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A B S T R A C T

Shear deformable elastic beam models in flexure are considered in the hypothesis of cross section symmetric
with respect to the flexure axis, whereby the external transverse forces act as distributed body forces. A 2D
warping theory is presented where the shear-warping process is driven by a shear-warping parameter, say 𝜏,
0 ≤ 𝜏 ≤ 1, in such a way that equilibrium between zero external (𝑡(𝑛)𝑖 = 0) and internal (𝜎(𝑛)𝑖 = 0) tractions upon
the lateral surface of the beam is complied with no matters the value of 𝜏 ∈ (0, 1). On letting 𝜏 vary within (0, 1),
a continuous beam family, say  ∶= {𝜏 ∶ 0 ≤ 𝜏 ≤ 1}, is generated, which spans from the Euler–Bernoulli (EB)
beam model 0 at 𝜏 = 0 (no shear strain, nor warping effects), to a series of shear deformable beam models 𝜏
up to 𝜏 = 1. For intermediate values of 𝜏, 0 < 𝜏 < 1, every beam model is featured by transversally nonuniform
shear stresses accompanied by suitable 2D warping effects, while the boundary equilibrium condition with zero
applied tractions is satisfied. The warping theory herein presented is an original generalization of a previous
1D type warping theory devised for rectangular cross sections. Applications are reported in which a circular
cross section is considered and a beam problem in static conditions is worked out.

1. Introduction

The higher order elastic beam theories are known to constitute
improved forms of the classical Euler–Bernoulli (EB) beam theory
whereby some effects not predicted by the classical theory, like the
transverse shear and normal deformations, are taken into considera-
tion. Bresse (1859) and Rayleigh (1878) enriched the inherent gov-
erning differential equation by an additional term taking into account
rotary inertia. Timoshenko (1921) with the aid of Ehrenfest (quoted
by Timoshenko, 1922 and reported by Elishakoff et al., 2015; Doeva
et al., 2020), advanced a shear deformable beam model (usually called
Timoshenko–Ehrenfest (TE) model) featured by a shear strain uniform
through the whole thickness of the beam, so contradicting the require-
ment of zero longitudinal shear stress over the lateral surface of the
beam. As a remedy for this drawback, Timoshenko (1921) proposed
a suitable shear correction coefficient (Cowper, 1966; Kaneko, 1978;
Elishakoff, 2020).

A shear deformable beam model was proposed by Levinson (1981),
Bickford (1982), Reddy (1984, 2007) and Heyliger and Reddy (1988)
– usually referred to as the Levinson–Reddy (LR) model – in which
the (assumed) rectangular cross section is allowed to suitably warp in
the thickness direction according to an axiomatically specified warping
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rule, so making superfluous the Timoshenko’s shear correction coef-
ficient. This goal was achieved by enriching the axial displacement,
say 𝑢𝑥, of the generic point by an additional warping displacement as
𝑢𝑆𝑊𝑥 ∶= 𝛾(𝑥)𝑓 (𝑧) where 𝛾(𝑥) is the (response dependent) shear rotation
of the cross section, 𝑓 (𝑧) denotes a suitable, axiomatically fixed, shear
warping function varying with the thickness co-ordinate 𝑧. The function
𝑓 (𝑧) is of the form 𝑓 = 𝑧 − (4𝑧3∕3ℎ2) in the LR model, but it has been
chosen in a variety of other forms in the numerous alternative for-
mulations subsequently appeared in the literature always considering
rectangular cross section: namely, either as a polynomial (Subrama-
nian, 2006; Shi and Voyiadjis, 2011; Carrera and Giunta, 2010; Giunta
et al., 2013), or trigonometric functions (Arya, 2003; Jun and Hongx-
ing, 2009; Touratier, 1991; Sayyad and Ghugal, 2014), or hyperbolic
functions (Soldatos, 1992), or exponential functions (Karama et al.,
2003; Aydogdu, 2008; Mantari et al., 2011; Gul and Aydogdu, 2021).
For more details on this issue, reference is made to Eltaher et al. (2016)
and Sayyad and Ghugal (2018) and the literature therein.

Another form of 𝑓 , also suitable to rectangular cross section, is met
within the parametric shear warping theory (Polizzotto, 2015, 2017),
where 𝑓 has a form similar to that of the LR model, but with the cub-
ic addend replaced by a monomial whose exponent is a function of a
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Fig. 1. Shear deformable beam: geometrical sketch.

(non-dimensional) shear-warping parameter, say 𝜏, such that 𝑓 = 𝑓 (𝑧, 𝜏).
On letting 𝜏 vary within the interval (0, 1), the correspondingly chang-
ing warping rule turns out to be in one-to-one correspondence with a
continuous family of shear deformable beams,  ∶= {𝜏 ∶ 0 < 𝜏 < 1},
which spans from the EB beam model 0 for 𝜏 → 0+, to a special shear
deformable beam model 1 for 𝜏 → 1−.2

In the warping theories mentioned above, always devised for rectan-
gular cross section, the shear warping (axial) displacement 𝑢𝑆𝑊𝑥 varies
in the thickness direction only, nevertheless these theories prove to
be applicable to a large variety of structural models as beams with
rectangular cross section, plates and shells.

A 2D type warping theory, useful for beams with non-symmetric
cross section in torsion and in flexure conditions, was proposed by
El Fatmi (2007) who obtained a warping displacement 𝑢𝑆𝑊𝑥 varying
in both thickness and wideness directions using as warping functions
the same ones of the exact beam theory by Saint Venant (Ladevèze and
Simmonds, 1998). However, considering that the exact Saint Venant’s
warping functions hold true only in the case of axially uniform shearing
stresses, it seems to be desirable to search for an alternative 2D type
warping theory based entirely upon the axiomatic approach to beams
in flexure.

The purpose of the present paper is the formulation of a 2D type
warping theory for axisymmetric beams in flexure and axial extension.
This objective will be achieved as an extension of the parametric shear
warping theory (Polizzotto, 2015, 2017), wherein both the thickness
and wideness cords of the cross sections lose their initial linearity,
under the basic restriction that the traction-free condition over the
whole lateral surface of the beam is satisfied.

2. Preliminaries to a 2D warping theory

Let us consider a cylindrical shear deformable elastic beam of
axisymmetric cross section, say 𝛺, of thickness ℎ. In its undeformed
state, the beam is referred to orthogonal Cartesian co-ordinates, say
(𝑥, 𝑦, 𝑧), with the 𝑥 axis coinciding with the beam’s centroid axis, the 𝑧
axis coinciding with the symmetry axis of 𝛺, see Fig. 1.

The cords of 𝛺 parallel to the 𝑦 axis are called 𝑦−cords, those parallel
to the 𝑧 axis, 𝑧−cords. The length of the generic 𝑦−cord is equal to 2𝑏(𝑧),
−ℎ𝑢 ≤ 𝑧 ≤ ℎ𝑙, with ℎ𝑙 and ℎ𝑢 being the distances of the centroid from
the lowermost and uppermost 𝑦−cords, such that ℎ𝑙 + ℎ𝑢 = ℎ.

By assumption, the contour line 𝜕𝛺 admits a uniquely determined
outward unit normal vector, say 𝐧 = 𝐧(𝑧), which makes the contour
line 𝜕𝛺 be a regular curve associated to a wideness length 𝑏(𝑧) being a
𝐶 (1)− continuous function of 𝑧.

The beam is constrained at the ends 𝑥 = 0 and 𝑥 = 𝐿, in such a way
as to impede any rigid motion of the beam. It is subjected to transverse
and terminal (quasi-static) loads; inertia forces, if any, are presumed

2 In Polizzotto (2015, 2017) the interval (0,+∞) is used instead of (0, 1).

to be incorporated as body forces. The loaded beam deforms elastically
exhibiting shear deformation accompanied by warping effects.

In accord with classical beam theory, the transverse, normal and
shear stresses are presumed to be vanishing, that is, 𝜎𝑦𝑦 = 𝜎𝑧𝑧 =
𝜎𝑦𝑧 ≡ 0. Additionally, the effects of the Poisson ratio 𝜈 are considered
negligible, hence we take 𝜈 ≈ 0. Following the axiomatic approach, the
displacements at the generic point of the beam are taken in the form

𝑢𝑥(𝑥, 𝑦, 𝑧) = 𝑢(𝑥) − 𝑧𝑤𝖨(𝑥) + 𝛾(𝑥)𝑈 (𝑦, 𝑧, 𝜏)
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

𝑢𝑆𝑊𝑥
𝑢𝑦(𝑥, 𝑦, 𝑧) ≡ 0, 𝑢𝑧(𝑥, 𝑦, 𝑧) = 𝑤(𝑥)

⎫

⎪

⎬

⎪

⎭

(1)

where 𝑤𝖨(𝑥) ∶= d𝑤(𝑥)∕d𝑥; possible dependence on time is disregarded.
Also, 𝑢(𝑥), 𝑤(𝑥) denote the axial and transverse displacements, 𝛾(𝑥) is
the shear angle (relative anticlockwise rotation of 𝛺 with respect to
the plane normal to the deflected axis), whereas 𝑈 (𝑦, 𝑧, 𝜏) is a suitably
chosen (continuous) function which, for every fixed value of the (non-
dimensional) parameter 𝜏, describes the effects on 𝑢𝑥 from the inherent
shear warping mechanism of the beam. As by (1) the part of 𝑢𝑥 due
to this mechanism is 𝑢𝑆𝑊𝑥 = 𝛾𝑈 , then 𝑈 (𝑦, 𝑧, 𝜏) represents the specific
axial displacement per unit shear angle. 𝑈 is thus referred to as the
(shear-warping) specific axial displacement function, 𝜏 as the shear-warping
parameter variable within the interval (0, 1).

The strain state of the beam consequent to (1) is

𝜀𝑥𝑥 = 𝑢𝖨(𝑥) − 𝑧𝑤𝖨𝖨(𝑥) + 𝛾𝖨(𝑥)𝑈 (𝑦, 𝑧, 𝜏)

2𝜀𝑥𝑦 = 𝛾(𝑥) 𝜕𝑈𝜕𝑦 (𝑦, 𝑧, 𝜏), 2𝜀𝑥𝑧 = 𝛾(𝑥) 𝜕𝑈𝜕𝑧 (𝑦, 𝑧, 𝜏)

}

(2)

whereas the associated stress state for linear isotropic material is

𝜎𝑥𝑥 = 𝐸
[

𝑢𝖨(𝑥) − 𝑧𝑤𝖨𝖨(𝑥) + 𝛾𝖨(𝑥)𝑈 (𝑦, 𝑧, 𝜏)
]

𝜎𝑥𝑦 = 𝐺𝛾(𝑥) 𝜕𝑈𝜕𝑦 (𝑦, 𝑧, 𝜏), 𝜎𝑥𝑧 = 𝐺𝛾(𝑥) 𝜕𝑈𝜕𝑧 (𝑦, 𝑧, 𝜏)

}

(3)

where 𝐸, 𝐺 denote the Young and shear moduli.
Since by the assumed hypotheses the cross sections remain unde-

formed in their own plane, then the transverse load may be thought
of as a distributed body force accompanied by zero applied tractions,
𝑡(𝑛)𝑖 = 0, on the lateral surface of the beam. In particular, denoting by
𝑛𝑦, 𝑛𝑧 the direction cosines of the outward unit normal 𝐧 to the beam’s
lateral surface and recalling (3), by equilibrium of the longitudinal
internal and external shear tractions, 𝜎(𝑛)𝑥 = 𝑡(𝑛)𝑥, one can write

𝜎(𝑛)𝑥 = 𝜎𝑥𝑦𝑛𝑦 + 𝜎𝑥𝑧𝑛𝑧 = 𝐺𝛾
(

𝜕𝑈
𝜕𝑦

𝑛𝑦 +
𝜕𝑈
𝜕𝑧

𝑛𝑧

)

= 0 on 𝜕𝛺 × (0, 𝐿) (4)

which in turn leads to a boundary restriction on 𝑈 as
𝜕𝑈
𝜕𝑦

𝑛𝑦 +
𝜕𝑈
𝜕𝑧

𝑛𝑧 =
𝜕𝑈
𝜕𝑛

= 0 on 𝜕𝛺 (5)

As shown by (2) and (3), the strain and stress states of the beam are
driven by the shear-warping parameter 𝜏 through the shear-warping
function 𝑈 in which 𝜏 is incorporated.

On letting 𝜏 vary continuously within the interval (0, 1), a continu-
ous family of beam models, say  ∶= {𝜏 ∶ 0 ≤ 𝜏 ≤ 1}, is generated,
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each beam 𝜏 being distinguished for a particular form of its own shear
warping deformation mechanism, but all of them featured by the same
loading and boundary conditions. This makes it possible to address
the mechanical beam problem in a unified form for the entire beam
family, governed by a single boundary-value problem parametrically
dependent on 𝜏.

As announced previously, the beam model 0 corresponding to
𝜏 = 0 coincides with the Euler–Bernoulli (EB) beam model exhibiting
no shear strain, nor warping effects. Instead, any beam model 𝜏
corresponding to any intermediate value of 𝜏, 0 < 𝜏 < 1, constitutes
a shear deformable beam model in which the zero longitudinal shear
traction boundary condition, 𝜎(𝑛)𝑥 = 0, is fully satisfied by virtue of the
2D warping theory herein advanced.

3. Formulation of a 2D warping theory for flexure

Having in mind axisymmetric cross sections as depicted in Fig. 1, a
warping theory complying with the restriction (4), or (5), requires that
warping effects manifest themselves not only through the 𝑧−cords (like
with a rectangular cross section), but also through the 𝑦−cords. This
requirement is here resolved by means of a shear-warping function 𝑈
cast in the form

𝑈 (𝑦, 𝑧, 𝜏) = 𝑓 (𝑧, 𝜏) − 𝑦2𝛩(𝑧, 𝜏) (6)

where 𝜏 is fixed within the interval (0, 1), whereas 𝑓 (𝑧, 𝜏) and 𝛩(𝑧, 𝜏)
are suitable functions clarified shortly.

Eq. (6) is – for every fixed value of the thickness abscissa 𝑧 – a
parabola lying on a plane parallel to the (𝑥, 𝑦) Cartesian plane, having
its own axis parallel to 𝑥 and curvature proportional to 𝛩(𝑧, 𝜏); it
describes the change of configuration of the initially rectilinear 𝑦−cord
at 𝑧 due to warping effects. Eq. (6) states that the warping of the
cross section is the result of specific deformation modes undergone by,
respectively, the central 𝑧−cord at 𝑦 = 0 on the one hand, and of the
system of 𝑦−cords on the other hand.

3.1. Warping of the central 𝑧−cord

The function 𝑓 (𝑧, 𝜏) of (6) specifies the deformation undergone by
the central 𝑧−cord due to warping. 𝑓 (𝑧, 𝜏) may in principle be any
1D type warping function, known from the literature, devised for rect-
angular cross section, but suitably modified for taking account of the
possibly nonequal distances of the centroid of 𝛺 from the uppermost
and lowermost 𝑦−cords. Here we choose this function in the form

𝑓 (𝑧, 𝜏) ∶= 𝑧 −
|𝑧|1+𝑐(𝜏)

1 + 𝑐(𝜏)

(

𝐻(𝑧)
(ℎ𝑙)𝑐(𝜏)

−
𝐻(−𝑧)
(ℎ𝑢)𝑐(𝜏)

)

(7)

in which 𝑧 is variable within the thickness, (−ℎ𝑢 ≤ 𝑧 ≤ ℎ𝑙), whereas the
function 𝑐(𝜏) is defined as3

𝑐(𝜏) ∶= 2𝜏
1 − 𝜏

, ∀ 𝜏 ∈ (0, 1) (8)

Also, 𝐻 denotes the Heaviside function (𝐻(𝑧) = 1 for 𝑧 > 0, 𝐻(𝑧) = 0
otherwise). For ℎ𝑙 = ℎ𝑢 = ℎ∕2, (7) simplifies as

𝑓 (𝑧, 𝜏) = 𝑧 − 1
1 + 𝑐(𝜏)

|𝑧|1+𝑐(𝜏)
( ℎ

2

)𝑐(𝜏)
sign(𝑧) (9)

coinciding with a warping function given in Polizzotto (2017) for
beams of rectangular cross section. For later use, the derivative of (7)
is also reported, namely,

𝜕𝑓
𝜕𝑧

(𝑧, 𝜏) = 1 −

[

(

|𝑧|
ℎ𝑙

)𝑐(𝜏)
𝐻(𝑧) +

(

|𝑧|
ℎ𝑢

)𝑐(𝜏)
𝐻(−𝑧)

]

(10)

3 Other possible forms of 𝑐(𝜏) used elsewhere in the literature are: 𝑐 = 2𝜏,
𝜏 = 0, 1, 2,… (Polizzotto, 2015); 𝑐 = 𝜏 ≥ 0 (Polizzotto, 2017; Pisano et al.,
2020); 𝑐 = 1∕𝜏, 𝜏 > 0 (Polizzotto et al., 2022).

The following conditions are satisfied by 𝑓 and by its derivative 𝜕𝑧𝑓 ,
namely,

𝑓 (0, 𝜏) = 0, 𝜕𝑓
𝜕𝑧 (0, 𝜏) = 1

𝜕𝑓
𝜕𝑧 (ℎ𝑙 , 𝜏) =

𝜕𝑓
𝜕𝑧 (−ℎ𝑢, 𝜏) = 0

}

∀ 𝜏 ∈ (0, 1) (11)

For a correct interpretation of the derivatives 𝜕𝑧𝑓 at 𝑧 = ℎ𝑙 and 𝑧 = −ℎ𝑢
of (11)2, a paramount rule is that these derivatives must be interpreted
– except in case of contrary advise – as boundary limits from the inside
of thickness.

Let us note that, for 𝑦 = 0, (6) simplifies as 𝑈 (𝑦 = 0, 𝑧, 𝜏) ≡
𝑓 (𝑧, 𝜏), which describes the deformed state, due to the shear-warping
mechanism, of the central 𝑧−cord, or equivalently of a central part of
𝛺 having the form of a rectangle ℎ × 2𝜖, which for 𝜖 → 0+, reduces to
the central 𝑧−cord mentioned before.

Eqs. (7) and (10) have been used in Fig. 2(a,b) to represent the func-
tion 2𝑓 (𝑧, 𝜏)∕ℎ and the derivative 𝜕𝑧𝑓 (𝑧, 𝜏), both of which are plotted as
functions of 2𝑧∕ℎ for different values of 𝜏(= 0, 1∕5, 1∕3, 1∕2, 1). Fig. 2(a)
shows that 𝑓 is continuous for every 𝜏 value, including 𝜏 = 0 and 𝜏 = 1;
Fig. 2(b) shows that 𝜕𝑧𝑓 is also continuous for every 𝜏 ∶ 0 < 𝜏 < 1,
but it is discontinuous at 𝑧 = ℎ𝑙 and 𝑧 = −ℎ𝑢. At the points of the
central 𝑧−cord, by (2) written taking 𝑦 = 0 it is found that 𝜀𝑥𝑦 ≡ 0 and
𝜀𝑥𝑧 = 𝛾𝜕𝑧𝑓 , which implies that the shear strain 𝜀𝑥𝑧 is represented – to
within the scaling factor ℎ𝛾∕2 – by the plots of Fig. 2(b), with 𝜀𝑥𝑧 = 0
at 𝑧 = ℎ𝑙 and 𝑧 = −ℎ𝑢, all this ∀ 𝜏 ∶ 0 < 𝜏 < 1.

3.2. Warping of the 𝑦−cords

Warping of 𝑦−cords is implemented by (6), provided 𝑈 satisfies the
condition (5). Therefore, writing (6) with 𝑦 = 𝑏(𝑧) and then substituting
it into (5), a restriction on the unknown curvature function 𝛩(𝑧, 𝜏) is
obtained, namely,

− 2𝑏(𝑧)𝛩(𝑧, 𝜏)𝑛𝑦 +
[

𝜕𝑓
𝜕𝑧

(𝑧, 𝜏) − 𝑏2(𝑧) 𝜕𝛩
𝜕𝑧

(𝑧, 𝜏)
]

𝑛𝑧 = 0 (12)

which must hold ∀ 𝑧 within (−ℎ𝑢, ℎ𝑙), and ∀ 𝜏 ∈ (0, 1). Considering that
𝑛𝑧∕𝑛𝑦 = −𝑏𝖨(𝑧), (12) can be rewritten as

𝜕𝛩
𝜕𝑧

(𝑧, 𝜏) = 𝑞1(𝑧)𝛩(𝑧, 𝜏) + 𝑞2(𝑧, 𝜏) (13)

where

𝑞1(𝑧) ∶=
2

𝑏(𝑧)𝑏𝖨(𝑧)
, 𝑞2(𝑧, 𝜏) ∶=

1
𝑏2(𝑧)

𝜕𝑓
𝜕𝑧

(𝑧, 𝜏) (14)

For every fixed 𝜏 ∈ (0, 1), Eq. (13) constitutes an ODE of the first order
in the unknown curvature 𝛩(𝑧, 𝜏), whose general integral can be cast
in the form

𝛩(𝑧, 𝜏) = ∫

𝑧

𝑧𝑚
exp

[

𝑃 (𝑧) − 𝑃 (𝑠)
]

𝑞2(𝑠, 𝜏)d𝑠 (15)

Here 𝑃 (𝑧) is a primitive of 𝑞1(𝑧), hence 𝑃 𝖨(𝑧) ≡ 𝑞1(𝑧), whereas 𝑧𝑚 is the
location of a 𝑦−cord at which 𝛩(𝑧, 𝜏) = 0.

Since by (13) and (15) the location 𝑧𝑚 has to be uniquely deter-
mined, then necessarily the axisymmetric cross section must be convex,
whereas 𝑧𝑚 specifies the 𝑦−cord of maximum length such that 𝑏𝖨(𝑧𝑚) =
0, hence 𝑞1(𝑧𝑚) is unbounded and thus 𝛩(𝑧𝑚, 𝜏) = 0 by (13). Indeed, the
𝑦−cord of maximum length remains rectilinear after warping.

Substituting (7) and (15) into (6), a shear-warping function 𝑈 is
generated which satisfies the boundary restriction (5). This makes the
generic beam of the beam family  = {𝜏 ∶ 0 ≤ 𝜏 ≤ 1} constitutes a
shear deformable beam of axisymmetric cross section, complying with the
zero longitudinal shear traction condition over its own lateral surface.

Since the curvature 𝛩(𝑧, 𝜏) of (15) is a continuous function of 𝜏 ∈
(0, 1), such that the limits of 𝛩(𝑧, 𝜏) for 𝜏 → 0+ and 𝜏 → 1− exist finite, as
in part previously anticipated, the mentioned beam family  happens to
span from the EB beam model 0 at 𝜏 = 0, to move across a sequence
of shear deformable beam models 𝜏 as 𝜏 increases, up to a special
warpable TE beam model 1 at 𝜏 = 1.
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Fig. 2. 1D type shear warping function 𝑓 (𝑧, 𝜏): The function 2𝑓 (𝑧, 𝜏)∕ℎ in (a) and the function 𝜕𝑧𝑓 (𝑧, 𝜏) in (b) are plotted as functions of 2𝑧∕ℎ for different values of
𝜏(= 0, 1∕5, 1∕3, 1∕2, 1) and for ℎ𝑢 = ℎ𝑙 = ℎ∕2.

The behavioral features of the beam models 0 and 1 between
which the beam family  is encompassed, can be easily ascertained
through the forms taken up by (15) for 𝜏 = 0 and 𝜏 = 1, along with
the corresponding forms taken on by the shear-warping function 𝑈 of
(6). This is accomplished in two steps, first considering the beam 0
(𝜏 = 0), secondly the beam 1 (𝜏 = 1).

Step1. Considering that for 𝜏 → 0 it is 𝜕𝑧𝑓 (𝑧, 0) ≡ 0 by (10), and that
therefore 𝑞2(𝑧, 0) ≡ 0, Eq. (15) gives

𝛩(𝑧, 0) = ∫

𝑧

𝑧𝑚
exp

[

𝑃 (𝑧) − 𝑃 (𝑠)
] 0
𝑏2(𝑠)

d𝑠 ≡ 0 (16)

Next, also considering that the condition 𝑓 (𝑧, 0) ≡ 0 holds true by (7),
the function 𝑈 of (6) for 𝜏 = 0 proves to be identically vanishing, that
is

𝑈 (𝑦, 𝑧, 0) = 𝑓 (𝑧, 0) − 𝑦2𝛩(𝑧, 0) ≡ 0 (17)

As a consequence, the (total) governing axial displacement 𝑢𝑥 of (1)1
takes correspondingly the form

𝑢𝑥(𝑥, 𝑦, 𝑧) = 𝑢(𝑥) − 𝑧𝑤𝖨(𝑥) (18)

which means that the absolute rotation 𝜙 of 𝛺 is 𝜙(𝑥) = −𝑤𝖨(𝑥) and
that consequently 𝛾(𝑥) = 𝜙(𝑥) + 𝑤𝖨(𝑥) = 0 ∀ 𝑥; that is, no shear strain,
nor warping effects, are allowed to occur within the beam 0, which
therefore can be identified with the EB beam model.

Step 2. For 𝜏 → 1 it is 𝜕𝑧𝑓 (𝑧, 1) ≡ 1 by (10) and therefore (15)
correspondingly gives

𝛩(𝑧, 1) = ∫

𝑧

𝑧𝑚
exp

[

𝑃 (𝑧) − 𝑃 (𝑠)
] 1
𝑏2(𝑠)

d𝑠 ≢ 0 (19)

Next, substituting (19) into (6) and observing that (7) for 𝜏 → 1 (𝑐 → ∞)
becomes 𝑓 (𝑧, 1) ≡ 𝑧, then the corresponding shear-warping function
proves to be

𝑈 (𝑦, 𝑧, 1) = 𝑧 − 𝑦2𝛩(𝑧, 1) (20)

Following the same reasoning path as in Step 1, let us note that the
(total) governing axial displacement 𝑢𝑥 of (1)1 in the 1 beam proves
to be equivalent to

𝑢𝑥(𝑥, 𝑦, 𝑧) = 𝑢(𝑥) + 𝑧𝜙(𝑥)
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

TE beam

− 𝛾(𝑥)𝑦2𝛩(𝑧, 1)
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
warping effects

(21)

The result just obtained states that the cross section of the beam
1 at 𝑥 undergoes a translation 𝑢(𝑥) and an (absolute) rotation 𝜙(𝑥) =

𝛾(𝑥) − 𝑤𝖨(𝑥) like with a TE beam model, but that it furtherly undergoes
warping effects producing additional axial displacements expressed as

𝑢𝑆𝑊𝑥 = −𝛾(𝑥)𝑦2𝛩(𝑧, 1) (22)

The above clearly indicates that the beam 1 constitutes – as an-
nounced before – a special warpable TE beam model whereby the
𝑦−cords and 𝑧−cords lose – as a consequence of the warping effects
(22) – their initial linearity, but with the exception of the 𝑦−cord at
𝑧 = 𝑧𝑚, and of the 𝑧−cord at 𝑦 = 0. This last circumstance is the root
of a physical anomaly, whereby the shear stress 𝜎𝑥𝑧 at points along
the central 𝑧−cord proves to be uniformly distributed with consequent
shear stress inconsistency conditions at the lowermost and uppermost
𝑦−cords.

This leads us to consider the ‘‘open’’ beam family 𝑜𝑝 ∶= {𝜏 , 0 <
𝜏 < 1} as a continuous sequence of shear deformable beam models,
in every one of which the system of 𝑦−cords and 𝑧−cords participate
in the shear-warping deformation process in such a way that the zero
longitudinal traction condition on the lateral surface is satisfied. In the
following, our concern will be focused upon the beam models 𝜏 ∈
𝑜𝑝 ∈ .

4. Equilibrium, boundary conditions, constitutive equations

4.1. Principle of the virtual power

In this sub-section the principle of the virtual power (PVP) is used
to write the equilibrium equations and the related boundary conditions
(BCs) for the generic 𝜏 ∈ . The virtual kinematic variables are
distinguished using superposed tildes. The variables 𝑢,𝑤, 𝛾 are treated
as the continuously distributed degrees of freedom of the beam.

The internal virtual power of the beam reads

𝑊i𝑛𝑡 = ∫

𝐿

0 ∫𝛺

[

𝜎𝑥𝑥𝜀𝑥𝑥 + 2𝜎𝑥𝑦𝜀𝑥𝑦 + 2𝜎𝑥𝑧𝜀𝑥𝑧
]

d𝐴 d𝑥 (23)

This, substituting (2) and after some mathematical transformations
including integration by parts, enables one to obtain the equality

𝑊i𝑛𝑡 = − ∫

𝐿

0

[

𝑁𝖨(𝑥)�̃�(𝑥) +𝑀𝖨𝖨(𝑥)�̃�(𝑥) +
(

𝑀𝖨(𝑥) − �̂�(𝑥)
)

�̃�(𝑥)
]

d𝑥

+
(

𝑁(𝑥)�̃�(𝑥) −𝑀(𝑥)�̃�𝖨(𝑥) +𝑀𝖨(𝑥)�̃�(𝑥) +𝑀(𝑥)�̃�(𝑥)
)

|

|

|

|

𝐿

0
(24)
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where the stress and stress moment resultants are introduced, namely:

𝑁(𝑥) ∶= ∫𝛺 𝜎𝑥𝑥 d𝐴 axial force

𝑀(𝑥) ∶= ∫𝛺 𝑧𝜎𝑥𝑥 d𝐴 (primary) bending moment

𝑀(𝑥) ∶= ∫𝛺 𝑈𝜎𝑥𝑥 d𝐴 warping, or secondary, bending moment

�̂�(𝑥) ∶= ∫𝛺
(

𝜕𝑈
𝜕𝑦 𝜎𝑥𝑦 +

𝜕𝑈
𝜕𝑧 𝜎𝑥𝑧

)

d𝐴 warping, or secondary, shear force

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(25)

As stated before, the distributed load is taken in the form of body
forces per unit volume, say 𝑏𝑥, 𝑏𝑧. Therefore the external virtual power
can be cast in the form

𝑊e𝑥𝑡 = ∫

𝐿

0 ∫𝛺

[

𝑏𝑥�̃�𝑥 + 𝑏𝑧�̃�𝑧
]

d𝐴 d𝑥 +
(

�̄��̃� − �̄��̃�𝖨 + �̄��̃� + �̄��̃�
)

|

|

|

𝐿

0
(26)

where �̄� and �̄� denote forces respectively dual of �̃� and �̃�, �̄� and �̄�
couples respectively dual of −�̃�𝖨 and �̃�, all of them being applied upon
the beam’s free ends. Then, substituting the displacements (1) into (26)
and introducing the distributed forces (𝑝𝑥, 𝑝𝑧), along with the primary
and secondary distributed couples (𝑚, �̂�), that is,

𝑝𝑥 ∶= ∫𝛺 𝑏𝑥 d𝐴, 𝑝𝑧 ∶= ∫𝛺 𝑏𝑧 d𝐴

𝑚 ∶= ∫𝛺 𝑧𝑏𝑥 d𝐴, �̂� ∶= ∫𝛺 𝑈𝑏𝑥 d𝐴

}

(27)

after an integration by parts one straightforward arrives at the equilib-
rium equations of the generic beam as

𝑁𝖨 + 𝑝𝑥 = 0

𝑀𝖨𝖨 + 𝑝𝑧 + 𝑚𝖨 = 0

𝑀𝖨 − �̂� + �̂� = 0

⎫

⎪

⎬

⎪

⎭

∀ 𝑥 ∶ 0 < 𝑥 < 𝐿 (28)

accompanied by the BCs

Either 𝑁 = �̄�, or 𝑢 is assigned
Either 𝑀 = �̄�, or 𝑤𝖨 is assigned
Either 𝑀𝖨 = �̄� − 𝑚, or 𝑤 is assigned
Either 𝑀 = �̄�, or 𝛾 is assigned

⎫

⎪

⎪

⎬

⎪

⎪

⎭

at 𝑥 = 0, 𝐿 (29)

4.2. Constitutive equations in terms of stress and stress moment resultants

For more conciseness, let the stress–displacement relation (3)1 be
rewritten in the form

𝜎𝑥𝑥 = 𝐸
[

𝑒(𝑥) + 𝑧𝜅(𝑥) + 𝑈 (𝑦, 𝑧, 𝜏)𝜒(𝑥)
]

(30)

where 𝑒 = 𝑢𝖨(𝑥) (axial stretching), 𝜅 = −𝑤𝖨𝖨(𝑥) (bending curvature)
and 𝜒 = 𝛾𝖨(𝑥) (shear curvature). Then, substituting (30) and (3)2 into
(25), the relations between the stress and stress moment resultants
𝐒 = (𝑁,𝑀,𝑀) to the beam’s deformation components 𝐃 = (𝑒, 𝜅, 𝜒) are
obtained. Written in matrix form, one obtains

⎧

⎪

⎨

⎪

⎩

𝑁(𝑥)
𝑀(𝑥)
𝑀(𝑥)

⎫

⎪

⎬

⎪

⎭

= 𝐸
⎡

⎢

⎢

⎣

𝐴 0 𝐴𝑟𝑎0
0 𝐼𝑎11 𝐼𝑎12

𝐴𝑟𝑎0 𝐼𝑎21 𝐼𝑎22

⎤

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝑒(𝑥)
𝜅(𝑥)
𝜒(𝑥)

⎫

⎪

⎬

⎪

⎭

⇒ 𝐒 = 𝐸𝐉𝐃 (31)

along with the shear force to shear angle relations

𝑄(𝑥) ∶= ∫𝛺 𝜎𝑥𝑧 d𝐴 = 𝑘1𝐺𝐴𝛾(𝑥)

�̂�(𝑥) ∶= ∫𝛺
(

𝜕𝑈
𝜕𝑦 𝜎𝑥𝑦 +

𝜕𝑈
𝜕𝑧 𝜎𝑥𝑧

)

d𝐴 = 𝑘2𝐺𝐴𝛾(𝑥)

⎫

⎪

⎬

⎪

⎭

(32)

Here, 𝐼 is the second area moment of 𝛺, 𝑟 ∶=
√

𝐼∕𝐴 is the radius of
inertia, whereas 𝑎11 = 1, 𝑎12, 𝑎22 and 𝑎0 denote shear-warping coefficients
of 𝛺 of 1th kind, i.e.

𝑎0 ∶=
1
𝐴𝑟 ∫𝛺 𝑈 (𝑦, 𝑧, 𝜏) d𝐴 = 1

√

𝐼𝐴
∫𝛺 𝑈 (𝑦, 𝑧, 𝜏) d𝐴, 𝑎11 = 1

𝑎12 = 𝑎21 ∶=
1
𝐼 ∫𝛺 𝑧𝑈 (𝑦, 𝑧, 𝜏) d𝐴, 𝑎22 ∶=

1
𝐼 ∫𝛺 𝑈2(𝑦, 𝑧, 𝜏) d𝐴

}

(33)

and 𝑘1, 𝑘2 shear-warping coefficients of 2nd kind, i.e.

𝑘1 ∶=
1
𝐴 ∫𝛺

𝜕𝑈
𝜕𝑧 d𝐴

𝑘2 ∶=
1
𝐴 ∫𝛺

[(

𝜕𝑈
𝜕𝑦

)2
+
(

𝜕𝑈
𝜕𝑧

)2]
d𝐴

⎫

⎪

⎬

⎪

⎭

(34)

The wideness shear force 𝑄𝑦 can be shown to be vanishing identically,
namely,

𝑄𝑦(𝑥) ∶= ∫𝛺
𝜎𝑥𝑦 d𝐴 = 𝐺𝛾(𝑥)∫𝛺

𝜕𝑈
𝜕𝑦

d𝐴 = 0 ∀ 𝑥 ∈ (0, 𝐿) (35)

The stiffness matrix 𝐸𝐉 of (31) is positive definite, hence the determi-
nant of its matrix factor is positive, namely

det 𝐉 = 𝐴𝐼2𝚥 > 0 (36)

where

𝚥 ∶= (𝑎11𝑎22 − 𝑎212
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

>0

) − 𝑎20 > 0 (𝑎11 = 1) (37)

The (non-dimensional) shear-warping coefficients 𝑎0, 𝑎12, 𝑎22, 𝚥, 𝑘1, 𝑘2
prove to be each dependent on the shear-warping parameter 𝜏; they
must be computed a priori for every assigned shape of cross section,
after evaluation of the related shear-warping function 𝑈 .

5. The flexure problem for the generic shear deformable beam 𝝉

The differential equation governing the flexure problem of the
generic beam 𝜏 admits an analytical closed form solution with full
decoupling of the unknown variables (𝑢,𝑤, 𝛾). In the purpose to show
this point, let the constitutive relations (31) and (32) be substituted into
the balance Eqs. (28). Then, recalling that 𝑒 = 𝑢𝖨, 𝜅 = −𝑤𝖨𝖨, 𝜒 = 𝛾𝖨, the
equations governing the beam problem under assigned (static) loads
are respectively obtained in the form

𝑢𝖨𝖨(𝑥) + 𝑎0𝑟𝛾𝖨𝖨(𝑥) = − 𝑝𝑥(𝑥)
𝐸𝐴

𝑤𝖨𝖵(𝑥) − 𝑎12𝛾𝖨𝖨𝖨(𝑥) =
𝑝𝑧(𝑥)+𝑚𝖨(𝑥)

𝐸𝐼
1
𝑟 𝑎0𝑢

𝖨𝖨(𝑥) − 𝑎12𝑤𝖨𝖨𝖨(𝑥) + 𝑎22𝛾𝖨𝖨(𝑥) −
𝑘2𝐺𝐴
𝐸𝐼 𝛾(𝑥) = − �̂�(𝑥)

𝐸𝐼

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(38)

An integration procedure with full decoupling of the unknowns (𝑢,𝑤, 𝛾)
is pursued in the following. For this purpose, let us introduce the
notation:
𝑢(𝑥) = 𝑢𝐸𝐵(𝑥) − 𝑎0𝑟𝛾(𝑥)
𝑤(𝑥) = 𝑤𝐸𝐵(𝑥) + 𝑎12𝛤 (𝑥)

}

(0 < 𝑥 < 𝐿) (39)

in which 𝛤 (𝑥) is a primitive of 𝛾(𝑥), that is 𝛤 (𝑥) ∶= ∫ 𝛾(𝑥) d𝑥, such
that 𝛤 𝖨(𝑥) ≡ 𝛾(𝑥); additionally, 𝑢𝐸𝐵(𝑥) and 𝑤𝐸𝐵(𝑥) are new unknown
variables. Next, substituting (39) into the first and second equations
(38) leads to the following uncoupled differential equations

𝑢𝖨𝖨𝐸𝐵(𝑥) = − 1
𝐸𝐴 𝑝𝑥(𝑥)

𝑤𝖨𝖵
𝐸𝐵(𝑥) =

1
𝐸𝐼

[

𝑝𝑧(𝑥) + 𝑚𝖨(𝑥)
]

}

∀ 𝑥 ∈ (0, 𝐿) (40)

These latter differential equations happen to coincide with those per-
taining to the classical EB beam problem; their general integrals can be
cast in the form:

𝑢𝐸𝐵(𝑥) = 𝐴1𝑥 + 𝐴2 +
1
𝐸𝐴𝛷(𝑥)

𝑤𝐸𝐵(𝑥) =
1
6𝐵1𝑥3 +

1
2𝐵2𝑥2 + 𝐵3𝑥 + 𝐵4 +

1
𝐸𝐼 𝛹 (𝑥)

}

(41)

Here, 𝐴1, 𝐴2, 𝐵1, 𝐵2, 𝐵3, 𝐵4 denote arbitrary integration constants,
whereas the load potential functions 𝛷(𝑥) and 𝛹 (𝑥) are given by

𝛷(𝑥) = − ∫ 𝑥
0 (𝑥 − �̄�) 𝑝𝑥(�̄�) d�̄�

𝛹 (𝑥) = 1
6 ∫

𝑥
0 (𝑥 − �̄�)3

[

𝑝𝑧(�̄�) + 𝑚𝖨(�̄�)
]

d�̄�

}

∀ 𝑥 ∈ (0, 𝐿) (42)

satisfying the conditions 𝛷𝖨𝖨(𝑥) ≡ −𝑝𝑥(𝑥), 𝛹 𝖨𝖵(𝑥) ≡ 𝑝𝑧(𝑥) + 𝑚𝖨(𝑥) ∀ 𝑥 ∈
(0, 𝐿).
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Next, let (39) be substituted into (38)3 such as to get, after some
mathematics, a decoupled differential equation alternative to (38)3,
namely,

𝛾𝖨𝖨(𝑥) − 1
𝜆2

𝛾(𝑥) =
𝑎12
𝚥
𝐵1 +

1
𝐸𝐼𝚥

𝛱(𝑥) (43)

in which 𝜆 is a (positive) real parameter (having dimension of a length)
defined as

𝜆2 ∶=
𝐸𝐼𝚥
𝑘2𝐺𝐴

(44)

Moreover, the new load potential function 𝛱 is expressed as

𝛱(𝑥) ∶= 𝑎0𝑟𝑝𝑥(𝑥) + 𝑎12 ∫

𝑥

0

[

𝑝𝑧(�̄�) + 𝑚𝖨(�̄�)
]

d�̄� − �̂�(𝑥), ∀ 𝑥 ∈ (0, 𝐿) (45)

The general integral of (43) is written in the form

𝛾(𝑥) = 𝐶1 sinh
𝑥
𝜆
+ 𝐶2 cosh

𝑥
𝜆
−

𝑎12
𝚥
𝜆2𝐵1 + 𝛾𝑝(𝑥) (46)

where 𝐶1, 𝐶2 are two further arbitrary constants, whereas 𝛾𝑝(𝑥) is a
particular solution of the non-homogeneous differential equation

𝛾𝖨𝖨(𝑥) − 1
𝜆2

𝛾(𝑥) = 1
𝐸𝐼𝚥

𝛱(𝑥) (47)

The displacement responses 𝑢(𝑥) and 𝑤(𝑥) of the beam 𝜏 are deter-
mined by (39) rewritten in the form

𝑢(𝑥) = 𝑢𝐸𝐵(𝑥) + 𝑢𝑆 (𝑥)
𝑤(𝑥) = 𝑤𝐸𝐵(𝑥) +𝑤𝑆 (𝑥)

}

(0 < 𝑥 < 𝐿) (48)

where 𝑢𝑆 (𝑥) and 𝑤𝑆 (𝑥) are expressed as

𝑢𝑆 (𝑥) = −𝑎0𝑟𝛾(𝑥)
𝑤𝑆 (𝑥) = 𝑎12𝛤 (𝑥) = 𝑎12 ∫

𝑥
0 𝛾(�̄�) d�̄�

}

(0 < 𝑥 < 𝐿) (49)

where 𝛾(𝑥) is given by (46).
Eqs. (46), (48) and (49) constitute the explicit analytical solution

of the given flexure problem. This incorporates in total eight unknown
constants 𝐴1, 𝐴2, 𝐵1, 𝐵2, 𝐵3, 𝐵4, 𝐶1, 𝐶2 which must be determined using
the eight BCs (29).

The unknowns’ decoupling procedure pursued before made it pos-
sible to introduce the solution of the considered EB beam problem of
Eq. (41). For completeness, it is useful to derive the related stress and
stress moment resultants, say 𝑁𝐸𝐵 ,𝑀𝐸𝐵 . These can be obtained by
substituting (39) into (30) to get

𝑁(𝑥) = 𝐸𝐴𝑢𝖨𝐸𝐵(𝑥) = 𝑁𝐸𝐵(𝑥)

𝑀(𝑥) = −𝐸𝐼𝑤𝖨𝖨
𝐸𝐵(𝑥) = 𝑀𝐸𝐵(𝑥)

}

(50)

along with

𝑀(𝑥) =
(

𝑎0𝑟𝑁𝐸𝐵 + 𝑎12𝑀𝐸𝐵
)

+ 𝐸𝐼𝚥𝛾𝖨(𝑥) (51)

Indeed, the axial force 𝑁 and the primary bending moment 𝑀 are
not affected by the shear-warping deformation process. Instead, the
secondary bending moment 𝑀 (action of the EB beam as a continuum
upon its own micro-structure formed up by the cross section system
together with the associated elastic interstitials, which arises as a
consequence of the shear rotation of the cross section) proves to be the
superposition of two effects, one related to the EB solution, the other
to the shear angle distribution.

This circumstance permits one to implement the BCs considering
first Eqs. (41)1 and BCs (29)1 to determine the constants 𝐴1, 𝐴2, then
considering Eq. (41)2 and the BCs (29)2,3 to determine the constants
𝐵1, 𝐵2, 𝐵3 and 𝐵4; finally considering Eq. (46) and the BCs (29)4 to
determine the constants 𝐶1 and 𝐶2. Let us note that the first two of
these three computational steps lead to the bending–extension solution
of the EB featured by the displacements 𝑢𝐸𝐵(𝑥) and 𝑤𝐸𝐵(𝑥), and that
the third step leads to the evaluation of the additional displacements
𝑢𝑆 (𝑥), 𝑤𝑠(𝑥) produced by the shear angle 𝛾(𝑥) as an external imposed
deformation with consequent warping effects.

6. Beam of circular cross section

The case of a beam of circular cross section 𝛺 of radius 𝑅 is
considered in this section, Fig. 3(a). Since the centroid of 𝛺 is the
mid-height point, the function 𝑓 (𝑧, 𝜏) is chosen in the form (Polizzotto,
2017), Fig. 3(b),

𝑓 (𝑧, 𝜏) = 𝑧 −
|𝑧|1+𝑐

1 + 𝑐
sign(𝑧)
𝑅𝑐 (52)

where 𝑐 = 2𝜏∕(1 − 𝜏), 0 ≤ 𝜏 ≤ 1, and

𝜕
𝜕𝑧

𝑓 (𝑧, 𝜏) = 1 −
(

|𝑧|
𝑅

)𝑐
(53)

Since 𝑏(𝑧) = 𝑅
√

1 −
(

𝑧
𝑅

)2
and thus 𝑞1(𝑧) = −2∕𝑧, the primitive 𝑃 (𝑧)

of 𝑞1(𝑧) is found to be 𝑃 (𝑧) = ln(𝑅∕𝑧)2, from which we get

exp𝑃 (𝑧) = exp ln
(𝑅
𝑧

)2
=
(𝑅
𝑧

)2
(54)

Therefore, by Eq. (15) the curvature function 𝛩(𝑧, 𝜏) can be cast in the
form

𝛩
( 𝑧
𝑅
, 𝜏
)

= 1
𝑅

(𝑅
𝑧

)2

∫

𝑧∕𝑅

0

( 𝑠
𝑅

)2 1 −
(

|𝑠|
𝑅

)𝑐

1 −
(

𝑠
𝑅

)2
d
( 𝑠
𝑅

)

(−1 ≤ 𝑧
𝑅

≤ 1)

(55)

which gives 𝛩(0, 𝜏) = 0, that is, the 𝑦−cord at 𝑧 = 0 remains rectilinear
after warping, and this ∀ 𝜏 ∈ (0, 1).

For later use, the limit values 𝛩
(

𝑧
𝑅 , 𝜏

)

at 𝜏 = 0 and 𝜏 = 1 are derived
as:

𝛩
( 𝑧
𝑅
, 0
)

= 1
𝑅

(𝑅
𝑧

)2

∫

𝑧∕𝑅

0

( 𝑠
𝑅

)2 0

1 −
(

𝑠
𝑅

)2
d
( 𝑠
𝑅

)

≡ 0 (56)

meaning that within the beam 0 the 𝑦−cords remain all rectilinear;
also

𝛩
( 𝑧
𝑅
, 1
)

= 1
𝑅

(𝑅
𝑧

)2

∫

𝑧∕𝑅

0

( 𝑠
𝑅

)2 1

1 −
(

𝑠
𝑅

)2
d
( 𝑠
𝑅

)

≢ 0 (57)

meaning that within the beam 1 the 𝑦−cords do warp all, except that
located at 𝑧 = 0.

The derivative 𝜕
𝜕𝑧
𝛩 (𝑧, 𝜏) = 1

𝑅 𝜕(𝑧∕𝑅)𝛩
(

𝑧
𝑅 , 𝜏

)

is also reported, namely,

1
𝑅
𝜕(𝑧∕𝑅)𝛩

( 𝑧
𝑅
, 𝜏
)

= 1
𝑅2

(

−2𝑅3

𝑧3

)

∫

𝑧∕𝑅

0

( 𝑠
𝑅

)2 1 −
(

|𝑠|
𝑅

)𝑐

1 −
(

𝑠
𝑅

)2
d
( 𝑠
𝑅

)

+
1 −

(

|𝑧|
𝑅

)𝑐

𝑅2
[

1 −
(

𝑧
𝑅

)2
]

(58)

which, using the de L’Hôpital rule applied at 𝑧 → 0, gives

1
𝑅

lim
𝑧→0

𝜕(𝑧∕𝑅)𝛩
( 𝑧
𝑅
, 𝜏
)

= − 1
𝑅2

2𝑅2

3𝑧2
𝑧2

𝑅2
+ 1

𝑅2
= 1

3𝑅2
(59)

At this stage, using Eqs. (52) and (55), Eq. (6) can be employed to
do predictions about the shear-warping deformation process and the
consequent shear stresses. By (3)2 we write

𝜎𝑥𝑦 = 𝐺𝛾(𝑥) 𝜕𝑈𝜕𝑦 = −2𝐺𝛾(𝑥)𝑦𝛩(𝑧, 𝜏)

𝜎𝑥𝑧 = 𝐺𝛾(𝑥) 𝜕𝑈𝜕𝑧 = 𝐺𝛾(𝑥)
[ 𝜕𝑓
𝜕𝑧 (𝑧, 𝜏) − 𝑦2 𝜕𝛩

𝜕𝑧

]

⎫

⎪

⎬

⎪

⎭

(60)

In particular the shear stresses predicted at points of the 𝑦−cords at
𝑧 = 0 are given by (Fig. 4):

𝜎𝑥𝑦(𝑦, 𝑧 ≡ 0) ≡ 0

𝜎𝑥𝑧(𝑦, 𝑧 ≡ 0) = 𝐺𝛾(𝑥)
[

1 − 1
3

(

𝑦
𝑅

)2
]

}

(61)
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Fig. 3. Circular cross section of radius 𝑅: (a) Geometry; (b) Warped profile of the central 𝑧−cord.

Fig. 4. Shear stresses at the 𝑦−cords 𝑧 = 0 and 𝑧 > 0.

At an intermediate 𝑦−cord, 0 < 𝑧 < 𝑅, the total shear stress 𝜎𝑥𝑡 is
convergent to the point C intersected by the tangents to the circle at
the ends of the 𝑦−cords.

Analogously, the shear stresses at points of the central 𝑧−cord (𝑦 =
0) are as shown in Fig. 5, namely:

𝜎𝑥𝑦(𝑦 = 0, 𝑧) = −2𝐺𝛾(𝑥)𝑦𝛩(𝑧, 𝜏) ≡ 0 ∀ 𝜏 ∈ (0, 1) (62)

𝜎𝑥𝑧(𝑦 = 0, 𝑧) = 𝐺𝛾(𝑥) 𝜕𝑓
𝜕𝑧
(𝑧, 𝜏) = 𝐺𝛾(𝑥)

[

1 −
(

|𝑧|
𝑅

)𝑐]
∀ 𝜏 ∈ (0, 1)

𝜎𝑥𝑧(𝑦 = 0, 𝑧) = 𝐺𝛾(𝑥) 𝜕𝑓
𝜕𝑧
(𝑧, 0.5) = 𝐺𝛾(𝑥)

[

1 −
(

𝑧
𝑅

)2]
𝜏 = 0.5 (LR beam)

𝜎𝑥𝑧(𝑦 = 0, 𝑧) = 𝐺𝛾(𝑥) 𝜕𝑓
𝜕𝑧
(𝑧, 1) = 𝐺𝛾(𝑥) 𝜏 = 1 (TE beam)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(63)

Finally, in Fig. 6 a 3D plot is presented which describes the change of
configuration of the cross section due to warping effects

7. Sensitivity of the beam’s response to shear-warping effects

A notable issue of the present research work may be the influence of
shear-warping effects upon the response of a beam, either in static, or
buckling, vibration and wave propagation conditions. Whatever may be
the specific mechanical problem, for a fixed magnitude of the external
action, say 𝑝 = �̄�, the response function turns out to be dependent on

the shear-warping parameter 𝜏, say 𝐹 = 𝐹 (�̄�, 𝜏). The way in which 𝐹
varies with increasing 𝜏 within the interval (0, 1) may constitute a useful
assessment about the mechanical system under investigation. Hereafter,
a simple application for a beam in static condition is presented; other
more elaborate applications are left open for future research programs.

7.1. Simply supported beam under uniform distributed load

A simply supported beam of circular cross section is considered
subjected to a uniform distributed load, say 𝑝. The response function of
interest is the maximum deflection 𝐹 = 𝐹 (𝑝, 𝜏) at the mid-point of the
beam. The analytical solution of the problem is presented in Section 5,
provided that 𝑢, 𝑢𝐸𝐵 , 𝑝𝑥, 𝑚, �̂� be considered identically null. The solving
equations are (48)2, (49)2 and (46), that is,

𝑤(𝑥) = 𝑤𝐸𝐵(𝑥) +𝑤𝑆 (𝑥) (64)

𝑤𝑆 (𝑥) = 𝑎12 ∫

𝑥

0
𝛾(�̄�) d�̄� (65)

𝛾(𝑥) = 𝐶1 sinh
𝑥
𝜆
+ 𝐶2 cosh

𝑥
𝜆
−

𝑎12
𝚥
𝜆2𝐵1 −

𝑎12
𝑘2𝐺𝐴

𝑝𝑥 (66)

where 𝜆 is given by (44), 𝚥 by (37). The EB beam deflection 𝑤𝐸𝐵 of
(41)2 reads

𝑤𝐸𝐵(𝑥) =
1
6
𝐵1𝑥

3 + 1
2
𝐵2𝑥

2 + 𝐵3𝑥 + 𝐵4 +
𝑝𝑥4

24𝐸𝐼

= 1
6

(

−
𝑝𝐿
2𝐸𝐼

)

𝑥3 +
( 𝑝𝐿3

24𝐸𝐼

)

𝑥 +
𝑝𝑥4

24𝐸𝐼

(67)

such that 𝐵1 = −𝑝𝐿∕(2𝐸𝐼), 𝐵3 = 𝑝𝐿3∕(24𝐸𝐼), 𝐵2 = 𝐵4 = 0.
The constants 𝐶1 and 𝐶2 of (66) need to be evaluated using the BCs

(29)4, which for simplicity sake are here chosen in the form 𝛾(0) =
𝛾(𝐿) = 0. Then we obtain

𝐶1 =
𝑎12𝑝𝐿
2𝑘2𝐺𝐴

cosh 𝐿
𝜆 + 1

sinh 𝐿
𝜆

𝐶2 = −
𝑎12𝑝𝐿
2𝑘2𝐺𝐴

(68)

Therefore, after substitution of 𝐵1, 𝐶1 and 𝐶2 into the expression of 𝛾(𝑥)
of (66) one can write

𝛾(𝑥) =
𝑎12𝑝𝐿
2𝑘2𝐺𝐴

[

sinh 𝑥
𝜆

tanh 𝐿
𝜆

+
sinh 𝑥

𝜆

sinh 𝐿
𝜆

− cosh 𝑥
𝜆
+ 1 − 2𝑥

𝐿

]

(69)

and

𝑤𝑆 (𝑥) =
𝑎212𝑝𝐿

2

2𝑘2𝐺𝐴

[

𝜉

√

𝐸𝚥
𝑘2𝐺

(

cosh 𝑥
𝜆 − 1

tanh 𝐿
𝜆

+
cosh 𝑥

𝜆 − 1

sinh 𝐿
𝜆

− sinh 𝑥
𝜆

)

+ 𝑥
𝐿

−
( 𝑥
𝐿

)2
]

(70)
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Fig. 5. Shear stresses 𝜎𝑥𝑧 at points of the central 𝑧−cord for different values of 𝜏(= 1∕5, 1∕3, 1∕2, 1).

Fig. 6. 3D plot representing the change of configuration of the cross section due to
warping effects.

where 𝜉 = 𝑟
𝐿 =

√

𝐼
𝐴𝐿2 denotes the slenderness ratio of the beam.

The response function 𝐹 (𝑝, 𝜏), here identified with the maximum
deflection of the beam, proves to be expressed as

𝐹 (𝑝, 𝜏) = 𝑤𝐸𝐵

(𝐿
2

)

+𝑤𝑆

(𝐿
2

)

= 5
384

𝑝𝐿4

𝐸𝐼

+
𝑎212𝑝𝐿

2

2𝑘2𝐺𝐴

[

𝜉

√

𝐸𝚥
𝑘2𝐺

(

cosh 𝐿
2𝜆

− 1

tanh 𝐿
𝜆

+
cosh 𝐿

2𝜆
− 1

sinh 𝐿
𝜆

− sinh 𝐿
2𝜆

)

+ 1
4

]

(71)

In Fig. 7 the regularized response function 𝐹 (𝑝, 𝜏)∕𝐹 (𝑝, 0), that is the
ratio between the maximum deflection of the beam 𝜏 to the analogous
deflection of the EB beam 0, is plotted as a function of 𝜏 varying within
the interval (0, 1) and for different values of the slenderness ratio 𝜉.
Looking at the plots of Fig. 7, the following may be observed.

Namely, considering a fixed value of 𝜉, it is seen that the response
ratio 𝐹 (𝑝, 𝜏)∕𝐹 (𝑝, 0) exhibits the shape of a regular curve which starts
from the point (0, 1), raises with 𝜏 increasing from 𝜏 = 0 towards some
𝜏 = 𝜏∗(𝜉) at which the mentioned response ratio has a maximum,
then it decreases somewhat. It is found that 𝜏∗(𝜉) decreases with 𝜉 also
decreasing, but remaining larger than 𝜏 = 0.5. A finite element analysis
would be appropriate within this context, but this issue is left open for
future research work.

Fig. 7. Simply supported beam of circular cross section subjected to uniformly
distributed load 𝑝. The regularized maximum deflection of the beam, say 𝐹 (𝑝, 𝜏)∕𝐹 (𝑝, 0),
is plotted as a function of 𝜏 varying within (0, 1), for different values of the slenderness
ratio 𝜉 = 1∕2; 1∕4; 1∕8; 1∕32.

It seems natural to consider the plots of Fig. 7 useful for the choice
of some ‘‘optimal’’ value of 𝜏 for designing purposes. Such a choice
is expected to be strongly influenced by the particular application
purposes of the beam specimen. Notably, for 𝜏 within the interval
(0,∼0.3), the response ratio 𝐹 (𝑝, 𝜏)∕𝐹 (𝑝, 0) is little influenced by the
slenderness ratio 𝜉 of the beam, but the contrary occurs for 𝜏 > 0.30.

8. Conclusion

A 2D warping theory for shear deformable beams in flexure with
axisymmetric cross section has been proposed, which guarantees that
the zero longitudinal traction condition, 𝜎(𝑛)𝑖 = 0, is satisfied on the
whole lateral surface of the beam. The warping process is guided by a
shear warping parameter 𝜏, 0 ≤ 𝜏 ≤ 1, such as to deal with a family of
shear deformable beams which for 𝜏 = 0 identifies with the EB beam,
for 𝜏 = 1 with a special warpable TE beam, for 𝜏 = 0.5 with the LR
beam. The proposed theory constitutes a novel original warping method
for axisymmetric (nonrectangular) cross section.
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