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Abstract Anovel statistical linearization technique is
developed for determining approximately the response
statistics and the power output of U-Oscillating Water
Column (U-OWC) energy harvesting systems. In this
regard, first, the governing equations are derived by
employing the unsteady Bernoulli equation. Note that
the intermittent, i.e., non-stationary, nature of the wave
excitation, occurring in severe sea states due to uncov-
ering of the U-OWC inlet, is explicitly accounted for
in the herein proposed model. This is done by multi-
plying the excitation process with a Heaviside function
dependent on the instantaneous free surface displace-
ment. Next, the resulting coupled system of nonlin-
ear integro-differential stochastic equations is solved
approximately by relying on a statistical linearization
technique. Specifically, the original systemof nonlinear
equations is replacedby an equivalent linear one,whose
parameters and response first- and second-order statis-

A. Scialò · G. Malara · F. Arena (B)
Natural Ocean Engineering Laboratory - DICEAM,
“Mediterranea” University of Reggio Calabria, Loc. Feo di
Vito, 89122 Reggio Calabria, Italy
e-mail: arena@unirc.it

A. Scialò
e-mail: andrea.scialo@unirc.it

G. Malara
e-mail: giovanni.malara@unirc.it

I. A. Kougioumtzoglou
Department of Civil Engineering and Engineering
Mechanics, Columbia University, 500 W. 120th Street,
New York, NY 10027, USA
e-mail: ikougioum@columbia.edu

tics are obtained by minimizing the mean square error
between the two systems. A significant novel aspect
of the technique relates to the fact that the Heaviside
function is replaced in the equivalent linear system by
an “equivalent excitation” coefficient to be determined
as part of the statistical linearization solution scheme.
Further, comparedwith other relevant solution schemes
adopted in earlier research efforts in the literature, it is
shown that the developed technique can be construed as
a direct generalization that exhibits an enhanced accu-
racy degree. The U-OWC installed in the Civitavecchia
harbor (Rome, Italy) is considered as an illustrative
numerical example, where the reliability of the approx-
imate technique is demonstrated by comparisons with
pertinent Monte Carlo simulation data.

Keywords Renewable energy · Wave energy ·
Oscillating water column · U-OWC · Statistical
linearization · Monte Carlo

1 Introduction

The increasing demand for electricity consumption, in
conjunction with government policies fostering CO2

reduction, is currently urging industry and academia
to develop efficient devices for harvesting energy from
renewable sources. In this context, wave energy has
upgraded its role in the renewable energy sector, pri-
marily by virtue of its abundant distribution both
nearshore and offshore. Further, a number of wave
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energy converters (WECs) have been designed and
tested to date with varying degrees of success [1].
Among them, oscillating water columns (OWCs) have
proved to be reliable, efficient and versatile, as they can
be easily integrated into vertical breakwaters [2], or into
floating multi-purpose platforms [3], thus reducing the
associated construction cost. OWCs comprise a semi-
submerged hollow chamber with a vertical opening
located below the mean water level, which is exposed
directly to sea waves. The waves induce oscillations
of the water column inside the chamber. Consequently,
the air trapped in the upper part of the chamber is alter-
nately compressed and expanded. This creates an air
flow through a self-rectifying air turbine, such as the
Wells [4] or the biradial turbines [5]. During the last
decade,OWCshavebeenwidely studiedwith the aim to
enhance their performance andmaximize the harvested
energy. This effort has led to testing various geometri-
cal configurations, such as OWCswith an artificial step
at the front sea bottom [6], or L-shaped OWCs [7].

In this work, the U-OWC configuration is consid-
ered [8]. This OWC converter has a U-shaped duct,
which increases the inertia of the converter and places
the opening of the device close to the mean water level.
This ensures that the U-OWC natural frequency can
be tuned over a wide frequency range, which leads
to increased energy harvesting compared to a tradi-
tional OWC [9]. In fact, this was further corrobo-
rated by pertinent experiments in Ref. [10], where it
was shown that the U-OWC configuration exhibited
enhanced hydrodynamic performance compared to the
traditional OWC, or to the L-shaped OWC. Moreover,
the performance of the U-OWC is strongly dependent
on its geometrical characteristics [11,12], such as the
length and the width of the U-duct, the position of its
opening below the mean water level, and the width and
height of the inner chamber. Further, the optimal selec-
tion and control of the Power Take-Off (PTO) system is
critical for maximizing the amount of converted energy
[13]. In this regard, note that various alternatives to self-
rectifying turbines are currently emerging [14].

As far as the theoretical model describing the U-
OWC dynamics is concerned, a basic formulation was
first proposed by Boccotti [15] that was subsequently
refined by Malara et al. [16] to account for previ-
ously neglected memory effects. Specifically, the U-
OWC dynamics is described by the unsteady Bernoulli
equation. The resulting U-OWC nonlinear integro-
differential equation is coupled to the air mass conser-

vation equation as applied to the air chamber volume
under the assumption of an isentropic thermodynamic
process. As anticipated due to the nonlinear terms in
the governing equation, the system is not amenable to
an analytical solution treatment, and thus, alternative
numerical approaches are typically employed for deter-
mining response statistics and, eventually, for optimiz-
ing the U-OWC (e.g., [15]). Nevertheless, brute-force
numerical solution schemes, such as standard imple-
mentations of Monte Carlo (MC) simulation, can be
computationally prohibitive. In this regard, versatile
and computationally efficient approximate stochastic
dynamics methodologies, such as the potent Wiener
path integral (WPI) technique (e.g., [17,18]), appear
capable of treating diverse energy harvesting systems.
Indicatively, the WPI technique has been successfully
utilized recently for stochastic response determination
and design optimization of a certain class of nonlinear
electro-mechanical energy harvesters [19,20].

Further, statistical linearization has been one of
the most versatile methodologies in stochastic dynam-
ics for determining, accurately and in a computation-
ally efficient manner, first- and second-order response
statistics of nonlinear systems; see [21,22] for a broad
perspective. In passing, it is worth noting recent gen-
eralizations and extensions of statistical linearization
to account for joint time-frequency response analysis
(e.g., [23]), for fractional derivative modeling (e.g.,
[24]), as well as for systems with singular parameter
matrices (e.g., [25]). Furthermore, statistical lineariza-
tion has been employed for stochastic response deter-
mination and optimization of diverse wave energy har-
vesting devices [26], including point-absorbers [27],
OWCs [28], and arrays of OWCs and U-OWCs [29].
Also, themethodology has found practical applications
pertaining, indicatively, to the case study of the U-
OWC in the Civitavecchia harbor (Rome, Italy) [30],
and to the design of a U-OWC wave power plant to be
installed in the Mediterranean Sea [11]. Although sta-
tistical linearization has exhibited a high degree of reli-
ability in determining both OWC and U-OWC statis-
tics, note that the horizontal opening of the U-duct is
closer to the free surface compared to the traditional
OWCs. Thus, the system can be exposed to intermit-
tent wave excitation. That is, the U-OWC inlet uncov-
ers itself during the crossing of large wave troughs.
Clearly, this phenomenon is quite rare in low-energy
sea states. However, it becomes quite frequent in cases
of severe seas, where the system is exposed to rela-
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tively large waves. Note that the position of the vertical
duct opening affects the hydrodynamic efficiency of
the harvester. Specifically, if it is quite deep, the mag-
nitude of the applied wave pressure is small. If it is
quite close to the mean water level, the water column
inlet uncovers itself frequently, resulting in a consid-
erable loss of energy to be harvested. In this regard,
considering time domain response analyses within the
context of a MC solution treatment of the problem, the
above phenomenon can be readily taken into account
by examining at a given time instant whether the water
surface is below, or not, the U-duct opening. Neverthe-
less, referring to earlier efforts considering a statisti-
cal linearization solution treatment of the problem, the
inlet uncovering effect was either neglected [29,30], or
accounted for in a rather heuristic manner [11]. In both
cases, it is clear that the degree of the involved approxi-
mations is quite high, especially in cases of severe seas
where inlet uncovering can be a frequent event.

In this paper, a novel statistical linearization tech-
nique is developed for determining the stochastic
response of U-OWC systems. Specifically, the devel-
oped technique accounts explicitly for the effect of
intermittent, i.e., non-stationary,wave excitation occur-
ring in energy-wise rich seas. This is done, first, by
multiplying the excitation process with a Heaviside
function dependent on the instantaneous free surface
displacement. Next, the Heaviside function is replaced
in the equivalent linear system by a novel “equiva-
lent excitation” coefficient to be determined as part of
the statistical linearization technique. In this regard,
the technique can be construed as a generalization
and enhancement of the solution approach proposed
in [29,30] to significantly improve the exhibited accu-
racy degree. The reliability of the technique is demon-
strated by comparisons with pertinent MC simulation
data relating to the U-OWC installed in the Civitavec-
chia harbor [31].

2 U-Oscillating water column governing equations

The water column oscillations are described by the
unsteady Bernoulli equation, which is formulated by
enforcing the energy balance principle between two
sections of the water column: one section is located at
the U-duct opening; and the other one at the instan-
taneous free surface in the inner chamber, as shown
in Fig. 1. Thus, considering a U-OWC installed at a

Fig. 1 U-OWC cross section

water depth d, with U-duct length and width li and b1,
respectively, chamber width b2, and inlet submergence
with respect to the mean water level h, the following
governing equation is obtained (see also [16]), i.e.,

[
1 + Cin

g

(
b2
b1

li + li + h + x

)
+ b2

gb1
H∞

]
ẍ

+ 1

2g

[
Cdg

(
li
Rh1

(
b2
b1

)2

+ li + h + x

Rh2

)
| ẋ |

]
ẋ

+
[
1 −

(
b2
b1

)2
]
ẋ2

2g
+ x + pc − patm

ρg

+ b2
gb1

∫ t

−∞
K (t − τ) ẋ(τ )dτ = �p(D)

ρg
. (1)

In Eq. (1), x(t) is the instantaneous water column dis-
placement, positive upward and measured from the
mean water level; g is the acceleration due to grav-
ity; ρ is the water density; Cdg and Cin are coefficients
derived through experimental data accounting for con-
tinuous head losses [31]; H∞ is a length accounting for
the infinite frequency added mass; K (t) is the retarda-
tion function accounting for memory effects; pc and
patm are the air pressure in the chamber and the atmo-
spheric pressure, respectively; �p(D) is the excitation
pressure computed at the centre of the U-duct open-
ing in a diffracted wave field; and Rh1 and Rh2 are the
hydraulic radii given by the equations
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Rh1 = b1b3
2(b1 + b3)

, (2)

and

Rh2 = b2b3
2(b2 + b3)

, (3)

with b3 being the transverse width of the chamber.
Next, denoting the terms in square brackets on the

left-hand side of Eq. (1) as

M(x)=
[
1 + Cin

g

(
b2
b1

li+li + h + x

)
+ b2

gb1
H∞

]
,

(4)

and

C(x, ẋ) = 1

2g

[
Cdg

(
li
Rh1

(
b2
b1

)2

+ li + h + x

Rh2

)
| ẋ |

]

+
[
1 −

(
b2
b1

)2
]

ẋ

2g
, (5)

and introducing the Heaviside step function H(t) [32],
defined as

H(t) =
{
1 if t > 0

0 if t < 0
, (6)

the equation describing the water column oscillations
takes the form

M(x)ẍ + C(x, ẋ)ẋ + x + pc − patm
ρg

+ b2
gb1

∫ t

−∞
K (t − τ) ẋ(τ )dτ = �p(D)

ρg
H(η(t)+h),

(7)

where η represents the instantaneous free surface dis-
placement at the U-OWC inlet.

Comparing Eq. (1) with Eq. (7), it is seen that the
latter incorporates also the inlet uncovering effect by
enforcing a zero excitation value when the free surface
displacement η(t) is smaller than −h. This enhanced
modeling reflects the fact that the inlet is directly
exposed to the atmosphere when the free surface dis-
placement is below the U-OWC opening. Thus, there is
no wave excitation. Note that a consistent application
of this approach dictates a similar treatment also for
H∞ and for certain values of the convolution integral
as they are elements of the wave field representation,

and thus, of the wave pressure calculation (see Ref.
[16] for a detailed description of the mathematical for-
mulation). Nevertheless, its use is limited herein to the
systemexcitation only. This yields amore sophisticated
and realistic modeling of the problem, without unnec-
essarily complicating further the governing equation
and rendering it possibly intractable from a solution
treatment perspective. In fact, noticing that H∞ is small
compared to the total massM(x), and that the hydrody-
namic memory computation usually spans a time win-
dow larger than typical individual wave periods, pro-
vides a reasonable justification of the aforementioned
modeling.

Further, Eq. (7) is coupled to the air chamber equa-
tion, which is obtained by considering an isentropic
process for the compression and expansion phases [33],
and by relying on the mass conservation principle; this
yields (see also Ref. [16])

b2b3 (hc − x) ṗc − γ b2b3 pc ẋ

+γ pc

(
patm
pc

)1/γ ṁturb

ρatm
= 0, (8)

where hc is the air chamber height above the mean
water level; γ is the specific heat ratio; ρatm is the air
density in the atmosphere; and ṁturb is the airmass flow
rate through the turbine (positive for outward flows)
given by the equation

ṁturb = �D

�
(pc − patm) . (9)

Equation (9) pertains to Wells turbines, where � is
the dimensionless turbine coefficient depending on the
turbine geometry [34], D is the turbine outer diameter
and � is the turbine rotational speed. Next, defining

Cp (x) = b2b3 (hc − x) , (10)

Cx (pc) = −γ b2b3 pc (11)

and

Kp (pc) = γ

(
patm
pc

)1/γ ṁturb

ρatm
, (12)

Equation (8) becomes

Cp (x) ṗc + Cx (pc) ẋ + Kp (pc) pc = 0. (13)
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3 Statistical linearization solution

In this section, a novel statistical linearization tech-
nique is developed for determining the stochastic
response of U-OWC systems, which can be construed
as a generalization and enhancement of the solution
approach proposed in [29,30] to significantly improve
the exhibited accuracy degree.

Specifically, Eqs. (7) and (13) form a coupled sys-
tem of nonlinear integro-differential equations with no
closed-form solution. According to the standard statis-
tical linearization formulation [21], the original system
of nonlinear equations is approximated by an equiva-
lent linear one, whose parameters are obtained bymini-
mizing themean square error between the two systems.
Considering the fact that the nonlinear terms are asym-
metric, an offset in the system response must be also
included [35]. Therefore, the system response is repre-
sented through the sum of a zero mean random process
and a constant mean value as

x = x0 + mx, (14)

and

�pc = �p0 + mp, (15)

where�pc = pc− patm; x0 and�p0 are the zero-mean
random components of the oscillating water column
displacement and air pressure, respectively, andmx and
mp are the mean values of the response components.
Utilizing eqs. (14)–(15), the U-OWCgoverning eqs.(7)
and (13) becomes, respectively,

Mẍ0 + 1 + Cin

g
x0 ẍ0+

1

2g

[
Cdg

(
li
Rh1

(
b2
b1

)2

+ li + h + x0 + mx

Rh2

)]
|ẋ0| ẋ0+

[
1 −

(
b2
b1

)2
]
ẋ20
2g

+ 1

g

b2
b1

∫ t

−∞
K (t − τ)ẋ0(τ ) dτ

+ x0 + mx + �p0
ρg

+ mp

ρg
= �p(D)

ρg
H(η(t) + h), (16)

and

C (2)
p � ṗ0 − b2b3x0� ṗ0 + C (2)

x ẋ0 − γ b2b3�p0 ẋ0+

γ (�p0 + mp + patm)

(
patm

�p0 + mp + patm

) 1
γ ṁturb

ρatm
= 0,

(17)

where M , C (2)
p and C (2)

x are given by

M =
[
1 + Cin

g

(
b2
b1

li + li + h + mx

)
+ b2

gb1
H∞

]
,

(18)

C(2)
p = b2b3 (hc − mx) , (19)

and

C (2)
x = −γ b2b3

(
mp + patm

)
. (20)

Next, the equivalent linear system is given by the set of
equations

(M + M (1)
eq )ẍ0+C (1)

eq ẋ0+ 1

g

b2
b1

∫ t

−∞
K (t − τ)ẋ0(τ ) dτ

+ (1 + K (1)
eq )x0 + �p0

ρg
= βeq

�p(D)

ρg
, (21)

and

(
C (2)
p + C (2)

p,eq

)
� ṗ0 +

(
C (2)
x + C (2)

x,eq

)
ẋ0

+ K (2)
p,eq�p0 + K (2)

x,eqx0 = 0, (22)

where M (1)
eq , C (1)

eq , K
(1)
eq , βeq , C

(2)
p,eq, C

(2)
x,eq, K

(2)
p,eq, and

K (2)
x,eq are the unknown coefficients to be determined

by the mean square error minimization procedure.
Note that a significant novel aspect of Eq. (21) per-

tains to the consideration of the coefficient βeq corre-
sponding to an “equivalent excitation.” This was not
included in previous models [29,30]. The rationale
relates to the fact that the herein proposed modeling
accounts explicitly for the effect of intermittent, i.e.,
non-stationary, wave excitation occurring in energy-
wise rich seas. This is done by multiplying the exci-
tation process on the right-hand side of Eq. (7) with
a Heaviside function dependent on the instantaneous
free surface displacement. In this regard, the Heaviside
function is treated as a nonlinear term to be replaced
by an equivalent excitation coefficient, which is calcu-
lated as part of the statistical linearization technique.
Note that compared to earlier efforts in the literature
[29,30], the herein developed statistical linearization
solution treatment yielding the additional coefficient
βeq can be construed as a generalization toward accu-
racy enhancement.

To elaborate further and provide some additional
insight, note that the Heaviside function H(η(t) + h)

depends implicitly on the response velocity ẋ . This is
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due to the fact that according to the linear potential
flow theory [36], the free surface displacement η(t) is
the superposition of a diffracted free surface and a radi-
ated free surface ηr(t) dependent on ẋ . Indeed, the ẋ−η

relationship is an established result of the linear water
wave theory. Specifically, the equation representing the
radiated waves takes the form

ηr(t) =
∫ +∞

0
Kη(τ )ẋ(t − τ) dτ. (23)

In this regard, the term �p(D)

ρg H(η(t) + h) on the right-
hand side of Eq. (16) can be construed, alternatively,
as a nonlinear parametric stochastic excitation term;
see also [37] for a similar interpretation of parametric
excitation as “equivalent external excitation.” In fact,
it is remarked that second-order response statistics of
structural systemswith nonlinear parametric stochastic
excitation terms were determined in [38] based on a
statistical linearization treatment, which is somewhat
similar to the herein developed technique.

Further, the mean square error to be minimized is
given by the equation

E[ε2] = E[ε21 + ε22], (24)

where E[·] denotes the mathematical expectation oper-
ator;

ε1 = 1 + Cin

g
x0 ẍ0 + 1

2g

[
Cdg

(
li
Rh1

(
b2
b1

)2

+ li + h + x0 + mx

Rh2

)]
|ẋ0| ẋ0

+
[
1 −

(
b2
b1

)2
]
ẋ20
2g

+ mx + mp

ρg

− �p(D)

ρg
H(η(t) + h) − M (1)

eq ẍ0 − C (1)
eq ẋ0

− K (1)
eq x0 + �p(D)

ρg
βeq; (25)

and

ε2 = −b2b3x0� ṗ0 − γ b2b3�p0 ẋ0

+ γ (�p0 + mp + patm)

(
patm

�p0 + mp + patm

) 1
γ

× ṁturb

ρatm
− C (2)

p,eq� ṗ0 − C (2)
x,eq ẋ0 − K (2)

p,eq�p0

− K (2)
x,eqx0. (26)

Next, applying the minimization criterion to Eq. (24)
yields the following set of equations to be solved for
obtaining the optimization unknowns, i.e.,

∂

∂M (1)
eq

E[ε2] = ∂

∂C (1)
eq

E[ε2]

= ∂

∂K (1)
eq

E[ε2] = ∂

∂βeq
E[ε2]

= ∂

∂C (2)
p,eq

E[ε2] = ∂

∂C (2)
x,eq

E[ε2] = ∂

∂K (2)
p,eq

E[ε2]

= ∂

∂K (2)
x,eq

E[ε2] = 0. (27)

The equations for obtaining the equivalent coefficients
are derivedby employingEqs. (25)–(26) and expanding
Eq. (27) for each one of the unknown terms. That is,
by taking the derivative of the mean square error with
respect to M (1)

eq , C (1)
eq , K

(1)
eq , βeq , C

(2)
p,eq, C

(2)
x,eq, K

(2)
p,eq,

and K (2)
x,eq. This procedure leads to a system of eight

equations, which are reported in the following in the
form of three sub-systems, i.e.,

⎡
⎢⎢⎢⎣

σ 2
ẍ0

E [x0 ẍ0] −E
[
ẍ0

�p(D)

ρg

]
E [x0 ẍ0] σ 2

x0 −E
[
x0

�p(D)

ρg

]

−E
[
ẍ0

�p(D)

ρg

]
−E

[
x0

�p(D)

ρg

] σ 2
�p(D)

(ρg)2

⎤
⎥⎥⎥⎦

⎡
⎢⎣
M (1)

eq

K (1)
eq

βeq

⎤
⎥⎦

=

⎡
⎢⎢⎢⎢⎣

−E
[

�p(D)

ρg H (η(t) + h) ẍ0
]

−E
[

�p(D)

ρg H (η(t) + h) x0
]

E

[(
�p(D)

ρg

)2
H (η(t) + h)

]

⎤
⎥⎥⎥⎥⎦ , (28)

C (1)
eq = 1

2g

[
Cdg

(
li
Rh1

(
b2
b1

)2

+ li + h + mx

Rh2

)]

E
[| ẋ0 | ẋ20

]
σ 2
ẋ0

−
E

[
�p(D)

ρg H (η(t) + h) ẋ0
]

σ 2
ẋ0

, (29)

and
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⎡
⎢⎢⎢⎣

σ 2
�̇p0

E
[
ẋ0�̇p0

]
0 E

[
x0�̇p0

]
E

[
ẋ0�̇p0

]
σ 2
ẋ0

E [�p0 ẋ0] 0
0 E [ẋ0�p0] σ 2

�p0
E [x0�p0]

E
[
x0�̇p0

]
0 E [x0�p0] σ 2

x0

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

C (2)
p,eq

C (2)
x,eq

K (2)
p,eq

K (2)
x,eq

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

γ
(

patm
ρatm

)1/γ
E

[
ṁturb

(
�p0 + mp + patm

)(
1− 1

γ

)
ẋ0

]

γ
(

patm
ρatm

)1/γ
E

[
ṁturb

(
�p0 + mp + patm

)(
1− 1

γ

)
�p0

]

γ
(

patm
ρatm

)1/γ
E

[
ṁturb

(
�p0 + mp + patm

)(
1− 1

γ

)
x0

]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (30)

where the σ 2 denotes the variance of a random process.
Compared to earlier relevant efforts in the literature
[11,29], the proposed statistical linearization formula-
tion leads to nonzero values ofM (1)

eq and K (1)
eq ,which are

determined in conjunction with the equivalent excita-
tion coefficient βeq . Remarkably, the herein developed
solution methodology can be construed as a direct gen-
eralization of the results obtained in [11,29]. In fact,
for the limiting case H(η(t) + h) = 1, Eq. (28) yields
M (1)

eq = 0, K (1)
eq = 0, and βeq = 1, which is precisely

the modeling of the equivalent linear system adopted
in [11,29].

Further, it is seen that the equivalent elements in Eqs.
(28)–(30) depend on the unknown system response
statistics, and therefore, additional equations need to
be considered. In this regard, to derive input–output
relationships, Eqs.(21)–(22) are transformed in the fre-
quency domain and become

[
−ω2

(
M + M (1)

eq

)
+ iωCeq + iω

b2
gb1

K̃ (ω)

+
(
1 + K (1)

eq

)]
X̃(ω)

+ 1

ρg
� p̃0(ω) = 1

ρg
� p̃(D)(ω)βeq, (31)

and[
iω

(
C (2)
p + C (2)

p,eq

)
+ K (2)

p,eq

]
� p̃0(ω)

+
[
iω

(
C (2)
x + C (2)

x,e q

)
+ K (2)

x,eq

]
X̃(ω) = 0. (32)

X̃(ω),� p̃0(ω),� p̃(D)(ω) and K̃ (ω) denote the Fourier
transforms of x0,�p0,�p(D)(t) and K (t), respectively.

Also, the mean values, mx and mp, are obtained by
taking the expected values of the nonlinear equations
(16) and (17). That is,

mx = −1 + Cin

g
E [x0 ẍ0] − mp

ρg

+E

[
�p(D)

ρg
H(η(t) + h)

]

− 1

2g

[
1 −

(
b2
b1

)2
]

σ 2
ẋ0 , (33)

and

− b2b3E
[
x0�̇p0

] − γ b2b3E [�p0 ẋ0]

+ γ

ρatm
p1/γatm E

[
ṁturb

(
�p0 + mp + patm

)1− 1
γ

]
= 0.

(34)

Furthermore, the Fourier transforms of the response
components are used for computing the associated
spectra and cross-spectra as

Sx0,x0 =| X̃ (ω) |2, (35)

S�p0,�p0 =| �̃p0 (ω) |2, (36)

and

Sx0,�p0 = X̃ (ω) � p̃0* (ω) , (37)

where * denotes complex conjugation. Next, employ-
ing Eqs. (35)–(37), the corresponding variances are
evaluated as

σ 2
x0 =

∫ ∞

−∞
Sx0,x0dω, (38)

σ 2
ẋ0 =

∫ ∞

−∞
ω2Sx0,x0dω, (39)

σ 2
ẍ0 =

∫ ∞

−∞
ω4Sx0,x0dω, (40)

σ 2
�p0

=
∫ ∞

−∞
S�p0,�p0dω, (41)

σ 2
�ṗ0

=
∫ ∞

−∞
ω2S�p0,�p0dω, (42)

and

σ 2
�p̈0

=
∫ ∞

−∞
ω4S�p0,�p0dω, (43)

whereas relevant expected values take the form

E [x0�p0] =
∫ ∞

−∞
Sx0,�p0dω, (44)

E
[
ẋ0�̇p0

] =
∫ ∞

−∞
ω2Sx0,�p0dω, (45)

E [x0 ẍ0] = −
∫ ∞

−∞
ω2Sx0,x0dω, (46)
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E

[
x0

�p(D)

ρg

]
= 1

ρg

∫ ∞

−∞
Sx0,�p(D)dω, (47)

E

[
ẍ0

�p(D)

ρg

]
= − 1

ρg

∫ ∞

−∞
ω2Sx0,�p(D)dω, (48)

E [x0� ṗ0] = E [ẋ0�p0] =
∫ ∞

−∞
ωSx0,�p0dω (49)

and

E
[
| ẋ0 | ẋ20

]
=

(
2σ 2

ẋ0

)3
� (3)

4
√
2π

(√
σ 2
ẋ0

)3 , (50)

where � denotes the Gamma function [32] and the
analytical evaluation of Eq. (50) is provided in Ref.
[21]. The remaining expected values appearing in Eqs.
(28), (29), (30), (33), (34), are computed numerically
by considering the response components to be jointly
Gaussian random processes according to the standard
statistical linearization assumption. The technique is
mechanized as shown in Fig. 2, where it is seen that an
iterative scheme is implemented for determining the
equivalent coefficients and response statistics. Specifi-
cally, the iterations are initiated by setting the equiva-
lent elements equal to values shown in Table 1. Next,
the response statistics are obtained and used to update
the values of the equivalent coefficients. The iterative
procedure continues until convergence of the equiva-
lent elements estimates corresponding to two succes-
sive iterations.

4 Numerical example

Numerical results assessing the reliability of the pro-
posed procedure pertain to the case study of the
wave power plant built in Civitavecchia (Rome, Italy).
Specifically, the results are obtained for a U-OWC
chamber with the geometrical characteristics shown in
Table 2. The PTO is a Wells turbine [39] with a dimen-
sionless turbine parameter � = 0.3. The rotational
speed of the turbine is considered constant and equal
to 2800 rpm in all calculations. For computing the con-
verted power, the experimental curves given by Curran
and Gato [40] are employed for estimating the turbine
efficiency ηturb. In this regard, note that the air power
available to the turbine is given by the equation

Pavailable = ṁturb
pc − patm

ρatm
, (51)

whereas the expression for the average air power takes
the form

< Pavailable >= �D

�ρatm

(
σ 2
p + m2

p

)
. (52)

Further, the power converted by the turbine is given by

Pturb = ηturb Pavailable. (53)

In this regard, utilizing eqs.(52)–(53), the average
power converted by the turbine becomes

< Pturb > = �D

�ρatm

∫ ∞

−∞
(
�p0 + mp

)2
ηturb

pdf (�p0) d�p0, (54)

where pdf(�p0) is the probability density function of
the air pressure fluctuation random process. The coef-
ficients Cin and Cdg are equal to 0.19 and 0.46, respec-
tively, based on the experimental data in Ref. [31].
Moreover, the reliability of the proposed technique is
assessed via comparisons with relevant MC simulation
data. For this purpose, a constant average acceleration
method is implemented for numerically integrating the
equation of motion in the time domain [41], whereas
the convolution integral used to account for hydrody-
namic memory effects is computed based on a standard
trapezoidal integration scheme. To this aim, a time step
dt = 0.01 s is utilized, whereas the duration of a sea
state is T0 = 2 hours.Also, the systemexcitation is gen-
erated by the spectral representation method described
in Ref. [42] based on a superposition of 500 harmonics
with random phase angles. The derived results pertain
to estimatedmean values and standard deviations of the
various response components, as well as to average air
power available to the turbine and average power con-
verted by the turbine. Regarding the excitation process,
the U-OWC chamber is subjected to random waves
compatible with a JONSWAP power spectrum [43]
associated with a significant wave height Hs and a peak
spectral period Tp given by the equation [42]

Tp = 8.5π

√
Hs

4g
. (55)

Next, two solution treatments are considered. The
first, denoted as “conventional,” relates to the solution
obtained by ignoring the inlet uncovering as in Refs.
[29,30]. The second, denoted as “novel,” takes into
account the inlet uncovering as described in sections
2 and 3. The relevant outputs are computed for various
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Fig. 2 Flowchart of the
mechanization of the
technique to obtain the
equivalent coefficients and
response statistics

Table 1 Initial values of the equivalent coefficients

M (1)
eq K (1)

eq βeq C (1)
eq C (2)

p,eq C (2)
x,eq K (2)

p,eq K (2)
x,eq

0 0 1 0 0 0 1 1

Table 2 Geometrical parameters of the U-OWC chamber of the wave power plant of Civitavecchia (Rome, Italy)

d [m] h [m] li [m] b1 [m] b2 [m] b3 [m] hc [m] D [m]
15 2 5 1.6 3.2 3.87 9.4 0.75

sea stateswith Hs ranging from 1m to 4m.As shown in
Fig. 3, the response statistics obtained by the novel sta-
tistical linearization technique agree, in general, better
with the MC simulation data than the estimates based
on the conventional technique.As anticipated, for small
values of Hs, the accuracy degrees demonstrated by the
conventional and the novel techniques practically coin-
cide. This is due to the fact that inlet uncovering is a
rare event. However, for increasing values of Hs, the
novel technique is capable of capturing the physics of

the problem better, and thus, it exhibits a higher accu-
racy degree than the conventional technique. Further,
note that, for the most severe sea states, the standard
deviations of the response quantities corresponding to
the novel technique are smaller than the ones obtained
by the conventional treatment. This can be attributed to
the fact that in such sea states individual wave heights
are larger, in general, than inmild sea states. Therefore,
they are more likely to uncover the U-OWC inlet.
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Fig. 3 Comparison between statistical linearization (SL) and
Monte Carlo (MC) outputs. Mean values (top panels) and stan-
dard deviations (bottom panels) of the oscillating water column

displacement (left panels) and of the air pressure fluctuation
(right panels) for a given significant wave height Hs

Fig. 4 Comparison between statistical linearization (SL) and
Monte Carlo (MC) results of the air power in the chamber and
of the power converted by the Wells turbine as a function of the

significant wave height Hs. Results are obtained for a depth of
the U-duct opening of h = 2m
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Fig. 5 Power spectra of the water column displacement (left panel) and of the air pressure (right panel) of the U-OWC chamber with
the opening of the U-duct located at h = 2m below the mean water level. The device is excited by a sea state with Hs = 3m

Fig. 6 Comparison between statistical linearization (SL) and Monte Carlo (MC) results. Mean values (top panels) and standard
deviations (bottom panels) for given submergence depth values h of the U-duct. Results are obtained for a sea state with Hs = 2m
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Fig. 7 Comparison between statistical linearization (SL) and Monte Carlo (MC) data. Available air power (left panel) and converted
power (right panel) for given submergence depth values h of the U-duct opening. Results pertain to a sea state with Hs = 2m

Similar conclusions can be drawn for available and
converted air power based on data shown in Fig. 4. In
particular, although the novel statistical linearization
solution underestimates systematically the MC-based
data, it appears capable of identifying successfully the
salient features and the basic trends of the response
statistics and power outputs. This aspect in conjunc-
tion with the high computational efficiency render the
novel technique an indispensable tool to be used for
preliminary design applications. In contrast, the avail-
able power in the conventional statistical linearization
treatment shows a monotonically increasing behavior.
This is due to the fact that it does not account for the
inlet uncovering effect.

Further, the power spectra of the water column dis-
placement and of the air pressure of the U-OWC cham-
ber are determined and plotted in Fig. 5. The numerical
results are obtained for a sea state with Hs = 3m. The
comparisons with pertinent MC data indicate a high
degree of accuracy exhibited by the novel technique
in capturing the frequency contents of the response
processes. Although the conventional technique cap-
tures the frequency content satisfactorily, it signifi-
cantly overestimates themagnitudes of the power spec-
tra.

It is clearly seen that accounting for inlet uncov-
ering does play an important role in the computation
of response statistics and power outputs. In this con-
text, the impact of the submergence depth h is sig-
nificant. Indeed, a relatively small submergence depth
increases the uncovering time duration, thus reducing
the power output. Further, increasing the inlet submer-

gence depth reduces the excitation amplitude, which
leads to reducing the power output as well. The impact
of the submergence depth h is investigated in Fig. 6,
where the technique is applied by varying h for a sea
state with Hs = 2m. The novel statistical linearization
results agree reasonably well with the corresponding
MC simulations. Clearly, the largest discrepancies are
observed at h = 1m, where uncovering is more fre-
quent. Nevertheless, note that the discrepancies for the
novel treatment are relatively small taking into account
that there is approximately 0.06 m difference in the
mx values and 80 Pa in the mp values. Similar trends
can be observed in the standard deviations, where the
discrepancies decrease by increasing the depth of the
U-duct opening. For values larger than h = 2.5m,
the two solution treatments yield practically identical
results due to the fact that the uncovering time duration
is negligible. The σp plot shows an optimum value at
approximately h = 2m. This pattern can be observed
also in Fig. 7, which shows the air power available to
the turbine and the power converted by the turbine.
These plots show that the novel statistical linearization
solutions are in satisfactory agreement with the results
obtained by MC simulations. It is noted that they sys-
tematically underestimate MC-based estimates, partic-
ularly in cases where the uncovering event is more fre-
quent.

Further, regarding the novel concept of the equiva-
lent coefficient βeq, it is seen in Fig. 8 that it decreases
considerably (βeq < 1) for relatively small values
of submergence depth h. This is anticipated since for
decreasing depth h the uncovering event is more fre-
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Fig. 8 Equivalent coefficient, βeq, as a function of the position,
h, of the U-duct opening below the mean water level. A sea state
with Hs = 2m is considered

quent and the intermittent nature of the excitation
becomes more prevalent. Furthermore, in agreement
with the physics of the problem, for relatively large
values of h, βeq converges to 1 corresponding to unin-
terrupted, constantly applied, excitation.

5 Concluding remarks

In this paper, a novel statistical linearization technique
has been developed for determining approximately the
response statistics and the power output of U-OWC
energy harvesting systems. Specifically, first, a math-
ematical model has been derived for describing the
governing dynamics of the harvester by employing the
unsteady Bernoulli equation. This has led to a cou-
pled system of nonlinear integro-differential stochas-
tic equations. A novel aspect of the governing equa-
tions relates to the fact that the intermittent, i.e., non-
stationary, nature of the wave excitation, occurring in
severe sea states due to uncovering of theU-OWC inlet,
has been explicitly accounted for. This has been done
by multiplying the excitation process with a Heaviside
function dependent on the instantaneous free surface
displacement. Further, first- and second-order response
statistics have been determined approximately by rely-
ing on a statistical linearization solution treatment of
the problem. In this regard, the original system of non-
linear equations has been replaced by an equivalent
linear one, whose parameters have been obtained by
minimizing the mean square error between the two
systems. Note that the Heaviside function has also
been replaced in the equivalent linear system by an
equivalent excitation coefficient. Compared with ear-

lier research efforts in the literature that relied on sta-
tistical linearization, it has been shown herein that the
developed technique providing also an equivalent exci-
tation coefficient yields an enhanced accuracy degree.
In fact, the technique can be construed as a direct gen-
eralization of the conventional statistical linearization,
since setting the excitation coefficient equal to one
leads to the standard implementation of the scheme.

The U-OWC installed in the Civitavecchia harbor
(Rome, Italy) has been considered as an illustrative
numerical example. In this regard, the response statis-
tics and the power outputs estimated by the developed
approximate technique have been compared with per-
tinent Monte Carlo simulation data. It has been shown
that the statistical linearization technique exhibits a
satisfactory degree of accuracy in determining the
response statistics and power outputs, and appears
capable of capturing the salient characteristics of rel-
evant response power spectra as well. Overall, it can
be argued that the aspect of yielding conservative esti-
mates by systematically underestimating the power
output, in conjunctionwith the high computational effi-
ciency, renders the novel technique a potent tool to be
used for preliminary design applications.
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