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ABSTRACT The canonical problem of designing the complex excitations feeding an array such to ensure
a desired field intensity distribution inside a given region of interest, while keeping it under control in
some other regions, is addressed. To this end, an auxiliary physics inspired model for the induced total
field is proposed, whose off-line analysis allows a simplified approach to understand the convenient and
non-convenient field interferences between canonical solutions for the induced total field, that are zero
order Bessel functions. Moreover, its analysis drastically reduces the computational burden associated
to the multi-control points based approaches. The problem at hand plays a key role in many different
applications, including radio communications, wireless power transfer as well as hyperthermia treatment
planning, and in this paper attention is paid to radiofrequency shimming in magnetic resonance imaging.
In fact, the proposed model and tools are tailored to the challenging case of leveling of the magnetic
field intensity within an MRI scanner and in case of a bidimensional realistic head phantom.

INDEX TERMS Antenna array, electromagnetic field, inverse problem, intensity shaping, magnetic
resonance imaging, shimming.

I. INTRODUCTION

A BASIC problem in wave physics and in applied
electromagnetics is to generate a field intensity dis-

tribution with some desired characteristics in a specific
region of interest (ROI), such as f.i. intensity, uni-
formity, sidelobes levels. This problem is relevant in
a wide range of applications, including antenna syn-
thesis for radar and communications [1], [2], energy
replenishment [3], [4], through-the-wall imaging [5], and
biomedical applications [6]–[8]. As far as these latter are
concerned, field intensity shaping plays a key role in hyper-
thermia treatment planning, wherein one aims to increase
the temperature inside a tumor by means of a proper
antenna array applicator, while keeping under control the

heating in the surrounding healthy tissues [6]. Also, one of
the main challenges for magnetic resonance imaging (MRI)
at high and ultra-high fields is the radiofrequency shim-
ming, which consists in ensuring a significant homogeneity
of the transmit magnetic field in the anatomical region
to be imaged, while guaranteeing the specific absorption
rate (SAR) limits in the patient body [7]. Notably, the abil-
ity to arbitrarily shape the field intensity is really challenging
when the ROI is a highly inhomogeneous medium, as in case
of hyperthermia or radiofrequency MRI shimming at high
field.
All the above applications imply the proper shaping

of the field intensity in a given ROI. Many different
strategies have been developed for the case of fixed
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geometry arrays to find the optimal antenna array exci-
tations that guarantee the desired field shape. As the
problem is intrinsically non-convex, the issue of the pos-
sible occurrence of sub-optimal solutions arises. Indeed, if
local optimization procedures are adopted, one could be
trapped in local minima, which represent false and subop-
timal solutions of the problem. Instead, in case of global
optimization procedures, the involved computation burden
rapidly increases for large number of unknown. Then, in
both cases, the globally optimal solution cannot be generally
guaranteed.
In such a contest, a very recent paradigm is the one

proposed in [9], [10] wherein the phase shifts between
the fields at specific control points, which are prop-
erly located over the ROI, are assumed as auxiliary
unknown variables of the problem. This recent paradigm
has shown good performance in the synthesis of generic
array for telecommunications [11] and hyperthermia [12].
However, since the optimal phase shifts are not a priori
known, one has to determine it by exploring the set of pos-
sible phase shifts using enumerative or global optimizations.
As a consequence, the computational burden grows rapidly
if the number of control points increases, and this circum-
stance may prevent the use of this paradigm in a number of
actual applications.
In this paper, a simple auxiliary and physics inspired

model for the induced total field is proposed for shap-
ing the field intensity. The model allows a relatively
simple physical understanding of convenient and non-
convenient fields interferences to be exploited in the shaping
problem, and hence a drastic reduction of the compu-
tational burden related to its solution via optimization
procedure. In particular, it allows to obtain in an easy
fashion convenient field distributions within the ROI that
one can fit to address the shaping problem. Also, in those
cases where stringent shaping constraints are present, the
use of the auxiliary model allows a significant resize
of the set of possible phase shifts to be considered in
approaches [9], [10].
Besides presenting the new auxiliary model, we test

it against MRI shimming [7], which consists in avoiding
as much as possible inhomogeneities in the RF mag-
netic field, as they are causes of image degradation. Then,
the auxiliary model is applied to the challenging case of
leveling of the magnetic field intensity within an MRI
scanner, wherein, differently from applications and shap-
ing approaches in [9]–[12], the magnetic field amplitude
distribution is of interest.
The paper is organized as follows. In Section II, we briefly

summarize the basic mathematical formulation of a generic
shaping problem. In Sections III and IV, the proposed aux-
iliary model for the induced total field is described and
analyzed in a homogeneous medium. Finally, in Sections V
and VI, MRI shimming is considered and the proposed field
model tested against a 2D realistic head phantoms. Then,
conclusions follow.

FIGURE 1. Sketch of the scenario under test. The ROI is the grey area and contains
the control points, indicated by black points. N elementary monochromatic electric
sources, indicated by grey circles, surround the investigation domain D.

II. STATEMENT OF THE PROBLEM
Assume that the geometry as well as the electromagnetic
properties of the bidimensional scenario under test D wherein
the ROI is embedded (i.e., relative permittivity εr(r) and elec-
tric conductivity σ(r)), are known. Moreover, consider N
elementary monochromatic sources surrounding D and that
one of the electromagnetic field components is dominant
above the other ones or that the optimal/desired polarization
of the electromagnetic field distribution is a priori known.
With the reference to the 2D scheme in Figure 1 and indi-
cating with r = (x, y) a generic point of D, the overall
dominant electric E and magnetic B field components can
be expressed as:

B
(
r, In

) =
N∑

1

Inbn
(
r
)
, (1a)

E
(
r, In

) =
N∑

1

Inen
(
r
)
, (1b)

wherein (en, bn) are the total electric and magnetic fields
induced by the unitary excited n-th element when all the
other elements are off, while In(n = 1, 2, . . . ,N) are the
complex excitation coefficients.
Then, the optimization shaping problem can be formulated

as follows:

“Determine the optimal set of complex excitations
coefficients In such to produce the desired behavior
of the amplitude of the given field component in
the ROI, while enforcing some constraints in other
regions of D”.

To be more specific, one usually aims to maximize the
amplitude of the field as well as ensuring its uniformity
in the ROI. This is the case of microwave hyperthermia or
MRI shimming. Instead, SAR limits or other kind of upper
bounds are usually enforced in the whole D or in D\ROI.
Unfortunately, these requirements involve the solution of
a non-convex problem. Hence, by using local as well as
global optimization procedures, because of the involved
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computation burden for large N, the global optimality of
the solution cannot be generally ensured.
In the following, an effective physics inspired model is

proposed for the total induced field in order to understand
convenient and non-convenient fields interferences to be
exploited in the shaping problem.

III. AN AUXILIARY FIELD MODEL FOR AMPLITUDE
SHAPING
In the relevant paper of Woodward and Lawson [13], the
far field shaping problem has been tackled by looking for
a superposition of many patterns focused in properly chosen
given points located in the ROI. However, in [13] one can-
not enforce any constraints outside the target area and the
single focused patterns are simply added in phase without
considering any possible phase shifts.
Starting from the above, an interesting possibility for the

solution of the shaping problem is that of considering an
auxiliary field model wherein the shaping is tackled as the
superposition of single patterns focused in a number of
points, called control point rti , inside the ROI. Interestingly,
the combinations of these single focused bricks involve addi-
tional degrees of freedom, which are missing in [13], i.e.,
the phases of the field in rti . These latter, and a proper choice
of the control points, will allow to control to some extent
the field intensity in the ROI.
Along this line of reasoning, and considering for the time

being a 2D homogeneous region of space, the field of interest
in the neighborhood of the control point rti , denoted as Fi(r),
can be expressed in a reference system centered on rti as
a superposition of basic solutions as [14]:

Fi
(
r
) =

+∞∑

�=−∞
a�J�

(
km

∣∣r − rti
∣∣)ej�∠(r−rti ) (2)

where a� is an amplitude coefficient, J�(·) is the Bessel
function of order �, km is the wave number in the ROI and
∠(r − rti) is the angle in polar coordinates with respect to
rti , in a bidimensional system.
Whenever such a field is focused in rti , the only term

which survives is the one for � = 0. As a consequence,
in such a case Fi(r) can be approximated, apart from the
constant a0, by means of the zero order Bessel function J0,
which is centered in the control point rti .
Then, suppose that the desired shaped field is a super-

position of fields focused in the different control points,
and, in view of our final goals, that the different focused
components have all the same amplitude a0 = 11. Then,
apart from a single unessential constant, the field can be
approximated as:

Faux
(
r
) = J0

(
km

∣
∣r − rt0

∣
∣) +

L∑

i=1

J0
(
km

∣
∣r − rti

∣
∣)ejφi (3)

1. By the sake of simplicity, we are herein reasoning on a ‘flat top’ kind
of shaping. Differently weighted superpositions can be considered in other
cases.

where φi ∈ [0, 2π [ are auxiliary variables indicating the
phase of the different Bessel functions addenda in the
auxiliary model (3).
Provided the simplification of relation (2) is adequate

for the original shaping problem at hand, the analysis of
model (3) can allow a relatively simple physical under-
standing of convenient and non-convenient Bessel-field
interferences determined from {φi} values. For example, in
case of just two control points, a π value of φ1 would imply
a null of the field Faux(r) at midway, so that such a value
and the neighbouring ones can be discarded if a uniform
amplitude field is required within the ROI. This is of course
true even if in expression (3) no other constraints are taken
into account outside the ‘flat-top’ zone. In fact, values of
φ1 implying a null of the field Faux(r) at midway certainly
are not of interest and can be discarded in the solution of
the relevant shaping problem. Interestingly, in the same two
control points case and uniformity requirement, one can also
analytically determine a value of φ1 such that the auxiliary
fields have the same amplitude at the external points and at
midway. In case of lossless media, such an optimal value is
readily found as discussed in the Appendix.
Then, although the cases with three or more control points

are more and more difficult to be analysed, model (3) can
give very useful insights about possible field interferences
when varying {φi} values, and hence useful guidelines for
an optimal solution of the shaping problem, as discussed
below.
In fact, the auxiliary problem of determining the more

convenient set of values for {φi} has a series of convenient
characteristics as follow:
1) because of the simple analytical form (3), one can

indagate in a very fast fashion many {φi} values com-
binations, without solving any optimization problem
or other additional procedures as in [9]–[12];

2) for the same reason, its repeated analysis also can pos-
sibly give suggestions on the selection of the control
points rti ;

3) results arising from extensive investigation of model
(3) by varying {φi} values (and eventually also the
distances |r − rti |) can be arranged into a Pareto like
performance plot, giving back the more convenient
ranges of the phase shifts combinations;

4) these results have a wide range of validity and can be
adopted to a large series of cases, sharing the same
electrical distances amongst the control points, even
when km is an average value of the wavenumber in
a non-homogeneous scenario (see Section VI).

In summary, the auxiliary model (3) can be profitably
exploited to identify convenient and non-convenient {φi} val-
ues. Once L control points are set in the ROI (step 1 in
Figure 2), the performance parameters (PP1,PP2, . . .PPn)
are defined depending on the application at hand (step 2 in
Figure 2). Possible choices are the ripple and the average
value in the ROI, but different choices are indeed possi-
ble. In order to explore all possible φi values, M samples
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FIGURE 2. Schematic flowchart of the analysis procedure of the auxiliary model (3).

in [0, 2π [ are set for each φi and ML−1 combinations are
considered (step 3 in Figure 2). Then, Faux(r) is evalu-
ated by Equation (3) for each {φi} combination (step 4 in
Figure 2) and, hence, those combinations corresponding to
the worse performance are discarded. Also, the {φi} com-
binations which corresponds to the optimal values of the
performance indicators PPn are selected. To this end, it
comes out to be convenient to report the indicators PPn
in a Pareto like performance plot (step 5 in Figure 2).
A scheme of the analysis procedure is resumed in the

flowchart of Figure 2. At the end of the procedure, the
analysis of the Pareto-like performance plot allows to eas-
ily identify the {φi} combinations to be discarded as well
as the more convenient ones. For example, if performance
parameters PPn are defined in such a way that better
performance are obtained when they assume low values, the
low-left corner points correspond to the more convenient
{φi} combinations (see f.i. the red box in Figure 2).
As far as step 1 is concerned, it is important to note

that the overall strategy amounts to find some appropri-
ate interferences amongst different elementary bricks, herein
given by Bessel functions. Hence, in order to have eventually
significant interferences, the distance amongst two control
points has to be such that the elementary bricks are not
too small in the ROI, or at least along the line joining the
two points. On the other hand, very small distances among
the control points also do not have sense, as the control
points would be redundant and this circumstance would just
increase the computational burden, without adding useful

information. As a rule of thumb deriving from an exten-
sive numerical analysis (a part of it reported in Section IV),
distances belonging to the interval [0.25, 0.5]λb are sug-
gested. As a second possibly useful comment, note that
within this interval, the simplicity of the proposed auxiliary
model allows one also to understand what is the best loca-
tion distance. In fact, one could select the distance implying
a minimum RSD and a maximum field amplitude, according
to the analysis resumed in Figure 2. Finally, an additional
criterion for choosing the position of the control points is the
need of covering in a possibly uniform fashion the region
of interest.
The analysis shown in the Figure 2, allows two effec-

tive possibilities for the solution of the relevant shaping
problem. First, understanding the optimal field interferences
also implies achieving convenient field distributions within
the ROI. Then, in order to solve the actual problem of deter-
mining the complex excitations of the primary sources, one
can simply minimize the misfit between the actual field
distribution (1) and the reference target distribution(s) as
determined from the above analysis. Notably, this is indeed
a field synthesis problem which can be easily solved by the
minimization of a quadratic functional.
Second, once one has gained awareness of convenient

and non-convenient interferences, one can take advantage of
such a knowledge within a constrained power optimization
framework. In particular, as it will be discussed in detail
in the numerical analysis in Section VI, the outcomes of
model (3) can play a pivotal role in multi-control points-
based approaches [9]–[12], as it allows time and memory
saving in the overall optimization, without affecting the final
performance.

IV. ANALYSIS OF THE AUXILIARY FIELD MODEL
In order to give a better insight into the auxiliary model (3),
in this section a numerical analysis is reported in the sim-
ple case of homogeneous medium. In particular, the analysis
procedure in Figure 2 is performed. The aim of the shap-
ing problem at hand is to achieve a uniform and intense
amplitude field distribution within a given ROI. As far as
the check of the usefulness of this analysis in a relevant
actual shaping problem is concerned, the reader is deferred
to Sections V and VI, wherein application to the challenging
MRI shimming case is considered.
In the following two subsections, a square domain of side

L = 0.76λb is considered, discretized into Nx × Ny small
cells, with Nx = Ny = 80, where λb is the wavelength
in a homogenous medium with relative permittivity of 53
and electrical conductivity 0.15. The working frequency is
128MHz.
As expected, expression (3) tuns out to be exact for the

case of a single control point, i.e., for the focusing problem.
More interestingly, the Bessel function of zero order comes
out to be quite accurate to approximate the spatial distribu-
tion of the focused field in a neighborhood of the control
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FIGURE 3. Analysis of the auxiliary field model. CASE STUDY 1. (a) Scenario under test. The ROI is the yellow area, while the control points are superimposed as black points
at distance d = 0.27λb . (b)-(l) Spatial amplitude distributions of the auxiliary field model for different values of phase shifts in [0,π] for d = 0.27λb . RSD versus the reciprocal of
Fav for (m) d = 0.27λb , (n) d = 0.33λb and (o) d = 0.4λb . Each circle represents a pair of values (RSD, 1/Fav ) corresponding to a given phase shift in the interval [0,π].

point even in the case of a non-homogeneous scenario (see
Section VI below).
In the two subsections which follow the analysis of

model (3) for the cases of two and four control points is in
order.

A. CASE STUDY 1: TWO CONTROL POINTS
The scenario under test is depicted in Figure 3(a). The control
points are located at a distance d = 0.27λb. The midpoint
is at (0,0) m. The ROI is represented by the yellow ellipse
in Figure 3(a).
According to step 3 in Figure 2, M = 20 values of

φ1 have been uniformly sampled in [0, 2π ]. The spatial

distributions of the auxiliary field amplitude obtained by
considering 11 values of φ1 evenly spaced in [0, π ] are
shown in Figure 3. The same results are obtained in case
of φ1 ∈ ]π, 2π [. Note that, by virtue of the simple ana-
lytical form of (3), its evaluation for different φ1 values is
immediate. As expected, when φ1 approaches π a disrup-
tive interference arises between the two Bessel functions.
Instead, for phase shifts near to 0 (or 2π ), a satisfactory
tradeoff between amplitude and uniformity is obtained. Note
that these results are also in agreement with the examples
in Figure 3 of paper [10].
In order to evaluate in a systematic way the optimal

phase shift φ1 able to both ensure a uniform and intense
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FIGURE 4. Analysis of the auxiliary field model. CASE STUDY 2. (a) Scenario under test. The ROI is the yellow area, while the control points are superimposed as black points
at distances d01 = 0.42λb and d23 = 0.32λb . Spatial amplitude distributions of the auxiliary field model in case of (b) good tradeoff between RSD and maximum auxiliary field
intensity in the ROI, (c) minimum RSD and (d) maximum RSD. (e) RSD versus the reciprocal of Fav . Each green circle represents a pair of values (RSD, 1/Fav ) corresponding to
a given combination of phase shifts. The red box delimits the region corresponding to the best tradeoff between minimum RSD and maximum Fav .

spatial distribution of the field intensity, we consider two
quantitative synthetic performance indicators. In particular,
we consider the average value of the field intensity Fav
and the relative standard deviation of the amplitude (RSD),
defined as:

RSD = std{|F|}
mean{|F|} (4)

being std{·} and mean{·} respectively the standard devia-
tion and the mean. Both indicators are evaluated within
the ROI. Performance is easily evaluated in case of dif-
ferent distances between the control points. In particular,
in Figures 3(m)-(o), we plot the RSD parameter versus the
reciprocal of Fav in case d = 0.26λb, d = 0.33λb and
d = 0.4λb. Note that distances higher than 0.5λb are not
suitable as they do not allow an accurate control of the field
intensity.
According to the proposed procedure, φ1 ∈ [0, π/3] are

the optimal phase shifts leading to an appropriate interference
while the ones in proximity of π can be discarded. Then,
the corresponding field amplitude distributions (shown in
Figure 3) are the ideal ones to be eventually considered
within a field synthesis optimization procedure.

B. CASE STUDY 2: FOUR CONTROL POINTS
The scenario under test is depicted in Figures 4(a).
The control points are located at distances of about
d02 = 0.42λb and d13 = 0.32λb. Both midpoints are
at (0, 0) m, while the reference point is the one in
(0, 0.21λb). The ROI is represented by the yellow area in
Figure 4(a).
According to step 3 in Figure 2, in order to explore all

the possible combinations of phase shifts, M = 20 values

for each φi have been uniformly sampled in the interval
[0, 2π [. Then, the total number of possible combinations is
ML−1 = 8000.

The RSD parameter versus the reciprocal of Fav is plot-
ted in Figure 4(e). Each circle represents a pair of values
(RSD, 1/Fav) corresponding to one of the 8000 phase shifts
combinations. As in case of two control points, convenient
combinations exist which corresponds to the circles in the
region close to the origin of the coordinates system. We
consider the region such that RSD ≤ 0.15 and 1/Fav ≤ 3.8.
Then, the number of convenient combinations to be eventu-
ally considered for the problem at hand is drastically reduced
to 216.
A combination ensuring a good tradeoff is the combination

(0, 0, 0) and the corresponding auxiliary field distribution is
shown in Figure 4(b). Figure 4(c) shows instead the auxiliary
field distribution corresponding to a phase shifts combina-
tion giving a minimum RSD. Finally, Figure 4(d) shows the
auxiliary field distribution corresponding to a phase shifts
combination giving a maximum RSD.
In Section VI, the effectiveness of the convenient phase

shifts suggested in case of two and four control points by
the above analysis based on the auxiliary field model (3) are
tested in the relevant case of MRI shimming.

C. A CHALLENGING SHAPING PROBLEM: MRI
SHIMMING
One of the main challenges for MRI at high and ultra-
high fields is the possibly significant inhomogeneity in the
RF transmit magnetic field [7], [15]. Indeed, high frequency
can cause electromagnetic field spatial variations which
significantly degrade the image quality.
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Different RF shimming approaches have been proposed in
literature, which can be classified into two main categories:
passive and active ones [7], [15]–[22]. The first category
commonly uses high-permittivity materials put close to
the ROI to vary the spatial distribution of the magnetic
field, improve field homogeneity and enhance signal noise
ratio [16]–[19]. For instance, in [17] a series of electro-
magnetic simulations have been performed to observe and
quantify the improvements achieved using higher permittivity
materials between the RF coil and the patient. In [16] dielec-
tric shimming is formulated as an electromagnetic scattering
problem using integral equations.
On the other hand, in the active shimming techniques, the

RF field inhomogeneity can be addressed by using multi-
element transmit coils [20]–[22]. These techniques can be
also optimized to reduce global SAR, since interferences
between the electric fields from multiple transmit coils can
result in amplifications of local SAR which are difficult
to predict [21]–[22]. For instance, in [20] a synthesis pro-
cedure has been proposed for the RF shimming able to
take contemporaneously into account all constraints regard-
ing homogeneity, strength and polarization. However, this
method could be trapped into sub-optimal solutions and
enforce the field homogeneity in the whole investigation
domain, without the possibility to restrict this requirement
to a subdomain.
In this section, the auxiliary field model for intensity shap-

ing proposed in Section III are exploited for the challenging
MRI shimming case. In particular, the RF shimming is set
up by exploiting one or more control points located in the
ROI (as in multi-control points-based approaches [9]–[10])
and by taking into account the constraints regarding SAR
levels and polarization purity.
To this end, we consider a birdcage coil made up of N

conductors, each one fed by a different current In (with
n = 1, . . . ,N). Our goal is to find the complex excitations
In that produce in the ROI the desired field B+

1 (r), that
is the right-hand circular polarization of the RF magnetic
field. Then, the optimization problem can be formulated as
follows:

“Determine the optimal set of complex excitations
coefficients In such to produce a uniform and suffi-
cient intense B1

+ field, while ensuring polarization
purity and SAR limits in the overall D”.

Then, from a mathematical point of view, the RF shim-
ming problem can be cast as follows:

max
In

R{
B1

+(
rto , In

)}
, (5a)

subject to I
{
B1

+(
rt0 , In

)} = 0, (5b)

R{
B1

+(
rti , In

)} = R{
B1

+(
rt0 , In

)}
cos� φi, (5c)

I
{
B1

+(
rti , In

)} = R{
B1

+(
rt0 , In

)}
sin� φi, (5d)

SAR
(
r, In

) ≤ 3.2
W

kg
r ∈ D, (5e)

∣
∣B1

−(
r, In

)∣∣2 ≤ 1

2

∣
∣B1,initial

+(
r, In

)∣∣2
r ∈ D, (5f)

∣
∣B1

+(
r, In

)∣∣2 ≤ ∣
∣B1 des

+∣
∣2

r ∈ 	, (5g)

wherein R{·} and I{·} are the real and the imaginary
parts of the corresponding argument, respectively. SAR =
σ(r)
ρ(r) |E(r)|2 and ρ is the mass density of tissues. B1

− is the
undesired left-hand polarization of the RF magnetic field,
B1,initial

+(r, In) is the spatial distribution of B1
+ in a stan-

dard coil, according to [20], and 	 is the part of D which
does not contain the ROI. Finally, �φi ∈ [0, 2π [ are auxil-
iary variables indicating the phase shifts between the field
in rt0 and rti . Note that whatever the values of the auxiliary
variables �φi, constraints (5.b) and (5.c) allow to enforce
equality of the field amplitude at the control points.
In problem (5) the magnetic field B1

+ in rt0 is assumed
real by simply changing the overall phase reference. Note
that variables �φi are different from the variables φi in
the auxiliary model (3). In fact, in model (3) the phase of
Faux(rt0) can be different from zero, while in problem (5)
the actual field B1

+ is enforced to be real in rt0 . Second, and
more important, variables �φi are the phase shifts amongst
the total fields B1

+ at the control points, while variables φi
are the phase shifts amongst the different Bessel functions
contributions.
In problem (5), constraint (5.e) limits the SAR levels

everywhere according to [20], [23]. Constraint (5.f) regards
the field polarization, which is enforced to remain close
enough to the desired right-hand one [20]. Finally, by means
of constraint (5.g), the square amplitude of B1

+ is enforced
to lie under a specific upper bound B1 des

+ in the region 	.
For any fixed frequency and �φi value, the MRI shim-

ming problem (5) is recast as the maximization of a linear
function in a convex set, which corresponds to a convex
programming (CP) problem [9], [10]. Then, the globally
optimal solution of the overall optimization problem can be
a posteriori determined by exploring all the different possi-
ble combinations for � φi, solving then the corresponding
CP problem and finally looking into the values of the cost
function or other suitable performance indicators depending
on the application at hand [9]–[12]. Alternatively, in a more
convenient fashion, a nested optimization procedure where
the external global optimization acts on the field phase shifts
whereas the internal convex optimization acts instead on
excitations can be also exploited [11]. Note that some pre-
liminary analysis and results for MRI shimming via purely
enumerative optimization in case of simplified and homo-
geneous brain models have been shown in the conference
paper [24] by the same authors.
If the optimal phase shifts were a priori known, just a sin-

gle CP problem would have to be solved. Unfortunately,
such an information is not generally available. On the other
side, which is a relevant circumstance, exploitation of the
proposed auxiliary model (3) can be profitably exploited to
off-line discard non-convenient phase shifts values in multi-
control points-based procedures. In fact, the knowledge of
some optimal sets of {φi} values implies a straightforward
computation of the corresponding {�φi}, which are instead
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FIGURE 5. MRI shimming against 2D head phantoms: relative permittivity (a), (e) and electrical conductivity (b), (f) maps. Spatial distributions of the amplitude of the magnetic
field B+

1 [T] (c), (g) and SAR [W/kg] (d), (h) corresponding to a standard coil configuration. Amplitude and phase (i) of the standard excitation coefficients. (j) Positions of the
antennas of the circular array schematizing the birdcage coil.

the actual phase shifts of the B1
+ field between the field

in rti and in the reference point rt0
2. Then, one can go to

the shaping problem of interest (5) and solve it just for
the more convenient {�φi} combinations as resulting from
step 5 in Figure 2. This restriction of the {�φi} combi-
nations involves a drastic reduction of the computational
burden. Notably, such a reduction is more and more pro-
nounced with an increasing number of control points, and
hence in cases of large ROI and/or 3D geometry.
In the following section, the shimming approach (5) and

the analysis reported in Section IV is tested against two 2D
head phantoms. B1 des

+ is set equal to 1/3 of the infinite
norm of the amplitude of the field B1,initial+(r, In) [20], while
	 is assumed to be the region outside the brain support.

V. NUMERICAL ANALYSIS IN THE MRI SHIMMING CASE
Two different 2D head phantoms have been considered for
the analysis. The first one has been obtained by consid-
ering the morphological information gathered from a 3D

2. In particular, one can determine �φi as φi − ∠Faux(rt0 , {φi}).

high-resolution voxel-based anthropomorphic phantom [25]
and by defining the electromagnetic properties according to
IT’IS foundation database [26]. A transverse slice has been
considered and enclosed within a square domain D, dis-
cretized as in Section III. In the second phantom, the head
has been instead modeled as a homogeneous medium with
electrical properties set equal to the average value of the
ones of the brain tissues, that is with relative permittivity of
53 and electrical conductivity 0.15.
Figures 5(a)-(b) and 5(e)-(f) depict respectively the relative

permittivity and the electrical conductivity distributions of
both scenarios.
In order to simulate an MRI scanner, the birdcage struc-

ture has been schematized as a circular antenna array of
radius 0.2m, in accordance with the realistic size of com-
mon birdcage coil adopted in clinic and located around the
head phantom with 16 antennas evenly spaced [20] (see
Figure 5(j)). Air has been assumed to be the background
medium. For comparison, the coefficients In0 corresponding
to the standard design of the birdcage coil configuration have
been considered according to [20]. Finally, the considered
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FIGURE 6. MRI shimming against 2D head phantoms. (a)-(h) Homogeneous and (i)-(p) realistic head phantoms. Amplitudes distributions of (a), (i) the Bessel function of zero
order and (b), (j) the field focused via problem (5) in case of a single control point located in (0, 0.029 m). Corresponding cut views along (c), (k) x-axis at y = 0.029 and (d),
(l) y-axis at x = 0 (zoomed in on the brain support). Phase distributions of (e), (m) the Bessel function of zero order and (f), (n) the field focused via problem (5). Corresponding
cut views along (g), (o) x-axis at y = 0.029 and (h), (p) y-axis at x = 0 (zoomed in on the brain support). The continuous lines correspond to the Bessel function of zero order,
while the dashed lines correspond to the focused field.

Larmor frequency is 128 MHz, which corresponds to a static
field B0 = 3T .

In Figures 5(c) and (d) and 5(g) and (h), the spatial dis-
tributions of the B+

1 field and the SAR corresponding to the
standard coil configuration are shown, respectively, for the
two head phantoms, while in Figure 5(i) the magnitude and
phase of the standard array excitation coefficients [In0] are
reported.
As first step, a single control point located at (0, 0.029 m)

has been considered and the corresponding focusing problem
has been solved. In both cases, for the evaluation of the
argument of the Bessel function in the field approxima-
tion (3), the average of both the relative permittivity and
electrical conductivity have been considered, i.e., about 53
and 0.15, respectively. The amplitudes and phases of the
Bessel function and the actual focused magnetic field are

shown in Figure 6 for both head phantoms. As it can be
seen, the spatial distribution of B+

1 can be well approxi-
mated within the head support by the Bessel function of
zero order, which means that consideration of just the first
term of expansion (2) is suitable for understanding expected
behaviors in term of {φi} (and hence {�φi}). Notably, the
auxiliary model (3) can still be used notwithstanding the
inhomogeneity of the scenario.

A. CASE STUDY 1: TWO CONTROL POINTS
The control points have been located as in Figure 3(a) at
d = 0.27λm, where λm is the wavelength refers to the mean
of the brain electrical properties. The chosen ROI is repre-
sented by the yellow ellipse in Figure 7(a) and 8(a), respec-
tively for the homogeneous and realistic head phantoms.
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FIGURE 7. MRI shimming against 2D head phantoms. CASE STUDY 1: Homogeneous head phantom. The ROI is the yellow area (a), while the control points are superimposed
as black points. (b)-(l) Spatial amplitude distributions of the magnetic field B+

1 [T] for different value of phase shifts in [0,π]. (m) RSD versus the reciprocal of Bav [T]. Each circle
represents a pair of values (RSD, 1/Bav ) corresponding to a given phase shift. The different colors correspond to a value of �φ1. (n) Amplitude and phase of the optimal
excitation coefficients and (o) SAR [W/kg] spatial distribution corresponding to the optimal �φ1.

In order to check the usefulness of the analysis reported
in Section IV-A, all the M = 20 values of the phase shift
�φ1 have been considered in the solution of problem (5).
In case of homogeneous head phantoms, the spatial distri-
butions of the B+

1 field corresponding to the first 11 �φ1
values are shown in Figures 7(b)-(l) and 8(b)-(l). According
to Section IV-A, just a few values �φ1 values, evaluated
as φ1 − ∠Faux(rt0, φ1), allow to ensure both a uniform and
maximum spatial distribution of the field intensity.
To better handle the underlying trade-off, the RSD parame-

ters versus the reciprocals of Bav, i.e., the average value of the

B+
1 intensity, are shown in Figures 7(m) and 8(m)3. Notably,

the same qualitative behavior as in Figure 3(m) is obtained.
Then, the proposed off-line analysis of the auxiliary model
can be assumed to effectively predict the convenient and
the non-convenient field interferences, even if the biological
scenario under test is significantly heterogeneous.
As expected, this procedure gives significant advantages

in terms of computational complexity, as just 4 CP problems

3. In such graphs, the last 11 explementary angles within ]π, 2π [ are
also shown as they can have slightly different performance due to the
heterogeneity of the scenario under test.
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FIGURE 8. MRI shimming against 2D head phantoms. CASE STUDY 1: Realistic head phantom. The ROI is the yellow area (a), while the control points are superimposed as
black points. (b)-(l) Spatial amplitude distributions of the magnetic field B+

1 [T] for different value of phase shifts in [0,π]. (m) RSD versus the reciprocal of Bav [T]. Each circle
represents a pair of values (RSD, 1/Bav ) corresponding to a given phase shift. The different colors correspond to a value of �φ1. (n) Amplitude and phase of the optimal
excitation coefficients and (o) SAR [W/kg] spatial distribution corresponding to the optimal �φ1.

need to be solved by exploiting the outcomes of the aux-
iliary model analysis, whereas the enumerative solution of
problem (5) requires the solution of 20 CP problems. It is
important to note that the time saving is anyway much larger
than the approximatively one order of magnitude, from 20 to
4 CP problems. In fact, some of the original 20 optimization
problems and specifically, those corresponding to the non-
convenient �φ1 values are severely ill-conditioned, so that
their solution can be very slow. Obviously, computational
advantages are more and more pronounced as M and L
increase (see next subsection) and in 3D geometry.

Please note that the RSD of B1
+ corresponding to the

standard choice of the excitations (see [20]) is 0.33, while
by means of the proposed shimming procedure, the optimal
phase shift can ensure an RSD much lower than 0.1. This
means that a more uniform B1

+ field has been now obtained
respect to the standard distribution. This final RSD is the
same as the one obtained by performing an enumerative
optimization as in [24].
The optimal phase shift for the considered choice of

control points correspond to �φ1 ∼ 0 (see Figures 7
and 8) as it also ensures the best field amplitude distribution.
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FIGURE 9. MRI shimming against 2D head phantoms. CASE STUDY 2: Homogeneous head phantom. The ROI is the yellow area (a), while the control points are superimposed
as black points. Spatial amplitude distributions of the magnetic field B+

1 [T] in case of (b) good tradeoff between RSD and maximum field intensity in the ROI and (c) minimum
RSD. (d) SAR [W/kg] spatial distribution corresponding to (b). (e) RSD versus the reciprocal of Bav [T]. Each green circle represents a pair of values (RSD, 1/Bav ) corresponding
to a given combination of phase shifts. (f) Amplitude and phase of the optimal excitation coefficients corresponding to (b).

Figures 7(n) and 8(n) give the corresponding optimal ampli-
tudes and phase of the complex excitations In for both the
homogenous and the realistic head phantoms. Note that the
procedure also allows a satisfactory control of SAR levels
into the ROI, as shown in Figures 7(o) and 8(o).

B. CASE STUDY 2: FOUR CONTROL POINTS
The control points have been located as in Figure 4(a) at
a distance of d02 = 0.42λm and d13 = 0.32λm (see
Figures 9(a) and 10(a)). Both midpoints are at (0,0) m. As
a consequence, the already available analysis of Section IV-B
can be applied. If all the possible combinations were con-
sidered for problem (5), with M = 20 values for each φi,
8000 convex problems should be solved, which would mean
a very expensive and time-consuming procedure. However,
results in Section IV-B have shown that some combinations
are not convenient for the application at hand. Then, in the
following, we have considered only those combinations that
ensure a good compromise between uniform spatial distribu-
tion and maximum of the field, that are the 216 combinations
in the region RSD ≤ 0.15 and 1/Fav ≤ 3.8 in Figure 4(e).
The RSD parameters versus the reciprocals of Bav is shown

in Figures 9(e) and 10(e). The optimal phase shift combina-
tions are �φ1 = −0.18, �φ2 = −0.18 and �φ3 = −0.18
and �φ1 = −0.263,�φ2 = 5.71 and �φ3 = −0.263
respectively for the homogeneous and realistic phantoms.
Indeed, they ensure the best field distributions. The optimal
field distributions are shown in Figures 9(b) and 10(b), while
the ones corresponding to the minimum RSD are reported in

Figures 9(c) and 10(c). Note that the RSD of B+
1 evaluated

for the standard choice of excitations [20] is 0.34, while,
by means of the proposed shimming procedure, the RSD
is lower than 0.08. This final RSD is the same as to the
one obtained by performing an enumerative optimization as
in [24], so that also in this case the achieved time saving
does not imply a worsening of performances.
Figures 9(f) and 10(f) give the corresponding optimal

amplitudes and phases of the complex excitations In of the N
conductors, while the reached SAR levels into the brain are
shown in Figures 9(d) and 10(d). The above results, and other
cases not shown herein for the sake of brevity, demonstrate
the feasibility and the accuracy of the proposed auxiliary
model in predicting the field interferences within the ROI
and the optimal phase shifts combinations to be used in the
solution of the original problem (5). Moreover, the off-line
analysis of the auxiliary model (3) has allowed to obtain
the optimal In without the solution of a very high number
of CP problems and, thus, with a reduced computational
burden related to the multi-control points-based approaches.
As a matter of fact, in case of four control points we have
a reduction factor of about 40 of the number of CP prob-
lems, resulting in an even larger factor in terms of overall
computational time. In order to emphasize such reduction,
two metrics are adopted and reported in Table 1, that are
the numbers of involved CP problems and the computational
time for the two cases wherein the proposed auxiliary model
or the standard enumerative strategy in [10], [11], [24] are
adopted, respectively.

928 VOLUME 3, 2022



FIGURE 10. MRI shimming against 2D head phantoms. CASE STUDY 2: Realistic head phantom. The ROI is the yellow area (a), while the control points are superimposed as
black points. Spatial amplitude distributions of the magnetic field B+

1 [T] in case of (b) good tradeoff between RSD and maximum field intensity in the ROI and (c) minimum RSD.
(d) SAR [W/kg] spatial distribution corresponding to (b). (e) RSD versus the reciprocal of Bav [T]. Each green circle represents a pair of values (RSD, 1/Bav ) corresponding to
a given combination of phase shifts. (f) Amplitude and phase of the optimal excitation coefficients corresponding to (b).

TABLE 1. Advantages in term of computational burden: number of CP problems to
be solved and computational time.

VI. CONCLUSION
In this paper, an auxiliary model has been proposed for shap-
ing the field intensity distribution in a given target region,
supporting the design of complex excitations feeding a fixed
geometry array.
This physics inspired model allows to understand the pos-

sible spatial field distributions by analyzing the interferences
between canonical solutions for the induced total field in
the ROI, that are zero order Bessel functions. Such analysis
allows to discard the non-convenient interferences depend-
ing on the application at hand. Then, it allows a significant
reduction of computational resources by ensuring the same
performance. Obviously, the analysis of model (3) becomes
more and more demanding in case of a larger and larger num-
ber of control points. However, by taking advantage from
the peaked behavior of the elementary bricks, a possible
strategy for the case of very many control points could be
that of starting from a portion of the actual ROI, which
implies a reduced number of control points. Then, after
some selections of the first phase shifts of interest, one can

increase the portion of interest, and hence the number of
control points. In such a way, one can avoid testing all
the possible combinations, thus limiting the computational
burden.
While relevant in several applications, the usefulness of

the proposed auxiliary model has been tested in the case of
MRI shimming. The numerical analysis against a realistic
head phantom has outlined that the proposed auxiliary model
can be effective also in case of non-homogenous medium.
Moreover, consideration of a set of optimal phase shifts com-
binations based on the proposed auxiliary model, rather than
selecting a unique optimal phase shift combination, has to
be preferred especially in case of a number of control points
higher than 2. In fact, such a choice allows to compensate
possible small variations of the field distribution due to the
heterogeneous scenario under test, and to better tailor the
results to the application at hand.
Future work will be devoted at testing the procedure

in other relevant applications, such as hyperthermia treat-
ment planning and array synthesis for telecommunications,
as well as to cases where the overall field intensity rather
than the amplitude of a single component is of interest [27].
Furthermore, the extension of the rationale underlying the
proposed auxiliary model will be addressed in the more
challenging 3D vectorial scenario, wherein its features would
become even more attractive.

APPENDIX
Consider two control points rt0 and rt1 located at distance d
in a lossless and homogeneous ROI, characterized by a wave
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number km. Then, the auxiliary model (3) can be simplified
as follows:

Faux
(
r
) = J0

(
km

∣∣r − rt0
∣∣) + J0

(
km

∣∣r − rt1
∣∣)ejφ1 (A.1)

In such a simple case, one can analytically determine the
values of φ1 such that the field amplitudes are the same at
rt0 , rt1 and at midway. Indeed, by evaluating the amplitudes
of Faux(r) at these points, that are:

∣∣Faux
(
rt0

)∣∣ =
∣∣∣1 + J0(kmd)e

jφ1

∣∣∣ (A.2a)
∣∣Faux

(
rt1

)∣∣ =
∣
∣∣J0(kmd) + ejφ1

∣
∣∣ (A.2b)

∣∣∣
∣Faux

(
rt1 + rt2

2

)∣∣∣
∣ =

∣∣∣
∣J0

(
kmd

2

)
+ J0

(
kmd

2

)
ejφ1

∣∣∣
∣ (A.2c)

and by imposing the three right hand members to be equal to
each other, one can derive for the case of a lossless medium
the φ1 values such to obtain a uniform field in the ROI, i.e.:

φ1 = arccos

⎧
⎪⎨

⎪⎩

1 + [J0(kmd)]2 − 2
[
J0

(
kmd

2

)]2

2
[
J0

(
kmd

2

)]2 − 2J0(kmd)

⎫
⎪⎬

⎪⎭
(A.3)
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