA3abeB | (a,b) EF (3)
We can say that andb are in relationship or in other words tibais the image of throughf. The

subset of elements df for which an elemerti exists such that the pdit, b) € F is calleddomain
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If the relationshipf: A - B is such that

Va€eA3A'beB]| (ab)EF (4)
then this relationship is callepplicationor function the domain isi.
If A= B then we must speak about a relationship in thd set
An algebraic structures any non-empty set upon which “arithmetic like” operations have been
defined. So, in order to give an algebraic strietto the sets we must define in them some
operation.
A binary internaloperation on a sétis an application:

0:SxS->S| (a,b)—aob (5)
In other words, it assigns exactly an element thgrir of elements all belonging§o
A scaling operation, also known esternal binaryoperation on a sétis an application:

0:KxS—-S]| (k,b)>ko'b (6)
whereK denotes a fiefd
It assigns to each pair of elemehts K andb € S one elemenk o'b € S.
Let us consider, for example, the $ef vectors on real space and two operations isdalar
product and vector product. The first is an appiloca

VXV ->K
whereK is adivision ring(R or €)% So, it isn’t a binary internal operation.
On the contrary vector product is an application.
VXV -V
So, it is a binary internal operatibn
An example of external binary operation can beagcadultiplication of n-tuples iR™: given any
k € R and any n-tuple(xy, x5, ..., x,) € R", the scalar multiplication ofR™ is defined as it
follows:
(k, (%1, x5, ...,xn)) — k(xq, Xy, ., xp) = (kxq, kx,, ..., kxy,) (7)

It results in a new n-tuple in which each compored just been multiplied By

! To see page 19.

2To see page 19.

% Scalar product is defined as it follows:

UV = UyVy + UV, + U,

where (uy, u,,u,) and (v, v, v,) are Cartesian components of the two vectors, $® d real number. The vector
product is defined as it follows:

- -
toJ Uy, U,
Uy Uy U, = |vy v,
Ve vy 1,

ux uZ -
vx vZ ]

-

Uy Uy
Uy vy|

where? J k are the unit vectors for the axes x, y, z. Sis, édvector
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A group G is a non-empty set of elements on which we cameef binary internal operatio™
which assigns exactly an element belongingGt@and denoted witlu 0o b and to each pair of
elementsy, b € G; this operation has the following properties:
1) Associativity
Given three elements b,c € G

ao(boc)=(aob)oc (8)
2) Existence of an identity element
There is an elememnt € G such that
VaeEG=>aou=uoa=a 9)
3) Existence of inverse element
For eacha € G there is an element € G such that
aoa'=ad' oa=u (10)
These elements anda’ are unique.
If the binary operation is the multiplicatide = X), u is calledunit elemenbr group identity it is
denoted by 1", while a’ is calledinverseor reciprocaland it is denoted bya*1".
If the binary operation is the additido = +), thenu is calledneutral elemenbr group identity
and it is denoted by0”, while a’ is called opposite and denoted byd".
If the binary operation defined in the group is thaltiplication, it is calledmultiplicative group
when the operation is the addition we speak ahbatianor commutativegroup. In the last case
the commutative property also applies as regartieagum, that is
Va,beEG =>a+b=b+a (11)
It is possible that the previous property is validy for some elements @; in this case we can't
speak about an abelian group, but we must stat¢hthse elements commute with each other.
A group G is calledfinite if it contains a finite number of elements, on tentrary it is called
infinite. In a finite group we can define order ®fits cardinality, that is the number of elements it
consists of; as regarding an infinite group wetbay it has infinite order.
Let G a group and{ a non-empty subset 6f We can say thaf is asubgroupof G if and only if it
is a group as regarding the same binary operagfinetl onG. To verify if H is a subgroup off
we can apply the following lemma:
Lemma 1A non-empty subséi of G is a subgroup aof if and only if
VgheH =g-h"t€eH (12)
In an abelian group the previous lemma becomes:

Lemma2: A non-empty subséf of G is a subgroup of if and only if
18



VgheEH =g—h€eH (13)
An algebraic structure is a set in which we deBoene operations. We can definemomorphism
between two algebraic structures, an applicatiorchvpreserves the operations. In other words, if
A andB are two algebraic structures, the application

f:A-B

is an homomorphism if:

Va,b €A = f(aob)=f(a)o' f(b) (14)
we observe that generally the operations can lbererft.

So, ifG, G’ are two groups, an homomorphismGoin G’ is an application

fiG -G’
which preserve the operation. If the operationathlgroups is the multiplication we have
fG-y)=f)-fly) Vxyeal (15)

So, if G is an abelian group ar@ is multiplicative groupf is an homomorphism if and only if it
results
fx+y)=f)fly) Vx,yea (16)
If f is injective the homomorphism is callédiective if f is surjective it is calledurjective
homomorphisifinally, if f is bijective it is calledsomorphisrfu
Let A be a set in which we can define two binary operaticalled sum and product. We say that
is aring if:
1) Ais an abelian group respect to the sum,;
2) The multiplication is associative, thatdéb - c) = (a-b)c Va,b,c € A;
3) The two distributive laws are valid of the produespect to the sum
Va,b,c€A =alb+c)=a-b+a-c
Va,b,c€A =(a+b)c=a-c+b-c
The definition ofring implies inA the existence of zero and the oppo¥itec A.
A subsetB c A is called asubringof A if it has the structure of a ring with respectthe same
composition laws defined iA. It is demonstrable that a sub®ebf a ringA is a subring if and only
ifa—b€eBanda-b €B Va,b €B.
There are various types of rings:
1) Aring is called withidentity if it has a neutral element respect to the pradihett is an
elementu such that

ura=a-u=a Va€eA

* A functionf: A — B is injective ifVx,, x, € A if x; # x, = f(x;) # f(x,). It is surjectivg(A) = B. It is bijective if
it is both injective and surjective.
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Generally, the identity is indicated with™;
2) Aring is calledcommutativavhen the product is also commutative
Va,bEA = a-b=b-a
The cancellation law of the product is valid in #et of real numbers only if one of the factors is
null; in the rings it can also be satisfied formaénts other than zero.
In a ringA4, an element € A, with a # 0, is called divisor of zero #b # 0 such tha-b = 0 or
b-a=0withb € A.
A ring with no divisors of zero is calledtegrity domain
So, in a integrity domaid, if a,b € Aanda-b =0 it mustbea = 0 orb = 0.
The ring definition doesn’t require the existenéeha inverse of an element. In other words, if we
consider a ring with the identity, not all elemehts/e the inverse, or it is possible that the isger
doesn't exist for any element Af
The elements oA for which the inverse exists, thati$ € A: a-b = b - u, are calledunits or
invertible So, an element € A is called invertible if exists an elemerite A such that
aa'=a-a=1

This element is unique, and it is called the ingesfa and it is indicated witla 1.
Examples

1) A= 0is abanalring;

2) (Z+,x) is a ring respect to the ordinary operations of sund product. It is a commutative

ring with identity, and it is also a domain of igtay;
3) Q R,C, with the sum and product operations are all cotatiue rings with identity in
which each non-null element admits the inverseardlso integrity domains.

Let A be a set in which we can define two binary operaticalled sum and produdt is a division
ring if:

1) Ais an abelian group with respect to the sum;

2) A — {0} with the product is a multiplicative group;

3) The two distributive laws are valid of the produespect to the sum:

vVa,b,c€A =alb+c)=a-b+a-c
Va,b,c€A =>(a+b)c=a-c+b-c

If the product is commutative, the division ringcaledfield.
A division ring is a ring, or a domain of integrityith identity in which however each element is
invertible.
The difference between a ring and a division riaghat in the first not all elements have the

inverse, while in the second the elements all hawverse.
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Examples
1) Z is neither division ring nor fieldZ is an abelian group respect to the sum, but it &n
multiplicative group;
2) Q R,C are all fields.

1.3 Vector Calculus

LetV be a set on a field in which we can define two operations: the fissinternal, it is called
“sunt and it is indicated witl(+); the second is external, it is callgatéduct by a scaldrand it is
denoted with(o).

We can say thal/, +, o) is avector space®nK if it enjoys the following properties:

1) V is an abelian group in relation to theut;

2) Theproduct by a scalafo) instead enjoys the following properties:

Va,be€k and VuvevlV =

- (a,b)v =a(b,v)
- (a+bv=a-v+b-v
- alu+v)=a-u+b-u
- 1lv=vw
An example of vector space is the Bet
F ={f:[a,b] » Ror C}
of all the functions mapping an interdal, b] into R or C, with respect to the operations of sum of
functions and the product of a scalar for a functiefined as follows:
- [+l =f)+gkx) Vf,g €F Vx€lab]
- Af)x)=Af(x) Vf€EF Vx € [ab] VAEROrC

in fact, this set with these operations enjoyshalproperties of vector space.

1.3.1 Elementary properties of vector spaces

[) Unigueness of the null vector
Let V be a vector space on a figtd we can demonstrate that ihthere is only one null
element.
Proof. We indicate with0,, the null vector in order to distinguish it frometlzero of the
field, indicated withOi. We suppose that two null different vectors exi€{sand0,,. We
can write

0,+ 0, =0,
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becausd), is a neutral element; on the other hand, we cée wr
0, + 0, =0,
becausd), is a neutral element, too. It follows that
0, =0,

[I) Unigueness of the opposite vector
LetV be a vector space on a fidfdandv € V. The opposite ob exists and it is unique.
Proof. The existence of the opposite wis ensured by the definition of abelian group. To
demonstrate its uniqueness we supposetthandv’’ are two different opposite vectors of
v. We can write:
v =v"+0,
where0, is the neutral element. Sing€ is the opposite we have:
0,=v+v"
So
vV =v'+0,=v+@+v)=@+v)+v" =0, +v" =v"

and finally

The only one opposite vector nfis denoted by v.
[I1) Cancellation of the product

Let V be a vector space on a fidld we can demonstrate thét € K andvv € V, we have
that:

av=0, © a=0, V v=0,

I\VV) Opposite of the vectar - v
Let V be a vector space on a field we can demonstrate that the opposite of the wecto
a - v is obtained by multiplying by the opposite adi. So
VaeEKand VveEV = —(a-v)=(—a)v

1.3.2 Vector Subspaces

Let V be a vector space on a fickdandS one of his subsets; we can say thas avector
subspaceof V when it is a vector space with respect to the saperations defined i and

restricted tcS.
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To check if a subset of a vector spack is a subspace d&f we should check all the properties of
vector spaces with respect to the operations difim&. in other words, we should verify §fis an
abelian group with respect to the sum and if theerel product for a scalar enjoys the four
properties of vector spaces. It's clear thatSiall the properties are valid because the operation
defined in S are the same operations defindd ifhus, the only question is to verify the closafe
these operations, in particular if given two eletsdmelonging tas their sum belongs t8, too, if
the product of an element 8foy a scalar is an element$and finally if every element &f has its
opposite inS.
We can use a property which characterizes the sIBsd I; it gives a necessary and sufficient
condition for them to be subspaced/of
Before stating this property, we have to give apantant definition:
Definition 1 Let vy, v,, ..., v, ben vectors belonging to a vector spaceWe can defindinear
combinationof these vectors with coefficients in the fiéddhe vector:

v=A4 v+ A v+ A,y (17)
So, the linear combination of vectors is a vector obtained by the sum of thelyets of each
vectorv,, v,, ..., v, by the scalarg,, 1,, ..., 1,,.
Taking into account this definition the above pntypés the following:
Property I LetVV be a vector space on a fickdand S one of his subsets. We can say Shiata
vector subspace of if and only ifvu,v € S andVva, § € k it results thatru + fv € S.
In other words, a subsét of a vector spac& is a subspace df if and only if every linear

combination of vectors belonging fds an element of yet.

It is clear that a subs§tof a vector spack, to be a subspace Bf must contain the null vector. So,
if 0, € S we can say thaf € V isn't a vector subspace; on the other hand, iE S we can state
thatS is a vector subspace only if we're able to vettify closure of the operations.
Let’s give some example of importance vector subsga
* LetV be a vector space on a fidtd fixed an element € V, let's consider the set v >
whose elements are multiple wby the scala:
<v>:{A-v | A€K}
We can demonstrate thatv > is a vector subspace Bf calledsubspace generated
byv eV.

This type of subspace can be generalized:
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* LetV be a vector space on a field fixed r vectorsv;, v,, ..., v, let’'s consider the set
< 4,0y, ..., > Whose elements are all possible linear combinatadrther vectors with
coefficients ink:

<V, Vg, U > A v+ v+ -+ 4,1, | 4; EK}
We can demonstrate thatv,, v,, ..., v, > is a vector subspace Bf calledsubspace

generatedy ther vectors (vq, v,, ..., V).

1.3.3 Intersection, sum and direct sum of subspaces

LetV be a vector space and gt V;, ..., Vj, p vector subspaces &f We can definéntersection

of V; the set

n
G = ﬂ v, (18)

i=1
whose elements are the vectoysuch that; belongs to the subspakewithi = 1,2, ..., p.
We can demonstrate thétis a vector subspace. To this end it is sufficientverify that every
linear combination of elements 6fbelongs ta:.
Let's consider two vectorg;,u; €V; Vi=1,2,..,p. Considering tha¥; is a vector subspace, we
have:
AvieViandu-w; €V; Vi=1,2,...,pandv 4, u € K.
So, we have:

Avi+pu-w €V, Yi=1,2,..,p
that is:

Avi+u-u €G
Let V be a vector space and 1§V, ..., V, p vector subspaces &f. We can definsumof V; the
set
H=V,+Vo+ -+,

whose elements € V can be written as the sum of an element of &ach

H=V1+V2+---+sz{vEV|Elvi€Vl- V=v,+v, ++ vp}

we can demonstrate thitis a vector subspace.
Let V be a vector space and 18t V,two of its subspaces. We can say thal,are disjoint if their
intersection is the null vector.
VinV, ={0,}
Let’s give the following definition:

Definition 2 LetV be a vector space and g1V, ..., V, p vector subspaces & Thesum
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H=V,+Vo+-+V,
is adirectone, and we can write:

H=V,®V,® ..® V,
if vy + v, +-+ v, = 0only whenw; =v, =--=v, =0
Being:

v EVL,V, EV .y €Y
Let us now enunciate some theorems that give irapbgroperties of the direct sum of subspaces.
Theorem 1LetH =@!_, V;, thenvv € H is expressed in a unique way in the following form
V=0tV ++ 7
In other words, there is only one vector for eadbspace whose sum equals
Theorem 2LetV be a vector space aifg V, two of its subspaces. Then:
Vr=rvev, < V,NV,={0,}

1.3.4 Linear dependence and independence

Let vy, vy, ..., v, bep vectors of a vector spade these vectorgy, v, ..., v, are calledinearly

dependenif there are not all null scalads, 4, ..., 4, € K such that:

Mvitdvp++2,:1,=0 (19)
Otherwise, the vectors are callgnearly independentin other words, the vectots, vy, ..., v, are
linearly independent if the relatiqi9) is valid only when alli; are equal to zero.
Property I Let V be a vector space on a fiék] let's considew;, v, € V; we can say that,, v,
are linearly dependent if and only if they are mnjonal.
Property lll: Let’s considerr vectors v, v,, ..., Of a vector spacé/; if they are linearly
dependent, then one of thevectors can be expressed by means of the remairing vectors.
Property IV Givenr vectorsvy, v,, ..., v, Of a vector spac#, if one of them is expressed as a
linear combination of the remaining ones- 1, then allr vectors are linearly dependent.
Property VV Given s vectorsv,, v,, ..., v, Of a vector spac®, if r of thes vectors(r < s) are
linearly dependent, then alivectors are linearly dependent.
Property VI If s vectorsv,,v,,...,vs Of a vector spac& are linearly independent, then every
subset of the given vectors is a set of linearly independentmesc
Property VIt If in a set of vectors there is the null vectben all vectors are linearly dependent.
Property VII. We consider the Cartesian vector sp#ée then three vectors df™ are linearly

dependent if and only if they are coplanar.
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1.35 Set of generatorsof a vector space and basis of a vector space

LetV be a vector space on the fiddand{v,, v,, ..., v, } a set of vectors df; we can state that
{vy, vy, ...,v,} is a set of generators fof if each vector of can be expressed as a linear

combination ofvy, v,, ..., vy, i.€. if:

3/11,).2,...,/1-”6]1{ |U=/11'U1+12'U2+---+An'vn VveV (20)
Let V be a vector space on the fidkdand (v, v,, ..., v,) = Z n vectors ofV. X is a basis foWV

when:

a) X generated/; that is< vy, v,, ..., v, > coincides withV; this means that eaahe V is
expressed as a linear combinatiowgf,, ..., v,.
b) vy, v,, ..., v, are linearly independence.
It is also said thal is a free vector system.

Finally, a basis is a free system of generator¥ for

1.3.6 Fundamental or unitary versors

Let’s consider the vector spaké& and its vectors:
e; = (1,0,..,0); e, =(01,...,0); ... e, = (0,0, ...,1)
that ise; has all null components except thé one, which is equal tb.

We know that thenodulusof a vectorw in terms of its componenty,, v,, ..., v,) is defined by

lv| = \/(vlz + v+ +v2) (21)

The vector whose modulus is equal to 1 is calledor.
The subspace generated by the veatgrs,, ..., e,, denoted b ey, e,, ..., e, >, coincides with all
K™ in fact, every vectorx € K™ can be expressed has a linear combinatior,04,, ..., e;,.
Moreover, these vectors are linearly independemtw@ can say thde,, e,, ..., e,,) is a basis oK™
calledcanonical basisWe note that:

le;| =1

The vectors,, ey, ..., e, are calledundamental versorsf K™.

1.3.7 Dimension of a vector space

Let V be a vector space on the fidtdandX = (e,, e,, ..., €,,) @ basis o/. We can demonstrate
that each vectar € VV can be uniquely written as linear combinatiorgtg,, ..., e,, that is

v=xre +x0e+ o+ x,e, (22)
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So, each vectov € V identifies an ordered n-tuplkec,, x5, ..., x,) € K™; vice versa each n-tuple
(x4, %5, ..., x,) € K" identifies a single vectar € V such thatv = x; -e; + x, - e; + -+ X, " €.
Therefore, we can give the following definition:
Definition 3 If (eq, e,, ..., €,,) is a basis oF andv € V, then scalarsx,, x,, ..., x, € K such that
v=Xxre +xyre++x,e, (23)

taken in the given order are called tteenponents aof respect to the basie,, ey, ..., e,).
This definition isn't ambiguous since a basis is adered set; if we change the order of the
elements of the basis, we obtain another basisanskequently the components change.
Let's enunciate a theorem of simple proof:
Theorem 3LetV be a vector space on the filtdandX = (e, e,, ..., €,,) a basis of’.
If v;,v,,...,1, p <n arep linear independent vectors Bf then we can find iZ n — p vectors
that added to the given form a new basis fdr.
As a consequence of this theorem, we can statéftias a vector space ad= (e, e,, ..., €,,) iS
a basis of/, thenn linear independent vectors Bfare also a basis for it.
In view of this, we can therefore say that:

) Each free system has at maselements, that ia is the maximum number of linearly

independent vectors in.

1)) All the basis oV have the same numbeof elements.
For this reason, we can give the following deforiti
Definition 4 The dimension of a vector space on a figlé calledthe number of vectors which
constitute any basis .
It's useful to extend the notion of dimension te thull vector space as well: it has zero dimension.
In fact, we can consider as basis of this vect@acsphe null set, that is a set formed by zero
elements.
If the vector space has a basis formed by finit@er of elements it's said that the vector space is
finite, or it has finite dimension; on the othenbaif the vector space hasn'’t a finite basisgtfied

infinite.
1.4 Linear Maps

We know that a functiorf of a setd in a seiB is a law that associates to each elemeatA
one and only one elemefifx) € B. It is denoted by: A — B; the elemenf(x) € B is called the
imageof x. Given two vector spacésandl/ on the same fiel&, among the functions: vV - W

there are those that retain the operations. Le¢sfore give the following definition:
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Definition 5§ LetV, W be two vector spaces on the same fi¢jdve say that the functioft V - W
is alinear mapor homomorphisnif it enjoys the following properties:

1. The image of the sum of two elements is always leiguiae sum of their images

Vu,veV = f(ut+v)=fw)+fw) (24)
2. The image of the product of a scatafor an element is always equal to the product of
for the image ob.
VaeK,VveV = f(a-v)=a-f(v) (25)

So, f:V - W is linear if it preserves the two basic operatiams vector space, that is vector
addition and product of a scalar by a vettor
The terminology concerning linear maps is analogoubat seen in homomorphisms between two
algebraic structures; in particular:

- If fisinjective it is calleanonomorphism

- If fis surjective it is calledpimorphism

- If fis biunivocal it is calledsomorphism
If V=W, then the linear map:V — V is calledendomorphismA biunivocal endomorphism is
finally calledautomorphism
The following properties can be demonstrated:
Property IX Each linear map brings the null vector into théd wector.
In other words, given the linear mapV - W, we have:

f(0y) = Oy (26)

Property X Each linear map brings linearly dependent vedtdcslinearly dependent vectors.
So, if vy, vy,...,v, EV are linear dependent vectors, th&nf;, ..., f, € W are linear dependent
vectors.
Property X! Each linear map brings subspaces in subspaces.
So, given the linear mgfaV —» W, if E is a subspace &f, thenf (E) is a subspace & .
Property XIt Each linear map brings a system of generatoosargystem of generators.
This means that ib;, v,, ..., v, is a system of generators fBr thenfi, f3, ..., f, is a system of

generators folV/.

® Let V andW be two vector spaces of dimensiansandm respectively on the same field. Let us indicate with
T = (e, €y, ...,6,) @ basis of and X’ = (eq, ey, ...,e),) a basis of. Given the linear mag:V - W, we can
demonstrate that there is a matdxe M (m,n), where M (m,n) is vector space of matrixa X n with constant
coefficients, associated § and called transformation matrix. The columnsta$ tmatrix are the components of the
vector imageg (e,), f(e3), ..., f (e,) of baseX with respect to bas¥!.
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1.4.1 Isomorphisms between vector spaces

Definition & Taken two vector spac#sandW in the set of all possible vector spaces on the
same fieldK, we say thaV andW are isomorphic vector spaces, and we wite IV if there is an
isomorphism of one in the other:

V=W & 3 anisomorphism f:V - W
The isomorphism relation introduced in the set etter spaces on the same fidkl is an

equivalence relation, that is it enjoys the prapsrt

1) Reflexive property V=V,
2) Symmetric property ifv=w = W=V;
3) Transitive property ifV=WandW=U = V=U.

We state the following theorems, the proof of whighomit.
Theorem 4LetV be a vector space of dimensiomn a fieldK; then it is isomorphic t&™.
Theorem 5Let V,W be two vector spaces on the same flgldhenV is isomorphic td# if and
only if they have the same dimension:

V=W < dimV =dimW
Having established that the isomorphism is an edence relation, it induces gartition on the
family of vector spaces on the same fi®l In other words all vector spaces are divided into
equivalence classes; each of them contains albvegaces that are isomorphic to each other, so
having the same dimension and therefore also theesmonding Euclidean spadé€™. Each
equivalence class can be identified by a reprasgntector spacd; and it is indicated by the
notation [V;]. According to what we said above we can state ftissible to assume as
representative of each equivalence class the Ealidpac&™. This means that any vector space
can be isomorphic to a Cartesian one by meandinéar map that associates to each vectdr of
the n-tuples of its components with respect to sebdhus, we can understand the importance of
Euclidean spaces compared to all vector spacdsmuajh a generic vector space has a different
structure from a Euclidean one, they have similaperties. Therefore, it is possible to study
Cartesian spaces, extending the results obtaineector spaces in general.

® Let A be a set and = {xi};cn a family of its subsets; we say th¥tis a partition ofA if it enjoys the following
properties:
1) Uilx;} =A  thatis for each element€e A there is at least one subset} € X that contains it;
2) {x;3N {x}=0 vi#k thatisthe subsets are two by two disjointed.
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1.5 Metric Spaces

A particular abstract algebraic structure that dinds usefulness in several branches of
Mathematics is thenetric spaceA metric space is a s&tendowed with a metric which associates
to each pair of elements (points) Xfa distance. The metric is axiomatically definexipms are
suggested by some simple properties of distance,igs$amiliarly defined between points on the
real lineR or the complex plan€. However, it is a very general concept.

Definition 72 A metric space is a pa{tX;d), whereX is a set andl is a metric onX, that is a
function

d: X X X - [0; +oo]
such that, for each choice xfy, z € X it satisfies the following properties:

i) d(x,y) =0 Vx,y € X (positivity)

i)d(x,y) =0 & x =y (cancellation property)

i) d(x,y) =d(y, x) (symmetry)

iV)d(x,z) < d(x,y) + d(x, z) (triangle inequality)
X is generally called theet underlying(X; d); its elements are callegoints For fixed points
x,y € X the non-negative numbéKx, y) is called thalistancebetweenx andy. The propertie$),
il), iit), iv), are the axioms of the metric; in particular, themtétriangle inequality” comes from
elementary geometry.
A subset(Y, c?) of (X; d) is obtained by taking a subséic X and restrictingl toY x Y; then the
metric onY is given by the restriction

d= dlyxy

d is calledmetric inducecnY byd.
Examples

1. LetbeX = R andd(x,y) = |x — yl; then(R; |-]) is a metric space.

2. LetX = R™ be the set all ordered n-tuples and

d@y) = | ) (=32 28)
k=1

We can state thaR™ is a metric space calledtdimensional Euclidean spager simply
Euclidean n-spage In fact, the properties, ii), iii) are satisfied for the same definition of

distance; moreover, it is easy to demonstrate(28it satisfies the “triangle inequalit{”

" The demonstration uses the inequality
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3. LetX = Cy4p) be the set of all continuous functions definedarosed intervédla, b] and

d(f.g) = max|f(5) - (o) 29

Then (G, d) is a metric space; it is very important in analy$ie can denote this metric
space and the underlying set of “points” with thebol C, 5, or simplyC; it is often called

a function space to emphasize that its elementiiaotions.

151 Norm and Normed Space

LetV be a vector space @ (or C). A norm onV is afunction(or application)|-||:
V - R (orC)

which satisfies the following properties:

a) |lvll=0 vvev;

b) llv =0 & v=0;

c) llAv|| = |Alllv]l VA € R andv € V (linearity property);

d) [lv+wl| <|lvll + llwll Vv,w € W (triangle inequality).
For eachv belonging toV’ the real (or complex) numbév|| is callednorm of v. A vector spac&
is callednormed spacé a norm is defined on it. In a normed space ae introduce a distance by
putting:

p(v,w) = [[lv—wl| (30)

this means thas satisfies the following properties:

1) p(v,w) =0 vv,w €eV;

2) poyw)=0 & v=w,

3) p(v,w) =pw,v) VuweV,;

4) p(u,v) <plu,w)+pw,v) Yu,v,w eV (triangle inequality).
Every normed space isnaetric spacgthe converse is false. It's important to say thatetric space
is a vector space in which a distance is defined.

A normed spacé€V/; ||-]|) is completéaf it is complete as a metric space with the iretlimetric.

n 2 n n
(Z akbk> < Z a2 ) b}

k=1 k=1 k=1
calledCauchy-Schwarz inequality
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1.6 Elements of Topology
1.6.1 Topological spaces and their properties

In order to be able to analyse the topology of m&jpaces and its properties it is useful to give
the following definitions.
Definition 8 Let X be a non-empty set. A topological structure, orgy topology on a sef is a
family of setsT” € g (X) wheregp(X) is a power set, such that the following properdipgly:
a. the empty sep andX belong tar
0,XeET
b. T is closed for any union; this means that the urabmany family of elements df still

belongs tar
V{Ai}iEN cT :>UAL eET

c. T is closed for finite intersections; this meanst ttee intersection of a finite number of
elements of" still belongs tar
VA, Ay Ay ET = AN ..NA,ET
The elements df are calledbpeningsof the topologyr.
ExampleLetbeX = {a,b,c,d};
i ={X,0,{a},{a,b},{a,c,d}}
T, = {X,0,{a},{c,d}.{a,c,d}}
T3 = {X,0,{a,b,c},{b,c,d}}
T, = {X,0,{b,c},{a,b,c},{c d}}
Ts = {@,{b},{b,c}.{b,c,d}}
The families7; and7, are topologies, while the familigg, 7, andJ; are not topologies. In fact:
{a,b,c}n{b,c,d} & T3
{b,c}u{c,d} ¢ T,
X & Ts
Definition 9 A topological space is a pdik, T) whereX is a non-empty set arftlis a topology on
X. The elements of are callegoints
If there is no possibility of confusion, we can dana topological space simply B without
mentioningT".
Theorem 6Let X be a set. A family” < g(X) is a topology orX if and only if@,X € T, itis
closed for any unions and for simple intersections.

Thetrivial topologyon a seX isT = {@, X}: the only openings are therefore the empty setXand
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Thediscrete topologyn a sef isT € gp(X). Every set is open.
Definition 1Q Let (X,T) be a topological space, a subdet X is calledclosed(or closed ofr) if
its complementary set is an opening, i.e. it ie@ment ofr":
Aisclosed & A°€eT
The empty set and spakeare both openings and closed in every topology.
In the trivial topology the only closed are the ¢ynget andX (which are opening, too).
In the discrete topology every set is closed; @psning, too.
Theorem 7 Let (X,7) be a topological space. Letc o(X) be the family of closed daf, the
following properties apply:
1. ¢§,X € o;
2. o is closed for any intersection: this means that dvery family {4;};cy € o the
intersectiom; 4; is an element of;
3. o is closed for finite unions: this means that facke4,, ..., 4,, € o we have
AjU..UA, €0
Conversely, ifo is a family of subsets df which satisfies the conditioris; 2.; 3., then the family
T ={A°: A € o} whose elements are the complementary sets ofdheeats ofs is a topology on
X.
Let X be a set. Theofinite topologyis the one for which the closed &end all subsets df with
a finite number of elements. That is:
K = {0}U{A c X | A€ isfinite}
This means that the openings are the complemenwfatije finite sets. IfX is a finite set, the
cofinite topology coincides with the discrete tampy.
Theorem 8Let {7;},cy be a family of topologies aki. Thenn; 7; is a topology o
However, it is important to emphasise that the nmibtwo topologies is not necessarily a topology.
Let (X,7) be a topological space and leth& X.
» x € X is calledinternal to A if there exist®3 € 7" such thatkx € B C A4;
» x € X is anadherence pointf A if for eachB € T, it follows that ifx € B thenB N A #+ @.
This means that is an adherence point if it is not an internahpaif A°;
» x € X is anaccumulation poinof A if for eachB € T such thatx € B there existy # x
such thaty € A n B. In other wordsy is an accumulation point if it is an adherencenpof
A\{x}. (We note that accumulation points are adhereng&s t00);

» An adherence point of that is not an accumulation point is calledsolated point
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The definition immediately shows that the interpaints ofA are points ofd. The adherence points
of A, on the other hand, may not be pointsdofbut all points ofA are adherence points. Af is
open, all its points are internal. Af is closed, it contains all its adherence poinec#ose all the
points ofA¢ are internal t1€). We note that ifA = X, a pointx € A is isolated if and only ifx} is
open (and it is different fror).
Definition 11 Let (X,T) be a topological space and #ebe a subset of.

- Theinternal partof A is the union of all openings containeddinlt is denoted bynt(A) or

A;

- Theclosureof 4 is the intersection of all closed containifiglt is denoted by;

- Thefrontier of A denoted by)4, is the sefi\A.
We can demonstrate the following:
Theorem 9L et (X,T) be a topological space and leth& X. Then:

- Int(A) is the greatest open containediin

- A is the smallest closed containiAg
We note tha#l is opening in(X,7) if and only ifInt(4) = A and it is closed if and only = A.
The following characterisations of internal palgstre and frontier may be useful:
Theorem 10Let (X,T) be a topological space and leth& X. Then:

- Int(A) = (A°)€ and it coincides with the set of internal pointsip

- A= (Int(4%)° and it coincides with the set of adherence pahts;

- 9A = 0A° = (Int(A°) U Int(4))".
The set of the adherence points is indicateddA4). By definition it is the complementary of the
set of internal points af¢, so:

Ad(A) = (Int(49)) = 4
As far as the frontier we have:
94 = A\A = An (A)° = (Int(49))° n Int(A)° = (Int(A°) U Int(4°) U Int(A))°
This expression is symmetrical /nand A¢; this means that if we apply the same reasoningf to
we obtain:
9A° = (Int(A) N Int(A9))" = (Int(A°) U Int(4))" = 94

In mathematics, we often need to study a topoldgipace locally; in particular, we want to study

what happens near a given point. For this reasas,appropriate to formalise the concept of the

neighbourhood of a point.
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Definition 12 Let (X,7) be a topological space and let b& X. A neighbourhood ok is any
subsetV of X such that is an internal point aV.
This definition does not require that the neighlbaad is open.

The classic drawing used to represent neighbourhisoals follows:

0 A

Figure 1: A is neighbourhoo@ but not ofQ.
Theorem 1l1Let X be a topological space, let bes X and let4, B be two neighbourhoods of
ThenANB is a neighbourhood af. If € 2 A thenC is a neighbourhood of.
The family of all neighbourhoods afis denoted byv (x).

1.6.2 Topology of metric spaces and &f*

The concepts of neighbourhoods, internal and eatg@mints, open or closed sets, accumulation
points and others can be extended to any metrizespa
Definition 13 Let (X; d) be a metric space and bgt be one of its points. A neighbourhoodgf
and radiug is defined as the set of all pointsE X that are fronx, less tharr.
Definition 14 Let X, be a point ofR™. A spherical neighbourhoodf centreX, and radius- is the
set of point of R" whose distance fror, is less tham.

B(Xo,r) ={Y €R™ | |IXo —YIl <7} (31)

The set of all spherical neighbourhoodR3f is called theStandard Topologpf R™.
If n=1, R* =R, X, = x, and the spherical neighbourhood is an open interfvaentrex, and
radiusr formed by all points oR having a distance from, less tham.

B(xo,m) ={y ER | |xo =yl <7}

L 2]

Q

Xg

Figure 2: open interval of centre, and radiug-
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If n=2, R®"=R?, and the spherical neighbourhood is the circlecaftre X, and radiusr

excluding the corresponding circumference.

BXo,r)={Y €eR* | (x{ —y1)*+ (x3 —y,)* <r?}
// N \
4 %
£ \
/ \
! ___,___..--{E
Z —
]
'|\ X, /
8 J
Y i
* r

Figure 3: circle of centreX, and radius

If n =3, R" = R3, and the spherical neighbourhood is the solid ipbé centreX, and radius-
deprived of its shell and denoted by “ball”.
BXp,m)={Y €eR® [ (x{ —y)*+ (x3 —y)*+ (x3 —y3)* <r?%}

Figure 4. solid sphere of cent¥, and radius-

Definition 15 Let beA € X, a pointx, isinternalto A if exists a neighbourhood af, that is totally
contained irA.

Definition 18 A point x, is called afrontier pointfor a setd € X if every neighbourhood of,
contains both points that belongAa@nd points that don’t belong to it.

The frontier ofA, (it is denoted byA) is the set of frontier points df. Often the frontier of a set is

also called doundary
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Definition 17 A point x, is called arexternal pointfor a setd € X if there is a neighbourhood of
X Which has no points in common wighbut which is contained in its complementary.

Definition 18 A set is calledopenif all its points are internal ones; this meanatthn open set
contain no frontier points. A set is calleldsedif it contains all its frontier point§A € A.

The definitions of accumulation point, and isolagaint of a metric space are analogous to the
same definitions of topological spaces; in particul

Definition 19 A pointx, is called araccumulation poinfor A € X if all its neighbourhood contain
points of A other thanx, itself; the points ofd that are not accumulation points férare called
isolated points

An accumulation point may belong to the gedr not belong to it.

All internal points ofd are accumulation point fot.

If A has accumulation points, it necessarily contaifisite elements. Conversely, if a set contains
a finite number of elements (that is a finite setgn all its points are isolated.

The same definitions apply ®".

1.6.3 Convergent Successions, Cauchy Successions and Blaispace

Let (V, p) be a metric space. A succesSi¢m,} of elements belonging t is convergent i/
contains an elememtsuch that:

lim [|x, —x|| =0 (32)
n—-+oo

This means that:
Ve>03an(e)eN|vVvn>n(e) = |lx,—x|l<e¢
We can writex,, - x; x is called limit of{x,,}.
A successiolfx, } of elements belonging 1 is called Cauchy Successiorvif > 0 we can find an
integer numben(e) such that i, m > n(e) = ||x, — x|l < €. This means that:
lim |lx, —x,ll=0 (33)

n,m--+oo

We can prove that every convergent successioiCeuahy one.

Having introduced the notion of Cauchy Successiwa, can remember some definitions and
properties related to metric spaces:

Property Xl A metric spac€V, p) is calledcompletef every Cauchy Succession convergegin

This means that the limit of every Cauchy Succesb&longs td/.

8 A numerical succession is a functiihat associates with each natural numbarreal numbex,,:

fN>R | vneN » x, R
n is the independent variable callsdccession indexx, is the dependent variable callggneric termof the
succession.
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Example The space€ andR are complete; the spa@eof the rational numbers is not complete.
Definition 2Q A subsetB of a metric spac€V, p) is calleddense(in V) if everyx of V is the limit
of a Succession of elementsRifthat is, if

vx € I{xnCB|x,—x
Example Q is a metric space denselin
Definition 22 A normed complete space is callBdnach Space
Example Let C[a, b] be the set of the continuous functions in theadoand limited intervdla, b]

with values inR (or C). Let us assume

IfIl = sup |f(x)l

x€[a,b]
We can demonstrate that the previous relationstfiines a norm i€ [a, b]. This set with this norm
is aBanach Space
In order to determine whether a normed space isptais and therefore is a Banach Space, the
following criterion is useful:
Theorem 12 (Completeness criterion for a normed vector spaée)normed vector space is

complete if and only if every absolutely convergseries in the space is convergént.

1.6.4 Banach-Caccioppoli (fixed point) theorem

There are a large number of fixed-point theorentsraany mathematicians have dealt with this
subject. The first mathematician to state sucherdm regarding algebraic curves was Henri
Poincaré in 1886. In 1912 the mathematician LuitBeouwer formulated one of them for the
spaces of finite dimension, while in 1941 Shizuokitani has dealt with it in the within of

° Given a sequence of numbersa,, ..., a,, ..., the succession
2 n

Sl = al

Sz = al + az

Sp,=a, +a, +:+a,

is callednumber serieslt is indicated briefly by the notatioy:, a,,. The sums;, s,, ..., sy, ..., are calledpartial sums
or reductions of the serieghe symbol; 2, is calledsummationwe read it summation overranging froml to plus
infinity.

A seriesyr 2 a, is convergent if the succession of its reductioss a finite limit, that is

n

lim s, =5, seR
n-+oo

A seriesy; 2, a, is calledabsolutely convergetittthe series of absolute values of the succession
lag] + lagl + -+ lan| + -

is convergent
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palindromic functions. The theorem of this familfygreater interest in economy is that of Banach
contractions; in fact, it has important applicaion game theory, in particular for the definitioh
general economic equilibrium and was first applsdKenneth Arrow in 1972, then by Gérard
Debreu in 1983 and finally by John Forbes Nasho@4l

Before stating the Banach-Caccioppoli theorems iessential to give the concepts of fixed point

and contraction.

Definition 22 LetX be a set, witlX # @; let f: X — X be a function oX in itself. A pointx € X is

called afixed pointfor the functionf if it coincides with its imagine or in other wordsf (x) = x.
Examples
0 Let’s consider the functiofi: R — R such that each corresponds to its square, that is:
fix - x?
It is easy to verify that this function has twoddkpoints, namely = 0 andx = 1. In fact:
f(0)=02=0 f)=12=1
o0 Letf:R — R be the function defined by:
fix - x3
It has three fixed point, thats 0, x = 1 andx = —1. In fact:
f(0)=0°=0 f=1=1 f-D=-1D"=-1

Definition 23 Let (X, d) be a metric space and etX — X be an application of in itself. We say
thatT is acontractionif there exists a positive numbgiess than 1, i.e. such thak A < 1, which

satisfy the following property:
d(T(x),T(y)) < Ad(x,y) Vx,yeX

This means that the distance between the imagésmElements ol is less than the distance

between the elements themselves.
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The contractions ateipschitzian functionand therefore they are uniformly continutus
At this point we can state the following theorem:

Theorem 13Let (X,d) be a complete metric space andTeX — X a contraction. Then there

exists and there is only one fixed point forthat is:
AxeX | ¥x=T()
Moreover, whatevex, € X, the succession defined by:
x(n+1) = T(x(n)), x(0) = x,
converges to the fixed poiitfor n — +oo.

The Banach theorem just stated is a simple and hoMteol because it is widely applicable, for
example for the resolution, through the iterativetmod, of linear and non-linear equations. Other
applications can also be found in Mathematical g&ial particularly in the field of ordinary

differential equations, partial differential equais and integral equations.

1.6.5 Pre-Hilbertian Spaces and Hilbert Spaces

Let us preface this by giving the following defion.
Definition 24 Let K be a field and leV,W be two vector spaces on it with dimensiormandm
respectively. Let the map be
F:VxW ->K
which associates the ordered pair of vectorsv) € V x W with the scalaF (v,w) € K
(v,w) » F(v,w)
It is calledbilinear formif it is linear both inV andW; this means that

Va,pEKv,v, v, EV,Ww,w,w, EW

1% ipschitzianity is a concept that is placed betwie concepts of derivability and continuity; ither words, iff is a
function defined in an intervdlwith values irlR we have:
f derivable in I = f lipschitzianin/ = f uniformly continuousin/ = f continuous in ]
As we known, a functioifi is uniformly continuous on an intervalf

Ve>0 36>0 | |fO)—f)l<e vx,y| |ly—x|<$§
whereé depends only on and not orx, y, unlike continuous functions for whi¢halso depends an y.
A function is lipschitzian when it has a growth wallimited by a constant, i.e. the ratio betweanriation of the
function on the ordinates and on the abscissaermxeeeds a certain fixed value. This value isechllipschitz
constant In more rigorous mathematical terms, a funcf:1 € R — R is calledLipschitzianif there exists a constant
K >0 suchthallf(x) — fOIl < Kllx — yll.
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the following properties apply:
(a) Additivity and homogeneity with respect to thet fx@mponent
F(av, + Bv,,w) = aF (v, w) + BF (v, w)
(b) Additivity and homogeneity with respect to the sdocomponent
F(v,aw; + fw,) = aF(v,wy,) + BF (v, w,)
In particular ifV = W the mapF:V X V — K is calledbilinear formonV.
So, a bilinear form is a function defined on thet€sian product between two vector spaces (or a
Cartesian product defined on the same vector spate)alues in a fieldK such that it is linear in
both components.
We know that in a vector space two operations afineld: the sum between vectors and the
product of a scalar for a vector. If in a vectoagp we also define a scalar product, it becomes an
abstract set where we can define a concept of gotiadity analogous to the Euclidean oneRith
This allows us to introduce a privileged referesgstem in which the calculations are particularly
simple, and a concept of orthogonal projection timatkes possible to approximate a generic
element of a vector space by means of elementspafrigcular subspace. In Banach spaces the
completeness property allows to demonstrate theor@milar to those that apply iR™. This
synthesis of ideas give rise to the concept of éftllspace, which is a Banach space where a scalar
product is defined and therefore a concept of gohality.
Definition 25 LetVV be a vector space on a fiédkd(= R or C). We say thaV is a vector space with
an internal product or scalar product, if in additto the two operations of a vector space (sum of
vectors and product of a scalar for a vector) mtbperation is defined. It is called scalar prddarc
internal product, it is indicated by:
“M:VxV->K
and it enjoys the following properties:
i) (,bx)=0 VxevV (positivity)
(i) (x,x) =0 © x=0 (definiteness)
(i) Ax +uy,z) = A(x,z) + u(y,z) Vx,y,z€ V,,u € K (linearity on the first component)
iV IFK=R - (x,y) =(y,x) Vx,yeV (commutativity)
WMIFK=C - (x,y)=(,x) Vx,yeV (symmetry)
In the last equality the supersignindicates theonjugate complex
If K= R, linearity on the second component also follovesrfrthe commutativity property and the
scalar product is called bilinear; on the otherchahlK = C from (iii) and (v) it follows:
(z,x + puy) = A(z,x) + ji(z,y) Vx,y,z€V, L, u€eC

and the complex scalar product is cakedquilinear
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The vector spack with this operation is calledre-Hilbertian space
Examples

1. The spac&™ with the scalar product

n

(x,y) = Z X;yj

j=1

2. The spac&€™ (onC) with the scalar product

n

(x,y) = z Xy,

j=1

3. The spac&|a, b] of real valued functions with the scalar product

b
(ﬂm=ff@gmdt

4. The spac&€|a, b] of functions with complex values with the scalewguct

b _
(ﬁw=jf@gmdt

In a Pre-Hilbertian space we can define in a natural way for eack X the norm
llxll = v/ (x, x) (34)
It is called thenternal product normand denoted bj}-||.

The following theorem is easy to prove.

Theorem 14LetV be a Pre-Hilbertian space; then the following ueddies apply:

L 1o <J@&x) - JOy) vx,yev (35) (Cauchy-Schwarz inequality)

This inequality can be written in an equivalent wisyng the norm
[Go ) < lIxll - llyll vx,y €V (36)

I lx + yll < llx]l + [yl Vx,y €V (37) (Triangular inequality)

N lx + ylI2 + [lx — ylI? = 2(1x12 + |lylI?) Vx,y €V (38) (Parallelogram identity)
According to what we have shown so far, a Pre-Hiilae space is a normed vector space whose
norm comes from a scalar product and satisfiepérallelogram identity. Conversely, given any
normed vector space, we may wonder if there isatas@roduct which induces that norm. From
this point of view, we can say that a necessarylition is that parallelogram identity is valid. Mor
precisely, it can be shown thatlifis a normed vector space whose norm satisfiepatadlelogram

identity, then the product

Goy) =5 [llx + yI12 = llxl? = llyll?] (39)

N =
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is actually a scalar product that induces the nipiThus, the parallelogram identity characterises
the norms of Pre-Hilbertian spaces.

In a vector space with internal product, we canndeih a natural way the concept of orthogonality.
Definition 26 LetV be a vector space with internal product andgtbe two vectors of ; we can
say thatr, y € V are orthogonal to each other, and we wxite y, if and only if(x,y) = 0.

The concept of orthogonality allows to rewrite eviEem Pre-Hilbertian spaces a generalized
Pythagoras theorem. More precisely we have:

Theorem 15Let x4, x5, ..., x,, be elements of a Pre-Hilbertian spdGewe suppose that they are
orthogonal two by two. Then the square of the nofithhe sum is equal to the sum of the squares of

the norms:

n 2 n
>l =Dl (40)
j=1

Definition 27 A Pre-Hilbertian vector space complete with resge the norm induced by the
scalar product is calledilbert space

A generic Hilbert space is denoted by

So, a Hilbert space is a Banach one whose normsénom an internal product.

Example The vector spacR”™ with the scalar product:

n

(x,y) = Z XiYj

j=1

and the induced norm

x|l = v/ (x, x)
is a Hilbert space.

In Hilbert spaces, the Pythagoras theorem can teméed to infinite sums in the following way:

Theorem 16L et {xj}:ozlbe a succession of elements of a Hilbert spacshich are orthogonal two

by two and such that the numerical seigs,||x;||* converges. Then the serEE , x; converges

in -~ and the relation applies:

> an,n @
j=

1.7 Elements of Functional Analysis: definitionsmal tools

The theory of normed space and Banach spaces eapses large part covered a branch of

mathematical analysis calléanctional analysis
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Let us consider the sétof continuous functions mapping an interya)b] into R (or C); it is a
subset of the vector space of all the functionspimapthe intervala, b] intoR or C

F ={f:[a,b] » Ror C}
We know that iff andg are two continuous functions ancandg are two scalars, the function:

af + By

is continuous yet. So, the s@tis a vector subspace of the vector spcéhat is a vector space
itself. In C we can define the length, or norm of a contindouastion, as well as Euclidean distance
between two continuous functions.

Let us consider the so called “sup norm” or unifaronm, defined as:

Ifllo sup [f ()l (42)
asxs<b
It is simple to prove that this norm has the follegvproperties:
i) Ifllw > Oif f % 0;

i) laflle = lalllflle;
i) Nf +glle < lIflleo + llglle (triangle inequality).

The last one is equivalent to:

sup [f(x) + g()| < sup [f(x)| + sup [g(x)]

asxs<b asx<b asx<b

We know that a vector space in which a norm isnaefj that is a function with positive values, that
enjoys the previous properties, is a normed vesparce. So, the vector spaCewith the norm
defined above is a normed space.

In C we can also define the Euclidean distance bette®tions by putting:

d(f,9) = IIf — glle (43)
it has the following properties:
i) d(f,g) =0 (positiveness);
iy df,g9)=0e f=g;
i) d(f,9)=d(g.f) (symmetry);

iv) d(f,h) <d(f,g) +d(g,h) (triangle inequality).

1.7.1 Pointwise and uniform convergence of sequenceswfdtions

Let I an interval intdR (or C), for eachn belonging taN we can consider a function
fn:1 = R (or €). In this way we realize a sequence of functiffy$x)}, that is an application that
for each integen associates a function definedlinFor each fixede belonging tol {f,(x)} is a
numerical sequence, to which we can apply the usoratept of convergence. So, the numerical

sequence is convergent when it admits finite limlijch depends on the choicexof
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As x varies we find a subsdtof I that includes alk values for which the sequence converges.
As x varies in this sefl, we obtain a new functiofi(x) defined into4, that gives point by point the
limit of the sequence.
We can give the following:
Definition 28 A sequence of function;,(x)} converges punctuallip a functionf (x) in a subset
Aofl,if

vx€A = lim f,(x) =f(x) (44)

this means that:

Vx€A and Ve>0 3Fn(e,x) | vn>n(e,x) = |[fi(x)—f(x)| <e (45)
Observe thati(e, x) is depending both onandx. f(x) is pointwise limit of the sequence, while
is calledpoint convergent set
As regarding a sequence of continuous functiongtpse convergence doesn’'t guarantee the
continuity property of its limit. For this reasomye must introduce a different notion of
convergence, stronger than the punctual one. Tévstype of convergence is uniform one. We can
say that the sequence of functidifs(x)} converge uniformly i to a functionf (x) if for each

e > 0 we can find an integet(e) (only depending om) such that:

Ifn(x)—f(x)|<e Vx€eA n=n(e) (46)
In a similar way we can say that the sequdiffgéx)} converge uniformly it if
lim sup|f,(x) — f(x)| =0 (47)
Nn—=+0 yeqp

The functionf (x) is calleduniform limit, while A is calleduniform convergence set

The main different between pointwise converge amifotm one is that in the last we can find an
integer n(e) only depending ore, which fits for every point belonging toA, while in the
pointwise convergence the integdk, x) depends both osniandx.

In other words, the pointwise convergence requihes f,,(x) — f(x) point by point, while the
uniform convergence requires thfatapproaches the functign“everywhere simultaneously”.

We can demonstrate that if a sequence of fungfjoh — R (or C) converge uniformly od then

it converges punctually, too.

The converse isn't true.

The uniform convergence allows us to deduce thdimmaity of the limit functionf from the
continuity of the single elements of the sequeffz¢ We can demonstrate a theorem which states
that if f,: I - R (or €) is a sequence of continuous functiond uniformly convergent to a limit

function £, then this limitf is continuous ir.
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An immediate consequence of the previous theorethaisif the limit function of a sequence of
continuous functions isn’t continuous, then theusege of functions doesn’t converge uniformly.
Another important property of the uniform convergens that if the sequence of functiff)}
convergences uniformly t¢ and every element of the sequence is limited,ithen the limit

functionf is also limited in.
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CHAPTER 2

Basic Theory of Delay Differential Equations

2.1 Differential Equations: an introduction
211 Ordinary Differential Equation

An Ordinary Differential Equatior{ODE) of the ordern is an equation in which a numerigal
function of the variablex (real or complex) appears as unknown. It estaddishlink between the
independent variable, the functiony and its firstn derivativesy’, y", ..., y™. Such an equation is
therefore of the type:

fle v,y (), y" (x), ...y ()] = 0 (1)
in which f is an assigned numerical function of the- 2 variables, y,y’,y", ...,y™, considered
as independent, and defined in a certain set cdjtheeR™*? (or C**2).
The order of ODE is that of the highest derivatiwehe unknown function that actually appears in
the equation. It's clear that one of the+ 2 variables may not appear in the given equatjdf
must always be explicitly stated if the equatiotive of the order and not of lower order.
The adjective «ordinary» refers to the circumstatizd the unknown functioy depends on a
single variablex. Naturally, we can also consider differential egues in which the unknown
function depends on two or more variables; thesmtons establish a link among these variables,
the unknown function and its partial derivativep,ta a certain orden, with respect to the same
variables. Such equations are calRatdtial Differential EquationgPDE).
There are other types of equations that have aitmas unknownintegral equationgandintegro-
differential equationsAn integral equation has an unknown function Whappears under the sign
of integral; if the unknown function is only undée sign of the integral, the equation is cafiest
species otherwise it is calledecond speciesAmong these equations we can find fredholm
integral equation in which the extremes of the integral are cortstand theVolterra integral
eqguationin which one extreme is constant while the otberariable.
An integro-differential equations has an unknownction which appears both under the sign of
integral and the sign of derivation. This type guation is found, for example, in the study of
hereditary phenomena, that are dependent not anlyh@ current state of the institution and any
initial conditions, but on all previous states;physics we find these equations in the analysis of

electrical circuits.
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Going back to the Ordinary Differential Equatiorfsoodern, let's consider a functioy = ¢(x)
continuous with its firsn derivatives in a certain randeof R (or C); if the following identity
applies:

f[x,(p(x),go’(x), ...,go(")(x)] =0 Vx €1
then it is called aolutionor integral of thedifferential equatior(1).

The graph of the function:
y=¢x)

is called thantegral curveof the equation itself.

A differential equation of order is said in normal form when it is written as:

y® = g[x,y(x), .,y ()] (2)

whereg is an assigned function of + 1 variablesx,y,y’, ...,y™™ D, that is, when it is given
resolved with respect to the derivative of the maxin ordery™.
Solving a differential equation of ordermeans determining all its solutions. In practiseen we
solve a differential equation, we must always iraégj the obtained solution is a function of the
variablex and of certain arbitrary constants: this solui®nalled thegeneral integralof the given
differential equation.
Let’s clarify the concept with some example.
The problem of finding the primitive functiongx) of a given functionf(x), continuous in an
intervall of R (or C) leads to solving a first-order differential eqoatin normal form:

y'=fx) (3)
All the solutions of the equatiof8) are obtained by an indefinite integral given bg tbllowing

formula:

y=[f@ax=p@+c @

where ¢ represents any primitive of the functifnandc is an arbitrary constant. The general
integral of the equation3) is therefore represented by express(4) as the parameter varies.
Thus, the equatior{3) admits infinite integrals, given b(4), which depend on an arbitrary
constant; we can say that the differential equati®n admits a family ofco! integral curves
dependent on paramefcrThis circumstance is general, that is the geniatagral of a first-order

differential equation depends on a single constant.
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We observe that, arbitrarily fixed a poP, = (x,,v,), With x, € I, there is always one and only
one valuec, of the constar¢ such that the integral curve whose equation is:

y=¢x +c (5)
passes througP,. The integral corresponding to t¢,2value of the constant, that is the inte((5)
is called theparticular integralof the differential equatio().
Generally, a patrticular integral of a first-ordeffetential equation is obtained by forcing the
general integral to satisfy a certain conditiors ik the so-calle@auchy problem
Similarly, we can say that the general integrabafecond-order differential equation depends on
two constante; andc,, that is a second-order differential equation aiimiteo? solutions, which
depend on the infinite values of the two constants.
Here too, it's possible to detail the two consta;itandc,, that is, to solve the Cauchy problem, by
requiring the general integral to satisfy two caoioahs.
Given an ordinary differential equation of ordein the normal forn(2) it's generally integral is a
function of the type:

y =y(x,¢1,¢3 ) Cn) (6)
it depends om arbitrary constante,, c,, ..., ¢, SO a differential equation of ordaradmits co™
solutions, that is, a family ceo™ integral curves. Here too, the Cauchy problemoivesl by
imposing that the general integral satishasonditions: this makes it possible to obtniparticular
values for the constancy, ¢,, ..., ¢,, and consequently a particular integral:

y =y(x, 61,02 .., Cn) (7)
So, we can define general integral of an ordindfferéntial equation of order: the solution which
has the maximum number of arbitrary constants, letqushe order of the equation itself. Any
integral obtained from the general integral by nigkparticular valuec;, ¢, ..., ¢, for the constants
is called theparticular integralof the differential equation.
In the classification of the solutions of an ordindifferential equation of orden, besides the
general integral and the particular integrals, éhex another type of integral, callesingular
integral. More precisely, the singular integral of a diffietial equation is a solution of this equation

which doesn’t correspond to any value of the aabjtconstants of the general intedtal

2
x2+c’

M The equatiory’ = xy? has the solutiory = 0; its general integral ig = — The integraly = 0 is obtained by

the previous integral as limit fer— oo, so it is a particular integral.

x+c

2 3
The equationy’ = x3 has the solutiony = 0 and its general integral ig = (T) . The integraly = 0 doesn’t

correspond to any value of the constargo it is a singular integral.
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2.1.2 Differential Difference Equations

The Differential Difference Equations, or more simpifference Equationsre the discrete
equivalent of differential equations in the continu A difference equation leads to a sequence of
numbers generated recursively using a rule thatsb@ach number in the sequence to the previous
ones. An example in economics concerns the caionlatf the amount of a bank deposit with a
certain annual intereit If C is the initial deposited capital and if neithetiwirawals nor deposits
are made, we want to calculate the amount of tpesieafter a certain number of yenrsTo solve
the problem mathematically, it is necessary to tifierthe function of the problem itself, the
variable on which it depends and the relation tactviit must satisfy (e.g., the equation of which it
is the solution). In this case, the function is #imeount of the deposit which depends on the year in
guestion, while the variable is the yaarlf we denote bw(n) the amount of the deposit at yaar
considered from when we opened it, in order toudate the amount at yen + 1 we must add to
x(n) its percentage at the reite

x(n+1)=xn)+ix(n)

that is

x(n+1)=0+1i)x(n) (8)
The (8) is a recurrence relation, i.e., a relation whicikes it possible to generate the value of the
functionx(n) recursively from an initial given valw (0). In this case, the initial deposited capital.
We can read the form(8) in a different way: it can be considered a diffexe equation, that is an
equation whose unknown is a numerical sequenestablishes a relationship between the value of
the (n + 1)-th term of the sequence and ¥n¢h term (or a number of preceding terms). We have
obtained a mathematical model for a wide categbphenomena called evolutionary, that is those
which change over tinf& it's calleddiscrete-timedynamic modelthis denomination is due to the
circumstance that we record its variations onlg @ertain countable deadline. Similar models are
used in the so-calle@opulation Theoryn problems such as population growth.
Let's indicate withp(t) the number of individuals of a fixed populatiortiate t. We suppose that,
in a small interval of timeh, the increase of the number of individuals in gulation is
proportional to the time elapsed and to the nunab@ndividuals at the initial instant. For a centai
constant of proportionalitg we have:

p(t+h) —p(t) =ahp(t) )
with h # 0. If we divide byh we obtain:

2 The word “time” can indeed indicate the physidaiet of watches, but also any variable such as distipn in space,
or, in a pressed arrangement, the page of a btok, e
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h) —
p(t+})l p(t):ap(t)

Turning to the limit foth = 0 in the previous relation we get:

. p(t+h)—p(0)
lim
h—-0

= lim a p(¢)
Strictly speaking, the functicp only takes on discrete values; if we assume ttefunctionp(t) is
continuous (this approximation is permissible wiies population is very large so fluctuations of
one unit can be thought of as very small), the finember of the previous relation represents the
limit of an incremental ratio, i.e. the first deaitive of the functiorp(t); at the second member the
producta p(t) doesn’t depend ch, so the limit operation returns the product its€He final result
is:

p'(t) =ap(®) (10)
This is an example of differential equation; thekmmwn is the functiorp(t) and the equation
expresses a condition on the first derivative effiimctionp(t). The constan& can be interpreted
as the (instantaneous) growth rate of the popuiatio
In cases of practical interest (for example in ahsurveys of the number of individuals, or at fixe
time intervals), as the function is discrete, ittiglerivable; therefore, it has no meaning to pgass
limit for h - 0. The equatior(9) can be rewritten thinking that the survey is dgear by year
(h = 1 year):

p(n+1) —pn) =ap®) (11)
In this way we obtained @ifferenceequation

Let {x,} be a real-valued sequentelet k > 1 be an integer and lef (Vy, Yk—1, ..., Yo, ™M) @
function with real values ck + 2 variables.
Definition 1. A difference equatiors a relation such as:

f s k-1 - Xm) =0 (12)
which must be satisfied by the sequeix,} for every integem. k is called the order of the
difference equation.
Definition 2 A difference equatioms calledlinear if the functionf is a polynomial of first degree

in the variabley,, yx_1, ..., ¥o, that is when it is in the form:

AgnXn+k T Ak—1nXn+k-1 1T =+ AonXn = Gn (13)

13 A real sequence is called an application whoseailois the seN of natural numbers as its domain and that takes on
values inR.

fiN->R VxeN = feR
The independent variable is denoted by the leitemd the corresponding value of the function isicattd by a
notation such ax, (i.e., the variablex is placed as a subscript).
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where g, is called known term The equation is said to haveonstant coefficientsif
Ak n» Ak—1ns > Ao n» G dON't depend om. The equation is calledomogeneoud g, = 0 for each
n. Finally, given a linear non-homogeneous equaitiothe form(13), the equation obtained by
setting equal to zero the known teg;,, that is:
A nXn+k T Ak—1nXn+k-1 T "+ QonXpn = 0 (14)
is called theassociated homogeneous equatbi(13).
According to the previous definitions, the equai(8) derived above is an example of a linear first-
order difference equation.
We finally pose the following:
Definition 3 A difference equatiors said to be imormal formif the functionf has the shape:
Yk = 9 V-1, - Yo, M)
that is if thealgebraic equationf (yk, Vk—1,--,Yo,m) = 0 can be solved with respect to the
variabley, for eachm.
Definition 4 A difference equatiors said to be@utonomousf the functionf doesn’t depend orn,
that is it has the form:
f e Yie-1, > Yo)
In order to solve difference equations, we canthsdollowing theorem:

Theorem 1Let f be a function defined cR* x N; the difference equation in normal form:

Xn+k = f(xn+k—1:xn;n) (15)
has one and only one solution that satisfies tii@liconditions:
Xp—1 = dk—l' v, Xg = dO (16)

wheredy_,, ..., d, arek arbitrary fixed numbers.

2.1.3 Delay Differential Equations

The analysis of real-world problems involves thedgtof quantities which evolve over time
and that generally also depend on other varialfleartous kinds. These problems are modelled by
one or more functions of these variables; the egositdescribing the corresponding mathematical
model bind the unknown functicy(t), its first derivativey(t) and/or its subsequent derivatives up
to a certain order. These are therefore ordindfgrential equations of the type:

y@®) = f(ty(®) (17)
where
y(©):[to, T] » R
is an unknown function which is supposed to be kmawa point, called the initial instant:

y(to) = ¥o
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while
f(t,y):[ty, T] X R* - R"
is an appropriate function ¢fandy that characterises the problem. This type of eguadmits
only one solution ilf (t,y) is aLipschitzian functiorwith respect to the second argument in the
interval[t,, T], that is there existsK > 0 such that
If(t,v) — fE, Wl < Kllv—w|| Vv,w€R" and Vt € [t,T]
where||:|| is a norm orR™.
An example is given by the equation:
y@©) =2ay(@) te [t,T]  (18)
with the initial conditiony(t,) = y,. It is obtained from the general ce(17) with n =1 and
f(t,y) = Ay; we can demonstrate thftis a lipschitzian function. The solution of theeyious
equation isy(t) = y,e?t. These types of problems are calleitial Value ProblemgIVP).
The differential equatior(18) is the mathematical model of the evolution of ateyn whose
variation in time, expressed by the first derivafiis proportional to the function itself. It hapge
for instance, in a financial capital that pays o¥er time at a constant rate and whose fruits are
immediately re-invested. The same equation is wgetkescribe a simplified model of population
development, seen as a continuous function of tim&yhich there are no deaths and the growth
due to new births is proportional to the numberalividuals and each new birth is immediately
able to reproduce. This mathematical model, prapdsg Thomas Robert Malthugn 1798,
represent the evolution of a population in the @nes of unlimited resources and in the absence of
predators or antagonists for resource use. Mo@galy let be:
- N(t) number of individuals at timez
- A birth rate (humber of births per individual peituwsf time);
- u death rate (number of deaths per individual pérafrtime).
The differential equation describing the evolutairthe population is:
N@®) = (A— N () (19)
Placedr = 1 — u thegrowth rate(or biological potentig) of the population anN(t,) the number
of individuals in the population at tint,, the solution of the previous equation is:
N(t) = N(t,)e"tto) (20)
If births exceed deaths, i.or > 0, then the population is growing exponentiallybiiths are fewer

than deaths, i.er, < 0, then the population tends to become rapidly ektin
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In this model we assume tFrN(t) varies continuously etsvaries; this assumption is reasonable if
the number of the individuals is very high, and rades (birth, deaths, or migrations) occur
randomly.
Malthus’ law describes fairly well the real evobri of the population as long as the number of
individuals isn’t very large. When the populatiomgs beyond a certain limit, it no longer adheres
to reality; just think that the earth’s itself wduhot be enough to contain the entire world
population (from the equatic(20) it can be deduced that if we were to live on wateR625 there
would barely be enough room for all of us to staamj in 2660 we would have to stand one on the
other’s shoulders).
As the population grows the individuals of the saspecies compete with each other for the
exploitation of available resources, thereforeeitdmes necessary to introduce into the equation a
term that takes into account the competition.
This is what the Dutch mathematical-biologfserre Francgois Verhulstid in 1838 who proposed
the following differential equation, callddgistic equation
N(t) =rN(t) (1 — %) to <t <t (21)

with the initial conditionN(t,) = N,. In it N is the number of individuals of the specirgs the
growth rate K is the carrying capacity of the population, itae maximum number of individuals
that can be in a given environment.
Also in this model, the numbN (t) of individuals in a population at tinteis treated as if it were a
continuous and derivable function of time, so theation of a population (increase or decrease in
the number of individuals) is expressed by thewdine of N (t) with respect to time.
The equation expresses the fact that the variaifothe population is proportional to the total
number of individuals and to the distance betwden durrent value of the population and the
maximum attainable value. The proportionality widlspect to the number of individuals is natural
since each individual can reproduce or become &xtifhe proportionality with the difference
K — N(t) expresses the capacity of the environment to veceew individuals. If the available
resources, for example food and water, are noicgerit to feed the species it is reasonable to
assume that the species has less capacity forapeweht, and this happens to a greater extent the
closer the population is to the limit value.
It is possible to give an explicit form to the dodn of this equation in the following way:

KNgye™
K + Ny(e™t — 1)

N(t) = (22)
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Thelogistic function(22) applies to solve the differential equation thétraes a demographic trend
dependent on the availability of vital resources.

Graphically, the logistic function is represented & symmetric sigmoid curve that expresses an
almost exponential initial growth rate, slowing gressively, for the reduction of available
resources, until it reaches an asymptotic positibere development is null for the achievement of

a settled demographic equilibrium.
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Figure 1: logistic curve

The logistic equation in demography is accomparigda dynamic one-dimensional model of

population formalized by the differential equation:

N(t) = —rNn (g) (23)

whereN represents the anthropic community, while the taorisr andK correspond to the growth
rate and the carrying capacity or the asymptotimtef development (defined by the resources
available in the environment).

The general solution of this differential equatiexpresses the so-callémv of Gompertzwhich
mathematically establishes the trend of populatiewelopment in relation to the size of the
anthropic community (for small populations compat@dvailable environmental resources there is
an exponential growth that stabilizes slowly uittbecomes almost linear with the approach to the
value of asymptotic balance while in the opposéteecthere is a rapid decrease in numbers until the
point of equilibrium is reached stabilized).

In nature, many systems show a delay in reactinrexternal conditions and more generally to the
state of system. Mathematical models in which #action of the system subjected to a certain

stimulus isn’'t always immediate but may occur vadtbertain delay are described by the differential
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equations with delay. Sometimes this delay is g#gk, while in other cases neglecting it can lead
to significant errors.
An example is given by population models, in whilecl lag corresponds to the gestation period; in
such models the birth rate at tirhes affected both by the population’s level at slaene timet and
by the gestation pericT. Therefore, it should take into account not othlg population levep(t)
at the same time, but also the population levéhat t — T at which the individuals who come into
existence at timt: were conceived.
In general, a differential equation with delay, wmoas Delay Differential Equation (DDE) is a
problem of the form:
YO =f(ty®,yt-1) to<t<T y@®O)=¢@) t<t, (24

wheret = r(t,y(t)), which in general is itself a function, is callddlay, often also calledag™,
while ¢ is calledmemories
The IVP can be solved for delayed differential eopnes too, that is to determine among the infinite
solutions that integral which satisfies a particuhdgtial condition. It is important to observe tha
this case it is not enough to know an initial valbfethe solution as in ordinary initial value
problems, but we must know the entire history @& #$lolution before to the initial instant. In fact,
there are a lot of differential equations with getlaat have different solutions but the same ihitia
value. Anyway, the solution of these problems ex&std is unique if the following conditions are
satisfied:

- the functionrf is continuous and a lipschitzian one with respec¢hé last two arguments;

- the functionr(t,y(t)) IS non-negative, continuous and lipschitzian wehpect to the last

argument;

- the functiong is continuous and lipschitzian.

We can find an example of DDE in Biology. We haveeady described the logistic equation
developed byerhulstin 1838; in this equation is shown a model to stpdpulation dynamics in
which the environment, endowed with a limited numbieresources, conditions the growth of the
population. The functiol(22) is increasing and limited: individuals tend to naghuce until they
reach the saturation valiK3 observations of some phenomena in biology shawvttie number of
the individuals of some speciN(t) in some periods decreases and then increases agegeding

K, following an oscillatory trend. On the other haridis model takes for granted that if the

% |t's useful to clarify the existing differencestiveen the two approaches: the economists usudiyabmut “lags” to
define the lapse-time in which the effects produbgdn event act. A mathematician, on the othes, dimks about a
“delay” to analyze, from a different point of view similar aspect that in this case can be exaotiyputed.
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environment changes, for instance when the populajrows and consumes more resources the
individuals of the species notice it instantanepuahother limitation of the logistic equation Isatt

it implies a birth/death rate of individuals of thpecies that responds instantaneously to changes i
population size. However, there are cases in wimdlviduals of a certain species feel the urge to
reproduce; they don’t do so immediately, but witteatain delay: this happens, for example, if they
are aware of the availability of food or can beditianed by the environment. In reality this is not
exactly the case.

For all these reasons it is necessary to changedigel or to modify it, in order to impose that the
individuals of the species realize with delay tthegt habitat that hosts them is chandédtchinson
was the first mathematician in 1948 to introduce tlelay factor into the logistic equation to

explain the oscillatory phenomena. His model isdbed by thdogistic equation with delay
i N(t—1)
N(@t)=rN()(1 ——x to <t <tf N(t) = p(t) (25)

In this formulation, the change due to the birtHsiraividuals remains instantaneous: it is
represented by the proportionality with respeciN(t); the influence of the environment now

occurs with some delay: this lag is obtained byasipg the proportionality with respect to the

factor1 — M.

The trend of the solution function of the equai(25) changes considerably as the detayaries,
although the other parameters remain constant. By of example, assuming(t) =3 and

K = 100, the graphs correspondingt = 10 andt = 20 are the following:
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Figure 2. T=10 for N > K there are initial Figure 3:7=20 N>K and the solution is
oscillations, after a certain valuethe solution periodic
stabilizes at the valuk.
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2.1.4 Retarded Delay Differential Equation — A generalitral value problem

Let a, b be two real numbers, with > a; let's consider the Banach space of continuous
functions defined in the intervéd, b] into R™, denoted by ([a, b], R™), that enjoy the property of
uniform convergence. ffa, b] = [—r, 0], in whichr is a positive constant, this space is denoted by

C = C([—r, 0], R™); in it the norm of an element is written as:
loll = sup |@®)I (26)

—r<9=<0

We consider the upper bound instead of the maxirofithe interval in order to include also the
case of unlimited interval belogr = +0).
If 0 € R, A= 0, letx be an element of the Banach sp&cmapping the intervalo —r, o + A]
into R™:
x€C(lo—r,0+A],R")
For anyt € [o,0 + A], letx, € C be defined by
x(9)=x(t+9) Ye[-r0]

Let f:Rx C - R" be a given function. A Retarded Delay Differentiaguation (RDDE) or
Retarded Functional Differential Equation (RFDEgyigen by the following relation:

x(t) = f(t, x;) fort >0 (27)
where" " represents the right-hand derivative.
Definition § A functionx is said to be a solution ¢27) on[o —r,0 + A] if
x€C(o—r,0+ A, R"),(t,x;) ERXC
andx, satisfie(27) fort € [o, o + A].
Giveno € R, ¢ € C, x(o, @) is said to be a solution ¢27) with initial valueg ato if there is an
A > 0 such thate(o, ¢ ) is a solution of27) on[o —r,0 + A] andx,(g,¢ ) = ¢.

Under the assumption that the solution is uniqguis,possible to define the function for each 0:

T(®):¢ = x(0, ) (28)
whose domain and codomaindsThis function is the solution map of the follogifvVP:
{J'C(t)_z f(t, x) fort >0 (29)
Xg =@

The previous equation is a general type which ohed) as special cases ordinary differential
equations, differential difference equations oftiyee:

#(6) = f <t,x(t),x(t — 1 (©), e x (£ Tp(t))> o<t <r i=12..p (30)

but also the integro-differential equations of tiyee:
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x(t) = fog(t, 9,x(t +9)) dI (31)

—r
If the functionf (¢, x;) in (27) is given by a relation of the type:
f(t, x) = L(t,x;) + h(t) (32)
whereL(t, x;) is linear inx,, we say that the equatig@7) is alinear delay differential equation
In particular, it is calledinear homogeneous$ h(t) = 0 andlinear nonhomogeneoufkh(t) % 0.
We define equatioi27) autonomousf
f&x) = g(xe)

in which g doesn’'t depend on If not, it is calledhon-autonomous

2.2 Dynamical Systems: definitions and modelling

221 A brief introduction to Systems of Differential Equions

Let y1,¥,, ..., ¥, be n unknown numerical functions of the real (or compleariable x; a

differential system is an expression of the type

JFl(x,yl,y{,yz,yé w2 Yo Yn ) =0

F(,y1,Y1,Y2, Y2 s Yo Yn ) = 0
..................................... (33)

whereF; (i = 1,2, ...,n) are numerical functions @n + 1 variables defined in the same subset of
the spac&?"*1 (or C2*1),
The equations of the system are all of the firgsieor but as its order of the system we assume the
numbern of the component equations, that is, the sumebtiders of the single equations.
A solution or integral of the system is any n-tupfenumerical functiong,, ¢,, ..., ¢, which can
be derived in a certain intervBbf R (or C) such that it results identically In

Fi(x, 01 (%), 91(x), 02(x), 93 (%), oo, 0 (1), 07, (x)) = 0 (i =1,2,..,n)  (34)
The integral{¢p;(x), ¢, (x), ..., p,(x)} is represented geometrically by a regular lihe of space
Sn+1(x, 01, @4, ..., n); the Cartesian equationsofire

pi=¢i(x) (=12..,n) (35)

Solving or integrating the systef@3) means determining all its solutions.
Naturally we can consider differential systems imck derivatives of a higher order than the first

appear for some or all the unknowns. For exampégstem of form

A line T: {g;(x), p;(x), .., 9, (x)} is a regular one ifp,(x) are continuous functions with their first
derivative andg}(x)| #0 Vi=1,2,..,n.
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{f(x,y, z,y',2',2")=0
gx,y,2,y,2',2")=0

is of the first order iy and the second order i in total it is called order three, the sum of the

(36)

orders in relation to the two unknownsand z. It should be noted that the systdi®6) is
equivalent to a system of three equations of tts¢ dirder in three unknowns. In fact we can assume
as the third unknown the derivatig§x) placing:

z'(x) = u(x)
thus the systerf36) becomes.

f(x;y;Z;y,,U,u’) = 0
g, y,z,y ,u,u’)=0 (37)
zZ'—u=0

which is a system of three equations of the firsieo in the unknowng(x), z(x), u(x).
This procedure is quite general, i.e. it is vabd &ny differential equation of order In fact, given
the differential equation
fy.y,y" e y™) =0 (38)
we can consider the derivativesyofs successive unknowns, that is we can place:
y'() =z1(x), ¥y'(x) =20x), 0, y"THX) = 21 (%)
In this way we obtain the systemwkquations of the first-order:

(fC6,y,21,22, 0 Zp-1,271) = 0
y' —z=0
) Zl - Zz == 0 (39)

in the unknownsy(x),z;(x), ...,z,_1(x). In fact, if ¢ is a solution of equatior{38) it is
immediately seen that the n-tuple of functions

=0, z=9¢, z2=¢", . 2y 1=¢""
is a solution of systerf89). Conversely, if the n-tuple of functions

y =11(x), 7y = Po(x), o, Zp_1 = Ppq (%)

is the solution of the systei39), it is easy to verify that the functiap, (x) is a solution of the
equation(38). Therefore the theory of differential equationd differential systems of any order is
entirely contained in the theory of differentialsgyms of the first order with respect to all
unknowns.
A differential system of the first order with regpéo each unknown function is said to be of normal
form when it is resolved with respect to the fuolstivatives of the unknown functions, that is when

it is written in the following form
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(V1= 16y Y2 o Vi)

V2 = 2(6Y1,Y2) s Yn)
........................... (40)

Y = fu(%, Y1, Y2, -, ¥n)
where the functiong,, f, ..., f,, are all defined in the same regifnof the spac&R™*! (or C**1),

while y;,v,,...,y, are the unknown functions. Introducing vector totes, that is, placing
Y(x) = (3,(x)...... Yo(x)) and F=(fi....... f,) the system(40) can be rewritten in the
vector form

Y'(x) = F(x,Y(x)) F:Q - R" (C")
If the functionsf;....... fn are polynomials of the first degree, the systeroaited linear and has
the forn®

Y1 = a1 (X)y; + a0y, +..... +a10,(X)yn + by (x)

V2 = @21 (0)y1 + az(X)y2+..... +an(X)yn + by (x) o
........................................................... 41

where a;;(x) and b;(x) are continuous functions defined in a certainrirge/ of R (or C).

Introducing the matrices

a;1(x) app(x) - agp(x) y1(x) by (x)
A(x) = ‘121:(35) azzz(x) aZn:(x) Y(x) = 3’2:(95) B(x) = bzgx)
anl(x) 25y) (x) - ann(x) yn(x) bn(x)

the systen(41) can be written in the compact form

Y'(x) = A(x)Y(x) + B(x) (42)

The matrixA(x) is called coefficient matrix, whil®(x) is the column of known terms. B =0
the system is said homogeneous, otherwise it isctaffine. Besides, il andB are constants the

system is linear with constant coefficients, alatbeci autonomous.

% There are also non-linear differential systemshsas the following:

{x’ = —x(a + by)
y' =—y(cx +d)

We can see it in population dynamics problems (aokolterra equation).
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When the linear differential system is associatétl an appropriate set of initial conditions wektal
about theCauchy problemthus, set a point, € I and a constant vectdy € R"™ (or C*) Cauchy

problem is a type writing

{Y’(x) =A@YC) +B()  vxel o

Y(x0) =Y,

A solution of this problem is a vectdt which in addition satisfies the initial conditidy. The
following important theorem of existence and unngss applies:
Theorem 2Let A:1 - M", B:1 - R" (or C") be matrices of continuous functions and let be

X9 €1,Y, € R" (or C"); then there is one and only one solution of@laeichy problem

2.2.2 Dynamical Systems — Historical Notes

The termDynamical Systemefers to a mathematical model that describesuatgin evolving
over time with a deterministic law, that is. an leni@nary one for which the state of the system at
any instant of time depends uniquely on the statevhich it was in the immediately preceding
instant. Historically the concept @fynamical Systerhas its origin in Newtonian mechanics. In a
letter sent to Leibniz in 1677, Newton wrote thathad found an important method that he could
not reveal in an overt way. He did so by proposanganagram, in a form almost impossible to
decipher, known as thfendamental anagram of the calculdghe decoded sentence is as follows:
«Data aequatione quotcunque fluentes quantitadviente fluxiones invenire et vice versa» which
means: «Given an equation that contains any numbéowing quantities (today we call them
derivatives) find the flussions (today primitives)d vice versa». The method indicated by Newton
became a privileged tool for the study of natungtesms that evolve over time. In 1776 Pierre
Simon de Laplace hypothesized the existence ofnardic system able to regulate, in a rigidly
deterministic and predictable way, the entire Ursee According to Laplace the state of a natural
system at a certain moment depends on that exiatiagprevious instant. Therefore, knowing at a
fixed time the relations between what he calledethity of the universe (today we call them state
variables) it is possible to know the configuratioh such entities in any other future instant.
Laplace was aware that it is not possible to knoecigely the different entities at a certain
moment, since they are the result of measurematepses. However, he assumed that a small
uncertainty in the values of the initial conditiohad equally small consequences on the entire
trajectory and that the calculation of the futuises was slightly altered. Ultimately, it is podsiko
represent the evolution of a real system througlyrsamic system, so that it is predictable and

without any uncertainty. At that time it was knowrat when the equations of motion were non-
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linear the temporal evolution of the system coudtl lme accurately determined; a classic example is
the dynamics of fluids, in the assumptions of tlehti motion: it has been one of the problems
which most stimulated the studies on non-linearatiyic systems. At the beginning of the 20th
century, interest in the study of dynamic systemdided considerably. It was resumed thanks to
the studies of the French mathematician, physenst philosopher Henri Poincaré who can be
considered the founder of the qualitative theorglgiamic systems, that is a way of studying the
laws of motion that renounces any claim to anadytmr numerical knowledge of solutions and
which is based on geometric-visual methods. Poéincsarly described the phenomenon of so-
called deterministic chaos, stating that, althongtural laws are known, the evolution of a system
can be known only by approximation. Moreover, snvatiations in the initial conditions may
produce large and not negligible changes in thal fgituation. Poincaré’s achievements were
probably too far ahead of his time and were theesfonderestimated. After the important
contributions to the qualitative theory of dynanhisgstems provided by the Russian school in the
1930s and by Birkhoff's studies in the United Séate decisive contribution to the diffusion of this
field of Mathematics came with a series of artictée one in 1963 by the American meteorologist
Edward Lorenz and the other in 1976 by the Engisissicist Robert May, who, studying models
for Ecology, illustrated the onset of chaotic dymasnthrough the study of a discrete time
dynamical system obtained by iterating a secondegegolynomial.

The previous year, in the December issue of therfuaie Mathematical Monthly, a short article by
James A. Yorke and his doctoral student Tien-Yiérappeared whose title was: “Period three

implies chaos”. The topic of the article and theutts obtained are actually stated on the firsepag

«The way phenomena or processes evolve or changgmenis often described by differential equatiams
difference equations. One of the simplest mathemlsituations occurs when the phenomenon can be
described by a single number ... [and this] numbgy at the beginning of the + 1st year (or time period)
can be writterx,,,; = F(x,), whereF maps an intervgl into itself. These models are highly simplifie@ty
even this apparently simple equation ... may havprisingly complicated dynamic behavior. We apjgioa
these equations with the viewpoint that irreguiesitand chaotic oscillations of complicated phenwanaay
sometimes be understood in terms of the simple imeden if that model is not sufficiently sophistied to
allow accurate numerical predictions. Lorenz .akt¢his point of view in studying turbulent behavia a
fascinating series of papers ... In this paper n&yae a situation in which the sequerfééx,,)} is non-
periodic and might be called “chaotic”. [Our mathporem shows that chaotic behavior will resulaity
situation in which a “population” of size can grow for two or more successive generatiodstla@n having
reached an unsustainable height, a population follsivs to the levelx or below ... May has recently
discovered other strong properties of these mapssiindependent study of how the behavior chaeges
parameter is varied%

In this article for the first time the term chaassthbeen explicitly used to characterize the belnavio

of those deterministic dynamical systems that togreshow aperiodicity of trajectories in the phase

Y Landmark paper: T.Y. Li, J.A. Yorke, Period Thieglies Chaos, American Mathematical Monthly 2 (1975).
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space that describes them and a sensitive dependétitese trajectories from the initial conditions
of the system. This means that a small variatiotheinitial state of the system results in much
larger variations in the states it will reach dgrits temporal evolution. In real physical systams

is very rare to know exactly the initial conditioaad consequently, when they manifest chaotic
behaviors, this places severe limitations to thealjotability of their long-term evolution, eventife
physical laws that govern them are fully understdbohay also happen that the behavior defined as
chaotic has the appearance of a phenomenon otdamanature and that therefore such a physical
system is considered non-deterministic at a fundaahdevel. This article, therefore, takes up

Poincaré’s theories.

2.2.3 Dynamical Systems — Fundamental Concepts

A dynamical system is any physical system (alsa ibroad sense) whose state is subject to
change over time according to an evolutionary ldwnathematical character, that is, the state of
the system in any instant of time depends uniqaalyhe state in which it was in the immediately
preceding instant. The concept of the dynamicatesysis now used in every field of study to
analyze the evolutionary behavior of any entityt tban be described by a mathematical model.
Dynamical systems are also studied in the abstemctmathematical objects, in mathematical
physics and systems theory. The state of a systeim general the set of values of the physical
guantities that are necessary to describe it caeldglevith respect to a certain class of phenomena
that occur within it or in which it participateqn general, a dynamical system is defined by the
values assumed at a certain moment of time byal scalar variables,, x,, ..., x,, which are called
state variables or dynamical variables. The numbef state variables defines the order of the
system. The state of a system can be synthetidalgribed by means of a vector, defined in an
appropriate abstract mathematical space, whoseaoengs are neatly given by the values of all the
guantities that contribute to define that state:

X = (x4, %2, 0, X)
The vectorX is therefore an element of a subigebf the vector spacR™calledphase spacet can
be discrete, that is made up of isolated poinfgite or infinite numbers, or it can be a contingo
space. According to the mathematical structurdéefahase space, we talk about:

« Topological Spagdan which a metric is not necessarily defined.

* Measurable Spacén which the state is generally associated witlo@on of measurement.
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« Differentiable Variety?: this is a particular type of topological spacéich allows the use
of metric and differential instruments.

» Complex Varietythis is a further extension to the differentiabégieties in that the dynamic
variables considered are at complex values.

In a dynamical system the state variables (at leastof them) and therefore the state vector are
functions of a real non-negative parametegpresenting time. Time can flow by taking values
discrete set or in a continuous interval, dependingthe intrinsic properties of the considered
system or on analytical choices or even on experiahi@easons. Depending on the way time flows
within it, a dynamical system is said to be eitthiscrete-timeor continuous-time

The evolution of a dynamical system can take pia@deterministic way, that is, when each initial
state uniquely determines the immediately followstgte, or stochastic. In the latter case, the
succession of the system states over time is debyaneans of a time-dependent random variable
that takes values in spaces more general tharoth&ial numbers. The evolution of a dynamical
system is described mathematically by an operattefined according to the laws that regulate the
behavior of the system as a function of time — Wwhacts on the state vector at a certain moment,
transforming it into the state vector that des@itiee system at the desired moment. The sequence
of the states constituting the evolution over tioilea dynamical system starting from any of its
initial states, constitute a temporally ordereddgboints in its phase space, called thbkit of the
system; it obviously has nothing to do with thgeicéory of its possible motion in real physical
space. Orbits can be divided into three classes:

1. Constant Orbitsconsisting of a single point, such tigt= X,,k = 0,1, 2, ... or
d(X, = X,); they are also called fixed or equilibrium poinfg¢he system.

2. Recurring Orbits they are those that continually return to “visitfeady visited areas of the
phase space. Particularly important are closedso(bycles), including periodic orbits, and
guasi-periodic orbits.

3. Non-Recurring Orbitsthey are those that don'’t return to regions @& fihase space that
have already been visited.

A dynamical system is specified by an algebraiati@hship involving timet, the value of the
individual components of the vect&i(t) and the time derivative of the vector functi&(t). The
nature and properties of this relationship dependtlte system considered (deterministic or

stochastic) and the way time flows.

18 The term n-dimensional variety refers to the fdisagion of the n-dimensional surface concept. &mmmple, for
n = 2 are varieties the cylinder, the sphere, any pRher any of its open subset.
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In a discrete time stochastic dynamical system waitd a continuous phase space the evolution
operator is given by a set of recursive functioepethdent on a parameter whose value is selected
using a probability distribution.
In a deterministic discrete-time system with a sarmdus phase spad®, the evolution operator is a
map or endomorphisnf: W — W, while the law governing the dynamical system igdirgte
difference equation or recursive function having tbrm:

X1 = f(Xp) = f(x1k:x2k' ---:xnk) (44)
for each integek > 0, such that every value taken from the map is atfan of the immediately
preceding one. If the map is invertible with contty, it is called homeomorphism; if, on the other
hand, it is invertible with regularity (that is is continuous and differentiable) it is called
diffeomorphism. To uniquely determine an orbiisihecessary to specify the initial value

Xo = X(to) = [x1(t0), x2(t0), v, xn (to)]

of the succession. Oncé, is known, the existence and uniqueness of an afbthe discrete
dynamical system are guaranteed byitiuiction Principlé®,
In a deterministic system with continuous time argbse phase space is a differentiable variety the
dynamics of the system is described by an ordimacyor differential equation iR™, or a system
of n ordinary scalar differential equations in normainfi and autonomous (that is, with a second

member independent of time) of the type

dX
—=F(X) (45)

whereF (X) is a vector differentiable field (of clagd); an orbit of a continuous dynamical system
is a functionX(t) € W, solution of the differential equatio45).

The fact that differential equation@5) are of the first order doesn’t constitute an dffec
restriction, since any system of differential equad can be expressed in this form by introducing

auxiliary variables. Moreover, it is not a restoct either that the system of equations is

¥ The Induction Principle is a proof rule used whies property or theorem has a statement formulasea function of
natural numbers. It is useful to establish thedigliof the thesis for each integer or possibly starting from a certain
n,y € N, from the verification of two conditions: the \ditiy of the zero stepand that of thenductive steplt can be
stated as follows:
Letn, = 0 be an integer and I&(n) be a predicate defined for every intege n,. Suppose that the following two
conditions are verified:

(i) P(ny) is true;

(i) for everyn = ny, if P(n) is true therP(n + 1) is true.
ThenP(n) is true for everyr = n,.
Condition (i) is calledinduction baseor inductive basgcondition(ii) is calledinductive stepand the assumption that
P(n) is true is callednductive hypothesidn practice, the Induction Principle is used akofvs: first we check that
P(ny) is true; then we assume thatn) is true for a generia and, using this information, we show thin + 1) is
also true.
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autonomous, since any system of differential equatican be put in this form by still introducing
appropriate auxiliary variables. If the flow is oefd on the entire real axis it constitutes a
diffeomorphismand has the properties of a group of regular toanstions dependent on a
parameter.

The problem of the continuous dynamical syst@®) and an initial conditiotX (0) = X, is called
the initial value problemor Cauchy problemAlthough a continuous dynamical system is part of
the theory of ordinary differential equations, tdstence and uniqueness of a solution is not a
trivial resulf®.

The integral flow (or general integral) of a comtus dynamical system can be defined as the
family of applications®,:W — W, (t € [0,+[) defined as follows: giveiX, € W the image
d,(X,) is given by the vector valug(t) assumed by the solution of the syst@Fa), having initial
dataX,, calculated at time.

A point X, € W is an equilibrium point (or fixed point) of the migmical systenf45) if the only
orbit corresponding to the initial valug is the constanX (t) = X,.

In order to calculate the solutions of a dynamgyatem, that is to determine analytically its @it

it is necessary to solve exactly the equatioh®) or (45) that describe it. Even for the simplest
systems, this is only possible in a very limitedniner of situations and often requires very
sophisticated mathematical techniques. Indeedhuingerical determination of the orbit of a system
is sufficient to effectively define its temporalaution only when the system is extremely simple.
On the other hand, when it is a complex systent,itheharacterized by many state variables, or it
is non-linear with respect to some of its varialdesot all the laws that contribute to describaré
known or even when some of its variables cannoimaasured with the necessary precision,
approximate methods inevitably mean that the uglidnd relevance of the solutions found are
called into question. In this case the main probiethe stability of the calculated orbits, thaths
property of an orbit not to change qualitativelgrsiicant for small variations in the initial stabé

the system. On the other hand, it is often moreomamt to know the common properties of
different orbits than the individual details. In myaapplication situations, it is necessary to afgss
orbits or it is required that the system evolvesglonly one type of orbit. Qualitative analysis of
dynamical systems deals with the classificatioorbits; however, it is generally possible only for
linear systems and those whose phase space hasvontiymensions. In other cases it is important

to know the behavior of the orbits of a system &snation of some parameter and in particular to

2 A continuous dynamical system admits only onetsmiwinder the hypothesis that the vector fiéli of clasC?; in
this case, in fact, the following theorem applies:
Theorem Given a pointx € W there exists an intervdD, t*[ and a curveX:[0,t*[ - W such thatX(t) is a local
solution of the dynamical systef#5) under the initial conditioi (0) = X,.
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find out if the latter has bifurcation values, thatthose values through which the qualitative
behavior of the system changes. Finally, theresétations in which all the orbits of a system
appear irregular, as if it were governed by a ramdgnamics. In these cases it may be necessary to
calculate average values of the state variabldaag wsther a very long orbit or many different
orbits, and thus the so-called ergodic systemsredmportant, for which the average values are

practically independent of the initial state of #ystem and this “forgets” its past in its evolatio

224 Dynamical Systems — States of Equilibrium and Stabi

The first integral of a dynamical system is defirgesda regular function, that is a single-valued

and continuously differentiable one, that remaimsstant at all points in the phase space belonging
to the same orbit. The knowledge of the first inédgyof a dynamical system is fundamental for the
gualitative analysis of the system itself and alsdook for exact solutions of the equations that
describe it. A dynamical system is said to be irgblp if it admits a number of functionally
independent prime integrals equal to the dimensodiits phase space. This is equivalent to saying
that it admits an explicit formulation of the intagflow.
There are relatively few integrable dynamical systein general, the solutions of the dynamical
system can be calculated explicitly when the vefigdd F is linear. Let us analyze the simple cases
of a one-dimensional dynamical systém= 1) and a two-dimensional decoupled linear dynamical
system.

» One-dimensional dynamical systéet belW = R anda € R; let us consider the linear one-

dimensional dynamical system described by the rdiffeéal equation

dx
P
Its solution is given by the function
x(t) = xpe®
with the initial conditionc(0) = x,.
> Two-dimensional decoupled linear dynamical systmnbeW = R? anda,b € R; let us

consider the dynamical system described by thesysf differential equation

dx_
dt—ax
dy
—~ =p
ac Y

The solutionX (¢) = (x(t), ¥(t)), with the initial conditionX, = (x,,¥,) is found solving
the two equations separately. We obtain:

x(t) = xpe® y(t) = yoe
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A problem that is often posed is to determine thmt Istate of the dynamical system for +oo;
this involves calculating the following limit

lim X(t)

t—>+o0

In the previous case, and in general in all cadesrevthe solution can be calculated explicitlys thi
problem results in the simple calculation of a tif a function of a variable. The behavior at
infinity obviously depends on the constaatandb and the initial conditions.

Now we can give the following definition:

Definition & A dynamical system is calldthear when the vector field” in (45) is linear, that is
the system is of the form

dX

— = AX 46

7 (46)
whereA € M (n,n). Since the vector field, described by the formula(X) = AX, is of clas<C?,
the conditions of existence and uniqueness of thatisns of the problem to the initial values

apply. Let’'s take again the one-dimensional casttenrin the form:

dx _
a_ ¥ geRr (47)
x(0) = x,
Integrating both members in the inter{@Jt] we obtain:
tdx(s t
x(t) = xo + ( )ds =X, + af x(s)ds (48)
o ds 0

The differential equation that regulates the systastherefore been reformulated in integral form.
Although we already know the solution, we can sdahis equation with the method of successive
approximations, which consists in obtaining theugoh x(t) as an approximation of a succession
of functionsx, (t), k € N recursively defined as follows:

xo(t) = xo

t
Xp1(t) = x9 + af x(s)ds, k=0 (49)
0

Explicitly calculating the first two values of tiseiccession we have:

t
x1(t) = x¢ + af Xods = (1 + at)x,
0

t a?t?
xz(t)=x0+af (1+as)x0ds=<1+at+ > )xo
0

Generalizing for each integgr we have the following formula
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LI
6 (6) = <Z ‘Z—f) % (50)

i=0
which can be proved strictly using the Inductiom&ple (see not&”).
If we consider the limit foik - +o0o of the approximating equatio@9), we can state that this
limit:

Jim_x, () = x(0)
satisfies the integral equati@a8); in fact we can demonstrate thgt(t) converges uniformly to
x(t) over the entire intervdD, t]. This statement derives directly from the theordthe passage
to the limit under the sign of integfal We must observe that the summat{60) is the succession
of partial sums relative to the Taylor series of #xponential functiore?t that is uniformly

convergent on each intervd, t] t = 0. Therefore the solution to problef7) is represented by

x(t) = (Z #) xo = e*x, (51D

i=0

Now let us consider the general case, with arainttondition:

ax _,
% demmn)  (52)
x(0) = X,

Here too we can reformulate the problem in an irtégby posing
t

X() = X, + j AX(s)ds (53)

0
We then define the successive approximations
Xo(t) = X,
t
Xk+1(t) = XO +] AXk(S)dS, k=0 (54)

0

Similarly to the one-dimensional case, the follogvformula is obtained for the approximations

k ..
Al l
X(0) = <Z - )Xo (55)

i=0

In contrast to the one-dimensional case, the swluti the general case isn’t known a priori. There

are in fact two problems: the first is that of tb@nvergence of the successifp(t) (we must

2 et {f,}.en be a succession of functions defined in the imtelo, b] a, b € R such thaif,, converges uniformly to
f. If eachf, is integrable according to Riemann[in b], f is also Riemann integrable ja, b] and we have:

b b b
Jim [ heodx = [ peodx= [ tim fudx

This means that we can arbitrarily invert the si§the limit with that of the integral.
% The integral of a vector is the vector consistifithe integrals of the individual components.
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calculate the limit fokk — 400 of a series of functions with values in the spafcequare matrices);
the second is that of the consistency of the lithiat is it is necessary to verify that the evehtua
limit of the series is the solution of Cauchy’s Iplem.

To solve both problems we can put:

°°Aii
t
-5

, i!

where the second member represents an infinitesseose generic term is a matrix. Thus, if the

matrix A of the systen¢52) is in the form
A=Al
whereA is a real number aridis the identity matrix, it can easily be verifigtht the solution of the

dynamical system i&(t) = e**X,. More generally, ifd is a diagonal matrix

A 0 0
a=|% % 0
0 0 - A,

with  A,45,..,4, e R, the solution of the corresponding dynamical systeis
X(©) = (x1(0), v, %, () = (eMxgy, ..., e?bxg ), in which Xo = (x4, ..., %05) iS the initial
conditiorf>.

Now let us state the following theorem:

Theorem 3Let A be a square matrix X n. Then the exponential series

% Given a matrix3 n x n the exponential aB is “formally” defined by the series:
il
i=0
By way of examples, let bé = AI, whered € R andI is the identity matrix. Considering thaf = A*I, we have:

A e AT
i! i!
i=0 i=0

el =

Similarly, let be

A 0 0
A-10 & 0
0 0 An
In this case we have:
A1 0 0]
R
Then we obtain:
eMt 0 0
pat — | 0 e*t 0
0 0 e/nt



[ee)

Aitt
Saaen
i!

i=0

converges punctually for evetye R and uniformly over every compact interval Rf Moreover,
the limite4t is a continuous function.
This theorem allows to solve the problem of thevavgence of approximations, defined by
(55); in fact, according to it, we can state that:

kEerXk(t) = edtX, =:X(t)
Really, the uniform convergence of the exponers@les implies the uniform convergence of the
term AX,(s) in (54); therefore it is possible to pass this limit undlee sign of integral (see
noté?%): this also allows to solve the problem of coresisy. Then we obtain, in the limit for
k = +oo:

X(t)=X,+ ftAX(s)ds
0

More generally, if4 is a diagonalizable matf it can be verified that all the orbits of the dymic
system(46) can be written as linear combinations of expoméiitinctions. In fact, given the real
eigenvalues ofl 1;,1,, ..., A, andVy, Vs, ..., V, the corresponding eigenvectSrdet V be the matrix
whose columns are the vectdts We can write:

X(t) =veltv-1x,

whereX, is the initial data and

p=|% % 0
0 0 - A,
We obtain:
et 0 . 0
xw=v|? ef"ft O lvx,
6 0 e/'int

Thus eactX (t) coordinate is a linear combination of scalar exguial functions.

2 A square matri¥d of ordern with coefficients in a fieldK is said to be diagonalizable if it is similar talgonal
matrix D. This is equivalent to stating thate M (n,n) is diagonalizable if and only if there exists amartible matrix

P such thaP~*AP = D. P is called the diagonalizing matrix af

% Let A be a square matrix of orderwith coefficients in a field€ (4 € M'(n,n)). A scalarl, is an eigenvalue of
matrix A if there is a non-null vector such thatAdv = 1,v. The vectorv is called a eigenvalue relative to the
eigenvaluel,. The eigenvalues of are the solutions of equatieet(A — Al,,) = 0, wheredet(4 — Al,) is called the
characteristic polynomial associated with the rmadri
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Let us analyze the case whére M (2,2); the solutionX(t) = (x(t),y(t)) can be written as:

{x(t) = e%x,
y(t) = ePty,

wherea, b are the eingvalues df andX, = (x,, y,) is the initial data. The qualitative behaviour of

the system depends on the sigm@ndb. The significant cases are as follows:

* a<0,b<0.All orbits have as their limit the origin far— +oo. If x, # 0 the orbits are
written in Cartesian form (trajectory) as:
x\b/a
Y=DYo <z>
The point of equilibrium in the origin is calledtractive node
* a>0,b>0.All orbits tend to infinite fot — 4+o00. The trajectories coincide with those of
the previous point, but travelled in the oppositeation. The equilibrium point in the origin
is calledrepulsive node
* a < 0<b.Allorbits withx, # 0 tend to infinite fort - 4+oc0. The trajectories are:
x\~b/a
Y=DYo (x_(,)

The equilibrium point in the origin is calleddle point

When a dynamical system

X =F(X) F:W € R* > R"
with W open set, is non-linear, it isn't always possitdeexplicitly determine its integral flow.
However, certain qualitative properties of orbiggde determined from some structural properties
of the system. For example, under fairly generaldaoons it is possible to establish the limit
behaviour for large times, that is the limit of ibsbfor t - +c0. The following theorem gives a
necessary condition for a point to be a limit state
Theorem 4If the solutionX (t) has a limit fort - +oo, that is. If

lim X(t) =X, eW

t—+o00
wherelW is the open on which is defined, therX; is an equilibrium point of the system, namely
Now let us give the following definitions:

Definition 7 Given the dynamical system

X =FX) F:W - R"
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0 A pointS € W is said to battractiveif there exists an open sphdfeS € U c W such that
for every initial conditionX, € U, the solutionX(t) corresponding to it ha$ as its limit.
The previous theorem allows us to state that eattrgictive point must be of equilibrium.

o If S is an equilibrium point, we can defirmasin of attractionof S the setU of initial
conditions such that the corresponding solutiong faas their limit.

o A pointS € W is said to bestableif for every open spher8 containingS there exists an
open spher® containingS (U,V < W) such that every solution with initial datalinis all
contained inJ for everyt > 0.

0 A stable and attractive point is said todsymptotically stable

0 A pointS isunstableif and only if it is not stable. In other wordsjs said to be unstable if
it is contained in an open sphéfesuch that for every open sphéreontainings there is an
initial conditionX,, € V whose solution doesn't lie i for somet > 0.

To determine the stability or instability of an dduium point of a non-linear dynamical system,

we can basically use two methods: lihearization methocnd the_yapounov functional method
2.2.5 Linearization Method

The linearization method consists in studying tiieasnical system obtained by linearizing the
vector fieldF, that is considering only the linear part. Moregisely, in the hypothesis of vector
field F of classC!, if A is its Jacobian matriXin his pointX,, we have:

F(X)=AX —X,) +R
Where the ternR is an infinitesimal of order higher than the firstX,, that is:

li R
im ———=
X=Xo [|X = Xo|

A(X — X,) is said “the linear part df nearX,".

0

% The Jacobian of a vector function of several veaiables is a matrix whose elements are the fimstial derivatives
of the function. In particular, given the vectonétionf: Q@ € R® - R™ defined in a subse@ of R with values inR™
such that

X = (X1, Xy, ., Xn) € R™ associateg (x) = (f1(x), (%), ., fn(x)) € R™

the Jacobian matrix associated with the funcfias given by:

[0f1 afy afy ]
6_xl x) 6_x2 x) - a (x)
P 0f> af,

O« . O

6—x1 x) 6_x2 x) - a (X)_

In general this is a rectangular matrix with rows (wherem is the dimension of the function’s arrival setdan
columns (withn dimension of thg definition set).
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To better understand what we will say later, Iptess some definitions and theorems.
Definition 8 A matrix A € M'(n,n) is calledsemi-simplef it is diagonalizable in the complex
sense, that is. if there exists a bas€™formed by eigenvectofd’;, Vs, ..., V, } such that

AV, =4V, A €ECk=12 ..,n
Complex numberg,, are called eigenvalues af
Theorem 5If the matrixA4 is semi-simple, then all orbits of the dynamicgtemX = AX can be
expressed by linear combinations of exponentiattionse®t (wherea, are the real parts of the
eigenvalues ofl) multiplied by trigonometric functionsos(b,t)andsin(b,t) (whereb, are the
imaginary parts of the eigenvaluesA)f
Definition 9 A matrix N € M'(n,n) is saidnilpotentif there is a positive integen such that
N™ = 0.
The smallesin for which the previous equality is verified is lea the nilpotency order AA. All
eigenvalues of a nilpotent matrix are null.
Theorem 4 Every matrixA € M (n,n) can be written in one and only one way as the efia
semi-simple matriX and a nilpotent matri¥ that commute with each other, i.e.

A=S+N NS =SN

The previous theorem allows us to express the el of At in the form:

At — StNt

e
Now we can briefly study the stability of a dynaalisystem by the linearization method.
Definition 1Q Given an equilibrium poink; and calledd the Jacobian matrix & in X;, the linear
system

Y =AY

is the linearized system of = AX in X,27. The real parts of the eigenvalues Afare called
Lyapounov exponents the system.
If all the exponents of Lyapounov are negative eleilibrium pointX; is said awell. If all the
exponents of Lyapounov are positivg,is said to be aource
As we’ve seen before, the matdxcan be written ad = S + N, (whereS is semi-simple matrix,
while N is a nilpotent one) so the exponentialdofis equal to the produette™t. The first factor
is conjugated of a diagonal matrix block, each dficl is the exponentia¢*t, where 1 is a
eigenvalue ofd (real or complex), expressed in matrix form; heosel term is conjugate of the
exponential of a nilpotent matrix in canonical foramd therefore is a matrix containing monomials

in t. The following linear well theorem applies:

" The linearized system always adntitas the equilibrium point.
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Theorem 5 Let the linear dynamical system= AX be given. If the eigenvalues df all have
negative real part then the equilibrium point ia trigin is asymptotically stable.

The question remains whether the stability of tihedrized system can also be extended to the
starting system. This is not always true, as isl@wied by the following theorem, which provides
many useful indications

Theorem 61f all the eigenvalues of the matrik have strictly negative real parts, or if therats
least one with a strictly positive real part, thiea equilibrium of the linearized system has thaesa
stability or instability properties as the equiithn of the starting system.

In particular, it is possible to state an analogbe®rem for a non-linear system:

Theorem ANon-linear Well Theorem): LeX; be a well for the dynamical systefn= F(X), where
the vector fieldr is defined oW < R™and is of clasg€!. Then letd be the matrix of the linearized
system inX;. If c is a positive real number such that every eigere/lof A has real part
Re(1) < —c

then there exists an open sphéreontainingX; such that:

(a).the integral flowdt(X) is defined for everyx in U and for every > 0;

(b).there is a constamt > 0 such that, for ever¥ € U and for every > 0 we have

lP(X) — X1l < Be™t|IX — X,

In particular.X; is asymptotically stable.

Similarly, if X; is a source, then the equilibrium point is unsabl

2.2.6 Lyapounov Functional Method

Consider a dynamical syste¥n= F(X), whereF is a vector field defined on an op#hc R™
and of clasg!. Let a functionalV: W — R of classC! be given. Theotal derivativeof VV (along

the vector fieldF) is the function
i d
teV(X@®) = EV(X(t)) =V (X)) F(X)

Therefore, the total derivative BfalongF is the derivative of the compound functior> V o ®°,
Definition 11 A functionV defined on an opeti ¢ W containing the equilibrium poir¥; and of
classc? is saidLyapounov functiondbor the dynamical system with respect to the dopiiim X, if
the two conditions apply:

(@).V(X(®)) < 0 for every orbitX(t) having initial datum irU;

b).VX)=0eV(X)>0VX €U, X +X,.
If they are worth the property (b) and the follogin
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(c).V(X(t)) < 0 for every orbitX (t) having initial datum ir/ other than the equilibriurk,
thenV is saidLyapounov functional narrow
A Lyapounov functional has a strong minimum at élg@ilibrium point, and its value never grows
along the solutions. A Lyapounov functional narnsvetrictly decreasing along the solutions.
Theorem §Lyapounov’s first stability theorem): If the egjorium point X; possesses a Lyapounov
functionalV (X) in an operU containing it, therX; is stable.
If property (a) of Lyapounov functionals is satsfion the whole opeW, it is possible to obtain
stronger properties of stability.
Definition 12 A setP c W is saidpositively invariantf, for everyX, € P the solution with initial
datumX, exists for every > 0 and is contained iR.
Theorem 9Lyapounov’s second stability theorem): gtbe an equilibrium point and I1&t(X) be
a Lyapounov functional with respect ¥ defined over all ofi# and such that property (a) of
Definition 11 is satisfied on all of//. If P is a compact (of nonzero measure), containipg
positively invariant and such that the functidns strictly decreasing along the orbits contaiired

P (except inX;), thenX; is asymptotically stable arftlis contained in the basin of attractionXef

2.2.7 Bifurcation Theory

When the vector fiel# describing the dynamical systefn= F(X) depends on parameters, the
stability of the fixed points changes as thesempatars change. It becomes therefore interesting to
determine, if they exist, those values of the patans by passing through which the number and/or
the properties of the fixed points of the systerange and consequently its evolution (that is, the
shape of the orbits) undergoes a qualitative toansition. These values are called bifurcation
points. For the sake of simplicity, suppose thatepends on only one parametein addition taX,
and that the existence, uniqueness and contintependence theorems of the initial data are valid

X =FX,uw
The possible equilibrium configurations will depemuy: in fact the equation
F(X,u) =0 (56)

The previous equation implicitly defines a curvethie spacd€X, i) that represents the loclisof

the equilibrium points (i.e. the solutions @®6)). In general, the analytical expression of thisu
in the explicit formX, = X, (u) will only be available if it is possible, froifb6), to deriveX as a
function of u or vice versa. In general, the character (stableumstable) of equilibrium
configurations changes with the variation wffor all points ofI". If, in addition tou, other

parameters are present, the simplest way to praseedanalyze the behaviour of the equilibrium
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solutions as a function of each of these paramedteeping the others fixed. The analysis is always
done in the spacgX, u); if X € R? it is the three-dimensional spaceXifE R! (that isX is a scalar
function) it is the ordinary Cartesian plane. Mganerally, ifX € R",n > 3, it is more convenient

to analyze, instead df,, its particular scalar functions, such as

n
2
k=1

SO as to continue to have a simple view of the bektweenX, andu. The diagrams thus obtained

1X.(W| = or  |X.(|= max|x,,|

are calledbifurcation diagramsThe locusl' is usually composed of several branches or offishoo
that are stretches (open or closed) of curvesniagtintersect each other and terminate at points at
the finite . The number of pairéu, X.(u)) € T usually changes with the variation of in fact, a

line parallel to th&X axis can cut the equilibrium curve at one, nonmanany points depending on
the configuration of the curve itself. The pointsvehich the number of equilibrium solutions

changes are calldatanch points

Iy 25 I Hy Hs
Figure 5 The equilibrium curve consists of several branciigse number of equilibrium solutions
changes ag varies. There are three solutiongtit= uq, p = p,, u = p, andu = usg, two if
<y,  <p<pus pus<p<p,orp>pusand finally fourifu, < p < p, or py < p < ps.
Souy, uy, Uy, s are branch points while; is a bifurcation point.

With reference to Fig. 5 the point correspondingt te u; has a particular nature: far= p; two

distinct branches of the locismeet and at that point the tangent'tts not univocally defined.
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These points are generically callbdurcation points More precisely we can give the following

definition:

Definition 13 We say that one equilibrium solution “bifurcatdsdm another inu = y,, if there

exist two distinct equilibrium solution®, (1) andX,(u), continuous with respect gpand such that

X.(w) = X,(u). The common pointu,, X, (1)) is calledbifurcation point

It is convenient to classify certain types of bdfations and adopt the convention of indicating the

lines that form the locus of equilibria with sobtfokes in the stable case and with dashed lines in

the unstable case. Bifurcation points are normatilgracterized by stable-instable variation moving

from one branch to the other.

K/
£ %4

Saddle-Node BifurcationThis bifurcation, also calle@ngent bifurcationoccurs when, for

u, tending toy, two different equilibrium solutions{, (1) and X,(x), one of stable
equilibrium and the other of unstable equilibriund to each other, and far= y, they
disappear by collapsing. It occurs when a realreigkie of the Jacobian matuxof Ftends

to zero (without crossing the imaginary axis).

Transcritical Bifurcation This bifurcation, more commonly calleifurcation with
exchange of stabilifyoccurs when, for, tending tou;, two different equilibrium solutions
X.(w) andX,(u), one of stable equilibrium and the other of unistamuilibrium, tend to
each other, and fop =y, they merge, then separating immediately after amgimg
stability. It occurs when an eigenvalue real eigdme of A crosses the imaginary axis and
becomes positive.

Pitchfork Bifurcation This bifurcation, also calleBeriod-doubling can be of two types:
direct (or supercritica) or reverse(or subcritical). Direct bifurcation occurs when, for
u=pu, a stable equilibrium solutiotX, becomes unstable originating two stable and
attractive solutions{; andX, for u > u,. Conversely, reverse bifurcation occurs when, in
addition toX,, for u < u,there are also two poini§ andX, unstable, which collapse 6,

for u = u,, making it unstable. In both cases this bifurgati@curs when a real eigenvalue

of A crosses the imaginary axis and becomes positive.

2.2.8 Hopf Bifurcation

In dynamical systems of at least order 2 therelse another type of bifurcation: theopf

Bifurcation Such bifurcation occurs when a stable equilibristate bifurcates into an unstable
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equilibrium state and a stable limit cy@eHopf bifurcation therefore explains how a limjtcte
can arise by continuous transformation of an eguiim with the variation of a parameter. This
phenomenon is very frequent, not only in electrdmaeacal systems, but also in economic and
biological ones. Hopf Bifurcation can kiéect (or supercritica) or reverse(or subcritical).
In the direct case the equilibrium staiegenerates for = u,;, a stable and attractive limit cycle for
u > up and when the parameter varies the equilibriunediatomes unstable.
In the reverse case, instead, an unstable limlecgtrrounds” the equilibrium stafé, for u < u,
and narrows on it gstends tqu,. Foru = u; the cycle collapses ofi, making it unstable.
A sufficient condition for this type of bifurcatiois the existence, for the Jacobian ma#iof F
calculated in an equilibrium state, of purely imegly eigenvalues that “cross the imaginary axis
with non-null velocity”, as is indicated by the lfmiving theorem.
Theorem 1qHopf’'s theorem): LeX, = X.(u) be an equilibrium solution asymptotically statbe f
u < up and unstable fan > yu,; if at the pointu = y;, the Jacobian matrid of F has one and only
one pair of purely imaginary simple eigenvalueat tk:
Re(lmzub) =0 and Im(lmzﬂb) =0
and furthermore
d
v= [d_HRe(DL i 0
U=ip
then, (X, (up), up) is a bifurcation point and fqr sufficiently close tqu,, there is a limit cycle. It is
stable ifX,(u;) is locally asymptotically stable.
In any case, the initial period of the limit cycte
_ 21
- Im(A|u=ub)
The radius r of the cycle generated by a Hopf bdtion foru — p; behaves as follows:

T = ay|u— upl

T

wherea is a constant.

2 A limit cycle or cyclic attractor is a closed drbh a plane (two-dimensional) phase space with fatlewing
property:

= no constant orbit (or fixed point) is containedhe limit cycle;

= any orbit beginning at a point in the limit cycleist always remain within the limit cycle;

= any trajectory starting in a limited neighbourhawfdhe limit cycle must approach asymptoticallythe limit

cycle;

= there is at least one orbit within it that apprazcthe limit cycle asymptotically.
If all the orbits contained in a limited neighbooddl of the limit cycle converge to it in the fututbe limit cycle is
calledstable(or attractive); if they converge to it in the past, it is sédbeunstable
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CHAPTER 3

Modelling

3.1 A Brief Introduction to Mathematical Models

Mathematical modelling is a relatively young didicip: it dates back to the early decades of
the Twentieth century. While it has traditionallgem fundamental in Physics, in recent decades it
has also become important in other fields of S@esach as Biology and Medicine, becoming even
more relevant in Economics and Finance. The reaBwongis success are due to flexibility and
universality of mathematical tools, which are sames the only ones that allow satisfactory
answers to increasingly complex problems. This | ahanks to the computing power of
increasingly sophisticated machines now available.

A mathematical model is the construction of ancatéirreproductionof reality in order to study it
mathematicallyit can be considered as the interface betweeartaopthe real world and the world
of mathematical theories. In order to explain ttoacept let's take an example: suppose we want to
study the evolution of the price of a derivativetmment®, in order to make also some forecasts. If
we want to use a mathematical model, we mustdstdblish the essential and characteristic factors
in the evolution; for these variables we will lodkr the fundamental relationships that
guantitatively describe the dynamics, obtaining amemore equations of various types that
constitute the mathematical model. It must thenabalyzed in order to obtain the information
required.
So, the definition of a mathematical model contéissif some essential elements:
» The initial and fundamental referenceréality, which can consist of a physical, biological,
economic phenomenon, etc.; it may simply be a sittnaf daily life;
* The wordreproduction however, it must not be considered as a faithwplication of
reality, but as a simplified description of it. ferct, the reality is very complex and therefore

rich in details, in order to be able to be fullydited; this is why we prefer to make a

drawing of it, as if it were a “caricature”, thatmplifies it, highlighting only the central

aspects;

2 Derivatives are securities or financial contragt®se value depends on the market value of oneoce assets called
underlying. They are particularly popular in the-cedled over-the-counter markets and their rapidetigpment
nowadays has been influenced by the possibilityrsline transactions. Derivatives include futurgstions and swaps,
while underlying assets commonly include commosijtshares or bonds.
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* The adverbmathematicallyit reminds us that the simplification of realisy/fundamental in
order to be able to translate it “in formula”, thmsking possible its subsequent study with

the language and tools of Mathematics.

The main phases in which the realization of a nmatdteal model can be synthetized in the

following flow diagram:

1.
REAL WORLD PROBLEM

2.
MODEL CONSTRUCTION

3

MATHEMATICAL STUDY
OF THE MODEL

4.

INTERPRETATION OF
RESULTS AND VERIFICATION
OF THEIR RELIABILITY

1. Analysis of the phenomenat the origin of a model there is always a réemmenon that
the researcher wants to describe and of which méswa foresee the evolution.

2. Model constructiontaking into account the available mathematicalgowe identify the
quantities and relationships that are consideredregml, neglecting instead all those aspects
that, considered secondary, are a source of tro@fleourse, the choices made for the same
problem can be different depending on the scholar @laborates the model.

3. Mathematical study of the modeh this phase the structure of the model is aely
clarifying its terms and specifying quantitativelgd logically the relationships considered.
This allows us to understand how the different aigpeary when we modify one of them,
but also to preview new fields of applicability.

4. Experimental verificationthis is the phase of empirical control of the nesbatical model.

To this end, simulations are carried out by intmwdg some sets of data and the results are
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analyzed. This makes it possible to establish thality of the model: if it proves too

simplified or even inadequate, it is modified apprately or even it is completely changed.

It follows from the above that the credibility oih@aathematical model depends on its goodness and
its ability to represent an acceptable comprometgvéen completeness and analysability. In fact,
completeness would require taking into account gy Varge number of components but also
relationships between them that could be realisticithe other hand, the greater the number of
variables and the more realistic the relationsbgtsveen them, the more complicated the model is:
this puts at risk the capacity for analysis. A mam be considered good if it achieves an effectiv
compromise between these two requirements, how#vsrevaluation requires back-testing, using
already known cases. It is important to emphasiaed mathematical model cannot and should not
claim to be universal, it should always be useahi grano salis

Some models, such as those in Physics, Chemistedidihe and Finance, allow quantitative
analyses and predictions; in others, typically ¢has Economics, the analyses are necessarily
gualitative and are only used to test the influeateertain factors on the evolution of a given
system.

3.2 Prey-Predator Model

Among the most widely studied mathematical modedstlaose of predator-prey type, in which
one species is the main source of food for therofbenoting prey withx and predators witly, we

can construct a model of the type

x=xf(x,y)
{5/ =yg(x,y) @

where the growth rate of prgy(x,y) must be a decreasing functionyirwhile the growth rate of
predatorg (x, y) must be an increasing functionan

Among the prey predator models, the most famousmdoubtedly the Lotka and Volterra’'s one.
Italian mathematician Vito Volterra was the one whade a major contribution to the development
of mathematical models applied to the biologicasces in the 1920s, in particular by introducing
the prey-predator cycle and the principle of contipet exclusion. He delved into the study of a
strange phenomenon that had affected two specigshah the upper Adriatic Sea during the First
World War at the request of zoologist Ugo D’Ancottee latter, in fact, had observed a consistent
increase in selaci (predatory fish) and hypothekihat this was related to the decrease in fishing
activity caused by naval war in the Adriatic. Aadimg to D’Ancona’s hypothesis, fishing in

peacetime disrupted the natural balance betweesiespehe war, with the consequent suspension
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of fishing, had restored a new natural balanceawodir of predatory fish. Volterra approached the
problem by initially assuming that predators andypcoexisted in the same habitat, without any
external action (fishing) that would produce indistnate collection among the species. Volterra’s
model predicted a population growth according ® lthgistic equation influenced by the so-called
“encounter theory”, that is from the hypothesist tthe effect of predation was proportional to the
number of encounters between specimens of the peces.

Similar conclusions to Volterra’s had been reaclredhe same years also by the American
mathematician and physic-chemist Alfred J. Lotkat employed at the U.S. Patent Office and the
National Bureau of Standards, then university tea@nd finally a statistical supervisor for an
insurance company but interested all his life widgy. He wrote the first textbook on mathematical
biology, in which he proposed that natural selecti@s basically a competition among organisms
for access to the energy available in the envirarim@rganisms that survive and thrive are those
that are able to capture in greater quantities as®l energy more efficiently. Extending these
conceptions to human evolution, Lotka suggestetttighistorical transition from relying only on
solar energy to societies based on non-renewahiesfof energy posed fundamental challenges to
social formations. In 1910 Lotka had proposed aaie-prey model in the study of autocatalytic
chemical reactions, essentially obtaining a logistrolutionary equation. In 1920 he extended this
model to organic systems using as examples vasipesies of plants and herbivorous animals, and
in 1925 he used his equations in his mathematio&ddy textbook.

The population dynamics model developed indepehgdbgtVolterra and Lotka allows to describe
the interaction between two species in ideal camuit The general idea is to consider a scenario in
which two species coexist: predators and their.pAsguming that the predators present at a certain
instant(y) can feed only on the prey population presentastme instaritc), the total quantity of
food consumed by predators (that is the quantitygrefs eaten) per unit time is proportional to the
number of encounters between prey and predatoishwiill be proportional to both populations
and therefore to their product. There is also aimum amount of food per unit timgn) needed

by a predator to survive long enough to reprodutcean therefore be assumed that the rate of
growth of the predator population is proportionaladdition to the population already present, also
to the gap between the food available and the famtled for subsistence. The growth rate of the
prey population in the ideal situation where theme no predators and the resources provided by the
environment are inexhaustible is proportional te gopulation already present according to the
logistic model. This growth rate is slowed by tleti@n of predators, which is proportional to the

number of encounters between the two populatiodgtaums the product of their instantaneous sizes.
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This results the two autonomous and non-lineamargi differential equations iR? that describe

the dynamics of the system:
{}'fx= —a)icy +B5x>31y @

wheree, 5,y andé are constant parameters (defined as positiveps:md measure:

— «a of the biological potential of prey;

— p of the predation rate;

— v, 6 of the biological potential of predators.
The interpretation is simple: in a closed environtrleze two speciex andy, prey and predator
respectively. In the absence of predators, preyldvéiave Malthusian growth(t) = xye®;
similarly, predators would become extinct by Igit) = ye~"t. The encounter of a prey with a
predator, which has a frequency proportional togteeluctxy, produces a decrease in the number
of prey and an increase in the number of predateity, rate (effectiveness of the encounter in

making a new individual appear or disappear) gy the constanfsands.

It is immediately seen that becomes null on the lines= 0 andy = % and similarlyy becomes
null on the linesy = 0 andx = %. There are therefore two equilibrium points, thigio and the

nontrivial point(%,=). The first of them clearly corresponds to the iswhbility of spontaneous
5B

generation and is unstable (saddle point). Thisabity is important: otherwise, a non-zero
population might be attracted to this fixed poemd the dynamics of the system would therefore
always lead to the extinction of both species f@nninitial conditions. Instability in the origin
thus ensures that an evolution toward extinctiorbath species is disadvantaged in this type of
model. In fact, it could occur only if an extermalent led to the complete elimination of the preys.
If, on the other hand, predators were eliminatdte prey population would return to an
exponentially. The second fixed point correspomss$eiad to a situation in which predators devour
only the minimum amount of prey necessary for tkanvival while the preys reproduce in such a
way as to simply compensate the losses. This fpaat is not of the hyperbofi¢ and therefore no
general conclusion can be drawn about its stabifdytside the equilibrium points there are

particular solutions on the axgs= 0 (Malthusian growth ok) andx = 0 (extinction ofy).

30 A hyperbolic equilibrium point is an equilibriunoimt of a continuous dynamical system such thattlagrix of the
linearized system has no eigenvalues with zeropagl (that is no zero Lyapounov exponents)Rfthere are only
three types of hyperbolic equilibrium points: websaddles and sources, depending on whether thberurh negative
Lyapounov exponents is 2, 1 or 0. It is also shtivett a hyperbolic equilibrium point is either a i@l unstable.
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For a generic initial datum witlh andy both positive, a somewhat exceptional fact ocaurshe
system there exists a constant of motion, thah ifirst integral of the system of equations that
describes it; precisely the quantity

F(x,y) =6x —ylogx + By —alogy 3)
We can easily verify that = 0. The orbits thus coincide with the level curvegah thexy plane.

From Lyapounov's first theorem applied to the camisbf motion F around the equilibrium point

(g,%), we can see that the equilibrium is stable, aretefiore small perturbations give small
motions. In addition, the orbits are periodic. Paayd predator populations each have ups and
downs that alternate periodically with the passafgéme. Everything happens endogenously, that
is, without any intervention from outside. In otheords, the system sways, producing what are
called, in a very explanatory terrself-sustained oscillationsf there are many preys, predators

increase, which then causes them to decrease;hbuat the predators themselves without food

decrease, at which point prey grows again.

In this model, then, in the situations of non-eitpuiblm we have that predators thrive when there is
an abundance of preys but, in the long run, they fhemselves without enough food for everyone
and begin to become extinct. As the predator pojnladecreases the prey population increases
again. This dynamic continues in an unlimited cyafencreases and decreases. If, on the other
hand, one or more parameters are assumed to varyime, the dynamics of the system changes in

a radical way and exhibits characteristics of gfrdapendence on initial conditions.
3.3 Mathematical Models of Economic Growth

Lotka and Volterra's prey-predator model set uplthsic “paradigm” with which to translate
the phenomenology of populations into a mathemlatitgect, thus applying modelling to a
discipline, such as Biology, that traditionally sdathematics as only the statistical methods for
handling experimental data. There is no doubt tiratmathematical study of population problems
has important precedents:, the first deterministadels are in fact those of Malthus and Verhulst,
who both dealt with population dynamics. More speaily, the English demographer Thomas
Malthus, in his work «Essay on the Principles opiation» of 1798, studied for the first time the
evolution of the English population using mathewcatimethods, so constructing a mathematical
model of exponential growth of the population. Timedel, however, was based on assumptions far
from reality, so much so that it was corrected rhlst with the logistic growth model, obtained

assuming that the environment has a carrying cgpaeyond which it can no longer provide
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nourishment and resources, thus leading to asymogiopulation growth, as a result of which the

number of the same tends toward equilibrium.

Among the disciplines that use modelling of phenoantr a better understanding of them, as well
as to be able to make predictions about their éutlavelopment, a prominent place is occupied by
Economics, especially in the field of economic gitewn a nutshell, economic growth is concerned
with the expansion of a country's income and itdeulying factors, including the availability and
dynamics of work, capital and natural resources,doices of operators (companies and families)
between consumption, savings and investment, teehand technological progress, as well as a
very wide range of other elements from the fundtignof markets to the institutional context.
These problems were first posed and analyzed exéndy classical economists and in particular
by Adam Smith (1776) and David Ricardo (1817-18Z3)ese authors were followed by many
other economists interested in the phenomenonafiitr which was certainly central until 1870.
However, none of these economists used mathematehods of analysis, although in
contemporary times mathematical formulations oirttieeories have been proposed.

The reasons for economic growth began to fascisatelars after the great crisis that involved the
world economy in the late 1930s, cracking the thdébkat the market was capable by itself of
feeding a continuous development. The focus on tir@nises, therefore, from Keynesian theory to
which we owe the first demonstration of the poditjbihat an economic system can evolve at a rate
lower than that necessary to ensure full employneéntsources. According to many scholars,
Keynes' main contribution concerns effective demtrabry. Neoclassical theory holds that the
flexibility of the interest rate in the financialarket ensures that on averagd.e., taking into
account cyclical phenomena of a transitory natsueh as crises of confidence, errors of monetary
authorities— the level of investment adjusts to the supplyudfémployment savings. In effective
demand theory, on the other hand, it is the lef/ehwings that adjusts, via income multiplier, e t
level of investment decided by entrepreneurs. Thereo reason why the level of investment
decided by entrepreneurs should be that correspgridifull employment, so that the multiplier (or
actual demand) analysis indicates the possibifiyrmleremployment balances. Keynesian analysis
is generally considered a short-term analysis tmthe equilibria determined in it are on the basis
of the given productive capacity assumption. Thises the question of whether its conclusions can

be extended to the long run.

The use of mathematical methods in the analysecohomic growth also takes place in the 1930s
by Von Neumann (1937) and Harrod (1939) whose dmrtions are, respectively, the basis of

multisector and macroeconomic models of growth. Trgal contributions were followed by
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increasingly more articulated and complex mode&lsyhich the mathematical method assumed a
significant role. It should be remembered that ecoic theory is based on three components: the
analytical-formal component, which makes wide u$emathematical methods; the historical-
guantitative component, which uses institutionad dmstorical elements; and the economic-
guantitative component, which uses statistical dgtameans of econometric methods; for this
reason there are many lines of analysis of growmdnpmena that don’t use mathematical methods,
but which have made a very important contributmthie analysis of growth and dynamics.

3.3.1 Multisector Dynamical Models - J. Von Neumann's Metl

The first author to deal with a dynamic multisectoodel was mathematician John von
Neumann who, in 1937, published in German his fanawork on regular economic growth;
however, it had to take another ten years for ecosis to recognize the importance of his model.
Neumann considers an economy in whictifferent goods are produced by meangwdinear and
additive production processes, which use the sam@uped goods as factors of production (so-
called circular production); the linearity of pradion processes implies that returns to scale are
everywhere constant. We observe that in the reptasen given by von Neumann there can be
production processes with multiple productions hath fixed and circulating capital. Let’s denote
with a;; (i=1,2,....,n;j = 1,2,....,m) the nonnegative quantity of thieh good employed by
the j-th technology activated at the unit scale, andhwib;; the symbol concerning the
corresponding quantity produced (also nonnegatiMeg¢se quantities are considered stationary and
exogenously assigned, that is, they constitutertbéel data. Synthetically, these technological data

can be represented by means of a pair of matrices:

a1 Q12 0 A b,y b - bin

Az1 Az - Qzm b b b
A= 0 T . ) B=|"?% "2 zm

n1 Qnz  *° Qpm bni bpy - buym

Subdivided time into periods of equal duration, alehoted byt the generic time period, let
x(t) = (x1(t),....,x,(t) ) be the vector, non-negative, whose compong(t) indicates the
scale of activation of thg-th production process during theh period. The production of goods
requires a certain amount of time to elapse betwbenuse of the productive factors and the
obtaining of the products, and precisely it musispa whole period in order to obtain the products
from the factors. In absence of a final demandgtieds produced at the end of the generic period
become the factors of production available to startew production cycle in the periad+ 1.

Therefore the quantities of goods must satisfyiriequalities:
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m m
Yagmt+ D<) by (=121
j=1 j=1
namely

Ax(t+1) <Bx(t) (t=--,-1,0,1,2,....) 4)
Introduced the (non-negative) prices of goods im pleriodt, represented by the vectp(t) =
(p1 (1), p2(t),....,pa(t) ) von Neumann, following the theorists of the gehecaiilibrium, writes
that if in the period the goodi-th is used in smaller quantities than availab&ntit must have in
equilibrium price zero, i.en;(t) = 0. Therefore synthetically we can write

p(t+ DAx(t+1) = p(t + 1)Bx(t) (5)

Considering now the productive processes, thesd¢ nmaisallow extra profits; this means that in
every productive process the unitary cost cannolebg than the unitary revenue; therefore the

following inequalities must apply
n n
Zpi(t)ai]- ZZpi(t + Dby (G=12.....,m)
i=1 i=1

that is
p()A=p(t+1)B (6)
If, however, for the productive procegsh the unitary cost exceeds the unitary revenea that
process must not be activated, that is it mustube;6t) = 0. Therefore we have
p()Ax(t) = p(t + DBx(t) (7)
The relationg4) — (7) represent von Neumann's model of multisector dmpwte author limited

his analysis to the consideration of particulaugohs of the following type

x(t+1) = ax(0); p(t+1)=%p(t> ®)

whereaa andp are two positive numbers, the first representhg drowth factor (common to all
goods) of the quantities of goods, while the seatantd be interpreted as a factor of interest. Given
x the vector of activation scales in the first pdriandp the vector of prices in the first period, the

model can be synthetically written substitutinga@®ws:

alAx < Bx
apAx = pBx

PpA = pB
ppAx = pBx

The first relation states that if a good is notyfuitilised, an equilibrium price equal to zeroléols
in the second relation. The third relation stakeg the maximum profit factor §§ so that, from the

fourth relation, if a process achieves a profitdaof less thar, then that process (whose costs,
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multiplied by 5, exceed revenues) is not activated. The data efnmbdel are the technology
matricesA and B, while the unknowns are,p,a, 3. The existence of non-negative solutions
obviously depends on the assumptions aldcandB.
Von Neumann assumed tha} + b;; > 0 for each pair of indicesj (economically opaque
assumption); this assumption was later modifiedhwhe following economically more significant
and still universally used assumption: at leastfantor is required in every productive process;
each good is produced by at least one technolagyshmathematically
SA > 0; Bs >0

wheres represents the sum vectoe (1,1,....,1). Von Neumann proved the existence of a
solution by employing his own generalisation of Br@r's fixed point theoreth Thanks to
improvements to the model, it is possible to priha there exists a positive numb@rto which is
associated (at least) &> 0, solutions to the problem.

@ = sup{a | aAx < Bx,x € R} 9
It is also shown that in equilibrium we obtdin= 3, that is. growth factor and interest factor are
eqgual to each other.
The orbits defined by the relationshi®). are only one among the possible types of orbiis,
they have a special economic significance in tfratn their characterisation i), they are the

path along which the economy considered growsdlyaas possible.
3.3.2 Macroeconomic models — Harrod-Domar and Solow-Swandels

The Harrod-Domar model is considered the prototypaggregate growth models. In the most
traditional formulation, it is a continuous-time de for an isolated economy, represented by the
relationships between the following aggregate Wem to be interpreted as instantaneous
intensities:

v' Y denotes the aggregate output;

v' K denotes the aggregate capital (expressed in the saits as output);

v L represents the amount of available labour;

v' S denotes global savings;

v

I represents the investment (homogeneous with gutput

%1 In algebraic topology, Brouwer's fixed point thewris part of the large family of fixed point theors. It states that
all compact and connected subsétsof a Euclidean space enjoy the so-called fixedhipoioperty. More precisely we
have:

Theoremlet f: X™ - X™ be a continuous function; then there exists atpgirof X™ such thaif (x,) = x,
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A first relationship expresses the instantaneotes a production as a function of the quantity of
capital and labour:
Y(t) = min{vK(t), uL(t)} (10)
This means that output is obtained from capital labdur, according to fixed coefficientsu.
Labour grows exponentially at the exogenous pasiiateg:
L(t) =Lyedt Ly>0 (11)
whereL, represents the initially available labour.
Savings is a given fractian) with 0 < s < 1, of income, that is:
S(t) = sY(t) (12)
In equilibrium, saving equals investment
S(t) =1(t) (13)
The rate of capital growth coincides with the irtwesnt

K@) =1(t) (14)
In the case ofmin{vK(t), uL(t)} = vK(t), from the previous equations we derive
K@) =1(t) = S(t) = sY(t) = svK(t)

the first and last members form a simple differ@rgiguation whose general solution is:

K(t) = Kyes™* (15)
wherekK, represents the given initial capital. To obtaimtamuous full employment of both factors
of production (capital and labour) it musti€(t) = uL(t) for eacht, i.e.

vKyeS"t = uLye9t (16)

for eacht > 0. From (16) we obtain first thatk, = uL,, that is. capital and labour must initially
be available in the rati?determined by the coefficients of production; nower it must be

verified, instant after instant, the equality
sv=g (17)

The previous relationship establishes the famouwlition, also known as therdzor's edgé
condition, according to which the exogenous quigstst v, g must satisfy th€17) in order to have
continuous full employment of both factors. Othessyione or the other of the two factors remains
partially unemployed. At full employment, we alseride from relations (16) and (10) that

Y(t) = vKyes"t (18)
Since the parametessv g are all positive, clearly all quantities in the aebgrow over time at the
instantaneous rata > 0. It is therefore observed that the higher the o&igrowth of the economy
the higher the saving rateand the capital coefficient No influence is instead directly exerted by
the labour coefficienu. It therefore appears that the economy's gromté i favoured by the

savings rate and technical progress, which isylikelincrease the coefficiemtto the extent that it
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leads, ceteris paribus, to an increase in cap#iative to labour. Of course, when7) doesn'’t
apply, then labour is partially unemployed, if $tsv < g, while in the opposite situation it is

capital that is partially unemployed.

Harrod-Domar’'s growth model is followed by otherasids of analysis, among which the
neoclassical Solow-Swan model is certainly worthlgsing; it focuses on the role of productive
and technological factors of growth. The startirgnp of this model is the specification of a
production function in which aggregate outpit) (depends on the amount of capitd),(
employment §) and time. Formally we have

Y =F(K,N,t) (19)

Output is divided between consumption and changekd amount of capital (i.e. investment), so
that we have
Y =Nc+K (20)

where ¢ is per capita consumption (and therefdfe represents aggregate consumption) and
K= Z—It{. It is important to note that in this literatutas almost always assumed that employment is

equal (or proportional) to the size of the labaancé, so that all “coordination problems” disappear
at the outset.

In the original model of Solow with technical pregs labour augmenling, a closed economic
system is described, endowed with competitive ntarlkeend formed by rational (and mutually
identical) individuals in which technology is fortiz&d by a production function characterised by
decreasing substitution returns of labour and ahpéparately, and constant scale returns of the tw
factors. As far as total consumption, there arachHdg two versions. The first is the so-called
“behaviourist version of aggregate growth theory, which corssist thinking about a possible
specification of the per capita consumption (orirsgs) function that is empirically plausible. The
existence of a function of the type

c=c(K,N,t) (21)
so that the analysis of the model is reduced tatiay of the differential equation
K =F(K,N,t) — Nc(K,N,t) (22)

The second is the so-calledptimizing version, in which it is assumed that the econoisiy
composed of a single immortal individual who ch@o#ige optimal consumption path in order to
maximise the discounted and weighted sum (or ratherintegral, since the formalisation is in

continuous time) of instantaneous utilities (whre weights represent the size of the population).
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The consumer therefore chooses its consumption twer in order to maximize the following

integral

f " eetu(c®) Nt 23)

whereg > 0 measure the rate at which instantaneous utilaresdiscounted. The constraint that

technology imposes on inter-temporal utility masgation is given by

Nc + K = F(K,Nt) (24)
the standard assumption made regarding the praduittnction is that it can be written as
Y(t) = F(K,A®)N(D)) (25)
with the further assumptions, after having c prbpkeosen the units
Alt) =ett u>0 (26)
and
N({t)=eM 1>0 27)
As regards the utility function is concerned, it hlae form
cl77 -1
ulc)=———— o#1 (28)
1—-0

where we haver > 0, andi is the intertemporal substitution elasticity. iFekinto account the

hypotheses introduced, the integral to be maximiised becomes

j " et <CH—_1> N@OdE  (29)

1—o0
subject to the constraint
N@®)c(®) +K(t) = F(K(@®), A®N()) (30)
In order to determine the solution to the probléhg assumption usually introduced is that the
production function is of the Cobb-Douglas type
F(K,AN) = K“(AN)1™* 0<a<1 (31)

In the standard model of aggregate theory, the tyromates of employment, population and
technical progress are exogenous to the modelnanghrticular role is assigned to human capital
or government policy. In these hypotheses the systenverges to a uniform growth equilibrium
(steady state in which capital per capita is accumulated at #@ne rate as income (and
consumption) per capita, and in which the savirage and the real interest rate are constant along
the equilibrium path. Moreover, the growth rateimfome (and consumption) per capita are all

equal to the (exogenous) rate of technical progréssrefore technology, although exogenously
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given, is the only force that produces growth in gegita income (by increasing labour efficiency),
and thus is the engine of growth.

One of the empirical predictions of the model @ttthere is substantial equality in the development
rates of different countries. These rates can iogytdiffer from each other, but such differences
can only be of a transitory nature: in fact, sifice each country the per capita growth rate is
inversely dependent on initial income, differenesashould cause convergence of levels and thus
poor countries should tend to grow faster than wcles. The aggregate growth model (with
exogenous technical progress) therefore predietexistence of a force that promotes convergence
in the per capita incomes of different countrieswdver, the assumption that poor countries tend to
grow faster than rich ones seems to be inconsistéhtthe ‘cross-country evidence. In recent
years, a large number of studies have been cawndte international comparison of growth rates.
Contrary to the predictions of aggregate growth eledempirical evidence indicates that there is a
large difference in both the levels and rates ohemic growth of different countries.

The empirical evidence therefore allows us to reably conclude that development rates certainly
differ substantially from country to country andeyhare not systematically correlated with initial
income levels (regressions of the developmentafi#egiven period on initial income alone usually

yield non-significant results).

Endogenous growth models emerged precisely asciiaeao the unsatisfactory contribution of
aggregate growth models to the interpretation efdtiferences between the development rates of
different countries. Endogenous growth theory diffeom aggregate growth theory in its emphasis
on economic growth as an endogenous product oétbaomic system, and not as the result of
forces acting from outside. These models thenangéntify in capital (or other factors that can be
reproduced) an engine of growth that cannot bewstkd. The merit of endogenous growth models
is therefore that they succeed in showing how teahmprogress (resulting from the decisions of
agents) allows to frame the evolution of the ecoicosystem together with the growth of the

population.
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SECTION B
(Works)

PART |

Stability and Hopf Bifurcation Analysis of a Distributed Time Delay
Energy Model for Sustainable Economic Growth

This paper examines the consequences of includstghdited delays in an energy model. The
stability behaviour of the resulting equilibriumrfour dynamic system is analyzed, including
models with Dirac, weak and strong kernels. Apalyihe Hopf Bifurcation theorem we determine
conditions under which limit cycle motion is born such models. The results indicate that
distributed delays have an ambivalent impact on diggamical behaviour of systems, either

stabilizing or destabilizing them.

1. Introduction

Domar (1946) and Solow (1956) introduced the syateanstudy of the growth process, where the
accumulation of physical capital is seen as a keywth driver. This research unveiled key
structural characteristics that affect the longrtedetermination of labor productivity: savings,
population growth, technological change. In thigarel, different augmented versions of the Solow
model were developed over the decades that ineoamng others the contribution of Mankat/al.
(1992) employing a physical and an intangible @gituman capital), and the Solow-Jorgenson-
Griliches residual model (Jorgenson and Grilich€67), framework used to address issues
concerning intangibles such as the contributiomtngible capital to output growth and how does
the inclusion of intangibles affect the allocatiohoutput growth between capital formation and
multifactor productivity growth (Corradet al.2009).

On the other hand, the basic neoclassical growtiteqat abstracts from a potentially important
feature of the growth process: purchasing a piéasaachinery at a specific time and place makes
little sense unless the equipment can be supplidtdemergy and put to use. Indeed, it is of primary
importance for the economy to be able to distril@ketricity across the economy.

Natural science experiments by Banastal. (1999, 2002) and West al. (1997, 1999) developed
the energy distribution network as a living orgamit validate the empirical results of biology
recognized as. Kleiber's Law. Dalgaard and Str(f®11) introduced this theory and were the first

to integrate something as complicated as the @ggtdistribution network into a macroeconomic

95



framework. They claimed that the application oflbgical organism-related concepts on man-made
energy networks is a true strategy for the follayvithree reasons: the cardiovascular system
functions in the same manner as the electricityoe, facilitating the transfer of nutrients and
power around the network; man-made and biologiealvarks have different added properties due
to the development process over time, as proces§eg their natural selection in the case of a
biological network as well as constant rework apdating of human-made networks; physicists
use empirical methods from biological organismgotuk for universal laws of scaling that affect
human society. The relentless pressure to moverttsaan optimum distribution system allows for
certain characteristics to be shared between hmdbgnd man-made networks. If the consumption
per capita of electricity is the equivalent of nietism and capital per capita is equal to body mass
it is assumed that the relationship between cagitdlelectricity is concave and log linear. Daldgaar
and Strulik (2011) demonstrated that energy is sgibke at geographically dispersed locations
through an economy’s self-organization. Furthegytimvestigated the relationship between capital
per capita and energy per capita from the energgadd viewpoint and claimed that energy
demand is driven by the need for capital managemeaintenance and generation.

Biancaet al. (2013) modified the model by Dalgaard and StrulRY1) with the assumption that
the energy conservation formula would be influenbgda time delay, thereby characterizing the

dynamics of the system by the following delay difatial equation,

k(©) = Zlk(E = DI =S k(e = 1) (1)
where k denotes per capita capital,and v are the energy required to operate and maintain the
generic capital good, and the energy costs to&matew capital good, respectivedye (0,1) and
€ > 0 are real constants, amd> 0 represents a time delay. Foe= 0, Eq. (1) reduces to a law of
motion for capital which is structurally identidal that implied by the Solow model (Solow 1956).
Since it shares its technical properties, therstex unique stable steady-statevhere
k%1 = u/e, to which the economy adjusts. Fot> 0, by choosing time delay as a bifurcation
parameter, Biancat al. (2013) proved that the model loses stability aridioaf bifurcation occurs
when time delay passes through critical values known that time delays in economic situations
can be modeled in two different ways: discrete toheays, ideal when a fixed time delay for the
agents involved is institutionally or socially dedd, and continuously distributed time delays,
appropriate when the delay is uncertain or varyiegods of delays are spread across the agents.

96



In this paper, following Guerriret al. (2019), we generalize the delay differential equratinodel
with a discrete delay, name(yt), adopting continuously distributed time delayscéwingly, the

model may be written as follows

k(t) = % Ift gt—rS, m)k(r)drl — %ft gt —r,T,n) k(r)dr. (2)

The functiong in (2) is a non-negative bounded function defined[@mnt+o0) which reflects the
influence of the past states on the current dynsauaind it is called the delay kernel. HeseT are
positive parameters associated with the averaggtheof the continuous delay amd, n € {0,1}
determine the shape of the weighting function. ifre lwith Cushing (1977), we consider the

following types of gamma distribution fagr,

2

gt—r,4,0) = (%) e_%(t_r) and g(t-r{1)= (?) (t — r)e_%(t_r),
where{ = S, T, which are nameaveak delay kernehnd strong delay kernelrespectively. In the
former case, weights are exponentially declininghvthe most weight being given to the most
recent output; in the latter one, zero weight Sgeed to the most recent output, rising to maximum
weight at a poinf time units in the past and declining exponentitdlygero thereafter. Notice that
as { — 0, the functiong tends to a Dirac delta function, i.&(t —r), so that one recovers the
discrete delay casd) (with T = T). Therefore, Eq(2), that we are interested in, is more general
than EqQ.(1). Since time delay does not change the equilibrith@® equation, Eq(2) has exactly
the same equilibrium point of the standard Solowdehg¢r = 0) since time delay does not change
the equilibria of the equation. An analysis of thedel (2), using a combination of the previous
expressions fog as well Dirac kernel, will be done via the so-adllsear chain trick technique
(MacDonald 1978), which transforms the integrodéfeial system(2) into an equivalent system
of ordinary or delay differential equations. In ghtontext, the principal role of delays is in
destabilizing an otherwise stable economy and d#pgrupon a combination of two delays, the
delay can also stabilize the economy. Our resultk stress the importance of the theoretical
modelling framework used as a device that may diiaally change the findings of the model in
(1). In this context, the principal role of delay mrsdestabilizing an otherwise stable economy and
the delay can, depending on the combination ofdelays, also stabilize the economy. For future
research, we propose to extend our model in a ctatipnal and experimental way and generalize

it to include the intangible asset of human capital
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2. Weak Kernels

Let, m = 0 andn = 0. Eq.(2) rewrites as

k=7 U @)e'%“‘”k(r) drr‘%f e T k(r) dr. (3)

For convenience, we define the new variabl@y andy(t) by

x(t) = f_t (%) e_%(t_r)k(r) dr, y(t) = f_t <%) e_%(t_r)k(r) dr.

Applying the linear chain trick technique, E@) can be transformed into the following third-

dimensional system of ordinary differential equasio
(k® = S [x©]",
x() = < [k(@®) —x(@®)], (4)

[k(t) — y(®)].

Nl =<

y(t) =

The local stability of the unique positive equilion point(k,, x,, y,) of system (4), where
x., =y, =k, and k, is the steady-state dfl), is governed by the roots of the corresponding
characteristic equation for systér). Linearizing this system at its equilibrium powé obtain the

characteristic equation

A3+ by(S,T)A% + b,(S,T)A + b3(S,T) = 0, (5)
where
S+T v+ u(§S—afl) 1—-a)u
bi(S5,T) = 7 > 0, b,(S,T) = ST , b3(S,T) = 5T 0.

Lemma 1.The equilibrium pointk, of (3) is locally asymptotically stable fdd < T < T, and

unstable foIT > T,, where

. v+ Jv2 + 4auS(v + pS)

2au

Proof. By the Routh-Hurwitz criteria, the equilibrium pobiis locally asymptotically stable if and
only if by(S,T) > 0,b3(S,T) > 0 and b,(S,T)b,(S,T) > b3(S,T). Thus, the stability condition is
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confirmed ifb, (S, T)b,(S,T) > b;(S,T). A direct calculation yieldau T? — vT — S(v + uS) < 0.

The statement follows solving this inequality.m

We now return to the characteristic equat(@n and show the possibility of the birth of a limit
cycle atT =T, by applying the Hopf bifurcation theorem. Accorditg this theorem, we can
establish the existence of a cyclic solution if tubic characteristic equation has a pair of pure
imaginary roots and the real parts of these rob#ge signs with a bifurcation parameter. At the
critical value T, one hasb,(S,T,)b,(S,T,) = b3(S,T,), and the characteristic equation can be

rewritten as
[+ by (S, TH][A? + b, (S, T.)] =0,

which has roots

2’1 = _bl(S, T*) < 0, Az‘g = ilw*‘ with W, = 4/ bz(S, T*)

Recalling that the equilibrium is locally asymptatily stable in absence of delays, if the

transversality condition

R (‘“) >0
“\ar);_r,

holds, then a Hopf bifurcation occurs at the efuilim point whenl' passes through the critical
valueT,. Differentiating Eq(5) with respect td", and using5), we have

dl  —bli(S,T)A% — by(S, T)A

dT ~ 322 + 2b,(S, T)A + by (S, T)

where

, v+ uS , 1—-—a)u
bi($,T) = ——5 by (S T) = —— <7

Sincew? = b,(S,T,) and b, (S, T,)b,(S,T.) = b3(S,T,), after some calculations, we get

Nar)rr, ” 2[b,(S,T.) + b7 (S, T.)]
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Since the numerator in the above expression isl@éq$gauT? + S(v + uS)]/v > 0, we conclude
that the crossing direction of characteristic rdiwbugh the imaginary axis is from right to left as

T increases. Summarizing the above analysis, we thav®llowing result.
Theorem 1 Eq.(3) undergoes a Hopf bifurcation at its equilibriumimidc, whenT = T,.

3. Weak and Strong Kernels

Let,m = 0 andn = 1. Eq. (2) becomes

o= Qetenon] 4] @ c-nciron @

Defining the new variables(t), y(t) andz(t) by

2

x(t) = f_ t (%)e_%(t_r)k(r) dr, (6 = f_ t (;) (t = e T k() dr,

and

z(t) = f_t <%) e_%(t_r)k(r) dr,

Eq. (6) is turned into the following fourth-dimensionaksgym of ordinary differential equations

(ie(®) =~ [x (O] = Sy(0),
1
£(6) = S [k - x(0)]
§o3 @
9(6) = 212(0) = y(©)],
2
2(0) = Z1k(©) - 2]

The characteristic equation for systém at the equilibrium poingk,, x., v., z.), where

X, =Y, = z, = k,, takes the form

/14 + Cl(S, T)/13 + Cz(S, T)/12 + C3(S, T)/1 + C4(S, T) == O, (8)
where
4S+T 4v(S+T) — auT?
Cl(S,T) = ST > O, Cz(S,T) = ‘USTZ y
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4v + 4u (S — aT) 4(1 — a)
VST? ’ €l ) = oor

c3(5,T) =

Now, it is necessary to investigate the distributaf roots of Eq.(8) in order to determine the

stability of the equilibrium.

Lemma 2. The equilibrium poink, of (6) is locally asymptotically stable far < (v + Su)/(uT)

and
(P(T) = Cl(S' T)CZ(SJ T)C3(S, T) - C%(S, T) - Clz(SJ T)C4(S, T) > 0 (9)

Proof. Using the Routh-Hurwitz criteria, all roots of tpelynomial in(8) are negative or have
negative real parts if and only if the followingnzbtions hold:

c1(S,T) > 0,c3(S,T) > 0,c4(S,T) > 0and ¢, (S, T)cy (S, T)c3(S, T) > c2(S,T) + c2(S, T)ca(S, T),
yielding the statement.m

Remark 1. Condition(9) is equivalent to

(a?u®)T* — (vu + 4avp + Sau?®)T? + 4(S?ap? — Svu — 2Savu + v?)T?
+ 4S(—S%u? — Svu + 4v3)T + 16vS2(uS + v) > 0.

Next, we selecT as the bifurcation parameter and show possibifityhe birth of limit cycles when

T =T,. Let14,4,, 15 and 1, be the roots of the characteristic equati®n Then, we have
/11+/12 + /13 + /14 = Cl(S, T), /11/12 + /11/13 + /11/14 + /12/13 + /12/14 + /13/14 = CZ (S, T) (10)
/11&2/13 + 11/1314_ + 12/13&4_ + 11/12&4_ = —C3 (S, T), 3.1/12&3/14 = C4(S, T) (11)

If there iST = T, such thatp(T,) = 0, then by the Routh-Hurwitz criterion at least ooet, sayi,,
has real part equal to zero. From the second exuati(11) it follows thatimA, = w; # 0, so that
there is another root, say, such thafl, = 1,. Sincep(T) is a continuous function of its roots,
and 1, are complex conjugates in an open interval inclgdin A a result, the equations {110)

and (11) have the following form &t= T,
13 + A4_ = _Cl(S, T*), (l)% + /13&4_ = Cz(S, T*), (12)
O)%(Ag + A‘l—) = _C3(Sr T*)l (1)513/14 = C4_(S, T*) (13)

If A; andA, are complex conjugates, from the first equatio(l@f) we derive that
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2RelA; = —c(S,T,) < 0. If 1; andA, are real, from the first and the second equatio(l2) and
(13), respectively, we obtain thag < 0 and4, < 0. According to the Hopf Bifurcation Theorem,
it remains to verify the transversality conditidfinding the derivative on both sides @) with
respect td@’, we have

dA c1(S, T3 + ¢c5(S, T)A? + ¢c5(S, THA + c4(S,T)

- = , 14
dT 423 + 301(5, T)A% + 2C2(S, T)A+ 03(5, T) (14)
where
, 4 , 425+ T)
Cl(S,T) = —ﬁ, CZ(S, T) = —T,
4auT — 8(v + uT) 8(1—a)u
3(S,T) = ) 'S, T) = — ————
c3(S,T) UST3 c1(S,T) ST3

Sincew, = c3(S,T,)/c1(S,T.), it follows from (14) that

(dl> _ [C{(S' T*)C3(S' T*) - Cl(si T*)C?;(S' T*)]l(l)* + Cé(S, T*)C3(S' T*) - Cl(si T*)CAII-(S: T*) (15)
T=T,

dT 2{[c1(S, T.)cy (S, T.) — 2¢5(S, T.)]iw, — ¢1(S, T.)c3(S, T}

Multiplying both numerator and denominator @5) by the conjugate of the denominator, and

recalling thatp(T,) = 0,i.e.= ¢3? = cjc;c; — ci%c;, after a long calculation we get

Re <@> - _ c1(S, T o' (T.)
dT/)r=r.  2{c;(S,T)c3(S,T.) + [c1(S, T (S, T.) — 2¢3(S, T)1?}

As T increases, a positive (resp. negative) sigfléf implies crossing of the imaginary axis from

left to right (resp. from right to left). Thus, wave the following result.

Theorem 2. Assume thatt < (v + Su)/(uT) and ¢(T) > 0, whereg(T) is defined as in9). If
there existsT = T, such thatp(T,) = 0 and ¢'(T,) < 0, then a Hopf bifurcation occurs at the
equilibrium pointk, of (6) asT passes througf..

4. Weak and Dirac Kernels

Let, m = 0 andT — 0. Eq.(2) takes the form

v

k(t) == [ f t (%) e_%(t_r)k(r) drl —% k(t —T). (16)
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Setting

CLY —le-n
x(t) = f (E) e s " k(r) dr,
Eq. (16) takes the form of a second-dimensional systenelafyddifferential equations

k(©) =[x = — k(¢ =T),
(a7)

“lkg

x(t) = < [k(®) —x@®].

The associated characteristic equation of the fiina@on of (17) at the equilibrium pointk., x.),
wherex, = k,, is
1. au (li

Aot —+%/1)e-”=o. (18)

Lemma3.LetT = 0. The equilibrium poink, of (16) is locally asymptotically stable.

Proof. In absence of delay;18) reduces to

1 pu 1-au
2 —_ —_ _—
A +(S+v>i+ vS 0

The conclusion is a straightforward matter beirgydbefficients both positives

For the cas& > 0, we determine parameter values for whi@B) may have pure complex roots.
We seekw > 0 such thafl = iw satisfieg(17). Substituting intq17), recalling that
e T = cos(wT) — sin(wT), and equating real and imaginary parts, we findt th must

simultaneously satisfy

a
w2+ 2K _ %cos(wT) +E0 sin(wT),
vS v v (19)

1
-—w = isin(wT) - Ea) cos(wT).
S vS v

Recalling thastin?(wT) + cos?(wT) = 1, squaring both sides of the equationg1f), adding and

rearranging gives

=0.

L (H2S? = 2auvS —v?\ ,  (1-a®)u?
@w V2§52 Y

This equation inw? has a unique positive root, say, where
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_ (u?S% = 2auvS —v?)* + v252, /(U282 — 2auvS — v2)2 + 4(1 — a?)u2v2S2

z 20
Solving forcos(wT) andsin(wT) in (19) yields
a _ vS%2w3 + (v + auS)w
cos(wT) = 115207 >0, sin(wT) = (1 + SZad) > 0. (21)
Therefore, from(21) we see that
— 1 -1 a ; -
T]' = CU_O CoS TS‘Z(DS + 2]7T , ] = 0,1,2, (22)

are the critical values df for which the characteristic equation (18) has lyuraaginary roots
A= tiw,.

Let A(T) = u(T) + iw(T) be the root of(18) such thatu(Tj) =0 and w(Tj) = w,. By
differentiating (18) implicitly with respect tB, we get

di
[2vS2+ v + uSe™T — u(1 + SA)Te | T u(1 + SA)Ae A, (23)

Hence, we have

<d,1>‘1 _(@SA+Dver +us T
ar/ MeEEY A

Then,

-1

d(Rel)
dT

) R (d/’l)
sign e T

We summarize the foregoing discussion in the fofitme following theorem.

‘ = sign ‘,sign [\/(,uZS2 —2auvS —v?)2 +4(1 — az)uzvzsz] > 0.

T=T]' T=T]'

Theorem 3. Let T, be defined as i120). The equilibrium poink, of (16) is locally asymptotically
stable wher0 < T < T, and unstable whefi > T,. A Hopf bifurcation occurs at the equilibrium

whenT = T,.

5. Strong and Weak Kernels

Letm = 1 andn = 0. EQ.(2) is now governed by the following equation
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(t) = %[ f_ t (%)2 (t = M)e S k(r) drr _ % f_ t (%) e TRy dr. (24)

Settingx(t), y(t) andz(t) by

=10

: (-1 ©(2) R
(t —r)e s "k(r) dr, y(t) = j (E) e S k(r) dr,

and

2(t) = f_ t (%) e T le(r) dr.

Eq. (24) rewrites as a fourth-dimensional system of ordirthiferential equations

(i) = = (D] - £ 2(0),
v v
2
£(0) = S ly(©) ~ x(O)],
s (25)
§) = 2 k() ~ (0],
| 2(0) = 2 1k(®) ~ 2(0).

In order to examine local dynamics of the abovdesgsin the neighborhood of the steady state
(k., X+, Vs, Z,), Wherex, =y, = z, = k,, we consider its linearized version and get tH®wong

characteristic equation

/14 + pl(s, T)/13 + pz(S, T)/lz + p3(5, T)/1 + p4(5, T) - O, (26)
where
(ST)—S+4T>O (ST)_SZM+4vS+4v>O
pl ) - ST ) Pz ] - SZTU )
4v + 4u (S — aT) 4(1 - a)u
S T) = , S, T)=—>0.
p3(S,T) S2T P4(S,T) 2S2T >

Stability of (25) can be examined by finding the locations of tlgeevalues of Eq(26).

Comparing Eq(26) with Eqg.(8) reveals the similarities among them, and, consatyyeanalytical

methodologies are similar. To avoid unnecessargtitggn, the analysis of26) is simplified.
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Using first the Routh-Hurwitz criterion and therethlopf Bifurcation Theorem we arrive at the

following results.
Theorem 4. Lety(T) = py(S, T)p2(S, Tps(S, T) — p3(S,T) — pi(S, T)pa(S, T).

1) The equilibrium poink, of (24) is locally asymptotically stable f < a < (v + uS)/(uT)
andy(T) > 0.

2) fa< (w+Sw)/wT),Y(T) > 0 and there exist® = T, such thatp(T,) = 0 and
Y'(T,) < 0, then the equilibrium point bifurcates to a limitctsy through a Hopf Bifurcation
atT,.

6. Dirac and Weak Kernels

Let,S - 0and n = 0 Eq. (2) turns to be

(t) = %[k(t _§)e— % f t (%) e T D) dr. 27)

Introducing the variable

x(t) = J-_ t (%) e_%(t_r)k(r) dr

allows (27) to be changed into the following two-dimensiongktem of delay differential
equations

k(©) = = [k = )] = £x(0),

P m

2(t) = 7 [k(®) —x(®O)].
A straightforward calculation yields the followiaracteristic equation

1 au /1
/12+—/1+i——ﬂ<—+/1>e‘/15= (28)
T vT v

Lemmad4. LetS = 0. The equilibrium poink, of (27) is locally asymptotically stable if
0 <T < v/(aw) and unstable if" > v/(au).
Proof. WhenS = 0, (28) reduces to

1 ap 1-—a)u
SO PR T
+ T v + vT
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Hence, we have the statement noticing that allcthedficients of this equation are positive when

T<v/(au). =

Now, let us takeS > 0. We shall investigate the roots of the transcetad@&guation(28) that lie in
the left half of the complex plane. Suppose that iw,w > 0, is a root of (28) for som§.

Substituting this root int¢28) and separating the real and imaginary parts irmplie

ap ap w _ap apu
w? — — = ——cos(wS) — — w sin(wS), — = ——sin(wS) + — w cos(wS). (29)
vT v v T v v

Adding squares of these equations we obtain thewolg equation irw?,

1 2 a’u? 1 —a®)u?
w4+< H _ﬂ>wz A —a?u*

— - ——=0. (30)

Proposition 1. Let

_v(—1+\/1—a2+\/§\/1—\/1—a2)

T? =

. (31)

azu
Then Eq(28) has a pair of pure imaginary roofs= iw,, with 0 < w_ < w,, for

T, <T <v/(ap), where

T2a?u? + 2Tvu — v? + Ja*u*T* + 4a2vp3T3 + 2a2v2u2T? — 4v3uT + v*

32
2T %2 (32)

wi =

Proof. We start noticing that the constant term(80) is positive. Therefore, solving for potential

positive roots of (30) using the quadratic formiglads to the existence of two positive roots

2,2 2,2\ 2 — 2)2
i ML ) 1l 2w @\ a0 et
+ 2\T? T v2 |~ 2. (\T2 T 2 v2T2

under the conditions

and

The former condition gives



a?u?T? + 2uvT —v? >0,
whose solution is given by

(-1 +VI—a?)
T > =T

1-

azu

The latter condition is instead verified when

1 2u  a?u? 2V1 — a?pu .
- — — — 2 — 152
A>0 & Z——-—r< —— © auT?+ 2w (1-V1-a?)T—v? >0,

leading toT > T,. This together with the fact thdt < T, < v/(au) completes the proofs
To find the corresponding critical valuég of S where the pure imaginary roois, exist, we

solve (29) forsin(wS) andcos(wS), and get

w(—=v + uT — vT?w?) 1

, H=— >0
au(1 + T2w?) cos(wS) = T T T242)

sin(wS) =

By (32) one has

w(? + a?u?T?) + Ja*u*T* + 4a2vu3T3 + 2a2v2u2T? — 4v3uT + v*
4avu(l + T?w?)
It is now immediate thatin(w,S) < 0. On the other hand,

sin(wS) = —

sign[sin(w_S)] = sign [—vz — @?UPT? + \Ja*pT* + 4a2vu3T3 + 2a2v2u2T? — 4v3uT + v‘*]

A direct calculation shows this sign to be alsoatrg asT < v/(au). Hence,Sji (G=012...)

are defined by

Next, we check the validity of the transversaliggult. Differentiating(28) with respect ta&s, we

have

1 1 dA 1
z_ _cfZ —as| &t Z),-as
{ZUA + T au [1 S (T + A)] e }dS aul (A + T) e . (33)

Then, using28), it follows that

(dl)“l _au-v (ZA + %) e’ ¢
ds aui (A +l) A

T
108



Therefore,

d(Rel)
ds

. U (dl)‘l
sign . = sign|Re |

],sign [\/a“,u“T‘L + 4a?vpdT3 + 2a2v?u?T? — 4v3uT + v4].
s=s* s=s¥
’ J

Hence the sign is positive far, and negative fow_. This implies that all the roots that cross the
imaginary axis aftw.,(resp.iw_) cross from left to right (resp. from right totleésS increases. It
remains to prove theat = iw, are simple roots fo28). Supposel = iw, (similarly foriw_) is

repeated, then frorf83) one must have

1
—auiw, <ia)+ + 7) [cos(w;,S]-i) - isin(w;,Sf)] = 0.

which clearly implies a contradiction. Thus, thenditions for a Hopf Bifurcation are met and the

Hopf bifurcation theorem holds. The above analisisow summarized as follows.
Theorem 5. Let T, be define as ii31).
1)Let0 < T < T,. The equilibrium poink, of (27) is locally asymptotically stable for &l.

2) LetT, < T <v/(au). Stability switches occur as the time delkyncreases from zero to the

positive infinity, with the occurrence of a Hopfuocation at each switch. If

3)LetT = v/(aw). The equilibrium poink, of (27) is unstable for alk.
7. Concluding Remarks

We have considered different modelling approaclwesttidy an energy model for sustainable
economic growth when time delay is replaced by wiagistributed delays. The system is modeled
by gamma distributed delays, which includes thé&edkhtial equations model with a discrete delay
and the ordinary differential equations model aescs&d cases. Employing the Routh-Hurwitz

criterion and the results on distribution of theéoseof transcendental functions, we get a set of
conditions to determine the stability of the eduilim point and the existence of Hopf bifurcations.
The choice of continuously distributed lag overixed time interval also yield the complex

behaviour of emerging stability loss and gain whnadly repeat alternatively.
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Bifurcation Analysis of a Transportation Network for Energy with
Distributed Delayed Carrying Capacity

Recently, [10] have developed a mathematical moflah economy viewed as a transport network
for energy. Based on [24], [5] have adapted tltgas and proposed a generalization by introducing
a logistic-type equation for population with deldyearrying capacity. This study examines the
consequences of replacing time delays with distedbuime delays in their model. The local

asymptotic stability of the equilibrium point isuglied by analyzing the corresponding characteristic
equation. It is found that the destructive impacth@ agents on the carrying capacity leads the

system dynamic behavior to exhibit stability swéstand Hopf Bifurcations to occur.

1. Introduction

The Solow model ([19]) has been a point of refeeent economic growth since the 1950s. It
attempted to explain how increased capital stockegses greater per capita production and
revealed the role of savings, population growth dedhnological change in the long-term
determination of labor productivity. In this regaxdrious augmented versions of this model were
built over the decades, including among othersctidribution of [17], employing a physical and
an intangible capital (human capital), and the ®alesidual model, addressing issues concerning
intangibles, such as the contribution of intangiblpital to output growth and how does the
inclusion of intangibles affects the allocation aditput growth between capital formation and
multifactor productivity growth (see e.qg. [7]).

[10] shed some light on the relationship betweeagrgndistribution and economic growth, viewing
the economy as a transportation network for el@ttriand getting a model whose dynamics are
formally the same as in the Solow model. Specifjcanergy originates from a power plant and is
diffused across the economy to the sites at which used via a power grid. Energy is needed to
run, maintain and create capital. Without an eleityr supply, any investment in machinery at a
particular place or time will not lead to econorgrowth. They set a supply relationship between
electricity consumption per capita and the sizehaf economy measured by capital per capita.
Techniques taken from biological sciences were usatieir modelling: a power law association
between consumption per capita of electricity aaplital per capita with an exponent assigned to
capital bounded between 1/2 and 3/4 with the fexgdonent dependent on the efficiency of the
network (see [1]). Notice that the ability to hasseenergy for the betterment of society and how

efficiently it can be deployed was first mentionedl862 by [20]. To prevent limits to growth as a
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result of energy shortages will require technolagehange even if the supply of energy increases.
The distribution of energy through a network isréfere crucial.

It is worth stressing that in Dalgaard and Strglikiodel population increases at a positive constant
rate ([16] growth), which is a totally unrealistassumption because it doesn’'t consider the
environmental limits that have consequences opdipelation. Exponential growth may happen for
a while in environments where there are few indiald and plentiful resources. But when the
number of individuals gets large enough, resourgdisbe depleted, slowing the growth rate.
Eventually, the growth rate will level off, makirggn S-shaped curve. This population size at which
it levels off represents the maximum populatiore sizparticular environment can support and is
called the carrying capacity. Therefore, to modeairenrealistic population growth, scientists
developed the logistic growth model (see [21]).][A8inted out that the process of reproduction is
not instantaneous, there is a lag in some of tlegsses involved, and so the logistic model is
inappropriate for the description of populationwgtio. For this reason, he proposed to introduce a
time delay in the logistic model. The resulting rabs known as the delayed logistic equation or
Hutchinson’s equation or, under a suitable charigeamables, Wright's equation ([23]).

Many authors (e.g. [11]) have stressed that, dubddnfluence on the carrying capacity resulting
from the existing populations, its original defiait implying a constant value has lost its meaning.
The society activity does influence its own cargyinapacity that can be either enhanced by
producing new goods, materials, knowledge, and 5000 can be destroyed by unreasonable
exploitation of resources, e.g., by deforestatpmiluting water, and spoiling climate. The ideattha
the carrying capacity may be not a constant butnatfon of population fractions has repeatedly
appeared in the literature in the form of generaktussions. The article by [24] suggests an
interesting approach to the transformation of lbgisquations with certain time lags and variable
carrying capacity of the biosphere to the shapé¢ #flaws to model punctuated staircase-like
growth (or decline), which corresponds better &l processes in natural and social macrosystems.
Taking into account the fact that the carrying c#yais not a simple constant describing the
available resources, but that these resourcesusifected to the change due to the activity of the
system individuals, who can either increase theymay capacity by creative work or decrease it by
destructive actions, [5] have improved the Dalg&gtrdlik model ([10]). However, they used a
discrete delay, which, sometimes, might be seea @BmIgh approximation in modeling the delay
distribution over a large size population sincesitmplicitly assumed that each individual within
the population is subject to the same maturatidaydeAccording to this fact, [22] introduced
distributed delay into models, taking the lengthiredf delay from a probability distribution (see.e.g
[8], [9], [15]). Since the delay might not be exgthe same for every member, this will provide a
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more appropriate description. There is also sonperxental evidence which indicates that such
continuously distributed delays are more accutaa those with instantaneous time lags (see [6]).
In this paper, we propose and study an extensidgheomodel introduced by [5], whose principal
feature is the functional dependence of the pojulatarrying capacities on the population species
and delay maturation delay distributed by the cardus Gamma distributions [18]. The stability
and Hopf bifurcation analysis of the equilibriumden different conditions are carried out and the
influence on the system behaviour of the destrayetteated carrying capacity is pointed out. The
organization of this paper is as follows. In Sett®y the model is presented. In Sections 3 and 4,
local stability of the positive equilibrium and sténce of the local Hopf bifurcation are discussed

in case of weak or strong kernel, respectively. S&omain conclusions are drawn in Section 5.

2. TheModel

We begin by considering the model developed byWslp introduced a logistic-type equation with
delayed carrying capacity in the transport networdel for energy of [10] and obtained the

following system of delay differential equations

CL(t)

. _ E a _ E ————T

k(@) = Sk = 12+ Y =i — o | ¥ (2.1)

. CIL(D)] |
kL(t) = yL(®) TA+BL(t-1)

wherek is capital per capitd, denotes labor/populatiop, andv represent the energy required to
operate and maintain the generic capital good hadehergy costs to create a new capital good,
respectively,a € (0,1) is a real constant proportional to the dimensiod afficiency of the
network,u > 0 is a real constan€. defines the balance between competition and catipar

A > 0 is a natural carrying capacity, provided by Natuue it is the pre-existing carrying capacity.
The parameteB is the created or destroyed capacity, dependinglather the society activity is
constructive or destructive. It is a productiontéadf it is positive B > 0) and a destruction factor

in case it is negativeB(< 0). Since it is well known that dynamical systems#hwdistributed delays
are more general than those with discrete delaypaveassume that the time delay is not the same
for all members of the population, but rather istabuted according to the gamma distribution

function [18]

n

(n—1)!

n

g, T,n) = (—)

T (2.2)
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with n a positive integer that determines the shapeefdighting function an@ > 0 a parameter
associated with the mean time delay of the distioibu Accordingly, we derive that the dynamics

of our model are then governed by the followinggrob-differential equations system.

(i) = £ keoge - e

4 O =S k@F =1 +Y =T ra | FP (2.3)
. CIL(D)]? |

LL(t) B4y any T e

where

F(t,T,n) = jt gt —r—T,n)L(r)dr.

Notice that ag” — 0 the distribution function approaches the Diradrthation, and thus system
(2.3) is reduced to systelf2.1), i.e. one recovers the discrete delay case. lardalanalyse the
local behaviour of syster(2.3) one should consider the characteristic equatiotheflinearized
system at the equilibrium point for which it is kmo to be hard to derive general stability
conditions. For this reason, we follow the standamatcedure that consists in drawing attention to
some special cases and examine stability of thdilegum analytically by applying the Routh-
Hurwitz theorem, which provides conditions that dreth necessary and sufficient for this
polynomial to have roots with negative real paHgnceforth, we will concentrate on the two
particular cases: = 1 andn = 2. The first case corresponds to a weak delay kemtie sense
that the maximum weighted response of the growth isato current population density while past
densities have exponentially decreasing influetioe second case instead represents a strong delay
kernel in the sense that the maximum influence @wth rate response at any timas due to

population density at the previous time- T.

3. Stability Analysisand Hopf Bifurcation (Case Weak Kernel)

Letg(-) in (2.2) be a weak kernel, i.e.
1 1
gt—rT,1) = Te_T(t_r)

For convenience, a new variable is introduced afithed as follows

x(t) = j_t (%) e_%(t_r)L(r)dr.
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Applying the linear chain trick technique (see )13ystem(2.3) is then transformed into the

following system of three dimensional ODEs

. CL
(k@ = S1e1° - B4y - ok

CIL®]? (3.1)
A+ Bx(t)

1
x(t) = T [L(t) —x(8)]

VL) =yL(@®) -

The equilibrium points of2.3) are the same as those {@.1). Hence, it follows from [5] the

existence of a unique non-trivial equilibriuth,, L., x.), where

ekd 1 = X, =1L, = ra (3.2)
when
C—yB+0 and sign(C—yB) (3.3)

It is well known that the local stability dfk. L.,x.) is governed by the roots of the associated
characteristic equation for (3.1). By linearizigj1) at the equilibrium point, we derive that the
characteristic equation of system (3.1) is given by

[ a )u N Yk. BCk,L,
vy L. (A + BL,)?
A2B
det 0 —y =2 s - =0
14 C
0 1 L,
T T

By simple calculation, one obtains
[Fa-@S -+ amitami=0 G
where the coefficients are

(1-7)

aM=y+7, 6=

~I=
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The Routh-Hurwitz criterion implies that the edoilum is locally asymptotically stable, i.e. all
roots of the polynomia(3.4) are negative or have negative real parts, if ang ib the following

conditions hold
a,(T) >0, a,(T)>0 (3.5)

By (3.3), conditions(3.5) leads to
1
y+7>0, C>0 (3.6)

We have two caseg:> 0, in which cas€3.6) reduces t@ > 0 with C > yB, and so we get

C > max {0,yB}; y <0, then (3.6) give§ < —%,O < C < yB with B < 0. In this latter case, the
curveT = —% divides the parameter space into stable and uesgats. In order to check the

possibility of the emergency of a limit cycle at= —%, we use the Hopf Bifurcation theorem and

check if the characteristic equatigB.4) possesses a pair of purely imaginary roots andeak

parts of these roots change signs with a bifurogb@rameter. Supposing that iw(w > 0) is a
root of (3.4), then, at the critical valug = —%, one in particular find

1 1
—w? +a, (— —) iw+ a, <——> =0 (3.7)
14 Y
Separating the real and imaginary parts(&7) yields the contradictio® = y + 1/(—%) > 0.
Thus, there is no imaginary root f@B.4). Summarizing the analysis above we arrive at the
following stability results.

Proposition 3.1.

1) The equilibrium pointk,, L., x,) of (6) is locally asymptotically stable for &l > 0 if
y > 0 andC > max {0,yB}.

2) The equilibrium pointk,, L., x,) of (6) is locally asymptotically stable fdf < —% and
unstable forT > —% ify <0and0 < C <yB, B <0. There can be no Hopf bifurcation at

the equilibrium.
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4. Stability Analysisand Hopf Bifurcation (Case Strong Kernel)

Letg(+) in (2.2) be a strong kernel, i.e.

2

2
E) (t—r)e TE™

gt—rT,2) = (T

Introducing the new variables
2

2(t) = j t (;)Ze-%“‘”u(r)dr, 2(t) = j t (3) e Lear,

again an application of the linear chain trick tedue leads systerf2.3) to be rewritten as a four

dimensional system of ODEs

(€ . |u CL(t)
k(t) = ;[k(t)] - l; ~ 1T Ez (t)l ()
o CLOP
) L(t) = yL(t) A+ 8200 (41)

X0) = 2 [u) ~ 2(0)]

2
(1(®) = 7 L) —u(®)]

The characteristic equation of the linearized syst# (4.1) at the equilibrium(k,, L,, z,,u.,),

wherez, = u, = L,, andk,, L, are defined as i(3.2), is provided by

i u vk, BCk.L,
—1-a)=-2 — 0
-7 L. (A + BL,)?
2
B
0 —y -2 re 0
det C =0 (4.2)
. 1 1 N 2
T T T
0 2 0 2 )]
T T

By expanding'4.2), the characteristic equation becomes
[~(1-a) % =22 + by (D2 + by(DA+by(M] =0 (43)

where
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Due to the Routh-Hurwitz criterion, we have locsymptotic stability for the equilibrium of system

(4.1) if and only if the following conditions
bi(T) >0, b3(T) >0, by(T)by(T)—b3(T)>0 (4.4)
hold true. The first two conditions are equivalent
4
y+7>0, C>0 (4.5

A direct calculation changes the latter conditioii4.4) to

v2BT

C

(T +2)?2+ >0 (4.6)

Proposition 4.1

1) The equilibrium pointk,, L., z,, u,) of (12) is locally asymptotically stable for afl > 0 if
B>0,y>0,C>yB,orifB<0,y>0,C+yB=>0.

2) The equilibrium pointk,, L., z,, u,) of (12) is locally asymptotically stable fat < T, and
unstable foll > T,if B <0,y >0,C +yB<0orifB<0,y<0,C+yB >0, where

. 2C
" y(C +vyB)

Proof. Let B > 0. Then(4.6) is always verified so that the conditions for dtgbreduce to(4.5).
In addition, we must have > 0 sinceC > yB. Next, letB < 0. From(4.6) we have

y2BT

lyT + 2| > —

and so

<yT + 2, yT +2 > —
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The first inequality givey(C —yB)T + 2C > 0, which is obviously true. The second one instead
yieldsy(C + yB)T + 2C > 0. The conclusions now hold considering the cases0 andy < 0.
Notice that whery < 0itisC + yB > 0 andT, < —4/y. [

We now return to the characteristic equat{@gt8) and show the possibility of the birth of a limit
cycle atT = T, by applying the Hopf bifurcation theorem. We stasticing that at the critical value
T., one has, (T.)b,(T,) = b;(T,), so that the characteristic equat{@s) factors as

[ = @)% = 2]+ by (TN + by(T)] = 0
This shows that two roots are real and negative
A =—(1— a)% <0, Ay, =—by(T)<0
and two are purely imaginary

/13’4_ = ilw*, with W, = 4/ bz(T*)

Next, we need to check whether the real part octimgugate complex root changes its sign as the
bifurcation parametef passes through its critical vallie Assumingt = A(T), differentiating the

characteristic equatiof.3) with respect t@’, and arranging terms, we get

dA _ —bi(T)2* — by(T)A
dT ~ 322 4 2b,(T)A + b,(T)

where

bi(T)=—%; bé(T)=——(]/+;>, bg(T)z——(1—_>

From beingw? = b,(T,) andb,(T,)b,(T.) = b;(T,), after some calculations, we have

oo (G2 _ BT + by (T)b(T.)
¢ (ﬁ)hn T T 2[by(T)) + bE(TY)]

Conditions(4.4) in particular yieldb,(T,) > 0, i.e.y + % > 0. Thus,
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, , 414 1 4 2

—bi(Tbo(T) + by (TIB(T) = 7 |= (v + )+ (v +) (y 47| > 0
Since the sign of4.7) is positive, only crossing the imaginary axis fréaft to right is possible as
T increases.

In conclusion we have the following theorem.

Theorem 1
The equilibrium pointk,, L,, z,, u,) of (4.1) loses stability a = T, and bifurcates to chaos @s

increases.

5. Conclusions

An extension of the model proposed by [5] is exadinn which distributed time delays are
assumed into a transportation network for energgdehdince the delay might not be exactly the
same for every member of the population, but rathight vary according to some distribution, it is
more appropriate to use a distributed delay ognatgifferential equation in their model. Conditions
are given to the local asymptotical stability ofe tlequilibrium and the appearance of Hopf
bifurcations is investigated. It is shown that tneative processes impacting the carrying capacity
do not affect stability, while the destructive peeses may have a stabilizing effect as well as a
destabilizing effect. In the latter case, chaoghdwiour emerges at the stability switch. In future
research we will apply this methodology taking irdocount the possibility of including the
conservation of global resources through the usthefthermos tatted kinetic theory for active

particles proposed in [2] and generalized in [3], |
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Dynamics of a Delayed Mathematical Model for One Predator

Sharing Teams of Two Preys

A delayed mathematical model consisting of teamswal prey and one predator is studied.
Existence of Hopf Bifurcation and local stabilityeaobtained by linearizing the model at the
positive equilibrium. By using the normal form meth and center manifold theorem, Hopf
Bifurcation properties are studied. Some numergialulations and a qualitative analysis are
presented.

1. Introduction

In a biological point of view, prey-predator dynashiare one of the most basic phenomena in the
World for getting the equilibria of the species antbt of applied mathematicians, economists and
ecologists have in time paid much attention to tksue. In [21], Murray presented the first
fundamental prey-predator system as Lotka-Volteyyatem which was proposed to study the
dynamics oscillatory of certain fish species in thdriatic sea. Many kinds of predator-prey
systems have been investigated by scholars simcel#éissical works by Lotka [15] and Volterra
[28], especially the predator-prey systems deswgilihe interaction among multiple species in
nature due to the more complex relationships anspegies. In [18]-[16], Mengt al. formulated
different two predator-one prey competition systemg4]-[8], Djomeginet al. studied two prey-
one predator competition systems. In [17]-[13], Mébat al. investigated food chain systems with
different functional responses. In [6, 24]. authmtsoduced two advantages for some animals to
form technically a team. The first is that it is mcfficient to look for food in a team than doing
that alone. The second is that it can reduce predask to live in a team. The pursing behavior
and the prey reaction could be interesting in madebbserved dynamics to investigate prey-
predator system with the assumption that duringadren the members of preys help each other. In
[6], Elettreby proposed a two-prey one-predatotesyswith linear functional response in which the
prey teams help each other. Elettreby studiedata bind global stability of the system [6]. In[24
Tripathi et al. formulated a two-prey one-predator system witkedinfunctional response in which
teams of preys group help each other in the presehpredator while compete each other in the
absence of predator and they studied local andagkthbility of the system. In [25], Tripatat al.
studied two preys one-predator competitive systetin Beddington-DeAngelis functional response
in which the two teams of prey help each other regjaihe predator and the two teams of prey
interact each other competitively in the absenceretiator, and they investigated the existing of

Hopf bifurcation of the system. Kundu and Maitranfiollated a three species predator-prey system
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with cooperation among the prey in which delaystaken just in the growth components for each
of the species and the preys are picked such Heme tis no competition among them at any
condition [14]. They studied the effects of theaysl on the proposed system and derived the
sufficient conditions for the existence of Hopfusifation by choosing the delays as the bifurcation
parameter.

In [19], Mishra and Raw obtained a prey-predat@teay by considering teams of one predator and
two preys with Monod-Haldane and Holling type linfitional response based on the system
proposed by Tripathet al. [24] and the assumption that the first prey isggaaus and the second

prey is harmless for predator:

rdu(t) mu(t)p(t)
P au(t) — byu®(t) — 200 + o, + oyu(®)v(t)p(t)
dv(t) nv(t)p(t)
4 dt = azv(t) - bzvz(t) - m + azu(t)v(t)p(t) (11)

dp(t) mu(@©p(t) nv(©)p(t)
Udt  iu2(t)+c¢;  v(t) +c,

— &;p(t) — 6,p* (1)

whereu(t) andv(t) are the densities of the two preys at timesspectivelyp(t) is the density of
the predator at time. a; anda, are the growth rates of the dangerous prey anthticeent prey,
respectively;b, and b, are the intra-specific components of the dangepray and the innocent
prey, respectivelyc; and c, are the intra-specific components of the dangeqmey and the

innocent prey, respectively; ando, are the coefficients of the help between teamsvofrey;
% and% are the conversion efficiencies from the dangenqmey and the innocent prey to the

predator, respectively;represents the inverse measure of inhibitory &fiad19] authors studied
the stability and Hopf bifurcation of systeih.1).

Time delays have been incorporated into predatey-gystems in many related works [30]-[5].
Specially, time delay due to the gestation is arom example in predator-prey systems, because
that the increment in the predator population dug@redator does not appear immediately after
consuming the prey and the predator needs a cex¢aiod to reproduce their progeny. Therefore,
the present birth rate of the predator depends tp®mumber of individuals present at time t,
where T should be regarded as the gestation period [38ke8® on the above discussions, we
incorporate time delay due to gestation of the g@i@dinto system(1.1) and investigate the

following delayed predator-prey system:
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rdu(t) ) mu(t)p(t)
dt au(®) = byu™(®) - iu?(t) + c;

dv(t) nv(t)p(t)

+ o u(®)v(O)p(t)

. T = %v(®) - b,v?(t) — OFT + ou®)v(t)p(t) (1.2)
dp(t) muu(t—op(t—1) nv(t—p(t—1) )
L dt ui(t—-1)+¢ v(t—1)+cy — 0:p(6) = 6p7(1)

wheret is the time delay due to gestation of the predatbe initial conditions for syster{i.2)

take the form
w(@) =9(0) =0, v(O)=¢(0)=0, p)=¢p36)=0 (1.3)
whered € [—7,0], ((p1(0), (p2(0),<p3(0)) € C{[-7,0],R3}LR: = {(w,v,p):u=0,v=>0,p = 0}.

The rest of this paper is structured as followsthie next section, local stability and existence of
Hopf bifurcation are analyzed. In Section 3, dittand stability of the Hopf bifurcation are
determined. In Section 4, simulations are preseintedder to verify the correctness of the obtained
results. Finally, our paper is end with conclusioisection 5.

2. Hopf Bifurcation and Local Stability Analysis
The characteristic polynomial concerning the pesitquilibriumk, is the following:

/13 + K2/12 + K1/1 + KO + (L2/12 + L1/1 + Lo)e_l‘[ == 0 (2.1)

where
Ko = kas(kizky1 — ki1ks2)
Ky = ki1kyy + ki1ksz + koyoksz — kiykoq
Ky, = —(kqy1 + kyp + k33)
Lo = (kizls3 — kazlsa)kay + (kizkas — kigkas)lsy + (kaslsy — kaalas)kas
Ly = l33(ky1 + k22) — kyslsy — kaslsaLy = —l33
and

122



2imu?p,

=———bu, ki, = o0qu
; 1 12 1
(iuz + ¢;)? " P

11

X mu,
=0 Up, — ——————
13 18P iuz + ¢,
nv,p,
k21 = sz*p*, azz = —bzv* + ( + 2
* CZ)
k L 5, — 26
23 = OU U, — 7 33 = 1 2
TouZ+ o’ p-
.2
[, = my(c; — lul)p. _ MGps
31 = - Kk I —
(iuz +c¢)? (v, + ¢3)?
mqu, ny v,

I3 = +
33 = 7
iuz+c; v, +c,

Lemma 2.1[19] If the condition(H,) holds, that is,
2imu,p, < by(iu? + c1)?, np. < by(v. + €)%, v.(iu? +¢1) < -, u, (v, + ¢) < and u? <,
1 2

thenE, (u,, v,, p.) is locally asymptotically stable (l.a.s)tif= 0.
Whent > 0, substitutingl = iw(w > 0) into Eqg. (2.1), we obtain
—w?i — Ky,w? + Kjwi + (=Lyw? + Liwi + Ly)e T =0 (2.2)

Then from (2.2) separating real and imaginary parget

{Llw sinwt + (Ly — Lyw?) cos wt = K,w? — K, (2.3)
Liwcoswt — (Lyg — Lyw?) sinwt = w3 — Kjw '
Then, we get

w8 + (K2 — 2K, — [2)w* + (K? — 2K, K, — [D)w? + K2 — 13 = 0 (2.4)

We assume thdt{,) from (2.4) has at lease one positive r@gt Next, on substituting
K2 — 2K, — 12 = Kyp, K2 — 2K, K, — L2 = K1 Koo = K2 — 12 and w? =z, then Eq. (2.4)
becomes

73 + Kgpz? + Ky1z+ Koo = 0 (2.5)

Eliminatingsin(wt) from (2.3) and substituting,, wherew,, is a positive root of2.4), we get
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Ton = — X arccos
0 2wl + (12 — 2LoLy)wd + L2

1 {(K1 - Ksz)C‘UloL + (KoL, — K4 Ly + Kle)w(z) - KOLZ}
Wo

Now, differentiating Eq(2.1) with respect ta and then substituting = iw,, we have

da]‘l _ f' (o)
drl  LZwf+ (12 — 2LoLy)w? + 13

w

Wheref(Z) = 23 + K02Z2 + K()lZ + KOO andZO = (U(z) ThUS, iff’(ZO) * 0, then

Re[2] " o
e —_—
dT T=To

Summarizing the above analysis, we can obtaindh@aing results.

Theorem 2.2. For system(1.2), if the conditions(H,)-(H,) hold, then the positive equilibrium
E.(u.,v,,p.) is locally asymptotically stable whene [0,7,); system(1.2) undergoes a Hopf

Bifurcation at E,(u,,v.,p.) When t =1, and a family of periodic solutions bifurcate from

E.(u,, v, ps).

3. Propertiesof the Hopf Bifurcation

According to [35] we can define the following statents. Leu = t — 7, with u € R, thenu =0 is

the Hopf bifurcation value of syste(m.2).

Letuq (t) = u(t) — u,, uy(t) = v(t) — v, uz(t) = p(t) — p., and normalize byt — (t/7). Then,

system(1.2) can be transformed into the equation in the pbpaeeC = C([—1,0], R?) as follows
u(t) = L,(ue) + F(u,up)

whereu(t) = (uy,up, u3)” € R?,L,:C - R3 F:R X C - R3with
Ly = (1o + ) (K$(0) + Lop(~1))
where
K = (k21 kzz k23),L = < 0 0 O )
k31 k32 k33 l31 k32 k33

and
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F(u, @) = (1o + W (Fy, F, Fs)T
with

F; = k14¢1(0)$2(0) + k1501 (0)p3(0) + k16¢2(0)3(0) + k177 (0) + k1547 (0)p3(0)
+ k1903 (0) + k11001 (0)$2(0)p3(0) + -+,

Fy = kpap1(0)2(0) + k2501 (0)3(0) + ko602 (0)3(0) + k7 p5(0) + kg5 (0)p3(0)
+ kpo3(0) + k21001 (0)92(0)p3(0) + -+,

Fy = k34¢3(0) + l321 (= 1) p3(=1) + I35¢, (=13 (=1) + l36$7 (=1) + 3,5 (—1)
+ Lagpi (D)3 (1) + L3935 (=1 p3(—1) + l310¢3 (—1) + I35 (1) + -

and

m(iu? — ¢;)

. + 0-11.7 l16 = O'1u
(iu2 + ¢;)? " *

lig = o1ps, lis =

_imu,p,(3c; — iu?) L= imu,(3¢c; — iu?)
17 (iuz + ¢,)3 18 (iuz + ¢,)3
_imp. 8i’mc u?p, _,
Y7 (u24+¢)? (iu24c)r’ M0
ne,
kza = 02p., ka5 = 020, kze = 02U — m
* 2
ne,p, bk ne,
T+ )? TP (ot )3
ne,p.
29 = (v, + ¢ )4:k210 03
e = 5 L = my(c; — iu?) MG
3= 02l = Ty s T )2
imyu,p,(iu? — 3c;) N1CoPs
36 = 137 =

(iu2 + ¢;)3 INCEYSE
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imyu, (iu? — 3c;) n,C,

Lsg = lyg = ——— 2
38 (iuz + ¢,)3 39 (v, + )3

L= 8i%m,c u’p, __imyp, L _MCp

O™ Gu2 +¢)* (U2 +¢)?’ M (v, + )%

By using Riesz representation theorem there eaifisictionn (6, u) such that

0
L = f WO, EC  (3.2)

Choosing
n(6, 1) = (1o + W) (K6(0) + LE(6 + 1))

andé (0) is the Dirac delta function. Far € C([—1,0], R?), define the operatot ().

do(6)
_ <

70 1<6<0,
0

(
A(po)p = 4
L j 1dn(9,uo)¢(9), 6=0
and

0, —-1<6<0
R(“)“’:{F(uo,cp), 6=0

Then, systen(i1.2) becomes
u(t) = A(wue + R(Wu, (3.3)

Forg € C1([o, 1], (R3)*), defineA*

_do(s)

. ds '
A*(p) =19 o

tf_ldnT(s, 0)p(-s), s=0

0<s<1,

and a bilinear product

0 2
< 92,90 >= pOPO - | L B(& — 0)dn(0)p(§)dé (34)
=—1 =0

with n(8) = n(6,0).
Then, we can conclude thad, are eigenvalues of(0) andA*(0). Suppose that
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p(0) = (1, py, p3) el andp*(s) = V(1, p3, p3)Te!o? are the corresponding eigenfunctions. By
direct calculation we obtain
iwo - a33 - b336_iw0

q; = sy qs

_ asz(iwg — ay)
7 a1, (iwg — azz — bzze~'®o)

. _ Lo + a4
qQ=————
az1

i iw
= azz(iwg + ay1) — az byze'*°
3=

az1(iwg + azz + bzzel®o)

From< p*, p >= 1 we have
_ —y . . a1
V = [1+ pop3 + p3ps + 1oe 0% (bys + b33p3)]

Using the algorithm given in [32] and the similangputation process to that in [28], we can obtain

the expressions @f,q, 911, 9o @andg,; as follows:
920 = 2Vtolaisps + araps + p3(azap; + azsp?)]
911 = Vrolais(pz + P2) + 2140202 + p3(az4(pz + P2) + 2a550202)]

9oz = 2Vtolaysp, + ar4p5 + p5(azepz + azsps)]

_ 1 1
g2 = 2770 | @i Wi @)z + 5 Wag (0002 + WA (0) + 5 W57 (0)

2

+ a4 (20,7 (0)p; + W5 (005, )

1 1
+ 0 ( (WJP(O)pz +5 W50’ (005 + WP (0) + EWZ%RO))
+ a25(2W1(12)(0)p2 + Wz(oZ)(O)ﬁz)>]
with
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ig20p(0) piTowod | g02p(0) JR:

W 9 = + E ezi'foa)oe
20(6) - 30, 1
Wy, (6) = 1g911p(0) oiTowod 1g11p(0) e~iT0wod 4 |
ToWo ToWo
E, andE, can be solved by
. o -1

2iwy — agq —ay; —byze™ 0% Ay3p2 + A14P3
E1 = 2 _a21 2'.(1)0 - azz _a23 X a24p2 + aZSp%

O _a32 210)0 - a33 - b33e_21‘[0w0 O

aj; Qg2 by3 - ay3(pz + P2) + 2a14P22
E; =\ 021 @z 23 X\ az4(pz + P2) + 2a2502P;

0 az; ass+bss 0

Thus, we have

2 Re{C,(0
C1(0) = 2Towy <g11920 —2|g111* - lg(;)z' > + %: Uz = —%’ B
— 2Re(C,(0)], T, = _Im {C1(0)} + pp Im{2'(70)} (3.5)

ToWo

where u, determines the direction of the Hopf bifurcati@p; determines the stability of the
bifurcating periodic solutions ari determines the period of the bifurcating perioditusons. In
conclusion, we can obtain the following results dth®n the fundamental results about Hopf
bifurcation in the literature [32].

According to [35], we have the following result:

Theorem 3.1. For system(1.2), the Hopf bifurcation is supercritical (or subioat) if u, > 0 (or
U, < 0); the bifurcating periodic solutions are stableypstable) if3, < 0 (or 5, > 0); the period

of the bifurcating periodic solutions increasedecrease) if, > 0 (or T, < 0).
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(a) (b) (c)

Figure 1. Bifurcation diagram with respect to time delay

4. Numerical Simulation

Choosing

a; = 0.25,b; = 0.02,m = 0.45,i = 0.035,¢; = 7,0, = 0.001,a, = 0.3,b, = 0.02,
n=0.3,¢c, =80, =0.004,m; =0.1,n, =0.1,6;, = 0.1,8, = 0.001.

Then, systeni1.2) becomes

(du(t) 0.45(t)p(t)
= 0.25u(t) — 0.02u?(t) — 0.035u2(0) 1 ¢ + 0.001u(t)v(t)p(t)
< d';(tt) — 0.3v(t) — 0.02v2(t) — % + 0.004u(O)v(D)p(E)
dp(t) 0du(t—7pt—1) 0.1v(t—-1)pt—1)
L dt  0.035u%(t—1)+ ¢ v(t—1)+8 — 0.101p(8) = 8,p*(6)

5. Conclusions

In this paper, we proposed a delayed mathematicaleinfor one predator sharing teams of two
preys by considering time delay due to the dynarofdhe predator into the model formulated in
[19]. The aim of this research is to investigate #ffect of the time delay on stability of the
proposed model. It is found that the time delay wuleehavior of the predator is responsible for the
stability of the model. When the time delay is abié small, then the model is locally
asymptotically stable. Once the delay passes thraugertain critical value, the model will lose its
stability and a Hopf Bifurcation occurs, which iodies that the species in the model will coexist
periodic oscillation mode under some certain coo. The obtained results in the present paper

are supplements to [19].
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Part |1

Complex Dynamics of a Model with R& D Competition

The paper analyzes a two-stage oligopoly game wii-sellusion in production described by a
system with a symmetric structure. We examine tleall stability of a Nash equilibrium and the
presence of bifurcations. We discover that the rhisdeapable of exhibiting extremely complicated

dynamic behaviors.

1. Introduction

Research and development (R&D) are critical toragany’s growth. They enable the development
of lower manufacturing costs, increase productioypctivity, and improve the quality of goods.
The existing theories of oligopolies, particulasythin R&D, have raised concerns about the
position of R&D spillover in bringing about processnovation. Kamienet al. [10] and
D’Aspremont and Jacquemin [7] are the most sigarficcontributors to this sector. [7] first
developed a two-stage game in which companies s@ameously aimed to reduce their R&D
expenditures and obtain research development gpiddrom their rivals.

Firms compete in a duopoly game in which both sagach one with a spillover impact from the
other in the outcome of R&D operation. Then, Kaneeml.[10] presented four possible versions.
In these models, both companies reduce the exp#rR&D acquisitions by the use of Research
Joint Ventures (RJVs) or R&D cartelization. Follogithat, they commit themselves to compete in
the product market through a Bertrand or CournahgaThe four models acknowledge that
spillovers have impacted study works to varyingrdeg during the research and development
period.

Joint venture establishment, which is linked to owwdity export rivalry, is the most ideal and
attractive strategy since it results in higher rmes and lower product costs. Qiu [13] and Aetir
al. [1], had a similar approach to their studies. &talj14] recently investigated R&D investment
spillovers in a variety of business systems. Sy, he expanded Matsumuset al. [11]
attempts to integrate R&D investment spillovers.

The variety of oligopoly games, in recent years pawn substantially. Cavalli and Naimzada [5]
analyzed oligopoly models with various decision-ingkstructures and rationality degrees. Dubiel-

Teleszynski [9] investigated heterogeneous Cougaates with adaptive and bounded participants.
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Penget al. [12] developed a duopoly Stackelberg rivalry modeld explored the presence,
steadiness and bifurcation of equilibrium pointsndoet al. [8] presented a dynamical Cournot
game associated with rationality and time delaynfiarginal benefit maximization. Many complex
dynamical behaviors were found.

Overall, single-stage games are analytically tkdetdout not useful for simulations. However,
concerning technical commodities, several dynaraictdrs are critical. Currently, a two-stage
oligopoly game has increased the attention of anae Bischi and Lamantia [2,3] suggested a
two-stage oligopoly game to model firms’ R&D netksr Matsumuraet al. [11] assumed a two-
stage Cournot model in which companies decide o Rgending first and then on production
amounts. Shibata [14] analyzed the spillover eff@ftR&D spending through a variety of industry
systems. He expands the function of Matsumetraal. [11] in particular by including R&D
investment spillovers.

Throughout history, companies operating in oligegimd economies have been strongly advised by
traditional theory that collaboration is preferalite competition on quantity or price. However,
Fershtman and Gandal’s [15] research indicateddbiaision in the commodity sector might lower
the total income. This is due mainly to the rivahlyarious aspects of contact.

Zhanget al. [16] built a dynamical two-stage duopoly game blase Fershtman and Gandal’s
research results, assuming that the business lasaa inverse demand function and the firms are
bounded rational. They believed that companies etenin the R&D stage and allowed for
spillover at this stage. Both companies engagelilugive behavior in the product sector. That is,
each company determines its amounts by the aggregaime. Caet al.[4] revisited Zhanget al.
[16] model by extending the related discrete timéhe case of continuous time with delay.

In this paper, by taking the model of Zhagtgal. [16] as a starting point, we propose an altereativ
modeling approach to transform the discrete-timadehanto a continuous delayed time model.
Through the study of stability of the stationaryu#igrium point, we observe switches from
stability to instability to stability and charaates the birth of Hopf Bifurcations.

The plan of this paper is as follows. Section Zodtices the model with R&D competition
augmented time delay. Section 3 provides an amsalysihe stability properties of the dynamic

system. Section 4 outlines our conclusions.

2. TheMode€

In this section, we revisit the model by Zhagigal. [16], where, instead of discrete time scales,
continuous time scales are assumed. The modelsters a repeated two-stage game of semi-

collusion in production with two companies in amgopoly market, where the cost and inverse
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demand functions are linear, starting with a repetitwo-stage game. In the first point, we
presume that both companies compete in R&D, butdpiiover is permitted. In the second level,
we presume that companies organize their outpat@ordance with the shared benefit. The model
that emerges is made up of a two-dimensional mapdéfines the time evolution of the dynamic

game:

x1(t+ 1) = x1(t) + vy, (t)[A; + Bx; () + Cxp ()]

%o (t+ 1) = x(6) + v, (DlAs + Bxo(®) + Cxy (0] (D

with x; and x, the R&D efforts of firm 1 and 2, respectively; > 0, A, > 0. A symmetry of

parametery,; andv, exists in this system. Systefh) has three boundary equilibria

A A
EO = (010)1 El = <_El,0>, El = (OI_EZ>

and a Nash equilibrium

AzC_AlB Alc_AzB
E*:< B2—(C2 ' B2—(? )

which is stable, provided thé4,, A,, B, C) € S; where
S: =1{(41,4;,,B,C) : A; >0,A,>0,B<0,|B|>|C|,A;> 0,A,> 0},

which A= A,C — A;B andA,= A,C — A,B. In order to have a continuous version of sysfém

we notice(1) is expressed as(t + 1) = ¢(x;(t)),l = 1, 2. Rewriting this as

[x:(t + 1) —x, (O] = —x,(6) + P (x (1))

assuming that the terms in brackets approximatgst)/dt and the existence of a time delay
between the awareness of the right-hand side esipreand the knowledge of the left-hand side

expression, we obtain the following time-delayeddelo

x,(t) = —x,(t) + x,(t — 1) + vix,(t — T)[A1; + Bxy(t — 7) + Cx,(t — 7)]

Xy (t) = —x,(t) + x,(t — 7) + vox,(t — T)[A, + Bx,(t — 1) + Cxy(t — 7)] (2)

It is clear that the steady states of the delayeh@) are the same dfl). Since we are interested
in considering the effect of delayon the system dynamics, for this purpose, we willlgze the

linearized version of2) about the equilibrium keeping in mind that the Nasjuilibrium will be
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locally asymptotically stable if and only if eachtbe characteristic roots has negative real parts
(see, e.g., [15]).

3. Stability and Existence of Bifurcations

The linearization of2) aroundE, has a characteristic equation expressed by

—1— A+ (Mv; + Bvyx})e™ Cvixje ™

=0
Cv,x;e ™ —1— 21+ (Nv, + Bvyxy)e ™ — 2

whereM = A, + Bx; + Cx; + Bvyx; andN = A, + Bx, + Cx;. Calculating the determinant gives
M 4+22+14+ (m+mA)e N 4+ ne 24 = (3)
where
m = —2 — B(v,x] + v,x3), n =1+ B(vx; + v,x5) + (B?> — CHvv,x1 x5

We now employ the method proposed in Ckeal [6] to analyze the distribution of characteristic
roots. It is clear that the marginal stability etermined by the equatiois= 0 and

A =iw(w > 0). The casd = 0 is simple. Substituting = 0 into Equation (3), one obtains
1+m+n=(B?-C?*v,v,x;x; # 0. Therefore, the characteristic Equati®) has a zero root.

The casel = iw(w > 0) is instead more complicated. Substitutihg iw into Equation(3) yields
—w? + 2iw + 1+ (miw + m)e T 4+ ne=2w? = (4)
If (wt)/2 # (n/2) + jm,j € Z, then let = tan[(wt)/ 2], and we have

1-i6
1+i6

—iwt —
e =

(5)

Separating the real and imaginary parts, we olbkaitd satisfies

(w?—14+m-n)b?—-4w8=w?>—-1-m—n

(m—2)wh? —2(w?>-1+n)f =—-2+m)w (6)
Define
— wZ —1+m—n —4w
D((D) = (m—Z)w _2(w2_1+n)
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wr—1+m—n —4w

E(w) = | -2+m)w —2(w?+1—-n)

and

2 _ 2 1 —m —
F(a))=|w 1+m—n w 1—-m n|

(m—-2)w —2+mw
We find thatw satisfies
D(w)E(w) = [F(w)]?
which is a polynomial equation far with degree 8:
p(w) = w8 + s30° + s,w* + s;w? +s5 =0 (7)

with

S3 =4 —m? s, =6 —2n% + (2n — 3)m?

sy =4 —4n?+3(n—1)m? so = (1 —n)?[-m? + (1 + n)?]

Moreover, it is easy to see that is a positive root of the following equation:

z* + 5323 + 5,22 + 512+ 50 =0 (8)
If, instead(wt)/2 = (r/2) + jm,j € Z, thenD(w) = F(w) = 0, and thusw? is still a positive root
of (8).

Lemma 1.

1. If +iw(w > 0) is a pair of purely imaginary roots of the charagstic equation, themw? is
a positive root of the above quartic polynomial &tipn.

2. There exists at least one positive solutioZpprovided thatr # 1 and|1 + n| < |m|.

Proof. The first statement follows from the previous asa@y Since the leading term of the
polynomial (7) is w8, the polynomiap(w) tends to infinity agv — oo. Moreover,p(0) = s, < 0.

Therefore, there is some > 0 such thap(w) =0. [

The previous condition is only sufficient fpfw) to have positive solutions. Even if the parameters
do not satisfy it, we can always compute all pesitsolutions ofv(w) = 0 sincep(w) is an 8-

degree polynomial. Additionally, there are no mitr@n eight positive solutions.
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Proposition 1. If the quartic Equation(8) has a positive roow?, w, > 0, and D(w,) # 0, then
Equation(6) has a unique real rod, = F(w,)/D(w,). Hence, Equatior{4) has a pair of purely
imaginary rootstiw,when

T = T;{ = Ztan_l(g*) + Zjn:

JeZ 9)
w

*

Proof. From(6), we find8? = E(w,) / D(w,) andé, = F(w,)/D(w.,).

Thus,D(w,)E (w,) = [F(w,)]?. Consequently, (3) has a pair of purely imagimagts+iw, when
ris defined as in (9). This completes the proofhaf Proposition. []

The next result establishes that a curve of simpd¢A(7) occurs and travels transversally around

the imaginary axis under some conditions of trarsaley.

Proposition 2. 1 = iw,(w, > 0) is a simple root of3) at t = Tl j € Z. The crossing direction

through the imaginary axis is determined by the iy

G(w,,60,) ={[(m —2n)7/ —m + 2]02 + 4.6, + (m + 2n)¢J —m — 2}[Mw,H?2 — 4nb, + mw,]

—[(me/ + 2)w.62 — 4(n¢! +1)6. + (mz/ — 2)w,][(m — 2n)62 + m + 2n]

Proof. First, we differentiat€3) with respect ta and obtain

dA
P4, 1)— =401, 1) (10)
dt
where we denote

P(A,t) =22+ 2+ me=* — (mA + m)Te~** — 2nre—24"

QA1) = (mA + m)e=** + 2ne—247

The fact thatl = iw, is a simple root follows fronf10). We argue by contradiction. If not, then
Q(iw.,¢/) = 0 holds true. Using5), this yields

miw, + m+2n(1—-i6,)(1+i6,) =0

Thus,mw, — 2n6, = 0 and—mw.6, + 2n = 0, which leads tat1 = 6, = tan[(w7’/) / 2], i.e., the
absurdwr/)/2 = (m / 4) + jm.
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We are now left to verify the transversality coratit For simplicity, we considetr/dA instead of
dA/drz. In light of (10), we can find

(d/l)_l _ Pliw,¢d) B iP(iw,, 7/)Q(1w., 1/)
At/r=iw.  i0.Q(iw,1!)  ©.Q(iw.,7/)Q(1w., 1))
By straightforward calculations, we can find

-1

Re <—) = 12
AT/3=iv. (1 + 62)20, Q(iw., /)|

Finally, we can conclude

) d(Rel)
Signy—_-

-1
} = sign {Re (%)/1:' } = sign{G(w., 0.)}

A=iw,

Therefore, we complete our proof.

Remark 1. A positive sign ofi (w,, 6,) means that each crossing of the real part of chemastic
roots at;/ must be from left to right, whereas a negative siglicates that the real part of a pair

of conjugate roots of Equatio(3) changes from positive value to negative value whiris

crossed.
Due to the discussions and facts above, we haviellbe/ing conclusions.
Theorem 1.

1. If Equation (7) has no positive root, then the equilibriuB) of system(2) is locally
asymptotically stable for > 0.

2. If Equation(7) has a unique positive roat,, then there exists g > 0, where
T, = min{Tf,j € Z}, such that the equilibriunk, of system(2) is locally asymptotically
stable whent € [0,7,). As T increases, the system dynamic may switch fromlestab
unstable, a Hopf Bifurcation occurs, and then bagkstable, and so on, according to
sign[G(w,, 6,)].

3. If Equation(7) has at least two positive roots, then there magterany stability switches,

with the occurrence of a Hopf bifurcation at eaghtesh.

4. Concluding Remarks

In this work, we considered a continuous-time \@rsiith delays of a discrete model with R&D

competition. Our modification of the discrete moaels suggested by real economic situations
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where there are always time delays between thestimien information is obtained and when the
decisions are implemented. Delay Differential Eopreg were used to model the resulting system.
Employing results on the distribution of the zeadstranscendental functions, we found a set of
conditions to determine the stability of the Nagjuikbrium point and the existence of Hopf
bifurcations. More precisely, as the delay parametereased, stability loss and gain emerged
(which could repeat alternatively), and complicatdthotic behavior dynamics emerged.

This scenario did not occur in the discrete versimodel. Chaotic behavior is undesirable in an
economic system since chaos means market confusiarregularity. When the market runs
irregularly, product prices, firm earnings, and R&pending all suffer. Therefore, all market
players expect a stable market and hope to briegntlarket back to equilibrium when it is
unbalanced. Hence, time delay has the importantrdleaof destabilizer and stabilizer.
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Hopf Bifurcation Analysisin a M odified R& D M odel with Delay

We consider a duopoly game model of R&D (reseanthdevelopment) rivalry between two high-
tech firms with time delay, in which a monopoly sgcwith R&D spillover is studied using a
mixture of game theory and nonlinear dynamics thedihe local asymptotic stability of the
equilibrium point is studied by analyzing the cepending characteristic equation. It is found that
the delay can lead the system dynamic behaviokhdi stability switches and Hopf bifurcations

appear.

1. Introduction

With the exponential advancement of economics,nassi rivalry has been increasingly fierce. If
companies, who are an essential component of thesiry, are to survive and stay invincible in the
market, they must develop a major competition thatistinct from that of other firms. Research
and development (or R&D for short) has emergedhagptimary driver of corporate growth and is,
therefore, an essential means for businesses tevactore competitiveness. In reality, enterprises’
R&D activities will lower manufacturing costs, emita product quality, increase market share, and
boost their market competitiveness. However, in rtiedern world, R&D spillovers often occur
while R&D operations are carried out. Because efkkhowledge sharing of R&D among firms and
the flow of human capital, R&D spillovers are un@able.

Entrepreneurs and economists have been payingiattdn competitiveness and collaboration in
R&D investment in recent years. The classic resedates back to the 1980s when D’Aspremont
and Jacquemin [10] developed a popular duopoly tafdechnology spillover. Ziss [25] created a
two-stage duopoly game model with R&D spilloversdxhon the AJ and KMZ models. Amir [2]
looked into the consequences of R&D spillover amehfl that as the volume of technology outflow
increased, so did the expense of R&D for businedsatsoulacos and Ulph [15] have studied
endogenous spillovers in R&D collaboration. Yin [2doked at the asymmetric R&D cooperation
system and found that increasing market share B @ihthe main reasons for delivering
collaborative creativity. Under asymmetrical R&Dilkgver, Atallah [4] investigated the impact of
spillover levels on cooperative motivation and skabenefit. Chet al. [9] built a two-stage game
theoretic model to explore the cooperative and aoperative R&D activities in alternative fuel
vehicles with spillovers. Wei-weet al. [20] discussed the impact of mixed spillovers anolduct
differentiation on duopoly enterprises equilibriwmatput and profits in different cooperative states
using the AJ model.
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Bischiet al. [5,6] developed a two-stage competitive game baseddustry information share and
R&D competitiveness and examined the model’s stgbifhanget al. [23] looked at a two-stage
duopoly model with semi-collusion in developmemgdahey investigated the model’'s dynamic
disorderly behavior. The multi-stability of a thrdenensional dynamical oligopoly model was
investigated by Agizat al.[1] In their article, they looked at the pathtomplex attractors and the
formation of basins with complex structures. Caatid Naimzada [7] created an oligopoly model
with several rational players and then investigahedcomplex dynamical behaviors caused by the
coexistence of multiple attractors in the model. idt not difficult to conclude from the
abovementioned research findings that R&D rivalstween duopoly firms that manufacture
complementary goods is rarely examined. HoweverDR&alry between companies that make
complementary goods is prevalent in the real wdrldand Ma [16] studied a bounded rational
dual-channel game, simulating the model’'s comptidatynamical behavior. Many academics have
looked at the complicated dynamical behaviors oflinear oligopolies from a variety of
perspectives, including differentiated products2p3; heterogeneous companies [14,19], and
delayed choices [11,17].

Zhou and Wang [24] produced a two-stage duopoly egamodel with R&D spillover,
complementary goods, and joint benefit maximizatisrthe backdrop. According to their study, the
firm learns its marginal profitability at timeand uses that knowledge to produce at tirel. In
other words, the monopolist decides to begin prodaocat timet with a product that will be
effective in the periodt,t + 1). At time t + 1, this production process will deliver the quantity
q(t + 1) to the market. With this type of modeling apprqactarkets are open at discrete-time
intervals, and no trading happens in the intervalmoe (¢,t + 1). One of the benefits of working
with a continuous-time arrangement is that it abawarkets to remain open at all times, allowing
for the consideration of some latencies relatedthe firm’s information set or production
technology through time delays (gestation lagshsPeaet al. [18] converted their model into a
continuous-time model by introducing a time delliywas found that the Nash equilibrium was
destabilized via Hopf bifurcation. Similarly, Ferazet al. [13] transformed the discrete model of
Zhanget al. [23] into a continuous delayed time model and tbuhe model to be capable of
exhibiting extremely complicated dynamic behaviors.

This paper considers a different modeling apprdadtudy a duopoly game model of R&D rivalry
based on the model by Zhou and Wang [24]. In Pareteal. [18], they assumed that production is
immediately available, but there exists a timebagwveen the time at which the firm computes its
own marginal profi{(t — 7) and the time at which such a marginal profit isdug produce the final

output (t). In contrast, the instantaneous variation of potida is now based on the differential
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existing between the target (based on past infeoomavith a delayr) and current production. If
such a differential is positive (resp. negativedduction will tend to increase (resp. reduce).ikinl
the mechanism detailed previously, the explicitiealge of production at timeis now necessary
to adjust production. We demonstrate that dependmgow a discrete-time model is transformed
into a continuous-time model, various conclusiobsua the local stability of the Nash equilibrium
can be obtained. It is then seen how equilibrium lca switched to chaos and instability can be
shifted back to stability. As a result, the timéagehas both a destabilizing and a stabilizing iotpa
on the system.

The paper develops as follows. Sectiompresents the model. Sections8udies its dynamical
properties and analyses the bifurcation. Sectigivds the numerical example. The final section

outlines the conclusions.

2. TheMode€

In this section, we transform the discrete duomg@me model of R&D competition between two
high-tech enterprises of Zhou and Wang [24] usirdifferent approach than the one presented in
Panserat al.[18]. To this purpose, we note that their systepit + 1) = ¢ (x,,(t)), with x,,, the
R&D effort of firm m(m = 1, 2), is also equivalent

to [xp(t+ 1) —xp(t)] = —x,(t) + d(x(t)). Hence, by assuming that the term in brackets
represents an approximation ak,,(t)/dt, and also the existence of a time delay about the

knowledge of the expression on the right-hand sideglerive the following time-delayed model

4(B + 1)?%b 4(a—2b +1
xl(t)=_xl(t)+x1(t_f){%[xl(t—r)+x2(t—r)]+ (a ;)(ﬁ )—yxl(t—r)}
2 —_
50 = =50 + 1 -0+ 0= 0 LD =0+ e - 01+ SRR e o)

where the parametets> 0, b > 0 andc > 0, respectively, reflect the market size, commodity
price sensitivity, and unit cost of manufacturedducts without R&D effortsg,,, > 0 denotes the
speed of adjustment of a firmm, 8 € (0,1) is equivalent to R&D spillover, ang > 0 is the
expense parameter of a firm's technical advancen®&mtshown in Zhou and Wang [24], the

previous system has a unique Nash-Cournot equilibpoint

4(a —2bc)(B+ 1)
9y — 8( + 1)2b

E; = (x,,x,),withx, =
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which is stable in the absence of delays. In otdeguarantee the economic meaningfulnesi;of

we assume the conditions
a > 2bc, 9y >8(F+1)%b

The local stability of the positive equilibrium poiis governed by the roots of the corresponding
characteristic equation for our system. By lineagzit at E;, it follows that the associated

characteristic equation is the following two degegponential polynomial equation where namely

2421+ 14 (pA+p)e 7 + ge 247 (1)
where
p=-2+ [y —wl (a + ay)x,
and
q=1- lV - M} (ay + az)x, + [V - wy%azﬁ

3. Local Stability and Bifurcation Analysis

We follow the method proposed in Chenal. [8] to investigate the distribution of characteds
roots of [1]. First, we observe that= 0 is not an eigenvalue since
1+p+q=I[y—8(B+1)*b/9ya;a,x*> > 0. Assuming thal = iw(w > 0) is a purely imaginary
root of [1], we substitute it in [1] and obtain

—w? + 2iw + 1 + (piw + p)e T + ge ?® =0 (2)
Case(wt)/2 # (m/2) + kr, k € Z. Lettingf = tan[(wt)/2], we get

1-1i6
1+1i6

—ilwt _
e =

(3)
Separating real and imaginary parts in [2a[ds to

w:—=14p—09)0%2—4wl =w?>—1+p—
{( p—q) P—q )

(p—2)wb?>+2(—w?*+1—-q)8=—-2+p)w
Denote
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w>—1+p—q —4w |
D(w) = = 2[w*+ (-p+2Dw*—p+pg—q¢*+1
@ =" e 2wrt1_ql = 20t CPEDO —p =gt +1]
w>—1—-p—q —4w |
E(w) = =2[w*+(P-2¢+Dw*—p+pqg+q* -1
@ =" ipe 2 +1-q) [w* + (p— 29+ Hw? —p+pq +q* - 1]
and

w—1+p—-q w*—1-p—gq

F@I=1" o0 -C+pw

= (-2p)w(w?*+1-q)

In caseD (w) = 0, solving Equatior{4) for 8, we must hav&' (w) = F(w) = 0. This means thab

satisfies Equatio). If D(w) # 0, Cramer’s rule implies

, _E@) ) _F@

Dw) M T D)

which give rise to the follow identity (w)E (w) = [F(w)]?. By a direct calculation, we get the

following polynomial equation im? = z,
z* + 5323 + 5,2° + 512+ 50 =0 (5)
where
s3=4—p? s, =6-—2q*—3p*+ 2p?%q
s;==3p° +4+3p’q—4¢*%, so=01-@)?*[-p*+(1+q)7]

Since the leading term of the polynomiakfs it tends to infinity az — +o0. If 55 < 0, i.e.,q # 1

and(1 + ¢)? < p?, the existence of positive roots (&) is guaranteed.
Case— = G) + km, k € Z. Sincee™®T = —1, according to(2), we obtainw? —14+p—q =0

and (2 - p)a) = 0. Hence,D(w) = F(w) = 0. Under these circumstances? is still a positive
root of (5).

Based on the previous analysis, we have the fatigwesult.

Lemma 1. If (5) has a positive roabv?, then(1) has a purely imaginary roab, at

=18k =0,1,2,...), with
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I{ 2 arctan(6, + 2km)

k _ Wy
T _47'[-}-2](7'[

, if D(w,) #0

W,

The next result establishes that a basic root cooeirs and travels transversally around the

imaginary axis under some conditions of transvéysal

Lemma 2. Let A(t) = u(r) + iw(7) be a root of the characteristic Equation (1) atig

u(t®) = 0 andw(r¥) = w,. Then the root is simple and the root crossinggan is derived as

|d(Red) .
sign = sign[G(w.,6.)]
dr ok

where

G(w,0,) ={[(p —2¢)TF —p + 2162 + 4.0, + (p — 2q)TF — p — 2}[pw.O? — 4q0, + pw,]
— [(ptk + 2)w.0% — 4(grk + 16, + (ptF — 2)w,][(p — 29)62 + p + 2q]

Proof. Taking the derivatives in Equati@n) with respect ta, we get
da
M@, t)— = AN(A, 1) (6)
dt
with
M(A,7) = 21+ 2 + pe ™ — (pA + p)te ™ — 2qre=?¥*
and
N(A, 1) = (pA +p)e ™ + 2qge™24"

From (6) it follows

()" Mot GOV (o 7E)
dt/jziw, B iw.N(iw,, TF) a w,N(iw,, TN (iw,, T¥)

(7)

Using(3) in (7) yields

, {d(ReA)
sign

dt

o R <d1>_1 . G(w,,6.)
I NG i) T T ¥ 0220, IN G, T
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It remains to show the simplicity of the rabt iw+. Suppose it is not simple. Théa) would

imply
piw, +p + 2qe“""*f§ =0

k .
it @™ = (%) + km,k € Z, then e~ = 1, s0 that

piw, +p—2q=0

leads to the absuwd, = 0.

k
If (wz—f) * (g) + km, k € Z, then

1-i6,
1+i6,

piw, +p + 2q

Consequently, one has, — 2¢q0, = 0 and—pw. 0, + 2q = 0. Thus,f0, = +1, i.e.,
k k
tan [(wz;)] = +1. In conclusion, we ge&%") = (%) + km, k € Z, which is a contradiction. The

statement follows. [
A positive sign ofG (w,, 8,) corresponds to crossings of the imaginary axis=atr® ast increases
from right to left, while a negative sign meansrassing from left to right. In view of the above

Lemmas, we derive the following results.
Theorem 1

1) If Equation(5) has no solutions, then no stability switches exist

2) If Equation(5) has a unique solution?, then our system is locally asymptotically stafue
Tt €]0,t,). If sign[G(w,,06,)] <0, the equilibriumE; remains stable, while in case one has
sign|[G(w,, 6,)] > 0 it loses its stability via a Hopf bifurcationat= ..

3) If Equation(5) has at least two positive roots, then, accordinthé sign ofG (w,, 8,), a finite
number of stability switches may occur as the tdetayt increases from zero to the positive

infinity, with the occurrence of a Hopf Bifurcati@t each switch.
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4. Numerical Example

In this section, a numerical example is given tostrate the validity of Theorem 1 obtained in
Section 3. Consider the system with parametets1.5,b = —-2.2,c=1,a; = a, = 1,y = 1.2,
andp = 0.8, it can be calculated that the equilibrium pdigts equal to 0.6263 and therefore has a
unique solutionw? based on Equatioff) with w, = 3.4937. Then one hag, = 1.3309 and

7, = 12 = 0.5303, which impliesG (w,, 8,) = 387.6839 > 0. Based on Condition (2) in Theorem
1, if sign[G(w,, 6,)] > 0, the system loses its stability via a Hopf Bifurea att = t,. Therefore,
the waveform diagrams are illustrated in Figuremndl 2. From Figures 1 and 2, one can find that
trajectories converge to the equilibrium point wheed = 7 <, = 0.5303, that is,x;(t) and
x,(t) are stable, and they lose their stability &t 7., then there exists Hopf bifurcation with

0.6 =7 > 1, = 0.5303. Define the initial conditiong,(0) = 0.5 andx,(0) = 1, for the discrete
duopoly game model of R&D competition between tuwghktech enterprises, Figures 3 and 4 show
that the system statg (t) is asymptotically stable &4 =7 < 7, = 0.5303, and there exists a
Hopf bifurcation wher.6 = t > 7, = 0.5303, the statex, (t) still exhibits periodic changes over
time in the case of competition with enterpris€t). Similarly, Figures 5 and 6 depict the dynamic
trajectory phase diagrams of staj€t) under competition with enterprisg(t). Therefore, the two
competing states trade off each other, showinggderichanges over time. In addition, simulations

for other cases can be given similarly.

20|
—x5(t)

(t),m=1,2

t

Figure 1. Waveform diagram witld.4 = t < 7, = 0.5303, the system is stable
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—5(t)
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Figure 2. Waveform diagram witl.6 = t > 7, = 0.5303, the system with a Hopf Bifurcation

065 —

055

06 0.65

Figure 3. Phase diagram of, (t) with 0.4 = 7 < 7, = 0.5303, the system is stable
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Figure 4. Phase diagram of, (t) with 0.6 = 7 > 7, = 0.5303, the system with a Hopf Bifurcation
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062}

L | 1
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Figure5. Phase diagram of,(t) with 0.4 = 7 < 7, = 0.5303, the system is stable
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Figure 6. Phase diagram of, (t) with 0.6 = t > 7, = 0.5303, the system with a Hopf Bifurcation

5. Conclusions

By taking the discrete-time nonlinear monopoly madigh R&D spillover of Zhou and Wang [24]
as a starting point, Panseatal. [18] proposed a continuous-time version of it wdibcrete delays.
This paper has considered a different way of t@nsihg a discrete-time dynamic set up into a
continuous-time model with delays. The resulting DR&model presents Hopf bifurcation
phenomena at the positive equilibrium. In additihve dynamic behavior of the system around the
positive equilibrium may change from local asymigtastability to instability or vice versa.
Contrary to Panserat al. [18], this new scenario exhibits more complex dgits that may
dramatically change the long-term findings of anremny. A final comment: studying this kind of
model in a stochastic (i.e., non-deterministic)teahcould be fruitful for a possible future ressgar
agenda. We did not develop a stochastic model bemause we wanted to concentrate on
deterministic chaos. In addition, further developmef the topic would be to use a model with

distributed delays.
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PART 111

COVID-19 SARS-2

Beginning from early 2020, a new highly contagidosm of flu, supported by an unknown
pathogen, classified as a Coronavirus type 2 stdistovered at the end of the previous year,
whence the COVID-19 (CoronaVirus Disease 2019)ragrg spread in the human population with
virulence huge, claiming millions of lives worldveddue to lung complications responsible for a
potentially fatal Severe Acute Respiratory Syndrd®®&RS-2) (life-threatening one).

The epidemic¢ which rapidly took on the distinctive charactiBas of a pandemic¢ to slowly
transform into a commoendemic¢ aggravated by theyndemicwith several morbid cofactors,
found above all in the weakest strata of the pdmra, has attracted the attention of scholars of
numerous branches of knowledge, who examined thensaspects from every point of view
attempt to assess its global impact on the antbrmgnmunity.

In particular, due to the exceptional scientificiofbedical) interest and the extraordinary
sociological (economic) relevance of the phenomenive pathology has been studied by
microbiology, infectivology and epidemiology, withe typical sectorial systematic methodologies,
to clarify the nosological, etiological and pathogic aspects, defining morbidity, morbosity and
mortality in view of the application of appropridtggiene and health regulations, of the adoption of
adequate preventive measures and of the prescriptisuitable prophylaxis provisions, but it was
also analyzed, by demographic statistics, withatlgt mathematical tools, to evaluate the rate of
penetration into the populations in relation to féal immune responses (production of specific
antibodies), to the intermediate clinical symptofesert manifestations of disease) and the
terminal, favorable (convalescence with healings) umfavorable (worsening with deaths),
outcomes.

By appropriately (and also opportunistically) expigy the stringent scientific relevance of the
topic, the opportunity is taken to mathematicathalgze some phenomenologies related (or that can
be related) in the framework of an extensive atgors implementation already identified in
modeling including parametric evaluations that barcorrelated with the reference systems, further

demonstrating their extraordinary operational tékly on a quantitative level and their exceptibna
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functional versatility from a qualitative point efew in terms of technical use (critical applicaiso

of powerful direct instrumentation during the metloal inspection procedures of the materials
examined) and responses concrete (practical atquigif valid probative information during the
systematic processing of the data obtained).

By statistically integrating the information colted demographically with the implementations
deriving from the definition of convenient exponahtdevelopment models, it is possible to
calculate the course of the disease in absen@gdted containment expedients and in presence of
appropriate restrictive measures imposition, in rggecy conditions, by studying frequency and
distribution based on certain parameters to oltaénelaboration of strategies capable of validly
controlling the scope of phenomenology, even thaughnnot selectively prevent it (in addition to
compliance with the protocols established by iraéamal health regulations, which impose
limitation of movements, disinfection of environnignsanitation of contaminated places, use of
individual protection devices, social distancingeyentive quarantine in case of suspected
incubation and sicks isolation to try to interrtip¢ viral transmission chain).

Nevertheless, a valid prevention can be extrapdldig the attuation of analytical decomposition
procedures of the significant elements of complaxdformation kinetics including the detailed
description of the temporal evolution of pandemi@momena, in terms of incidence (relevance),
distribution (penetration), expansion (diffusionprevalence (preponderance), recrudescence
(exacerbation), attenuation (alleviation) and resmis (extinction), within the framework of
deterministic models, formulated using differengguations; by the implementation of procedures
of synthetic consideration of the crucial probaiiti factors concerning the random variability of
morbid events in relation to incidental risk fastgsusceptibility), such as the danger of infection
(exposure to contagion), immune reactions (spes#ipositivity), or health conditions (previous
pathologies), inserted in the context of stochasiiclels; and by the development of mathematical
simulation processes based on hypothetical assongpticoncerning potentially homogeneous
parametric characteristics, which allow to estdblia a fairly reliable way qualitatively and in a
sufficiently precise quantitative way, the electp@pagation modalities, the expansion peak time
and the disease total duration in the context babm®ral and compartmental models.

The pragmatic application of the general principkes the specific question includes the
identification of the main characteristics of tiirig organisms involved in the phenomena, with
the construction of suitable mathematical structure include the descriptive particularities, the
validation of the models obtained with the detemtion of the interactions between the subjects
involved in the system and the study of emergingab®rs both for the clarification of the

relatively predictable (foreseeable or unexpectestjprocal influences and for the search for
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absolutely unpredictable events (remembering thaed on contingent needs, epidemiological -
descriptive, analytical and clinical - screenings doe observational or experimental, without
forgetting that the two operating modes are notually exclusive). Specifically, the discussion
analyzes Multi-Attribute Decision Making Based amelrval-Valued Trapezoidal Neutrosophic
Number, the problems inherent in additional envinental stresses resulting from the disposal of
personal protective equipment, and the difficultiesdeveloping occupational choices based on

uncertain parameters during pandemic due to meitifaal implications.
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Multi-Attribute Decison Making Based on Interval-Valued
Trapezoidal Neutrosophic Number and its Application in the

Diagnosis of Viral Flu

Decision-Making Technique (DMT) is mostly “usedartificial intelligence and cognitive sciences
to” elaborate individual and social perception. 8ne of the most important strategies in DMT
evolved in medical diagnosis scrutiny regarding to@nection of symptoms and diagnosis of
diseases due to uncertainty and fuzziness in fegamet information. The focus of this article is to
develop a diagnostic decision-making strategy ierdiagnosis of Viral diseases with close related
symptoms using the Interval-Valued Trapezoidal Nedphic Numbers (IVTrNN) w.r.t Multiple
Attribute Decision Making (MADM) strategy where,ethattribute value is evolved to Interval-
Valued Trapezoidal Neutrosophic Number and thebati weight is unknown and can be related
to the GRA (Grey Relational Analysis Projectionghrique. In this research several operational
laws are developed as well as the expected valdgrenhamming distance between two IVTrNs
are introduced. Moreover, the information entropgtimod is used to determine the attributes
weights and the grey relational analysis as welthasprojection method are involved too in the
proposed framework. The ranks of the alternativ@sitens are evaluated by their relative closeness
to PIS (Positive Ideal Solutions), which combine grey relational projection values from positive
and negative ideal solutions associated with edtelnnative. Finally, a Viral disease example is

“given to verify the developed approach and to destrate its practicality and effectiveness”.

1. Introduction

Multi-Attribute Decision Making Technique (MADMT)sithe best tool to tackle such real-life
situation problems. In the field of medical sciescdifferent Viral diseases have many common
symptoms due to which it is often difficult to sessfully diagnose a certain disease. Zadeh [37]
has put forward the fuzzy set theory, which hasvg@doto be important in tackling uncertain
situations and fuzziness in real world problemsl989 Atanassov and Gargov [3] gave extension
to the idea of fuzzy theory by putting forward ttreeory of Intuitionistic Fuzzy Set (IFS) and
Interval Valued Intuitionistic Fuzzy Set (IVIFS).dRassing [2] used the fuzzy set theory to discuss
the connection among medical and the fuzzy logit explain computerized diagnosing strategy.
Touqeeret al.[28,29,30] also presented different techniquesmikgg MCDM using different types

of fuzzy sets. Det al [5] put forward the tool of medical diagnosisngsintuitionistic fuzzy sets.
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Abdullah et al. [1] as well as Garget al. [10,11,12,13,32] discussed several decision-making
problems employing fuzzy and intuitionistic fuzats environment.

In 1995 Florentin Smarandache [25] brought intergton the introductory research material for the
new concept of Neutrosophy. “Neutrosophic” set s important tool through which we can
perceive and explain the hierarchy of the “classét, fuzzy set, interval valued fuzzy set,
intuitionistic fuzzy set” etc. In the field of Mezhre with passage of time the symptoms of different
diseases change according to the different indal&linfected. Therefore, there is need to develop
and adapt sophisticated tools for proper patieaqgrubsis.

Ye et al. [33,35,36] brought into attention the different Itiiprocedure techniques based on the
Neurotrophic equation. In Neutrosophy the employnedrdifferent fuzzy sets introduces helpful
solutions for the real world demanding medical dzgjs situation [33,36,35,27,22]. In the herein
research the GRA (Grey Relational Analysis) intrmetliby Deng [6,7] and widely used for MCDM
is involved in the proposed framework. Zhang [38¢sented GRA method for MCDM with
interval numbers. This method has a practical bedretical appeal in estimating under uncertainty
the correlation degree of factors. Accordinglystthieory is based on and, also, leads to supporting
the idea that the more the similarity between fisctthe more these factors correlation. In the
previously mentioned literature as well as in thlevant literature about the GRA methodology, as
for instance [6,7,39,38], the different researcheage involved only the IFS (Intuitionistic Fuzzy
Sets), the ITFES (Intuitionistic Trapezoidal Fuzzgts [39] and the IVIFS (Interval Valued
Intuitionistic Fuzzy Sets) [19]. IFS, ITFS and tR8FS can tackle efficiently incomplete only
information but not indeterminate and inconsistafarmation. The Neutrosophic fuzzy set concept
is able to generalize the above GRA schemes insidecimaking. Neutrosophic set theory,
integrating the three major degrees of uncertaimthe analysis of information, that is the degree
of truth, the degree of indeterminacy and the degrfefalsity describes efficiently all the aspects
involved and needed in any successful decision-ngaidchnique applied under uncertainty.

In the herein proposed framework, it is attemptedlitin this research gap in literature. Thattrs,
investigate the use of Neutrosophic rich infornmati@presentation framework in GRA (Grey
Relational Analysis) based Decision Making, withpérasis to Medical Decision Making, aiming at
improving GRA methodology. More specifically, weeausing the Interval-Valued Trapezoidal
Neutrosophic numbers (IVTrNN) in a (MADMT) modelh@ difficulties in the decision-making
process, due to single-valued uncertainty and meshlgefunctions of IFS, ITFS can be overcome
with the vector valued (T, F, I), standing for trufalsity, indeterminacy. membership function in
Neutrosophic situation. It is much more convenitenéxpress fuzziness in (T, F, 1) vector valued

memberships using interval numbers than involviegl rcrisp numbers, standing for the single
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valued membership functions. In the IVTrNN reprdagan the values will be given in the form of
intervals rather than in the form of exact numbers.

Therefore, it is herein considered IVTrNN Neutrdsieagmembership representation, rather than the
single valued Neutrosophic number representatiomus]T the herein proposed research has
investigated the GRA methodology within the newdyweloped scope of “Neurotrophic set” theory
using the IVTINN representation. In Neutrosophid #eeory, indeterminacy is “quantified
explicitly and truth-membership, indeterminacy-memnghip and falsity-membership are modelled
as independent. Neutrosophic logic clearly distisiges between relative truth and absolute truth
while fuzzy logic does not” provide such rich reggrtations capabilities. Involving the IVTrNN
representational model more robust inference cépebiare provided, rather than the application
of rival previous techniques. It is well known thatmedical decision-making field large amount of
complex knowledge is employed and, therefore, twkole process involves low intra and inter
person consistency. So, contradictions, inconsigtemdeterminacy and fuzziness should be
accepted as unavoidable as it is integrated irb&avior of biological systems as well as in their
characterization and decision processes.

The paper outline is as follow. Next section re\getlve most important basics of Neutrosophic
Sets. Section 2, also, introduces IVTrNNs and arpltheir relevant arithmetic operations. Section
3 presents a novel strategy for solvinglulti-Attribute Decision Making (MADM) problems
involving the novel GRA methodology based on the IVTrNN reprgation. Section 4 illustrates a
relevant real world numerical medical decision-makproblem and the associated application of
the proposed framework, providing an efficient sol, as well as its explanation and practicality.
Section 5 provides a qualitative comparative medhagical discussion on the proposed and rival

approaches and finally, section 6 provides conetusemarks and prospects.

2. Basic Definition

Neutrosophic Sets

Neutrosophic set theory is a section of neutrospplinych studies the origin, nature and the scope
of neutralities, as well as the interaction witHfafient ideational spectra [25] and consists a

powerful formal framework.

Definition 2.1. [31] Assume theX be the sets of points ande X. Then, the neutrosophic sétin
X is defined asd = {< x, T(x),1(x), F(x) >:x € X} where,T(x) + I(x) + F(x) € [0,1] and the
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T(x) is the truth-membership grade, whilex) is the indeterminacy grade and théx) is the
falsity grade.

Definition 2.2. [21] An interval A(x) = [AY, AX] represents the (IVFS) defined on univeise
where, AL is the lower fuzzy set’: X — [0,1] andAY is the upper fuzzy set
AV:X > [0,1] A = {(x,[AY, AL ]):x e X}0 <Al <AV < 1.

Definition 2.3. An Interval Valued Trapezoidal Neutrosophic NumipBfTrNN) is an Interval
Valued Neutrosophic Set (IVTrNS) oni defined byN (x) = {NX, NV} where,NV andN’ are the

lower and upper trapezoidal Neutrosophic set§ sfich thatvt c NV.

Definition 2.4. If NV is considered to be an Upper (IVTrNN) then, weehthese following three

Trapezoidal Neutrosophic Numbers as foIIowiUz(l',m,n,p) :X->1[01], Y=

(¢.7.5,8) :X-[01] andF¥ = (i,v,w,%): X > [01]. If =1, 7 =$ andy = w these
IVTrNN are reduced to a Triangular Neutrosophic N@mto be defined as

(x—l' n -
—— forl<x<m
m—1 ~ ~
Fu _ )]TY, form<x<n
p—x N R
—, forn<x<p
p—n
\0, for otherwise

— , forqg<x<r

ju=J)1 forv<x<s

x—s'+fU(t—x) - -
— ) fors<x<t
t—s$

\1, for otherwise
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, foru<x<v

v =] FY, forv<x<w

x—v_v+F"U(5c—x) - -
— , forw<x<x
X—Ww

\1, for otherwise

Definition 2.5. Let N* be a lower trapezoidal Neutrosophic number thenhave these following

three trapezoidal Neutrosophic numbers
TL = (Z,m,r'z,;j) X > [01], I'= (q,f', 5, t) : X - [0,1] andFL = (u,f),v'v,fc): X - [0,1].
If m =n,7=s andv = w these Trapezoidal Neutrosophic Numbers are redtawedTriangular

Neutrosophic Numberdefined as

(x—1 _

—=TL, forl<x<m

m-l i i
_ TL, orm<x<n
TL=< f - -

p—x

n , 1<x <P

— forn<x P

\0, for otherwise

‘

7'”—x+I~L(x—q>
) ] <x <
P fOTEI x <7
1~L=<1~L, fori<x<s

x—s+IL(f—x)

— , fors<x<t

t—3$ - -
\ 1, for otherwise

™
=

Il
—

) forw <x <x

\1, for otherwise
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Figure 1. A Trapezoidal Neutrosophic Number

Definition 2.6. [38] Letn, = (l’,m,n,p : TU,TU,FU> andn, = (i,m,h,p : TL,TL,FL> are the

two IVTINN. Therefore, the corresponding Hammingtdnce betweem; and n, could be
reasonably defined by

- 17r- _ . _
B(ny,ny) ZE[ L2+ F)—£2(2+f—L‘—F)|
+ r_nl(z+f—r—ﬁ)—r_nz(2+f—r—ﬁ)|

+ 7_'11(2+f—t_—}7)—7'12(2+f—f—ﬁ)|

+ ;_51(2+f—T—F)—;_§2(2+f—T—F)|] )

Definition 2.7. The expected value bf an IVTrNN can be defined as

n = ([t 5], 1] ) (700,160, Fx)) and is shown as follows
O [ R R
x24Ty =T = |ly - L|+|Fy - F|] @)

Definition 2.8. Letn; andn, be two IVTrNNs
ny = (g 51), (Lome no i ), @7 508D, (quns su b ) @ 9,20, 2), (w2060 200 ) (3)

ny = (L, i, 52), (Lo M2 2 D2t T2) ) (@52 B), (G212 82 120 ) (B, B B 20, (s v 20,22 ) (4)
Definition 2.9. [19,34] Therefore, the basic operations on IVTrNidsald be defined as follows
Addition

157



n,dOn,
= {(£+2— 1112,m+ﬂ—mlmz,ﬂ+2—nlnz,p_1+p_2—p1p2),(l_1 + I, — L, my +m,
— MMy, Ny + Ny —NyNp, P1 + P2

- 251172)} ) {(fh‘h; 4192, 1172, 7'17'2) ) (8152, 5152, 185, 11 ), (u1u2: Uy Uy, V1 V3, Vlvz) , (W1 Wy, WiWy, X1 X7, 3?1922)}

Multiplication

n®n, = [(l1lz’m1m2:n1nz’P1P2) ) (l_1l_2’77117712:7_117_12’251252)] [(ﬁ +d — Q14 t 1

— 113,515, t1 + &, — tltz)] [(u1

+ uz, _uluz, vlvz, Wl + WZ - W1W2, Wl + xZ - xle>] [(17,1 + 17.2 - ﬁlﬁz, 1.71 + 172

— 11 0)][Wy + Wy — Wy W, X1 + X5 — X1 %5]
Scalar Multiplication

Any

={(1—(1—1_1)1,1—(1—ﬂ)1,1—(1—ﬁ)l,1—(1—&)1),(1—(1—1‘1){1
-(1-m)Hh1-1-aPht

-(1- 151)1)}, |(af ot st ed), (gt 7t 52, 80) | [(ud wd wi x2), (8 o, Wl 7)) (5)

Exponentiation

d = [(dmf o pf ), @tk )] (1= (1- @) 1= (1-m) 1= (1= 51) "1
_(1_t_1)1’1—(1—(71)’1,1—(1—771)’1,1—(1—§1)A,1—(1—fl)’1>}{1
~(1-w) = (1-m) - (1-w) - (1-x) - a et
A=A (L= w)h1— (1 - 3?1)’1}

3. Multi-Criteria Decision Making (MCDM) strategy based upon the Interval-
Valued Trapezoidal Neutrosophic Numbers

Regarding the multi-attribute decision making tegoe (MADMT) problem m alternatives are
consideredd = (44, 4,, ..., A3), n decision criteriaQ = Q4,Q5, ..., 0, andw = (w4, Wy, ..., Wy,) IS
the corresponding weight vector of an attributehwit; € [0, 1] and their specific values; not

defined. The attribute number of an alternatidge on the criteriaQ; is the Interval-Valued

Trapezoidal Neutrosophic Numbey; = ([aU,aU,aU,aU] [T(x),u(x), F(x)] where, ther(x) tells

us about the extent the alternati#gbelongs to IVTrNN[aU,aU,aU,aU] and thei(x) andF(x)
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3 4

tell us about the extent the alternati#g does not belong to IVTINNaj;, af;, a;), af;

ij Aij» ] on the
criteria Q; 0 <7(x)+1(x)+F(x) <1 and the decision matrix (DM) denoted = [a;;]
constructs the Positioning of alternative required.

The sequence of computation steps in the Decisiaking (DM) methodology of the (IVTrNN) are

defined as follows:
3.1. Strategy and the algorithm to standardizeReeision Making (DM) process

To eliminate the difference in the scaling of vasophysical dimensions in the computations

defined in the DM process, at first normalizatisnperformed. Suppos€ = ([n;;]mxn ) denotes

the decision matrix where; = [n};, nf;, n?;, nf;], then, the methodology for normalization of two

distinct kind of criteria is given below:

3.2. Cost type criteria

1 P
p _ max(aj;) — aj; =1,2,3,4 6
iy max(af;) — min(af;) T e ©)

3.3. Benefit type criteria

b _
P _ i

b max(af;) — min(af;)

min(aj;)
n

z=12734 (7)

3.4. Calculating the attribute weight

There are many techniques in the literature toutale the attributes weights in Decision Making.
In the herein research the information entropy negpire is employed and discussed as the most
suitable and computationally effective for managimgertainty in weights calculation. Entropy is
an important concept of the thermodynamics origiddty Shannon [24] who has, also, introduced
the method of the entropy as equivalent to the riaicey.
Entropy is a concept easily understandable antecela fuzziness, so that the highest the fuzziness
characterizes a system, then, the greatest itspntralue (EP) would be. Therefore, we know that
if the attribute values of all alternatives haveaidifferences regarding the specific attributerth
it is associated with the highest EP. It providdsecuate knowledge to define the position of a
specific alternative, by assuming it possessel@Vialue in the prioritizing technique. On théet
hand, if the attribute values of all alternativesé obvious differences then, this attribute prissen
little entropy and similarly is helping to deterraithe best alternative. So, in order to figuretbat
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alternatives, if one attribute has the highestagytiit is assigned with the lowest weight and if it

has the lowest entropy then, it is assigned wighhilghest weight.
3.5. A Technique to calculate the entropy valuatimibute

To verify the entropy value of an attribute thenfiotae given below are involved:

n
Ej=_zx2ﬁjlnfxy(1sl'sn1 <j<q (8

x=1

whereZ = ﬁ and iff;; = 0,then0 XIn0 =0

I(r)

fii= (1<i<p)(1<j<q) )
Bl ()
The entropy weight is calculated as:
1—-H,;
w; = (1-#) (10)

==
Zfi:l(l - Hj)
The equation mentioned above is used to find thightieBut a research effort. namely, that of
Zhouet al [40] comes with the refined formula for measurihg weight as follows:
?=1H1+ 1-2 XH]

wj = (1l<sy<q (11D
(B0 Hy +1-2 x Hy)

j=1

3.6. Positioning the alternatives based on GreyaRahal Projection Technique (GRPT)

Deng [6,7] introduced and discussed the conceptsthef Grey Relational theory and its
computational method dealing with the system soyutunder incomplete knowledge. Grey
Relational Analysis recommended the uncertain itglamong things, complex systems of
elements and their behaviors. Grey Relational thesothe process of quantitative analysis scrutiny
of alternatives. Grey Relational theory is usedamy real-world applications spanning recruitment
and hiring processes, employment, power distrilbbuystems operation and decision making
processes.

The main procedure of GRPT is converting the attabvalues of all alternatives into a
comparability sequence by reducing the effects fdifferent physical parameters. Based on these
sequences, the methodology determines a referexqcersce, the so-called ideal target sequence or

negative ideal target sequence. Then, this appreattulates the grey relational coefficient
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between all such comparability sequences and feeeree sequence. Finally, based on these grey
relational coefficients, the grey relational degheween the reference sequence and every such
considered comparability sequence is completelgrdened. If a comparability sequence that is
converted from an alternative decision has the dsglyrey relational degree with the reference
sequence, in case it is the ideal target sequasrcéhe lowest grey relational degree with the
reference sequence, in case it is the negativé tdepet sequence, that alternative solution well b
the best choice. Suppose then, the decision-making matrix (DM) hasnbnormalized as

previously outlined, the steps of grey relationalj@ction technique are illustrated as follows:
3.7. Optimistic ideal solution (OIS) and Pessingigtieal solution (PIS)

If a normalized IVTrNN decision matrix has beeneatetined, then, an IVTrNN Optimistic ideal
solution (OIS) and the corresponding IVTrNN Pesstmiideal solution (PIS) could be defined as

follows. Regarding the OIS definition:

nt = (nf,ng, ...,n;’) (12)
wheren;,r is evaluated as

nt = [([} +nf +n} +nt +]); TV, IV, F(N,)]

= Kmlax(njl) ) mlax(njz) ) miax(nf), mgax(nf))l : [(mlax (N,), miin 1(N,), miin F(Nx)>l

R R NS ——

Moreover, the Fuzzy trapezoidal Pessimistic Idedlition (PIS) can be evaluated using:
n- = (nl‘,nz‘, ...,n;) (13)
where, each ot can be calculated using the following relation

n = [([n} +n? + 1 + 0t =]); TV, (V) F(N,))]

= I(miax(nilj) ) ml_ax(nl-zj) ) ml_ax(n;?’j), m;ax(n%))l ; l(miin (N,), mlaXL(Nx), max F(Nx)>l

—_—— = N N ——— =

Based on the above and similarly to [39], anothesctl definition of the corresponding Fuzzy
Optimistic Ideal Solution (OIS) could be:

n]?L =([1,1,1,1];1,1,1)

and the relevant definition of the Fuzzy Pessimikteal Solution (PIS) is
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n = ((0,0,0,0];0,0,0)
3.8. Calculation of the Grey relational coefficid@RC)

The GRC of each alternative from (OIS) and (PIS) lba calculated using the following equations

respectively. The GRC of each alternative from (d¢yiven as:

. ST+oE"

L i 14
Cij d;-j+QP+ (14)

where, the Normalized Hamming Distance

1 _ _
D(ny,n¥) ZE[|(2+’E—T— Fynj;— 2+7T—-1-F)n} +|
+|QR+T-T-Fn} - Q+7T—1—F)n? +|

+|@+7T-1-F)n} - Q+7—-1-F)n} +|

+|@+T-i-F)nf, —2+7—-1-F)nf +|] (15)
S* = minmind;;, P~ = max max d;; (16)
- L ——

o is the resolution coefficient ang € (0,1) and its value could be considerécdb in case of
incomplete and uncertain knowledge.
So, the GRC of each alternative in (OIS) is given a

S™ + gE~

== 16

where, the normalized hamming distance is

1 _ _
D(ny,ny) ZE[|(2+’E—£_— Fynj;— 2+7T—-1-F)n} —|
+|@+7T-1-Fnk-Q+7—-1—-F)nf —|

+|@+7-1-Fn}-Q+7—-1-F)n} —|

+|@+7T-i-F)nf, —2+7—-1-F)nf -] (18)
S™ = minmind;;, P~ = maxmax d;; (19)
- L ——
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o is the resolution coefficient arde (0, 1) and its value is 0.5 again in case of completerigmce
and uncertainty.

Similarly, the GRC of each alternative in (PI1Syigen as
3.9. Calculation of Grey Relational Grade GRG

We can find the GRG of every alternative from (C&8Y (PIS) by using the formulae given below.

¢ = Z w;6ih (20)
Jj=1
q
Sij = Z wjSi; (21)
j=1

3.10. Positioning the alternative

The positioning process in the GRA method is thecedure of selecting the alternative with the

“greatest degree of grey relation” from (OIS) ahd tsmallest degree of grey relation” from (PIS).

3.11. Projection

The weight associated with the GPC (Grey relatiétrajection coefficient) will be

— (U]

B = (22)
q 2
j=1 wj

In the sequel the weighted grey correlation pragaectechnique is applied for the alternative from
the (OIS) solution and the (PIS) as follows:

q
pr=> (@xsy) @3
J

q
pr=) (@xsp) @8
J
3.12.Similarity approximation to OIS and Positioning alternative
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The alternative under consideration can now betipogid based on the GPC projection coefficient
of each and every alternative on the basis of ti® &d the PIS solutions. The greatest the
projected number on the OIS solution is, then,dbsest to OIS and the best the alternative would
be, while on the other hand, the smallest the ptigje onto PIS is, the more away the alternative to
PIS should be and the better the considered atieenaould be. Therefore, the similarity closeness

can be defined as

Y@ x 5i3)

RCi = — — — —
Z?(‘“f X i )Z?(“)j X 6i7)

(25)

4. An lllustrative Numerical Example for the Application of the Proposed GRPT
Methodology based on IVTrNN Representation Framework

From the beginning of the mankind a multitude dfedent viral diseases have been arose with the
passage of time. In the herein numerical exampksethkiral diseases with common symptoms are
discussed and the responsible medical staff shmeildble to efficiently make a decision about the
viral disease under consideration on the basiseosymptoms provided. Ldt, A,, A; are the three
viral diseases named as Spanish flu, COVID-19 amtheéSFlu having the following four different
symptomsQ, Q,, Q, Q4 given below.

- Abdominal pain, lethargy, snheezing, weight loss ighhfever, tiredness, dry cough,

breathing issues fever.

- Cough, sore throat, joint pain, body aches.

- Earache, petechial rashes, hoarseness, nasal tonges
The assumption of the alternativas, A,, A; would be to be represented in the form of IVTrNN
w.r.t four attributes,, Q,, @3, Q4. The Decision Matrix (DM) will be in the form:
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Alternative Q4 Q. Q3 Q4

(1,2,3,4) (2,5,7,8) (3,7,8,9) (1,5,7,9)

2 (0.1,0.2,0.4) | (02,0.3,0.7) | (0.3,0.4,0.8) | (0.1,03,0.2)
1 (2,4,8,9) (3,4,5,10) (7,8,9,10) (2,4,5,7)

(0.2,03,05) | (04,0.5,0.6) | (0.50.6,09) | (0.4,0.50.9)
(1,5,6,9) (1,3,7,8) (1,2,8,9) (5,6,8,9)

2 (0.1,0.3,0.5) | (0.1,0.2,0.6) | (0.1,0.2,0.3) | (0.3,0.4,0.5)
2 (2,3,5,7) (1,2,7,5) (2,4,8,9) (2,5,8,6)

(0.2,0.5,0.8) | (0.5,0.3,0.7) | (0.4,0.7,0.9) | (0.5,0.6,0.9)
(3,6,4,9) (1,5,8,10) (4,5,6,7) (1,3,5,7)

2 (0.1,0.2,0.4) | (0.1,0.3,0.5) | (0.7,0.8,0.9) | (0.3,0.5,0.7)
3 (1,2,4,7) (2,5,8,10) (1,2,8,9) (2,5,7,9)

(0.3,0.6,0.7) | (0.5,0.2,0.9) | (0.8,0.9,0.7) | (0.4,0.8,0.9)

Table 1 Attributive values of alternatives

The computational steps of the application of theeim proposed methodology for the problem at

hand are as follows:
Step |
Standardize the matrix

N = (7Y)

mxn

using the equatioé and7.
Step Il
The notion of expected value arises and it coulddfed as the central value of the corresponding

interval. The expected value is calculated fromah&opy weight as previously analyzed and could
be defined by using the equatidr? and11.

205 09 1.108 0.7
I,=]108 0.733 0.5833 0.933
1 0316 1.5 0.933
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Alternative Q4 Q, Q3 Q4
(0,0.12,0.2,0.37) (0.2,0.6,0.7,0.8) (0,0.5,0.6,1) (0,0.2,0.6,0.7)
A (0.1,0.2,0.4) (0.2,0.3,0.7) (0.3,0.4,0.8) (0.1,0.3,0.2)
1 (0,0.25,0.75,0.87 (0.6,0.7,0.8,1) (0.12,0.25,0.5,0,75)| (0,0.1,0.6,0.4)
(0.2,0.3,0.5) (0.4,0.5,0.6) (0.5,0.6,0.9) (0.4,0.5,0.9)
(0,0.12,0.8,1) (0.5,0.62,0.87,1) (0.5,0.62,0.87,1) | (0.25,0.62,0.37,1)
A (0.1,0.3,0.5) (0.1,0.2,0.6) (0.1,0.2,0.3) (0.3,0.4,0.5)
2 (0,0.25,0.5,0.8) | (0.12,0.5,0.87,0.6)| (0.12,0.5,0.87,0.6) | (0,0.12,0.37,0.75)
(0.2,0.5,0.8) (0.5,0.3,0.7) (0.4,0.7,0.9) (0.5,0.6,0.9)
(0.25,0.62,0.37,1| (0,0.44,0.7,0.8) | (0.37,0.5,0.62,0.75)| (0,0.25,0.5,0.75)
A (0.1,0.2,0.4) (0.1,0.3,0.5) (0.7,0.8,0.9) (0.3,0.5,0.7)
3 (0,0.12,0.37,0.75| (0.1,0.4,0.7,1) (0,0.12,0.87,0.17) | (0.125,0.5,0.75,1)
(0.3,0.6,0.7) (0.5,0.2,0.9) (0.8,0.9,0.7) (0.4,0.8,0.9)

Table 2 Standardize values of alternatives
The attribute weights could be calculated as
w; = 0,247, w, = 0,433, w3 = 0,3193

Step Il

As it has been already analyzed the optimisticlidetion (OIS) maximizes the benefits criterion
and minimizes the cost criterion. On the other haihe pessimistic ideal solution (PIS) minimizes
the benefits criterion and maximizes the cost gateof the IVTrNN. Such ideal alternatives could
be verified with the help of the equatiotd and17.

¢it = {([0.25,0.62,0.75,0.871(0.3,0.3,0.4)[0.6,0.62, 0.87,0.871(0.5, 0.2, 0.5)[0.25, 0.62,0.75,0.75](0.5,0.3,0.2))} (26)
¢ ={([0,0.12,0.2,0.37](0.1,0.6,0.8)[0,4,0.7,0.6 ] (0.1,0.5,0.9)[0.25,0.5,0.67] (0.1, 0.9,0.9)[0.25, 0.37,0.4](0.1,0.8,0.9)) } (27)

Step IV

GRC is verified with respect to the relationshipween the ideal and the actual values. The GRC
for the OIS optimistic solution and the PIS, th@atese ideal solution, are herein verified with the

help of equation20 and21.

0.668 0.7186 0.619 0.6234
(¢5),,,=10958 1.000 0.661 0.5965
0.6753 0.707 0.8033 0.788

0.810 0.8961 0.610 0.7909
(si7),,, =(0-893 1000 0824 0.752
0.827 0.8591 0.956 0.952

166



Step V

After calculating the GRC the Grey Weighted Cotiela Projection Coefficient (GWCP) is
calculated for every alternativi on the OIS and PIS solutions by using equatihand24:

Pf =0.23866, P, =0.3133, P; =0.25573
P =0.27966, P, =0.7948, P; = 0.30904
Step VI

Then, the relative closeness is calculated by uaing

RC; = 0,46045, RC, = 0,28144, RC; = 0,45280

Step VI

Finally, the process of positioning the alternataeeording to its similarity approximation to each

OIS solution is taking place
N, > N; > N, (28)

So herein the three different types of Flu withitltemmon symptoms are ordered and explained
according to the proposed generalized GRA methgyoldhe proposed framework provides,

therefore, a tool helpful for the Viral diagnosgam in the diagnosis of the Flu type.

5. Conclusion and prospects

In all the previous researches regarding the agibic of the Grey Relational Analysis (GRA)
methodology most of the researches evolve and wevtile representation framework of the IFS
and the ITFS theory which does not provide adequéddemation about the indeterminate and the
inconsistent character of the alternative strategmerent in real world complex Multi-Criteria
(MCDM) and Multi-Attribute decision making (MADM) neblems that exist in every real life
situation. The IVTrNN representation framework pd®s the required additional information for
successfully solving such problems that is, suiableasures of uncertainty, impreciseness,
incompleteness and inconsistency regarding thernrdtion involved in such decision-making
processes. The IVTrNN framework is much more siletato be utilized in defining the
indeterminate and inconsistent parameters in Dmtidflaking Techniques (DMT). In the IFS

representation the fuzzy set is defined w.r.t tatir(T) as well as its associated memberships.
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Therefore, the indeterminate and the inconsisteate sof information is nullified and not
considered. Moreover, even the involvement of theeral Valued Fuzzy Sets (IVFS) and the
Interval Valued Intuitionistic Fuzzy Sets (IVIFSheory cannot provide all required means to
effectively manage uncertainty of information in and MADM problems, since the
parameters using IVFS or IVIFS are defined w.rth® membership and the non-membership only,
regarding Truth of Information (T). On the othembdain the IVTrNN representation the relevant
parameters are defined w.r.t to the (T, I, F) vedb Truth, Indeterminacy and Falsity, which
constructs a much more general and proper frametooskplain the ambiguity, uncertainty and
fuzziness that arises in the integration of deaigitaking processes and strategies information. In
the herein presented study w.r.t the MADM situatitire proposed framework and methodology
has been used to cope up with the attributes valesving the Interval-Valued Trapezoidal
Neutrosophic Numbers (IVTrNN) representation withll rknowledge about the weight of the
attribute. After the introduction of basic arithmegaws, the calculation of expected values and the
corresponding normalized hamming distances betvwwenlVTrNFN numbers are illustrated. In
the sequel, the information Entropy Technique sdu® estimate the weight value of the MADM
attributes in order that the Grey Relational Anay$&RA) could be developed. In the proposed
generalized GRA methodology the alternative denisitaking strategies have been ranked by
introducing the similarity closeness with respectite Optimistic Ideal Solution (OIS) and merging
the GRA values from the OIS and the Pessimistiall®®lution (PIS) for each alternative. Finally,
we illustrate the application of the proposed mdttogy in deriving the numerical solution of a
Medical Decision-Making example in order to expldhe detailed concepts involved and to
demonstrate its computational applicability andicefhcy. Based on this research effort a
guantitative comparative study is planned by ththa@ns regarding the applicability, computational
efficiency and representational power of the défér GRA approaches discussed in solving
complex MCDM and MADM problems.
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Analysis on Additional Environmental Stress - PPE Kit Disposal
during Pandemic, a Dual Hesitant g-Rung Orthopair MARCOS
M ethodology under Uncertainty

Plastics are a major hazard to the environmeny; hlage nearly taken on a new dimension in terms
of contaminating ecology, especially when pollutlewels rise and pandemics such as COVID-19
emerge, causing a global problem and raising cosc#vout polymeric waste management. So, this
study focused on the disposal of enhanced pergmmdéctive equipment (PPE) (face masks,
gloves, and other protective equipment) and otimglesuse plastic medical equipment that were
used extensively and cent percent transferredvirstste during the crisis, adding to the burden on
the waste management authority to dispose witlaviadable methods, which may help in reducing
the increasing quantity of dumped debris but amfféctive. For this, we utilized the fuzzy
Measurement Alternatives and Ranking according e €Ompromise Solution (MARCOS)
approach, which uses an enhanced MARCOS methodanthal hesitant g-rung orthopair fuzzy
set to analyze the PPE waste disposal problem.réd/ereouraged to carry PPE kits and dispose of
them as soon as possible in order to prevent plastste and make the environment more sanitary
in the event of a pandemic. In the example of piglka PPE kit disposal problem, the applicability
and efficacy of the proposed strategy is illustta#® sensitivity and comparison analysis is used to

verify the suggested approach’s stability and viglid

1. Introduction

Plastic materials have become an essential pavarfyday life, resulting in huge plastic pollution

on a global scale. When plastic is thrown awayrafteuse, it becomes a plastic waste. This waste
never degrades, and it can be found in the earthmémy years. Plastic is compact, adaptable,
efficient, liquid impervious, formidable, and reasbly priced. These are the appealing qualities
that drive our great appreciation and excessiveswmption of plastic goods and products.

However, because plastic materials are long-lasing take a long time to degrade, they
subsequently end up as waste. Our incredible fasom with plastic, combined with an

indisputable behavioral proclivity for increasinghyer-consuming, disregarding, improper waste
disposal, and thus contaminating, has become aedaung mix. Plastics are composed of synthetic
chemicals and are utilized in a variety of aspedtsvater cans, clothing, packaging materials,
medical equipment, electrical items, building praidyuand so on. Plastic was initially thought to be

innocuous and odorless. However, many years ofipldsposal into the environment has resulted
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in a variety of associated issues. Plastic poltutis now widely recognized as a major
environmental burden that also has an impact oranumealth. Despite the fact that PW is reusable,
recycled products are more harmful to the enviramtrdee to added chemicals and skin tones.
COVID-19 is a corona virus infection caused by wigeliscovered virus SARS-CoV-2, which can
cause a respiratory tract infection and is maipkead from person to person. During a pandemic,
hospital beds, masks, and other safety medicalpetent are used more frequently. Personal
protective equipment (PPE) is also increasinglyndpaised for this purpose in corona treatment
hospitals. All of these are made of plastics. Ttv@avirus crisis has highlighted the importance of
plastics in our daily lives. In this scenario, pies made a significant contribution to the healéne
sector and public health safety. In addition toithplementation of a countrywide lockdown, social
distancing, and regulations on travel and sociatl@estrations, regular use of sanitizers, and mostly
plastic-based PPE for ordinary citizens, such agical masks and hand gloves, as well as
preventative medical outfit, protective clothingcé masks, and other PPE for health workers has
contributed to the sudden increase in the amouptastic waste [18]. Plastics provide exceptional
stability, lifespan, and flexibility. Because ofege qualities, plastics are vital in the healthcare
system, with widespread usage in single-use medamapment, industrial processes, and a variety
of other surgical operations and transplants. Theze COVID-19 creates additional challenges for
PWM all over the countries.

Prominently, in the pandemic time, PPEs and otlastig-based health-care equipment have started
to emerge as a lifesaver for ensuring the healthsafety of healthcare professionals and ordinary
people. However, a fair assessment is requirecbiopare all of the benefits and drawbacks of
plastics, their strategic planning or mishandliagd their destiny in the ecosystem during the
COVID-19 pandemic. In this situation, questionsaras to whether plastics act as peoples health
protectors or polluters of the environment. Theee on worldwide plastic production and
utilization are highlighted, including PPE prodocti and consumption, online shopping and
takeaway service providers, and the temporary &eer or remain of single-use-plastics
restrictions. The impact of the pandemic on plastissumption, as well as the essential problems
and challenges of PWM, are also important.

Coronavirus has created a huge impact on all aspettour ecosystem, including waste
management, as the used PPE kits are not dispbésextarding to typical standards in emerging
regions, which has resulted in an increase in thantity of contaminated surface waste,
necessitating increased proper processing andreaatmethods for PPE kits in PWM. One of the
main adverse facets of the COVID-19 pandemic isdiseegard for environmental protection and

the resulting disasters of increased plastic poltuall over the world. The used PPE kit disposal i
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one of the trickiest and most serious issues ddtigla environmental effects in this period. The
abundance of used PPE kits will add to our eanéstic burden. This paper discusses how to
properly dispose of used personal protective egemntPPE) and single-use plastics, and also
discusses the various guidelines and advisoriesedsdy various international agencies and
countries for PWM in this current situation. Hevee address several disposal methods for PPEs
that can determine the advantages of the systedispbsal when applying the alternatives to the
proposed method. There are no impacts and drawlactke alternatives that would minimize used
PPE waste and enhance waste disposal in the future.

As a part of the investigation of these impactajas decided to fill a research gap in the reseairch
PPE kit disposal problem. Hence, the authors pwpoduzzy Measurement Alternatives and
Ranking according to the COmpromise Solution (MARS}Onethod with Best-Worst Method
(BWM) based on Dual Hesitant Q-Rung Orthopair Fugey (DHg-ROFS). The Hesitant Fuzzy Set
(HFS) [35] and the Q-Rung Orthopair Fuzzy Set (gHS{p[43] have recently received a lot of
attention and are widely used in decision makinghis paper, we combine the HFS and g-ROFS
to form a DHg-ROFS. The dual hesitant g-rung or#iofuzzy set [13] can characterize fuzziness
and uncertainty better than the PFS and IFS. Inpemison to fuzzy sets, IFSs, HFSs, and g-ROFs,
the concept of DHQ-ROFS is more suitable in dealmith uncertainty and fuzziness. This
realization raises awareness of the DHQ-ROFS ani/ates us to develop new techniques under
the hesitant and g-ROFS. Because of the advantddkes DHQ-ROF set, researchers have recently
proceeded to develop the MCDM method for the DHg-B@nvironment.

The novelty of this research is to determine aaflét method for the disposal of PPE kits, which
will help in minimizing the amount of plastic wasite this pandemic situation. To evaluate the
disposal method for PPEs, a new fuzzy linguistadesavith accreditation in DHg-ROFSs and a new
fuzzy MARCOS method were developed in this papdére Tollowing are the advantages of the
proposed method: early evaluation of fuzzy refeeepoints using fuzzy ideal and anti-ideal
solutions; more accurate dedication of the utdiegree with respect from both; proposal for a new
method of determining utility functions and aggraga them; and the possibility of taking into
account a large number of criteria and alternatitese, the BWM is a hybrid with the MARCOS
method, which obtains the criteria weights. Finalthe proposed method is to reduce the PW and

create new sources from the used PPEs, and therecbsaethodology is shown in Figure 1.
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Fig. 1: The Methodology

The nomenclature with their abbreviations are givehable 1.

DM Decision Making
NDM Normalized Decision Matrix
MCDM Multi-Criteria Decision Making

COVID-19  COronaVirus Disease-2019

MARCOS Measurement Alternatives and Ranking according@ocQOmpromise Solution
BWM Best-Worst Method

PPE Personal Protective Equipment

BMW Bio Medical Waste

g-ROFS g-Rung Orthopair Fuzzy Set

DHg-ROFS Dual Hesitant g-Rung Orthopair Fuzzy Set

WM Waste Management
PW Plastic Waste
PWM Plastic Waste Management

Table 1: Nomenclature

2. Review of theLiterature

This section includes several study results on MCIMARCOS, BWM, plastic waste, PPEs, and

some relevant studies on used PPE kit disposaladetinder MCDM methods. Several studies

providing the effects of bio-medical waste and rthdisposal methods are addressed. Mrinalini

Goswamiet al [10] examined BMW management in India during @@VID-19 pandemic. The
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significance of the investments required in thesejegts in order to provide a safe and
environmentally friendly method of disposing of $kewaste products. Due to the pandemic, there
is an increase in the use of single-use plasticthénhealth care sector, which could pose an
environmental risk. Parashat al. [24] discussed the importance of using innovativthods for
recycling plastics and raising awareness in sociyut the importance of maintaining a green
environment. Kumaet al. [21] executed a life cycle assessment of PPE Ustag two disposal
methods, landfill and incineration, based on siximmmental impacts, and decentralized
incineration was declared to be a safe disposahodetor the PPE kits. The various plastic waste
treatment methods have been discussed, and thdremoigal pyrolysis is preferred as an efficient
method because it is cost-effective, environmepntalkndly, requires less landfill space, produces
less pollution, and aids in the production of egepgoducts such as oil and gas, which have
properties similar to fossil fuels. Selvakumar Dharajet al. [7] proposed this method. Since there
is a possibility of SARS-CoV-2 viruses in bio-megliovaste collected from various sources,
researchers have been frustrated about the impertandisinfecting these wastes before disposal.
llyas et al. [14] discovered that the “identify, isolate, digiot, and safe treatment practices”
strategy works well for safer COVID-19 waste mamagpt. Bensoret al. [4] described the
importance of implementing dynamic WM strategiased at minimizing environmental pollution
caused by plastics generated during the COVID-I&demic. Klemeset al. [19] discussed the
future of plastic waste reduction in relation to XAD-19. Aragaw [3] proposed a three-layered
surgical mask that protects against COVID-19, whiaek become a main cause of micro pollution.
The authors emphasize the importance of raisingeaveas and its connection to the environment.
Torreset al. [36] reviewed the recent development of sustamé&dte mask alternatives, as well as
reprocessing and reusing routes, during the COVApdndemic in Peru. Kumar Das al. [20]
provide an overview of various waste managemeategjies used for disposing of hazardous health
care waste, as well as the importance of usingfi@ctize disposal method that helps to recycle
waste or convert it into valuable products suckraxrgy. Prashantkumar Kuet al.[27] discussed
the various methods for disposing of BMWs that@sed in India, as well as the innovations that
can be implemented in these processes. Vanagalli [37] has suggested the sources of plastic in
India, and also the recycling of certain plastasd the effects of using single-use plastics ard th
importance of recycling these plastics. Geegthaal. [9] proposed a healthcare waste disposal
method using MULTIMOORA method under intuitionistesitant fuzzy set. Hantolet al. [12]
presented the MCDM method for selecting an efficiesalth care waste disposal method during
and after COVID-19. In the method, incineration baen found to be an efficient disposal method

during a pandemic situation. Praharaj [26] explditiee research technologies developed to allow
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PPEs to be disinfected and reused up to 5 timesgltireir life cycle. This paper also discusses the
importance of using recycled PPE. The use of maastps, but also the awareness and importance
of using bio-based plastics, must be created amtasgic producers and politicians, as proposed by
Patricio Silvaet al.[25], in order to promote sustainable growth atwhglate both green and blue
economies. The use of large amounts of single-lasgigs, which are becoming a major source of
pollution, is a threat to the environment. As Zhatb@l. [44] have discussed, authorities and non-
authorities’ management must plan and implemenicigsl to minimize the use of plastics and
develop alternative materials. Shameti al. [30] have focused on the disposal of personal
protective equipment (PPE) in Bangladesh. They hase been discussed in terms of improper
disposal and their side effects. The significan€ecalaborating with various organizations to
improve hazardous PPE waste management capacitgl$mbeen highlighted. Aragaet al. [2]
identify the polymers used in the manufacture oéfmasks and gloves, and the results of FTIR and
TGA/DTA analysis show that these polymers can logaled into fuel energy using the pyrolysis
method. According to Jaiet al. [15], thermal pyrolysis is a more efficient methafddisposing of
PPE kits because the polymers in them can be mextyoto liquid fuel with properties similar to
fossil fuel. The shortcomings and inefficienciesiiidia’s current waste management systems may
exacerbate the mismanagement of these plastics tlagid leakage into the environment.
Narayanamoorthyet al. [23] examined the bio-medical waste disposal usdd@OSRA method
under hesitant fuzzy approach.

The review by Hantoket al. [12] of the various waste management techniqued us different
countries has been presented, and the importanéal@iving proper guidelines in disposing of
these waste products has been emphasized. This papenarizes COVID-19’s impact on waste
management. The various waste management techesloged in various parts of the world have
been reviewed. Fart al. [8] have advocated a long-term systematic assedsimie waste
management. WHO has issued guidelines for wasteageament during the COVID-19 pandemic.
The role of PPE kits in the prevention and conwblCOVID-19 is discussed. According to
Mahmoodet al.[22], the importance of optimizing the use of paitve gear and following the re-
use of PPE kits may reduce demand to some extentCabta [6] examines the regulatory
instruments that have been halted, paused, cadcatedelayed. The importance of enforcing
existing and new, stricter regulations is emphakighewet al. [5] proposed to recycle hazardous
waste through pyrolysis and co-pyrolysis, which weats it into energy. In these methods, the
reaction mechanism and optimization of the critér@ve been investigated. When the Pyrolysis
method is compared to other disposal methods, dissovered to be more capable of preserving

environmental sustainability and lowering healdks. Suet al.[34] also discusses the pyrolysis of
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medical waste and how the recycling method aidghim production of bio-oil and biochar.
Jedruchniewiczt al. [16] has focused on and studied the various tgbegoves used by people,
such as latex, vinyl, and nitrile, as well as thewproper disposal, which has an impact on the
environment. Ammendoliat al.[1] recommended that municipal efforts to impr&®RE collection
methods in metropolitan cities be developed, mestidveloped and the impact of using single-use
plastics have to be studied.

The need to narrow the gap in research for used IRPHisposal methods, which should be
followed by a thorough discussion and motivatiors A result, we implemented the fuzzy
MARCOS method. To find the best method for used ERBosal, we use the main criteria of
society’s safety, cost, environmental impact, tirheterogeneity, technology, and infrastructure
aspects. Decision making is the process of choasiagiest solution based on a combination of
criteria. Several researchers have provided a wadge of methods based on MCDM to solve
problems and make decisions easier. The decisikinmarocess is enhanced with proficiency,
logic, and clarity when the MCDM methods are usdte system is highly rewarded for increasing
proficiency. The process is exonerated from iteasiveness by employing better logic. Finally,
by improving clarity, the decision-making procegsdimes more appealing, even to novices in the
field. The MARCOS method [32] is the most realishitCDM models, and it is used to solve
complex decision-making problems in various typésesearch. Steviet al. [33] established a
novel MARCOS approach for sustainable suppliercé@e in the healthcare industry in Bosnia and
Herzegovina. Stankoviet al. [31] proposed a fuzzy MARCOS model for traffickriassessment.
Puskaet al.[28] developed a novel MARCOS model for SSS deaisnaking. The fuzzy approach
was used in response to the linguistic values pgexiby decision-makers. It is an innovative
procedure that allows a high-quality response d&edtolder and societal demands. In 2015, Rezaei
[29] proposed the best-worst method (BWM), that fad the criteria weights and alternatives with
regard to multiple criteria based on pairwise congoas with less compared data. The BWM, on
the other hand, can proficiently correct inconsistes exacerbated by pairwise comparisons. In
contrast to AHP, the BWM performs pairwise compamss using a 1-9 scale. Because it does not
use supplementary comparisons, this procedure eppeae simpler, extra precise, and much less
superfluous [11]. However, experts’ subjective jondgts usually have characteristics of
uncertainty and complexity, and the informationtesia in the adult situation are unclear. As a
result, for some practical problems, BWM comparssean be executed by using fuzzy numbers
rather than crisp values. This will be more relév@anthe current situation and can produce quite
persuasive ranking results. A fuzzy-based BWM wap@sed, with comparisons carried out using

fuzzy comparing decisions.
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Many researchers showed their keen interest igeneralizations of fuzzy sets such as IFSs, HFSs,
PFSs, IHFSs and PHFSs due to their strong pointgeof to tackle the vagueness and uncertainty.
Since these assumptions have gained some tractiongaresearchers in the HF environment, they
are only valid in cases where their corresponding ®f existing membergd) and non-existing
(¢) grade is less than or equal to 1. Moreover, if ékperts can express their priority for the
element in the form of a discrete set, thafd3* + (¢)? > 1. So the ordinary IHFSs and PHFSs
failed to handle such situations and is unable léssify the decision-making approaches [13].
Therefore some more comprehensive model is reqtoreslich situations. To cope this situation, in
this manuscript we introduced the concept of DHgHSE, which is the generalized form of IHFSs
and PHFSs. In DHg-ROFSs the sum of gth power of begship grade and qth power of non-
membership grade belongs to [0,1]. The remainingigpws of the paper is designed as [42]. The
present study developed the fuzzy MARCOS with BWMighting method, which is aimed at
disposing of the used PPE kits during the COVIDpa8demic with different kinds of alternatives
and solving the problem of a great way to dispdselastic waste. We compared our proposed
method to those of TOPSIS, VIKOR, and MULTIMOORA.eWlso performed a sensitivity

analysis.

2.1 Theresear ch motivation

The motivation of this study is to find the bestB3Rlisposal method that will reduce the plastic
waste during the pandemic. To address this isseeapplied the fuzzy BWM-MARCOS method

under dual hesitant g-rung orthopair fuzzy envirenm

e Obtaining a suitable disposal method for used PiEEusing the MCDM method. To find
the best disposal method for this problem, the Wl MARCOS is being used to evaluate the
alternatives. It will reduce plastic waste durihgstpandemic and it will help to create new
kinds of products from this method.

 The weights of criteria are obtained in the BWM hoet to expose decision makers
preferences, and the criteria weights are usedam& the alternatives for solving this
problem. Here, we combine the BWM with the MARCO®thod and also use a dual
hesitant g-rung orthopair fuzzy set to select th&t solution in a good manner.

* Thus, the research suggests a framework for disgosf health-care waste during a

pandemic, particularly for PPE kits, on what opsi@me suitable for this problem.
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» This type of disposal system will improve plastiaste management and reduce plastic
waste quantities during the COVID-19 period. Instbase, Fuzzy DHgQ-ROFS-MARCOS

would face a practical and appropriate waste dagoeblem.

2.2 Theresearch contribution

This research paper’s contribution can be descsddliows:

* In this paper, we proposed the BWM and a fuzzy MARBOmethod based on dual hesitant
g-rung orthopair fuzzy number. The DHg-ROFS-MARC@8cedure is used to rank the
alternatives to disposing of the PPEs.

* The proposed methods, as well as the weights ofritexia, are used in the application of
plastic waste management to select the best PREssgDsal treatment. The BWM is used
to estimate the weight, and the obtained weightscambined with the fuzzy MARCOS
method, which provides a juridical way to disposéhe waste.

e The DHg-ROFS-MARCOS-BWM method is proposed, whigdmbines the MARCOS
method with a DHg-ROF environment and the BWM wei@ihding procedure. In this
proposed DHg-ROFS-MACOS method, decision makersessptheir opinions and values
in terms of dual hesitant g-rung orthopair fuzasneénts.

* We changed the weight values of the criteria ingroposed method in order to discuss our
findings in terms of certain sensitivity analysisdifications. When compared to the
proposed method, the ranking values and rankingtsesave changed.

* To exemplify the dependability of our proposed roeh) we compared our results to those
of existing methods. We compared our proposed ngnkiethod DHg-ROFS-MARCOS to
the TOPSIS, VIKOR, and MULTIMOORA methods in thisger. We hope that our

proposed methods will help to provide the bestasapsolution for this problem.

Hence, our contribution is regarded as an effectie¢hod for choosing the required method of PPE
disposal, and we believe that it will contributetlie creation of a healthy ecosystem for our sgciet
during the COVID-19 pandemic.

The paper is arranged as follows. Preliminariespaoided in Section 3. Section 4 describes the
conventional MARCOS method. Section 5 presents thadethat has been proposed. This section
describes the MARCOS with DHg-ROFNs and the BWMhuds. Section 6 includes a numerical

example that demonstrates the effectiveness optbposed method and how weight values are
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calculated. Section 7 examines sensitivity and @armpn. Section 8 concludes with a conclusion

and future work.

3. Preliminaries
Definition 3.1.[43]

Assume thaf be a non-empty fix set, then a g-RQF&n U can be described as follows:

A ={<5,(04(5), da(s)) > |s € S} (1

wheref,(s) : S — [0,1] and ¢4(s) : S — [0,1] are represent the degree of membership and non-

membership of to A, respectively, which satisfigs< (6,(s))" + (¢4(s))? < 1,(qg = 1). The

indeterminacy degree is given a%s) = q\/(eA(s))q +(04)" = (040N ((Pa())), < 04(5), Pals) >
is called a g-ROFN, which is representeddby= (84, ¢,4).

Definition 3.2.[35] AssumeR is a reference set, and describe the hesitant feezg on R with

functionh, when applied t® returns a subset ¢0,1] which is denoted mathematically as [41]:
A={<rh(r)>|r € R} ={<rUyenp) {r} > |r € R} (2)

in which h(r) is called the hesitant fuzzy element (HFE) andittains all possible membership

degrees of € R to the seH.

Definition 3.3.[45] AssumeS is a fixed set, and dual hesitant fuzzy set (DHF®h S is defined

as,
T ={<s,h(s),g(s) >|s €S}, 3)

whereh(s) and g(s) € [0, 1], representing the possible grade of membershipreimdmembership

elements € S to T, respectively, with the conditions:
0<aqp<1 O0<at+pt<i

wherea € h(s), € g(s),a™ € h™(s) =Uyen(s) max{a} and p* € g*(s) =Ugey(s) max{}Vs € S.
For, the pairt(s) = (h(s), g(s)) is called a DHFE denoted ky= (h, g), with
a €h,B € g,at € h* =Uyeps) max{a}, B’ € g* =Uge, max{f},0 < a,B <1, and

0<a*t+p*<1.
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Definition 3.4.[41, 42] LetS is non-empty set. A DHg-ROBJescribed or$ is
A={<s,hy(s),9a(s) > |s €S} (4)

in which h,(s) and g4(s) € [0,1] representing the possible grade of membership aow- n
membership elemeste S to the se#d, respectively, with

al+p1<1(g=1),

wherea € hy(s), € ga(s) Vs € S. For, the pairt,(s) = (ha(s), ga(s)) is called a DHg-ROF
element denoted by, = (h,g) with a € h,f € g,0 < a,f < 1,a% + 7 < 1.Wheng = 2, then
DHQg-ROFS is reduced to DHPFS [39], and whee 1, then DHQ-ROFS is reduced DHIFS [45].

Definition 3.5.[13] For a DHg-ROFNt, = (h, g) characterized by» and g, the score function of

t, is described as
S(te) =57 )@t =52 ) B 5)

where#h and#g represents the cardinality afand g respectively.

4. The Conventional MARCOS Method

Considerm alternatives{C;, C,Cs,...,Cy,}, n criteria {B;,B,,...,B,}, then the steps of the
conventional MARCOS method are given bel&ep 1: Construct an initial decision matristep

2: Developing an extended initial matrix by usin@ tnti-ideal solution (AlS) and ideal solution
(IDS)

B; B, B,
AlIS /Cai1  Cai2 Cain
C; [ G111 C12 Cin
C C21 Ca2 o Cop
D = .2 : : . : (6)
Cm Cmi Cm2 - Cmn
IDS \Cia1 Cig2 -+ Cidn

Here, AIS represents the worst alternative and igfsesents the best alternative. Based on criteria,
AIS and IDS are described from equatigf¥ and(8)

AIS =min; ¢;; if jJEP and max;c; if jEN (7
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IDS = max; ¢;; if jEP and min;c; if JEN (8)

whereP belongs positive criteria and belongs negative criteria.

Step 3. Normalize the extended initial matrix (D) and thermalized matrix (NDM) denoted as
X = [xif]mxn are calculated by equatio(®) and(10)

C.
C..
xi]-=é]i if jEP (10)

wherec;; andc,; are the elements &f.
Step 4: Compute the weighted normalized matfix [Zif]m _using equatiorf11)

Zij = Xjj X W; (11)

Step 5: Calculate the utility degree of the alternatiyeby equation(12) and(13)

U = (12)
' Sais
S
Ut =— (13)
' Sids

where S;(i = 1,2,...,m) denotes the sum of the elements of the m&alixvhich is given in
equation(14)

n
Sl' = Zzij (14‘)
i=1

Step 6: Compute the utility function of alternatiy&U;) described by15)
Ut + U7
U) = ! L 15
fW=""7un 15y
fUD* fUD~
where f(U;") denotes the utility function is to (AIS), aifdU;") denotes the utility function is to
(IDS). Both function is obtained by equati@iv) and(17)

U-) = Ui 16
f( i)—m (16)

+) — Ui
f(Ui)—m (17)
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Step 7: Finally, ranking the alternatives.

5. Proposed Method
5.1 TheDHQ-ROFSSMARCOS Method

Considerm alternative§C;, C;,Cs, ..., Cy}, n criteria{By, B,, ..., B,}, then the steps of the DHq-
ROFS-MARCOS method are given below and shown inrféi@

e |

Step 7 rung orthopair
L Im.,lm Step 2
The final persee e
ranking \ N

Step 6
Compute Proposed method _ Step 3
utility
matrix using
function and l
heil AlS and IDS
Calculate the Determined
weighted the

decision the decision l
matrix matrix
Step 4
Step 5

Figure 2: DHg-ROFS-MARCOS Method

Step 1: Create an initial decision matrix using DHg-ROFNsading to Table 2.

Linguisticterm DHg-ROF member ship values DHQg-ROF non-member ship values

Certainly high (CH) 0,95 0,15
Very high (VH) 0,85 0,25
High (H) 0,75 0,35

Above average (AA) 0,65 0,45
Average (A) 0,55 0,55

Under average (UA) 0,45 0,65
Low (L) 0,35 0,75
Very low (VL) 0,25 0,85
Certainly low (CL) 0,15 0,95
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Table 2: Fuzzy Linguistic Variables

The initial matrix D is given in equatiqii8)

B, B, B,
¢, / (011,621,.,00), (11, @F1, s 91) (013,605, 05), (Dl 0%, B12) o (Bl O3, B, (Dl b e, L) \
=G| (@303 0h) @h b ndh) (0505 00), @l 9h o $ha) o OO 05, @hudhn - 0h) | (1g)
G\, 82 8D, (Bl Bt e ) Ol O 81, (Bl B s ) e O G O, (Bl B - ¢mn)/

where D, = (8}, pL,)(c =1,2,..,m,b=1,2,..,n) denotes the elements of the alternatives
C.(c=1,2,..,m) based on attribut8,(b = 1,2, ...,n) given by the expertg!. Then aggregate

the experts opinion is:

= gp ) @ =5 Y B (9

a€Eh Beg

The aggregated decision matiixs in equation(20),

Bl BZ Bn
Cl (0111 ¢11) (0121 ¢12) (elnl ¢1n)
D = C:Z (9211:(]521) (9221:(]522) (92n1:¢2n) (2 0)
Cm (Hmll ¢m1) (0m21 ¢m2) (emn' ¢mn)

Step 2: Construct the extended initial matrix by using idheal and anti-ideal solutions, as shown in
equation(21). The anti-ideal solution (AIS) represents the walternative whereas an alternative

with best characteristic defines an ideal soluti@8).

B, B, B,
AlS (Hailr ¢ai1) (Hain ¢ai2) (Hain; ¢ain)
Ci | (B11,011) (Br2,d12) o (Biny P1n)
D = C;Z (921':¢21) (922;:¢22) (92ni:¢2n) (21)
Cm (le' d)ml) (HmZ' ¢m2) e (Hmn' d)mn)
IDS \(iq1, Pia1) (Biazs Biaz) - (Bign, Pian)

Based on criteria, AIS and IDS are obtained ®3) and(23).
AlS = (minl-Hi]-,minl-(bij) lf ] €EP and (maxiHl-j,maxl-qbij) lf ] EN (22)
IDS = (maxleu,maxlqbu) if jeP and (miniei]-,minl-qbij) if jJEN (23)

WhereP denotes the positive criteria aNddenotes the negative criteria.
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Step 3: By using equatiori24) and(25) normalize the extended initial matrix, which isxdeed as
X = [xy]

mxn’

0. . )
Xy = Oat Pai if jEN (24)
Cij Cij
Cij Cij) , ,
X =|—,— i eEP 25
Y <9ai ¢ai f / ( )

where(8;;, ¢;;) andc,; are the elements &.

Step 4: Now, compute the WNIZ = [Zif]mxn using equatiori26)

Zjj = (811 X W]'¢l] X W]) (26)

Step 5: Calculate the utility degree of the alternatitebased on equatiaiz7) and(28)

- == (27)
' Sais
S
Ut =— (28)
' Sids

where S;(i = 1,2, ...,m) denotes the sum of the elements of the maftixwhich is given in

Si = Zzij (29)

n
=1

equation(29)

Step 6: Compute the utility function of alternatiy&€U;) as described in equatigB0)
Ut + U7
1-fU) , 1-fWUD
fUD* fU)~
where f(U;") denotes the utility function related to (AIS), afU;") denotes the utility function

fU) = (30)

1+

with respect to (IDS) which are calculated usingampns(31) and(32).

U

fUD =gryge G
+\ Ui

[N =g G

Step 7: Finally, rank the alternatives based on the firtdityl function values. The alternative with
the highest value is selected as the best option.
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5.2 The Fuzzy BWM M ethod

Here, we describe the steps of BWM for calculatimg criteria weights in PPE disposal problem.
The steps involved are shown in Figure 3

» Determine a set of decision criteria. ]

» Obtained the best and worst criteria.

* Determine the preference of the best criterion J

* Determine the preference of the worst criterion

e Calculate the optimal weights.

Figure 3: BWM Method

Step 1: Create a list of decision criteria.

Here, we look at the criteri@;, b,, ..., b,,) which are used to make a decision. The PPEs digpos
criterion areB;-society’s safetyB,-cost, Bs-environmental impaciB,-time, Bs-heterogeneity, and
Be-technology and infrastructure.

Step 2: Identify the best criteria (e.g., most beneficialavaluable) and the worst criteria (e.qg.,

least beneficial and valuable).

Now, the decision-maker determines the overall kmsil worst criteria. At this point, no
comparisons are made. Thehy)fenvironmental impact antl,-time are the best and the worst
criteria for the disposal of PPEs problem.
Step 3: Evaluate their preference for the best overaledonh among the other criteria by assigning
values between 1 and 9. The Best-to-Others veesuiltris:

B = bg1, bz, - ben
whereBg; denotes a preference for the best critefoaver criterionj (i.e) Bgz = 1. In our case,
the vector demonstrates a preferenceBfpenvironmental impact over the other criteria.
Step 4: Using a number between 1 and 9, rank all of thierca in order of preference over the

worst criterion. The resulting others-to-worst weds:
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Bp - blPJ bzp, ey bTLP
whereb;p denotes a preference for criteripnver the worst criteriof®. It is obvious thaBpp = 1.
In this case, the vector depicts preferences farigéria over the criteria timé;.

Step 5: Obtain the optimal weight@o], w3, ..., wn).

The optimal weight for the criteria is the one wehdor each pair o% and%,% = bg; and
j P wj

2= ;p- 10 satisfy these conditions for gll we should find a solution wher|§’£— bg;
wj

wp

and

% — bjp| for all j is minimized. Consider the non-negativity and stonditions for the weights
P

s.t. }

Ya=1 w21 v (33)

as:

e _p G p
Gj - — Ujp
) I P

J

min max; {

Equation(33) can be transferred to the following problem:
min y
s.t.

<x Vj (34)

The optimal weight§w], w3, ..., wy,) andy™ are obtained by solving equati@4). Then, usingy”,
we present a consistency ratio (CR). It is lar@pperyt”, the higher the CR and the less reliable the

comparison become.
5.2.1 Consistency Ratio

We propose a consistency ratio for the proposethest method in this section.

A comparison is fully consistent whem;; X bjp = bsp Vj, Wherebg; is preference of the best
criteria overj, b;p is preference of the worst critefigandbgp is the preference of the best criteria

over the worst criteria [29].
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Moreover, somg may be inconsistent, for this we suggest a CRetoahstrate how consistent a
comparison is. To that end, we begin by computhig minimum consistency of a comparison,

which is as follows:

As previously stated, whetg; € {1,2, ..., bsp} the largest possible value bf, is 9. Consistency
decreases wheh;; X bjp is smaller or larger thahg, or equivalentlybg; X bjp # 1, and the

largest inequality occurs wheig; andb;, have the maximum value, which will resultyn

We also know thaé%) X (%) = 2¢ and given the largest in equality as a resultbfyyandb;p, x
]

P wp

is a value that must be subtracted frbypn andb;, , then added té;, or:

(bGj —X) X (bjP —)() = (bgp + x) (35)

As for the minimum consistendy;; = bjp = bgp We have
(bgp — x) X (bgp — x) = (bgp + x) = x* — (1 + 2bgp) x + (bgp — bgp) = 0 (36)

Solving for different values ob;p € {1, 2, ...,9}, we can find the maximum possilgle(max y).

These values are used as the consistency indexbile B.

bep 1 2 3 4 5 6 7 8 9
Cl 00 | 052| 1,00 1,72 219 301 397 481 550

Table 3: Consistency Index (ClI)

The CR is then calculated usigg and the corresponding consistency index, as fallow

*

X

37
Consistency index (37)

Consistency Ratio =

6. Numerical Example

Natural creatures have a tough time breaking ddvmtanmade chemical bonds in plastic, making
the material’s persistence a major concern. Ongmall fraction of plastic manufacturing gets
recycled; the remainder is disposed of in landfdlsincinerated. In landfills, it will be non-
degradable for many years. Incineration releasesnfih chemicals into the atmosphere,
contributing to increased air pollution. A puregila can only be reused two to three times because
it deteriorates due to thermal pressure, and itahaBorter life span after each reprocessing. As a
result of inadequate collection and segregatiorhous, single-use plastic (SUP) trash disposal has
been highlighted as a serious concern. Before CEGMPonly 60 percent of plastic was recycled;

the remaining 40 percent of plastic was left unusedising water, land, and air pollution. 70
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percent of plastic products are converted intotlagaste during this pandemic. The COVID-19
issue has resulted in an increase in the volumplasitic garbage, which has had a detrimental
impact on plastic management. SUP, in particulddsato our planet's plastic weight, as do a
plethora of abandoned PPE kits. The corona virsgésulted in an increase in the use and disposal
of plastic-based items for medical and other puepo®uring the pandemic, the increased use of
SUP and plastic-based materials, together with tgreavailability to healthcare items and
packaging, caused in a significant increase inalplastic waste generation. ([17, 38, 40]). Hence,
the pandemic has posed a significant environmenkealllenge in terms of plastic waste
management.

Many cities report a considerable rise in medicabt® in the form of hospital-generated personal
protection equipment. As a result, it is critical increase the capacity to handle and treat this
health-care waste as early as possible. In thiatsiin, we must assess the most viable or acceptabl
waste disposal solutions for the current plastistezananagement system that are compatible with
the environmental system and human health consegseof waste management. This paper
discusses how to properly dispose the infectedopafgrotective equipment (PPE) and single-use
plastics. Here, we address several disposal metfaydBPEs from which an efficient disposal
technique is chosen based on the proposed metlmte are no impacts and drawbacks to the
alternatives that would minimize single use plastitcsed PPE kits and enhance waste disposal in
the future. Here, we consider the four alternativa@sed on six criteria to dispose these wastes. The

criteria are explained in Table 4 and the altewestiare explained as follows.

Criteria Description

) Method must be safe for the public and workerssi, and it
Society’s safetyK;) . .
must not have a negative effect on society.

Operating, transportation, technical, and othetscomist be

Cost B,)
low.
Environmental impactH;) Method adopted must not pollute the environment.
_ The disposal method must be capable of disposiarga
Time (B,) . . :
amount of waste in a short period of time.
) The disposal method must be appropriate for theodel of
HeterogeneityR:)

various types of plastic waste.

' Technology and land requirements for disposing and
Technology and infrastructurdy)

handling of waste.

Table 4: Selected Criterion for Ranking the Alternative
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Landfills: The Landfills are facilities for the final disposafl single-use plastic waste on land that
are designed and built with the goal of minimizeryvironmental impacts. The landfill site is the
oldest type of waste treatment. Landfills have b&®n most prevalent means of storing and
disposing of organized trash, and they are stilpiactice in many parts of the world. Plastic
containers can take ten to a hundred years to degnalandfills. Other plastic items may take the
same number of years or longer to decay in sucanaronment, which lacks sunlight, air, and
moisture (three essential components for facititatbio-degradation). Plastic buried deep in
landfills can leach dangerous chemicals into grexatdr. The most serious environmental problem
caused by landfills is groundwater contaminatiormédern landfill that addresses these issues is a

complex structure outfitted with a variety of emnmentally friendly equipment.

Incineration: Incineration is an extremely high, dry combustiongess that converts organic and
combustible waste into inorganic, non-flammable enat, resulting in a significant reduction in
waste volume and weight. Incineration is the rapidlation of trash at high temperatures of 870-
1200°C. When plastics are burned, toxic gases asctioxins, fluorinated gases, mercury, and
PCBs are released into the air, endangering badintpland people’s lives. Once plastic is
combusted, black carbon (soot) is released, which greenhouse gas that contributes to climate
change and pollution, and a class of flame retasdenown as halogens is also formed. Cancer,
neurological damage, birth defects, child develomialedisorders, asthma, and multiple organ

damage are all known to be caused by these haoméuhicals.

Microwaving: The microwave device is essentially a steam-basgthtque that uses the action of
soaking and heat created by microwave radiatione €bntaminated water is reheated by
microwave energy at a frequency of approximate$b@,MHz and a wavelength of 12.24 cm.
Microwaving is a technique for treating bio-medigaste made of plastic and glass. At the full
design capacity of each microwave device, microwskeuld kill bacteria and other harmful
organisms as determined by an approved biologichtator. In the absence of hazardous waste, it
has the advantage of producing no liquid effluemid little emissions. The downsides are that they

have high initial costs, have odor issues, andaseeptible to energy loss.

Chemical pyrolysis. Pyrolysis is the thermal degradation of polymets smaller molecules in the

presence of a catalyst (such as aluminium oxidgessh, red mud, and calcium hydroxide) in an
inert atmosphere at temperatures between 300°@@0ARL. It is a thermo-chemical plastic disposal
method that involves the oxidative decompositionlefgthy polymer structures into simpler,
smaller units under high temperature and pressutieel lack of oxygen for a short period of time.
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The oil produced during the pyrolysis process rddesn normal diesel. Chemical pyrolysis
products can be refined in the same way that aausihg conventional refining technologies to

produce polymer building blocks. They can also $edudirectly as a fuel.

In this section, the proposed methodology is usezl’aluate the disposal method for used PPEs. To
obtain the best disposal method that has a lowremviental impact and is useful for all
requirements in society, we have chosen six cait@Erievaluate the four alternatives. Those criteria
are society’s safetyBf), cost B,), environmental impactsg), time (B,), heterogeneityHs), and
technology & infrastructure B;). Here, we consider three decision-makers to ewaluhe
alternatives based on those selected criteria. ,Tienalternatives are landfill€,(), incineration
(C,), microwaving (3), and chemical pyrolysisCf). The selected alternatives and criteria are

shown in Figure 4.

R -
Society’s Technology &
safety Infrastructure
| ] |
] [

Figure 4: The used PPEs Disposal Problem
6.1 The Fuzzy BWM M ethod

Step 1: Create a list of decision criteria.

Here, we look at the criteriéB,, B,, ..., B,) that is used to make a decision. The PPEs digposin
criterion areB;-society’s safetyB,-cost, Bs-environmental impact,-time, Bs-heterogeneity, and
Be-technology and infrastructure.

Step 2: Obtain the best and the worst criteriB;)fenvironmental impact is best aBg-time is the
worst criteria.

Step 3: Here, B; is the best criteria and the pairwise comparisector for the best criterion values

are given in Table 5.
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Criteria | By | B, | B3 | B, | Bs | Bg

B, |8 |4 |1 |6 |3 |5

Table 5: Pairwise Comparison Vector for the Best Criterion

Step 4: Here, B, is the worst criteria and the pairwise comparisecter for the best criterion

values are given in Table 6.

B,
B, | 5
B, | 7
B, | 6
B, | 1
B, | 2
B, | 4

Table 6: Pairwise Comparison Vector for the Worst Critario

Step 5: From Table 5 and Table 6 results in equati®) for this problem, as follows:

min y,
S.t.
w3 (OF w3 (OF w3 .
w__b31 S)('w_—bgz S){;w——b34 S)(,w—s—b35 S){,w——b36 <y forallj
1 2 4 6
bl < 22— b < |2 b < 2 [ = b < 0 |28 - b, < I G8
s 14| =X g 24| = X wq 34| = X s s4| = X wq 64| S X, forallj

w1+w2+w3+w4+w5+w6:1
W1, Wy, W3, Wy, Ws, Wg = 0, V)

Solving this equatio38), we found the optimal weighfw], w3, ..., w;) arew; = 0.0751,
w, = 0.1503, w3 = 0.4154, w, = 0.0382, ws = 0.2004, wg = 0.1202 which are shown in Figure
5 andy* = 0.1858.
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Figure5: Sensitivity Analysis Results

For the consistency ratio, &g, = b;, = 6, the consistency index is 3.01 (Table 3), andGReis

0.1858
3,01 '

which implies a very good consistency.

6.2 The DH-g-ROFNs-MARCOS Method

In this section, experts evaluate the disposal atstlunder the selected criteria are representad as
DHg-ROFNSs. The linguistic scale (Table 2) helps ¢lxperts to assist their opinions in evaluating

the alternatives.

Step 1: Create the initial decision matrix using linguistariables, which is shown in Table 7.
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B4 B, B B, Bjs Bg
C,| (A4,4) (H,A) (VH,L) | (VH,VL) | (H,VL) | (CH,A)
C, (L,H) (A,H) |(CH,UA) | (VH,UA) (4,L) (H,A)
C;| (H,VH) | (H,VH) | (UAA) | (AVH) | (VH,A) | (44,4)
oM C,| (CH,H) | (VH,H) | (CH,A) | (AA,VH) | (VH,AA) | (VH,A)
C,| (4,4A4) (L, AA) (H,A) (H,L) (VH,L) | (VH,UA)
C, (L,A) (H,A) (CH,A) | (VH,A) | (UAH) | (VH,UA)
C;| (L,vL) | (VH,AA)| (A H) (AA,H) (L,A) (A, UA)
oM C, | (VH,VH) | (VH,AA) | (CH,UA) | (VH,VH) | (H,A) |(VH,VH)
¢, | (L H) (A,H) | (VH,H) | (VH,L) | (AA,H) | (AAH)
C,| (VH,A) | (4,4A) | (H,UA) | (CH,UA)| (H,A) | (VH,H)
C;| (AAA) | (H,VH) | (AA,VH) | (H,VH) | (A H) (L,VH)
DMs | ¢, | (H,u4d) | (H ,A4) | (VH AA) | (A,44) | (HVH) | (A H)
Table 7: Decision Matrix based on Linguistic Scale favf,, DM,, DM,
Then, aggregating the initial matrix wigh= 3 and which is given in Table 8.
B, B, Bs B, Bs B
C; | 0.0611| 0.1102| 0.3397 | 0.0641| 0.0772| 0.4208
C, | 0.108 | 0.1514| 0.4737 | 0.4567| 0.0161| 0.3888
C; | 0.0222| 0.4452| 0.1024 | 0.1275| 0.1492| 0.009
C, | 0.5201| 0.475 | 0.5989 | 0.311 | 0.3949| 0.3899

Table 8: Aggregate Decision Matrix

Step 2: The extended initial matrix is shown in Table 9applying the equatio2) and(23).
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B, B, Bs B, Bs Bs

AAI | 0.0222 | 0.475 | 0.1024| 0.0641| 0.0772 | 0.4208

C; | 0.0611 | 0.1102| 0.3397| 0.0641| 0.0772 | 0.4208

C, 0.108 | 0.1514| 0.4737| 0.4567| 0.0161 | 0.3888

C; | 0.0222 | 0.4452| 0.1024| 0.1275| 0.1492 0.009

C, | 0.5201 | 0.475 | 0.5989| 0.311 | 0.3949 | 0.3899

ID | 0.5201 | 0.1102| 0.5989| 0.4567| 0.3949 0.009

Table 9: Extended Aggregate Matrix

Step 3: By using equatiori24) and(25) to NDM, then multiplied the weights values
w; = 0.0751,w, = 0.1503,w; = 0.4154,w, = 0.0382,ws = 0.2004, wg = 0.1202 with NDM,
we get the weighted NDM and which is shown in Télfle

B, B, Bs By Bs B

AAl | 0.0031| 0.0348 | 0.0709 | 0.0053| 0.0391 | 0.0025

C; | 0.0088| 0.1503 | 0.2356 | 0.0053 | 0.0391 | 0.0025

C, | 0.0155| 0.1093 | 0.3285 | 0.0382| 0.0081 | 0.0027

C; | 0.0031| 0.0371| 0.0709 | 0.0106| 0.0757 | 0.1202

C, | 0.0751| 0.0348 | 0.4154 | 0.0260| 1.2004 | 0.0027

ID | 0.0751| 0.1503 | 0.4154 | 0.0382| 0.2004 | 0.1202

Table 10: Weighted Normalized Matrix

Step 4. Calculate the utility degree of the alternativegigsequation(27) and (28), and utility
function and final ranking results are obtainedhgsequation(29), (30), (31), (32) are shown in
Table 11.
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fU)

fwH | U Uy, | f(UY) | Rank

C, | 0.1347

0.8652| 2.8362| 0.4417| 0.4324| 3

C, | 0.1347

0.8652| 3.2260| 0.5025| 0.4919 2

C; | 0.1347

0.8652| 2.0398| 0.3177| 0.3110, 4

C, | 0.1347

0.8652| 4.8452| 0.7547| 0.7388 1

Table 11: The Final Ranking Values for Proposed Method

Step 5: The final ranking results are given in Table 11 gndphical representation is shown in

Figure 6.

TN

ALAA

Figure 6: The Final Ranking Result

From Table 11, the best disposal method for use# RS is C,-chemical pyrolysis. The

manufacturing of liquid fuel from disposal of PP&sild address both the challenges of PPE waste

management and rising energy demand. Plastic-dehigeid fuel is environmentally friendly and

has similar fuel properties to fossil fuels. Insthsituation, converting plastic waste into a liquid

biofuel is a viable option for protecting environmt& resources. The process of converting any

material at extremely high temperatures is knowmpwaslysis. All PPEs currently disposed of in

landfills, oceans, and other places that harm &xjsaecies can be relocated to a combustor and

exposed to high temperatures to decompose the medpends and form a liquid. The liquid that

results can be used as a biofuel. We need thetdysbwer various mechanical devices. This fuel
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can be reprocessed, which helps to protect the@ment. Because of the growing population and
their need for energy, this would be a healthyraive that would also aid in the preservation of
our natural environment.

7. Analysisof Sensibility and Comparison
7.1 Sensitivity analysis

This section depicts the analysis of sensitivity ised PPE kit disposal alternatives using the

proposed method, based on the three weight casesish Table 12.

Criteria | Casel Case2 | Case3
B, 0.0751 | 0.4120 | 0.1639
B, 0.1503 | 0.1128 | 0.3538
B; 0.4154 | 0.0705 | 0.0431
B, 0.0382 | 0.2265 | 0.0703
Bs 0.2004 | 0.0371 | 0.2459
Bg 0.1202 | 0.1411 | 0.1230

Table 12: Weight values for Sensibility Analysis

The results of three cases are compared for thidehsosensitivity analysis, and the pictorial

representation is shown in Figure 7.

Figure 7: Weight of the Criteria for Sensitivity Analysis
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Case 1 is the proposed result, and cases 2 and 3 arethiee results explored using the different
kinds of criteria weights obtained from the BWM wfei finding method. The PPE kit disposal
method used in this paper is based on six crit®jasociety’s safetyB,-cost, B;-environmental
impact, B,-time, Bs-heterogeneity, and,-technology and infrastructure. The fuzzy MARCOS
method is used to find the alternative ranks. Tihal ranks are determined by the weights of each
criterion, which are determined using the BWM weifjhding method. The best alternative to the
used PPE kit disposal method can be found. Wheerieriare important, they can lead to a better

compromise option.

Case 2 B;-society’s safety is the best criteria aBgtheterogeneity is the worst criteria. In BWM
method, we found the weights of the criteria@fe= 0.4120, w, = 0.1128, w; = 0.0705,
w, = 0.2264, wg = 0.0371, wg = 0.1411, andy* = 0.1522 and 0.0408. Which implies a good
consistency.
The ranking order in this case is as follows:

C,>Cp,>C3>Cy
whenB; is best criterion ands worst criterion.
Case 3 B,-cost is the best criteria angh-environmental impact is the worst criteria. In BWM
method, we found the weights of the criteria@fe= 0.1639, w, = 0.3538, w; = 0.0431,
w, = 0.0703, ws = 0.2459, wge = 0.1230, and y* = 0.1381 and consistency ratio i8.0600.
Which implies a good consistency.
The ranking order in this case is as follows:

C,>Cy>Cp>Cs

whenB, is best criterion and s worst criterion.

Table 13:
Alternatives | Casel | Rank | Case2 | Rank | Case3 | Rank
Ci 0.4324 3 0.2407 4 0.4479 2
C, 0.4919 2 0.4502 2 0.3997 3
Cs 0.3110 4 0.2731 3 0.3299 4
Cy 0.7388 1 0.6966 1 0.5729 1

Table 13: Ranking Results for Sensitivity Analysis
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shows that alternativ€, has the same rank in all three cases (1). In tases, alternative§, C,,

andC; have different rank positions and rank values. fEm&ing results are shown in Figure 8.

Sensitivity analysis result

Figure 8: Sensitivity Analysis Results

Furthermore, criterion weight determines its sigaiice, implying that the ranking sequential
keeps changing as the weighting factor of the rtaitehanges. So, in order to test the effectiveness
we keep hoping that if a weight detection systemvigilable, we can select the best alternative for

disposing of used PPE kits depending on the piegrdassigned in such cases.

7.2 Comparison Analysis

To investigate the robustness of the method, wepaoed the results obtained from the proposed
method with other relevant MCDM methods like TOPSIBKOR, and MULTIMOORA for
similar data considered in the fuzzy MARCOS methdtle preference order obtained using
VIKOR, and TOPSIS methods coincides with that o goroposed method, whereas in the
MULTIMOORA method, but the alternativey, C,, C; andC, have different ranking values when

compared to the proposed approach. Table 14
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C5-0.3110, G-0.7388

Methods Ranking values Ranking order Rank result
C;1-0.3980, G-0.4902,
TOPSIS C,>Cy,>C,>Cs C,
C3-0.2467, G-0.7476
C:-0.4528, G-0.3076,
VIKOR C,<C, <C; <y Cy
C3-1.0000, G-0.0000
C:-0.1446, G-0.3310,
MULTIMOORA C,>Cp>C>Cy C,
Cs-0.1341, G-0.3310
C1-0.4324, G-0.4919,
Proposed Method Cy,>Cy >Cp > Cy Cy

Table 14: Comparison Analysis Results

shows the obtained results and are representetligaflp in the Figure 9

8. Conclusion

As a consequence of the research, a billion torofeextra plastic items have been created
throughout the world to combat the spread of COXEDin this specific pandemic. This has an
influence on plastic waste management, and the anadypolymeric debris in our ecosystem has
doubled. The proposed procedure develops a new furpistic scale with accreditation in DHQ-

ROFNs and a new fuzzy MARCOS technique to estalalishppropriate approach for the disposal

Comparison result

e

\\\\

BTOPSIS
®VIKOR
®MULTIMOORA

W Proposed method

Figure 8: Comparison Analysis Results
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of PPE kits, which will contribute to reducing tlaenount of plastic waste from unconditioned
dumping in this pandemic crisis. To create theeaatweights for this problem, the hybrid approach
BWM was used with the MARCOS technique, resultimgaimore flexible and acceptable solution
to the plastic waste problem. Micro-plastic littesis been discovered as a substantial source of
single-use disposable plastics in the landscapeemReesearch has found that worn PPE kits are
important sources of microplastic contaminationwiater sources, suggesting an environmental
danger that is much greater than the COVID-19 saanas a result, a large number of secondhand
personal protective equipment (PPEs) are now neadiilable in a variety of forms and uses all
over the world. The presented findings are favoerédr national authorities to handle the correct
disposal of personal protective equipment (PPEpralieg to WHO recommendations. This study
presents a way for turning personal protective mgent kits into alternative fuel to dispose of
them. In the future, we may consider appropriatifposing of old PPE kits and other single-use
medical equipment at a suitable location. Usinfed#int forms of MCDM techniques, we choose a

site using a sophisticated g-rung orthopair fuzzyraach.
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EXPLICIT

According to balanced concinnitas betwixtiot e tomot, just like dense threads between warps
and wefts, e dissertation intends to contribute to drawinghwhe help of the most powerful
mathematical tools made available to sectorial lsthdy contemporary science, a path based on
the modulated elaboration of current operationatsgies, founded on the rational application of
modern functional tactics and developed on thécatiexperimentation of recent survey techniques
capable of leading to new aims and higher goalhénfield of economic research. Obviously the
work does not at all pretend to be exhaustive (hnemaia novit), but at least aspires to appear
comprehensive (quod est in votis), humbly propogsigparva licet componere magnis) some
systematic methodologies inspired by the greatlachof the past, to address the serious problems
of the present, perhaps solving the cogent unknanise future, because “Nos, quasi nani super
gigantum humeros sumus, quorum beneficio longiwsrgipsi speculamus”, “We are like dwarves
on the shoulders of giants, thanks to which wefadgéer than them” (John of Bloigpistulae

passim).
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