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The imprecise stochastic process model is able to incorporate both random and epistemic uncertainties, leading
to a more accurate description of environmental excitations, such as earthquakes or wind loads, when limited
data are available. Epistemic uncertainties in the loading model may significantly affect the performance of
structural systems.

The present paper addresses the stochastic analysis of combined primary-secondary structures subjected to
imprecise seismic excitation modeled as a zero-mean stationary Gaussian random process, characterized by an
interval-valued Power Spectral Density (PSD) function. The power and energy content of the imprecise ground
motion acceleration may vary, even for the same soil category, affecting the complex dynamic behavior of
combined structures and the vibration control capacity of secondary substructures under different frequency
tuning conditions. The main purpose of this study is to develop a framework for investigating both the influence
of epistemic uncertainties in the loading model and the interaction effects between the subsystems on the seismic
performance of combined primary-secondary structures. To this aim, the stochastic analysis of combined
structures under imprecise ground motion acceleration is addressed in both the frequency and time domains by
an efficient approach capable of decoupling the propagation of interval and random uncertainties. Seismic safety
assessment is performed in the framework of the first-passage theory by interval extension.

affected by the ability of artificial time signals to reproduce actual re-
cords of the natural excitation.

1. Introduction

Defining accurate models of environmental excitations, such as
earthquakes or wind loads, is a crucial issue in assessing the safety of
structural systems. The well-established stochastic process model is able
to capture the inherent randomness of time-varying loads due to natural
phenomena. The definition of suitable Power Spectral Density (PSD)
functions allows the characterization of stochastic processes in the fre-
quency domain. The non-stationary character, typical of environmental
processes, can be captured by Evolutionary Power Spectral Density (EPSD)
functions which describe the change of the frequency content in time.
Based on the knowledge of the PSD or EPSD functions, the generation of
artificial time signals can be performed using the spectral representation
method [1,2]. Such artificial samples of the excitation can be used to
perform reliability analysis by classical Monte Carlo Simulation (MCS)
[3,4] or advanced sampling techniques [5]. The accuracy of
simulation-based assessment of structural reliability is significantly
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Besides their inherently random character, environmental excitation
models are affected by epistemic uncertainties due to the complexity of
the underlying natural phenomena as well as measurement errors,
limited or missing data, etc. To obtain reliable predictions of structural
behavior, such uncertainties need to be considered in power spectrum
estimates. Two pioneering studies by Vanmarcke and Lai [6], and Luco
[7] have highlighted uncertainties affecting the main parameters of
strong ground motions. By analyzing 140 accelerograms recorded in
Western United States, Lai [8] computed the histograms of the main
parameters of the Kanai-Tajimi PSD function and fitted them with
analytical probability density functions. More recently, some ap-
proaches for estimating the PSD and EPSD function taking into account
uncertainties in the data records have been proposed. The issue of
quantifying the uncertainty in power spectrum estimates under missing
data has been addressed, among others, by Comerford et al. [9,10] and
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Zhang et al. [11]. Muscolino et al. [12] proposed an imprecise model of
ground motion acceleration characterized by a PSD function depending
on three interval parameters whose bounds were estimated by analyzing
a set of accelerograms recorded on rigid soil deposits. Bounds for the
physical parameters of an analytical PSD function were determined in
Ref. [13] by applying a data-driven bootstrapping approach. Based on
the statistical information extracted from a large data set of similar
signals, Behrendt et al. [14] derived a relaxed PSD function utilizing
subjective probabilities to capture the epistemic uncertainties. This
approach was extended to non-stationary processes by defining a novel
class of stochastic EPSD functions [15]. By using a radial basis function
network, Behrendt et al. [16] proposed an imprecise PSD function which
is able to provide optimal bounds for a set of limited data records.

Epistemic uncertainties in the loading model may significantly affect
the performance of structural systems (see e.g., [12]). Response analysis
under imprecise stochastic excitation is of particular relevance for
combined primary-secondary systems due to their complex dynamic
behavior. Indeed, interaction effects, mainly depending on the mass
ratio, stiffness ratio, coupling stiffness, and frequency tuning between
the subsystems (see e.g., [17-20]), may be influenced by the imprecision
of the stochastic excitation. Secondary subsystems such as facades,
commonly connected to primary structures for esthetic, thermal, and
energy-saving purposes, are attracting increasing attention due to their
vibration control capacity under environmental excitations, e.g.,
earthquakes and wind loads, impacts, or explosions. Relying on the
classical Tuned Mass Damper (TMD) concept [21], Moon [22,23] first
investigated the potential of double-skin facades (DSF) to act as verti-
cally distributed mass dampers for multi-storey buildings under wind
loads. By enabling movements of the outer facade skin via actuators, Fu
and Zhang [24] proposed an integrated system that combines DSFs and
mass dampers to improve building safety and energy efficiency with no
need to add extra mass to the structure. Bedon and Amadio [25,26]
explored the feasibility and potential of passive control systems con-
sisting of glazing curtain walls and special mechanical connectors able
to act as dissipative supports mitigating the effects of seismic loads and
blast events. Recently, Pipitone et al. developed novel approaches to
optimize the design of DSFs for the passive control of seismic-induced
vibrations within a deterministic [27] and stochastic framework [28].
The performance of buildings with monolithic moving facades under
harmonic excitation acting on the cladding system has been investigated
in Ref. [29] relying on a simplified two degrees-of-freedom model. To
the best of the authors’ knowledge, the influence of the imprecise nature
of environmental loads on the dynamic behavior of primary structures
combined with secondary subsystems, e.g. facades, has not been inves-
tigated in the literature.

The present study addresses the performance assessment of com-
bined primary-secondary structures subjected to imprecise seismic
excitation. To this aim, within the strong motion duration, ground motion
acceleration is modeled as a zero-mean stationary Gaussian random
process, characterized by the interval-valued PSD function recently
proposed in Ref. [12]. The dynamic analysis of combined structural
systems under imprecise stochastic excitation is quite challenging since
it involves the propagation of hybrid uncertainty i.e., interval and
random, as well as the assessment of the interaction effects between the
subsystems. Under the condition that the effects of aleatoric and
epistemic uncertainty are kept separated [30], the propagation of hybrid
uncertainty is usually performed by solving a double-loop problem. This
approach requires tremendous computational effort and becomes
quickly unfeasible for real-world engineering problems. Indeed, an in-
terval PSD function defines a set of zero-mean stationary Gaussian
random processes, one for each realization of the interval spectral pa-
rameters [31]. In this context, the application of classical MCS requires
the generation of a sufficiently large number of samples for each random
process belonging to the set defined by the interval PSD function. To
enhance computational efficiency, surrogate modeling or decoupling
techniques are needed. In the literature, several efficient numerical
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schemes for the joint propagation of epistemic and aleatoric un-
certainties have been developed, such as the approaches based on
advanced line sampling [32], Extended Monte Carlo simulation [33],
Non-intrusive Imprecise Stochastic Simulation [34], Bayesian probabi-
listic propagation [35], operator norm theory [30,36,37], etc. A
comprehensive overview of this topic is provided in [38,39].

In the present paper, both frequency- and time-domain formulations
for the dynamic analysis of combined systems under imprecise seismic
excitation are derived. A main feature of the adopted imprecise PSD
function is the dependency on three interval parameters only. An effi-
cient approach to carry out MCS is proposed by assuming the variance of
the selected response quantity as a performance indicator. To assess the
safety level of the combined structure under imprecise stochastic exci-
tation, interval reliability analysis is performed within the framework of
the classical first-passage problem (see e.g., [40,41]). The main purpose
of the present study is to investigate the interaction effects between the
subsystems and the influence of epistemic uncertainties in the loading
model for different values of selected structural parameters. Due to
imprecision, seismic excitation may exhibit the major power content
over a wide range of frequencies [12], leading to significant changes in
the performance of the coupled system, which in turn depends on the
interaction effects between the subsystems.

The presented framework is applied to a six-storey shear-type frame
connected by elastic springs to two independent lumped mass sub-
systems, subjected to imprecise ground motion acceleration.

The rest of the paper is organized as follows: in Section 2, the
equations of motion of the combined primary-secondary structure are
derived and the assumed model of the imprecise seismic excitation is
outlined; Section 3 presents the frequency- and time-domain formula-
tions for the dynamic analysis of the combined system under imprecise
ground motion acceleration; in Section 4, seismic performance assess-
ment is addressed within the framework of the first-passage theory by
interval extension; in Section 5, numerical results are presented and
discussed; finally, in Section 6, some concluding remarks are given.

2. Problem formulation
2.1. Equations of motion

Let us consider the combined primary-secondary system sketched in
Fig. 1 [27,28]. The primary subsystem (p) is a multistorey building,
modeled as a n, — storey shear-type frame with floors characterized by
equal mass my, lateral stiffness kp, and interstorey height h. The viscous
damping ratio ¢, is assumed the same for all vibration modes of the
building.

The lateral displacements Up(t), (j=1,2,...,n,), are the dynami-
cally significant degrees-of-freedom (DOFs) collected into the vector
U, (t). The primary structure is connected at each floor by elastic springs
to N independent secondary subsystems (s) consisting of elastic beam-
like systems with equally spaced lumped masses mg. The i —th mass
has two DOFs i.e., the lateral displacement Ug;(t) and the rotation g¢g(t).
The secondary subsystems may be viewed as external substructures, e.g.,
panels of double-skin facades (see e.g., [27,28]). It is worth mentioning
that the developments presented in this paper hold for different types of
combined primary-secondary structures.

After static condensation of the rotational DOFs of the secondary
subsystems, the n dynamically significant DOFs of the coupled
system can be collected into the n — vector
u® = (U0 UL
listing the ng (i=1,2,...,N) horizontal translations of the masses of
the i—th secondary subsystem (n=rn, + ng;+...4+ ngn= np + ng); the
superscript T denotes the transpose operator.

The equations of motion of the coupled system subjected to ground
motion acceleration Ug(t) (see Fig. 1) can be written in the following
form:

T
USTN(t)] , where Ug(t) is the sub-vector
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Fig. 1. Combined primary-secondary system under seismic excitation.

MU(¢t) + CU(t) + KU(t) = —MzU,(t) @

where a dot over a variable denotes differentiation with respect to time
t; T is the n — vector listing the influence coefficients; M and K are the
n x n mass and stiffness matrices of the coupled system which can be
defined as follows:

M, 0 .. O Kp:Ko Kp1 ... Kon
M= 0 N[.ﬂ 0 ; K= Ks.pl K'sl 0
0 0 .. M Kpr 6 K;N
(2a,b)

where M, and K, are the mass and stiffness matrices of the primary
structure; Mg; and Kg; (i = 1,2,...,N) are the mass and stiffness matrices
(after static condensation) of the i — th secondary subsystem; the matrix
Ko represents the increment of the stiffness matrix of the primary
structure due to the secondary subsystems; Kqy; (i = 1,2,...,N) denotes
the physical coupling between the primary structure and the i — th
subsystem,; O is a zero matrix of appropriate dimensions. The elements of
both the matrices Ko and K, depend on the stiffness of the elastic
springs at each storey level. Each subsystem is considered classically
damped. In particular, it is assumed that the N secondary subsystems
have the same viscous damping {;. Relying on these assumptions, the
damping matrix of the coupled system is evaluated as follows [27]:

c=r'gr’ @)

where T is a suitable transformation matrix, defined following the phi-
losophy of the component-mode synthesis method [27]:
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® 0 .. 0
S @
Wy 0 .. Dy

and E is given by:

26,92, 0 .. 0
==| 9 Hpoo 0 ®)
0 0 2,Qun

In the previous equations, ®;, and Q; (i = p,s1, ..., sN) are the modal
and spectral matrices of the i — th subsystem separately taken; ¥; = —

KK, @, (i =1,2,...,N) is the i — th influence modal matrix.

2.2. Imprecise seismic excitation

To take into account epistemic uncertainties affecting seismic exci-
tation, within the strong motion duration, ground motion acceleration is
modeled as a zero-mean stationary Gaussian stochastic process charac-
terized by the following interval-valued one-sided Power Spectral Density
(PSD) function [12]:

Gy, (@) = Gy, (059') = (%) Gy, (@7 9) ®)

where the apex I  denotes interval  variables [31];

T

9 = {Qf) o (6%8)1] is the interval vector collecting the three main

parameters characterizing the PSD function, which are modeled as in-

terval variables [31] i.e., the predominant circular frequency Qf,, the

circular frequency bandwidth pf, and the variance (012-] )I of the random
8

process [42]; and

Gy, (@) = Gy, (:9) = 4

(a){)“ :| GécP)I(w) (7)

wZ
@2 + (@})?] |o* + (@)’

=1 5
is the interval PSD function of the unit variance process U,(t) = Uy (t;

51) = Uy(t;9")/ o}, with § = [Q) pb]" collecting only two interval
8

T
~I .
spectral parameters, such that §/ = {8 (”tz'z )I] . Furthermore, in Eq.
8

@) chp " () is the interval extension of the Conte and Peng PSD function
[43]:

! 1 1
G (@) =0 )
’ T Lh) + (@+9)" (oh)" + (0 — )
and
0 = Po (R, 0h);
oy = o (Q)) =0.1Qf; (9a-)

ol = 1 (9. pb) = 2 + 08}

where o}, and @] are the interval control frequencies of the second-order
high-pass and first-order low-pass Butterworth filters, respectively; /)’{) is
defined in Appendix A.

By applying the Improved Interval Analysis via Extra Unitary Interval
(IIA via EUD [44], the i — th interval variable §/ = Q{), p{,,(af}g)l is
defined as follows:

O = 19,8 = Omiai (1 + @) = Imias (1 + Aa; &) (10)

i

and 9; = Qo,p,,02 denote the

where the symbols 8; :Qo,go,g? B,

Ug
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Lower Bound (LB) and Upper Bound (UB) of the interval variable,
respectively; af = [a;,@;] is a symmetric interval variable (q; =—a;)
representing the dimensionless fluctuation of the i — th uncertain
parameter around its midpoint value; @f =[—1,1] is the so-called EUI

. . . . . . ~I ~I ~I I
associated with the i — th interval variable ie., € = €q, €, , €. ;
Ug

Omidi = QO,mid?/)O‘midvo%gmid and Ag; = Aag,, Aa,,o,Aa(,Zg are the midpoint
value (or mean) and the normalized deviation amplitude (or radius) of 8{ s
given, respectively, by:

9+ 9 AY; T — g
= Aa= =——>0
2 C Omiag 2

(11a,b)

Imidi =

where AY; = (9; — 8;)/ 2 is the deviation amplitude of 9. To guarantee
positive values of the spectral parameters, the condition Aa; < 1 must
always be satisfied.

The midpoint and the normalized deviation amplitudes of the three
interval parameters characterizing the imprecise PSD function, Qf, p},
and (ogg)l, can be estimated by analyzing a selected set of accelerograms

recorded on rigid soil deposits [12]. Specifically, for the generic accel-
erogram, the spectral parameters can be evaluated from the knowledge
of the total intensity, the total number of zero-level up-crossings, the total
number of peaks and the strong motion duration [42]. Since such quan-
tities vary from one accelerogram to another, Muscolino et al. [12]
proposed to model the spectral parameters as interval variables (see Eq.
(6)). The resulting interval PSD function may be viewed as representa-
tive of accelerograms recorded on soils with specific geotechnical
characteristics.

Let us assume that the combined primary-secondary system,
described in the previous section, is subjected to ground motion accel-
eration characterized by the interval PSD function in Eq. (6). Due to the
imprecision of the seismic excitation, the motion of the combined system
is ruled by a set of interval ordinary differential equations, which can be
written as:

MU' (1) + CU' (1) + KU'(t) = ~Mal (1) 12)

where Ul(t) = U(t; 9') is the zero-mean stationary Gaussian vector pro-
cess of displacements which has an interval nature. Indeed, the solution
of Eq.(12) yields a set of stochastic response processes, one for each
realization of the interval parameters 8’ of the PSD function (see Eq.
(6)).

It is worth noting that Eq. (12) involves hybrid or mixed uncertainty
i.e., interval and random uncertainty, whose propagation is quite chal-
lenging (see e.g., [36], [37]). A naive approach involves the solution of a
double-loop problem where a stochastic analysis has to be performed for
each realization of the interval parameters 9’ entering the PSD function
(see Eq. (6)). This approach is highly time-consuming and becomes
unfeasible for real-world problems.

3. Interval stochastic response process
3.1. Frequency-domain analysis

The interval zero-mean stationary Gaussian stochastic response
process U!(t), ruled by the equations of motion in Eq. (12), can be fully
characterized in the frequency domain by the interval one-sided PSD
function matrix, given by:

Gy(w) = H (0)pp"H' (w)GI-Ug (@) 13)

where the asterisk means complex conjugate; p = — Mrt; H(w) is the
frequency response function (FRF) matrix, defined as:

H(w)=[-w’M+jwC+K| - 14
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with j = v/—1 denoting the imaginary unit.
In view of the linear dependence of the interval PSD function in Eq.
(6) on (012-] )I, the variance of ground motion acceleration can be assumed
g
equal to unity and set a

posteriori.  Denoting  with

fII(t) =U(t; 51) =U ) /0’0 the displacement vector under the unit
g

I i ~I ..
variance seismic acceleration U, (t) = Ug(9) = U;(t) / olﬁ , Eq. (13)
g
can be recast as:

1 =1 =l

I s

Ghy(®) = (62,)' Gyy(@) = (63, )' H' ()pp"H' ()G, (o) as)
where éLU (w) is the PSD function matrix of I~Jl(t); Er'lt-,g () = 6t7g (w; 51) is
defined in Eq. (7); and the tilde denotes quantities depending only on
~I T
S =2 ml-

The generic response process, Yi(t) = Yy(t;9") =qf U(t) (e.g.,
displacement, strain or stress at a critical point), related to the interval
displacement vector U'(t) through suitable combination coefficients

collected into the vector q;, can be characterized in the frequency
domain by its interval one-sided PSD function, defined as follows:
o I = I

Gl (@) = (63) Gy, (@) = (6F,)'a} Guy(@)a, 16)

~I
where Gy, y () is the PSD function of the response process
?;(t) =q INJI(t) =Y,(t)/o;, under unit variance ground motion
8
acceleration.

The spectral moments of Y} (t) can be defined by interval extension as
follows:

. I ~I
ﬁl/‘yh =y, (81) = /cu/ Gé,hyh (w)dw = (aég) /w/ Gy,y, (0)do
0 0
2 N[ ,
:(aﬁg) Ay /=0,1,2,...

an
In particular, the zero- and second-order spectral moments define the
interval variance of the interval random process Y} (t) and of its time

derivative ie., 1, =(o%) and 2, = (a@h)l. In Eq. (17),

11,7‘,}‘ = L‘yh (51), (¥ =0,1,2,...), denote the spectral moments of the
response process ?;(t)zY{l(t)/olvg.
In view of the linear dependence on the variance (6%] )I (see Eq. (17)),
g

the LB and UB of the interval spectral moments AI,,_Yh, can be expressed
as:

e
I, = max{d,5,(9)} = 3, J, =35, max {1.5,®)}, (18)
99! ¢ =

where L_Yh and 7,.y, are the bounds of the interval spectral moments

Zi,:yh = F/:I,'/'7yh (51) which can be computed by performing global optimi-
zation and anti-optimization with respect to the predominant circular
frequency and circular frequency bandwidth i.e., § € 9 = [Q) A ]T.
It is worth emphasizing that the combinations of the values of the pa-
rameters Qo € Q) and p, € p}, which yield the bounds of the interval

spectral moments Zi y, depend on the dynamic behavior of the combined

structure under seismic excitation [12]. As known, such behavior is
quite complex and mainly depends on the mass ratio, stiffness ratio, and
link stiffness between the primary and secondary subsystems as well as
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on the frequency tuning. Furthermore, resonance with some vibration
modes of the structure may occur as the interval predominant circular
frequency Q) varies within its range [12].

3.2. Time-domain analysis

The combined primary-secondary system is non-classically damped.
To perform the time-domain dynamic analysis of the initially quiescent
combined structure under imprecise seismic excitation, first, the equa-
tions of motion in Eq. (12) are rewritten in terms of state variables:

Z'(t) =D Z'(e) + w U (1) (19)

where Z(t) is the interval 2n — vector of state variables, D is a 2n x 2n
matrix, and w is a 2n — vector, defined, respectively, as:

ZI(O:EEZ} D:LN?*IK 7NI[",1C}; W:LOJ (20a-c)

with I, denoting the n — order identity matrix.
The solution of Eq. (19) under zero initial conditions at ty = 0 can be
expressed in the following integral form [45,46]:

- / o(t - 7wl (c)de @1

where O(t) is the transition matrix which can be evaluated as follows:

O(t) = exp(Dt) = Yexp(At)YTA = Yexp(A't)YTA. (22)

In the previous equation, Y is a complex matrix of order (2n x 2m)
which collects the first 2m (m < n) complex eigenvectors obtained as
solution of the following eigenproblem:

DlY=YAT Y'AY =L, (23)
where A is a diagonal matrix collecting the first 2m complex eigen-
values; and

C M
A:{M 0}. 24)

To enhance computational efficiency, the set of interval first-order
ordinary differential equations in Eq.(19) can be decoupled by
employing complex modal analysis. To this aim, the following coordinate
transformation is introduced:

Z'(t) = Y X' (b) (25)

where X!(t) is an interval complex vector of order 2m, with m <n
denoting the number of retained complex modes.

By applying the coordinate transformation in Eq. (25), Eq. (19) yields
the following set of 2m decoupled interval first-order ordinary differ-
ential equations with complex coefficients:

X(0) = AX'(0) + v Uy(0) (26)
where v = YTAw.

The interval statistics of the response process can be defined in the
time domain by applying classical Monte Carlo Simulation (MCS). Due
to imprecision of the stochastic excitation, MCS involves a double loop
which requires a tremendous computational burden. Indeed, for each

T
realization of the interval spectral parameters 9/ = {Qé o (oﬁg)l} R
Ng samples of the associated stochastic excitation need to be generated.
By applying the classical spectral representation [1], the k — th sample
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of the imprecise ground motion acceleration, associated with the j — th
realization of the epistemic uncertainties 89, reads:

M
0X (699) =3 1/2 Gy, (w9 )Awsin(w,-t+¢§">) @7
i=1

where qbgk) are M independent random phases uniformly distributed in
the interval [0, 271]; Aw is a constant step along the frequency axis, and
w; = iAw.

For each sample of the imprecise seismic excitation, the associated
sample of structural response can be obtained by the step-by-step inte-
gration of Eq. (26) (see Appendix B).

The computational effort increases with the number of samples and
becomes unfeasible for real-world structures. Suitable strategies are
needed to enhance computational efficiency. This issue is addressed in
the next section.

4. Safety assessment under imprecise seismic excitation

Safety assessment of the combined structure under imprecise seismic
excitation can be performed by interval extension of the first-passage
theory (see e.g., [40,41]).

Due to epistemic uncertainties affecting the PSD function of ground
motion acceleration, the extreme value random process, over the time
interval [0, TJ, for the generic response process Y7 (t) has an interval
nature and is defined as:

Yhmax (T) = Yomax (T: ') = max| Vi () | (28)
where the symbol | e | denotes absolute value.

The safety condition can be established by evaluating the probability

that Y] (T) is equal to or less than a critical level b within the time

interval [0, T] i.e., estimating the so-called interval cumulative distribution

function (CDF) or interval reliability function, L’Yh (D T), Of the extreme

value random process. As known, the evaluation of such a function is
quite challenging, even when no epistemic uncertainties affecting the
stochastic excitation are considered.

An approximate expression of the interval CDF can be obtained by
interval extension of Vanmarcke’s first-passage failure criterion [47] i.e.:
Ly (0.T) = Ly, ., (b,T:9') = Pr[¥i . (T) <]

Yhmax

~ 12 T
1-exp| —b(y,) |

T 2 (Ugg) o, (29
= exp| ——

V b2

exp P -1
2 (Ugg) lo.yh

where
~I ~ o~
by, =0v,(9) = (30)

is the so-called interval bandwidth parameter of the response process
~I
Y,(t) = Y,Il(t)/(rlﬁg.

Approximate estimates of the LB and UB of the interval CDF can be
efficiently obtained relying on the knowledge of the bounds of the
spectral moments /1 /Yy ,(# =0,1,2), (see Egs. (18)) as follows [12]:
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Ly, 6, T) = min{Ly,,. (b, 9)} ~ Ly,,,, (b.T;

ar o® =N
mig O'Ugv/lo.Yth,Y,,,/Iz.yh)-,
€

ZYhmax (b> T) = T%%‘{Lyhmax (bv T; 8)} ~ Lyhmax (b> T; gtz'Jg7ZO,thzl,Yh =ZZ,Y,,)'
€
(31a,b)
The previous relationships allow one to avoid the time-consuming

solution of a global optimization and anti-optimization problem for each
value of the barrier level b.

Taking into account that the zero-order spectral moment A{)_yh =

(cr%,h)l has the highest impact on reliability (see e.g., [12,30]), the
following approximate expressions of the bounds of the interval CDF are

proposed:
Ly, e (0, T) % Ly, (b, T; 87 );

- 32a,b
Ly, (b, T) = Ly, (b, T; 8%) 2.0

Ug

T
where the quantities 9(U®) = {QBUB PP (62 )(UB)} and §@B) —

T

1B) (LB 1B . UB) 1B
Qe puB (afjg)( )} , with (a?ig)( )= "?73 and (ofjg)< >:g§g, are

T
the realizations of the interval vector §' = {Q{) NG )I} which
8

characterize the seismic excitation leading to the UB and LB of the in-

. 1
terval variance i, = (o%)

of the selected response process,
respectively.
Based on the knowledge of the LB and UB of the interval reliability

function, the bounds of the interval failure probability function P}‘Yhm (b,
T) = Pyy,,.. (b, T; 9') can be derived as follows:

gfyh.max (b7 T) =1- iy}l.max (b* T)§

33a,b
B (0.T) = 1~ Ly, (b.T). (33,0)

It is worth emphasizing that the LB of the interval CDF and the
associated UB of the interval failure probability (Eqs. (32a) and (33b)),
identify the worst-case scenario and correspond to the realization of the
interval PSD with 9 = 8", Based on this observation, within the family
of stochastic processes defined by the interval PSD function in Eq. (6),
the critical seismic excitation, leading to the worst-case scenario, may be
identified as the one pertaining to the combination of the interval

T
[Qg”‘” Pl E?J , which yields

() = gUB) _
spectral parameters 9'° = 9 = i

the UB of the variance of the selected response process Aoy, =

Elzjg onh = Ezyh. Once the critical excitation has been identified, MCS can
be efficiently performed by generating Ng samples of the zero-mean
stationary Gaussian random process Ug (& \‘)(C)), characterized by the
one-sided PSD function Gy, (w;9).

A notable feature of the proposed approach is the capability of
decoupling the propagation of interval and random uncertainties by
assuming the variance of the response as a performance indicator. Thus,
the time-consuming double loop can be avoided in both the frequency
and time domain. The presented formulation can be applied to investi-
gate the performance of combined primary-secondary structures, like
the one shown in Fig. 1, under imprecise seismic excitation. In partic-
ular, the influence of epistemic uncertainties on the vibration control
capacity of the secondary subsystems is of interest for design purposes
(see e.g., [27,28]).

5. Numerical application

The six-storey shear-type frame (primary subsystem) coupled with
two independent beam-like structures with equally spaced lumped
masses mg; (secondary subsystem), shown in Fig. 2, is considered as a
case study [27,28]. The subsystems are connected to the shear-type
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frame by means of elastic springs at the floor level. The primary sub-
system is characterized by the following parameters: floor mass m, =
20000 kg; lateral stiffness k, = 4 x 107 N/m; interstorey height h =
3.3 m; and viscous damping ratio {;, = 0.02. The fundamental period of
vibration of the primary structure is Tpo = 0.582s.

The secondary substructures may be viewed as two independent
panels whose total mass is assumed equal to 10 % of the mass of the
primary building. Each lumped mass mg; is assumed to account for half
the interstorey mass of the secondary subsystem. The stiffness of the
links and the flexural stiffness of each secondary subsystem are assumed
proportional to the lateral stiffness of the shear-type frame k, [27,28]
through the non-dimensional coefficients 5 and v, respectively, i.e., nk,
and vk,. When not otherwise specified, it is assumed v = 0.6, while
different values of the parameter  within the range n,;, < 7 < #pa0
with #, = 1.7 x 1073 and #,,, = 5.1 x 1073, are considered. The
viscous damping ratio of the secondary subsystems is set equal to {; =
0.13. The values of the main structural parameters are selected relying
on Refs. [27,28].

The interval zero-mean stationary Gaussian random process
describing the displacement of the first floor of the primary structure,
U,
variance of Ufﬂ (t) is assumed as performance variable and the bounds of

the interval reliability function, L’UP

(t), is selected as the response quantity of interest. In particular, the

o (D> T), and interval failure proba-
bility, P}_Upl_max (b, T), are evaluated to assess the seismic behavior of the
combined system.

The LB and UB of the interval parameters, Qf, ph, and ((ff-lg )I, entering

the interval PSD function of ground motion acceleration in Eq. (6), are
estimated by analyzing a set of accelerograms that are site-compatible

Ul’%l(r) nk,
000 /I/l/l/l/l/l/l‘
k m k

P P

21) 2 /77\1
y B | ,lfkp

U

-

L)

Fig. 2. Six-storey shear-type frame coupled with two secondary subsystems,
subjected to imprecise earthquake ground motion.
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Table 1 Table 2
Main recording information on the selected accelerograms. Main characteristics of the interval spectral parameters.
Earthquake name Component Station name Date Parameter LB UB mid dev/mid
1 San Fernando 270 Pasadena - Old Seismo Lab  9/2/1971 o2 [mz /34} 0.64 1.47 1.06 0.39
2 Northridge—01 185 LA — Wonderland Ave 17/1/1994 Us d
3 Northridge—01 0 Vasquez Rocks Park 17/1/1994 o [rad /s] fz?(l) gzzg :;4?; gg(l)
4 Northridge—01 90 Vasquez Rocks Park 17/1/1994 polrad/s] - S 7 :
5 Tottori Japan EW SMNH10 6/10/2000
6  Central Italy HE Accumoli 30/10/2016 - uB
7  Central Italy HGN Accumoli 30/10/2016 LB, pf) ) = py and to the intermediate value pg ) = 19.42rad /s,
8 Central Italy HNE Avendita PG 30/10/2016 respectively. Therefore, the vectors collecting the values of the interval
9 Central Italy HNN Avendita PG 30/10/2016 . . 1 ¢ . 1 ¢ b dth
10 Central Ttaly HNE Savelli PG 30/10/2016 predominant circular frequency and circular frequency bandwidt

with the Port Area of Tremestieri, located in Southern Italy. This area
falls in the seismogenic zone ZS929, which is part of the seismic source
zone model (ZS9) used for the seismic hazard assessment of the Italian
territory [48]. With reference to the Life Limit State, earthquake ground
motions recorded on rock subsoil having moment magnitude My = 6.5 +
0.2 and Joyner-Boore distance [49] Rj, = 0+ 30 km are selected. By
applying these criteria, a set of 10 acceleration time histories is down-
loaded from the PEER [50] and ESM [51] databases (see Table 1).
Subsequently, each accelerogram in the set is scaled to achieve the target
peak ground acceleration value a; = 3.33 m/s?. It is worth remarking
that assuming sufficiently tight ranges of key parameters, such as the
moment magnitude and Joyner-Boore distance, is critical to obtain a
realistic description of seismic acceleration which is site-compatible
with a specific area.

For all the selected accelerograms, the total intensity, the total num-
ber of zero-level up-crossings, the total number of peaks and the strong
motion duration are evaluated to derive the three main parameters
characterizing the assumed model of the imprecise PSD function of
seismic excitation i.e., the variance a%,g, the predominant circular fre-

quency Qo, and the circular frequency bandwidth p,. Then, the LB, UB,
midpoint (mid), and the normalized deviation amplitude (dev/mid) of
the three spectral parameters listed in Table 2 are obtained.

In order to investigate the dynamic behavior of the combined pri-
mary-secondary system in the frequency domain, in Fig. 3 the modulus
of the FRF for the first-floor displacement of the primary structure (i.e.,
the first element of the vector |H(w)p|), obtained considering different
values of the link stiffness 7k;, is compared with the one pertaining to
the primary structure separately taken. In particular, the dynamic
behavior for the assumed minimum and maximum values of the link
stiffness parameter 7, #,,;, and 77,,,,, as well as for an intermediate value
7 = 3.7 x 1073 is scrutinized. It can be observed that the FRF is signif-
icantly affected by the stiffness of the links between the primary and the
secondary subsystems. Interestingly, when the non-dimensional link
stiffness parameter is set equal to 7, the FRF exhibits two distinct peaks
in place of the first modal peak. A similar feature typically characterizes
the frequency-domain behavior in the presence of a traditional TMD.
When the maximum value of the link stiffness is considered i.e., n =
Nmax»> the first modal peak of the combined structure is shifted to the left
and its height is reduced compared to the one of the primary structure.

Fig. 4 shows the variance Iprl = (E?]pl )I of the interval stochastic
process 6;1 (t)=U% (t)/a’ﬁg (see Eq. (17)), forn = 7 and v = 0.6, versus

the predominant circular frequency Qo € Qf and circular frequency
bandwidth p, € p{) of seismic acceleration (see Table 2). It can be
. =1 ! I, . .
observed that the variance 4, = (62 ) is a monotonic decreasing
,Up1 p1

function of the predominant circular frequency. Thus, the LB and UB of
~1 SUEN . . . .

AUy = (af]pl) are achieved when the predominant circular frequency is
set equal to its UB and LB, respectively, i.e. QSLB) = Qg and Q(()UB) =Qy.
Furthermore, the LB and UB of the variance of the response process

~I
Uy, (t) are attained when the circular frequency bandwidth is equal to its

which yield the LB and UB of IEVUPI = (E?,P1 )I are defined as 8§ =

(@ 5, ana 8%
respectively.

When dealing with imprecise stochastic excitations, a key issue to be
investigated is the potential occurrence of resonance conditions with
some structural vibration modes. For the selected case study, no reso-
nance with the first vibration mode of the coupled structure may occur
as the predominant circular frequency of the excitation varies within the
pertinent interval (see Table 2) and the stiffness parameters, v and 7,
range between the prescribed limits.

T
Q, p(()UB)] with p’® = 19.42rad/s,

~I
Fig. 5 displays the realizations of the interval PSD function Gy, (w)
(see Eq. (7)) of the unit variance seismic acceleration for assigned values
of the interval spectral parameters Q) and p}, including the midpoints

Imia = [ Qomid p():midf and those giving the LB and UB of Iprl =

~ _ T ~ T
@) e 8 = [ p, ] and 8% = o, ] 1t can be

observed that, due to epistemic uncertainties affecting the spectral pa-

rameters, the actual PSD function of ground motion acceleration may

exhibit the major power content over a broad range of frequencies,

leading to different dynamic behaviors of the seismically excited

structure.

The LB and UB of the variance of the interval random response

~ ~  ~(B ~  ~(UB

process Uf)l(t) = olt-] U;l(t) are achieved when § = §' " and § = 9§ ),
g

respectively, and the interval variance of the imprecise ground motion

acceleration process is equal to its LB and UB i.e., (afl- )(LB) =0 ?] and

8 8
2 \(UB)

(Ggg)

scenario, is characterized by the PSD function in Eq. (6) with the

following values of the uncertain parameters:

= Eé . Thus, the critical excitation, leading to the worst-case
g

N L (UB) —2
89 =9 =[5 &2 | =[2, o 7,
To gain a deeper insight into the dynamic behavior of the combined
structure under imprecise seismic excitation, in Fig. 6 the realizations of

the imprecise one-sided PSD function EIU,,, Un () = G’UPl Un (w)/ (a@g)l (see

Eq. (16)) of the displacement process ﬁ;l (t) pertaining to the values of

the interval parameters Q} and p}, which yield the LB and UB of the

)

A ~1 o I, ~(LB ~(UB) .
variance 4oy, = (63 ) i.e,8 " and 9 ", as well as to the nominal or

midpoint values 1‘~)mid are plotted. Three different values of the link
stiffness yk, are considered. Consistently with the frequency-domain
behavior of the coupled structure disclosed by the FRFs in Fig. 3, it is
observed that the peak associated with the first natural frequency is
shifted when the connection stiffness changes, and it is replaced by two
distinct peaks when = 7. For such a value of the link stiffness, the
secondary substructures act like distributed vibration absorbers. Fig. 6
also shows the remarkable influence of epistemic uncertainties affecting
seismic excitation on the PSD of structural response, in agreement with
the results plotted in Fig. 4.

The stiffness of the links as well as the mass and stiffness ratio be-
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Fig. 3. Modulus of the FRF of the first-floor displacement of the primary subsystem compared with the one of the coupled structure for different values of the link

stiffness nkp: @) 1 = s D) n = 75 and ¢) n =y, @ = 0.6).

~2 7 //‘,
(0-(;1” )/ / |
0.000015}
0.000010}
: 4 20
'E/
25 ° 7 p, [rad/s]

<
—

35
Q, [rad/s]

~

40 T

45

Fig. 4. Variance of the response process lNIll)l (t) versus the predominant circular
frequency Qo and circular frequency bandwidth p, (n = 7, v = 0.6).

tween the primary and secondary subsystems have a significant influ-
ence on the interaction effects between the subsystems. In the presence
of imprecise seismic excitation, the dynamic behavior of the coupled
system depends not only on the interaction between the subsystems but
also on epistemic uncertainties affecting the PSD function of ground
motion acceleration. Fig. 7 displays the LB, UB, and nominal value of the
variance wapl = (5?,})1 )I of the interval random process fl;l (t) versus the
non-dimensional link and secondary subsystem stiffness parameters
and v. The values of the stiffness parameters which minimize the
quantities plotted in Fig. 7 are nearly n = 7 and v = 0.6. Indeed, as
shown in Figs. 3b and 6b, for these values of the stiffness parameters, an
energy transfer from the primary to the secondary subsystems takes
place and the ratios between the natural frequencies of the primary and
secondary substructures are close to unity i.e., wp/ws =1.01 and
op/wsz = 1.14. Though the optimal design of the secondary subsystems

0.05

o [rad/s]

Fig. 5. Realizations of the imprecise PSD function élfjg(w) of ground motion
acceleration pertaining to different values of the interval predominant circular
frequency Q) and circular frequency bandwidth p}) collected into the interval
vector 8 = [Qo po T, (7 = 7, v = 0.6).

as vibration absorbers is out of the scope of the present study, it is worth
observing that the stiffness parameters minimizing the variance of the
first-floor displacement are not affected by the imprecision of the
seismic excitation for the selected case study. However, the range of
structural performance changes significantly due to epistemic un-
certainties. When secondary subsystems are conceived as retrofit solu-
tions to reduce the vibration amplitudes of the primary structure under
seismic excitation, their design should take into account the imprecision
of ground motion acceleration. Indeed, the vibration control capacity of
the secondary subsystems may be significantly overestimated due to
epistemic uncertainties affecting seismic excitation. Fig. 7 shows that



A. Sofi and F. Genovese

Engineering Structures 322 (2025) 118885

3.5E-05 -
rn= — §=3B — 99
3_OE-05 %’7 qmm g_g N:~
|- S—Smid 9 9lnid
~ 2.5E-05 r — §-9UB — 9=9UB
TR 20805 -
E1.5E-05 [~
G) r
1.0E-05 —
5.0E-06 a) JLb)
0.0E+00 ' *
0 10 20 30 30 40
 [rad/s]
1.5E-05
= 1 Mmax R §:§ B
1.2E-05 - 9=9ia
5 r — 9-9UB
= _ 9.0E-06 —
= L
= 6.0E-06 |
1S} I
3.0E-06 —
L c)
00E+00 | 1 LA
0 20 30 40

 [rad/s]

Fig. 6. Realizations of the interval one-sided PSD function of the response process ﬁ;l (t) for assigned values of the uncertain spectral parameters and different values

of the link stiffness 7kp: @) # = fy; b) 7 = 75 and ©) 7 =y, (0 = 0.6).

gf
0.00003%
0.00002}
O‘UOUOF’I

0.002 N

. . . ~I
Fig. 7. LB, UB, and nominal value of the variance of the response process U, (t)
versus the non-dimensional link and subsystem stiffness parameters 5 and .

the stiffness of the connections between the primary and secondary

~ o I
subsystems affects the interval variance oy = (afjpl) more than the
stiffness of the secondary subsystems. The dependency of the LB, UB,

and nominal value of the variance of the response process ﬁ;l (t) on the
link stiffness parameter 5, for assigned value of v = 0.6, is shown in
Fig. 8.

To investigate the time-domain dynamic behavior of the combined
primary-secondary structure, samples of the imprecise seismic excita-
tion for selected realizations of the interval spectral parameters are
generated by applying Eq. (27) with M = 1000 and Aw = 0.1 rad/s. The
corresponding response samples are obtained by integrating Eq. (26),
assuming a time step At = 0.005s (Appendix B). Fig. 9 shows some

samples of the interval stochastic response process ff;l (t) for assigned
values of the interval predominant circular frequency and circular

frequency bandwidth of the excitation i.e., the midpoint values, §mid,
~(LB
and the combinations which give the LB and UB of the variance, 8( )
~(UB
and 8( ). Three different values of the connection stiffness parameter
are considered while v = 0.6. As expected, both the vibration amplitude
and frequency content of the samples are affected by the selection of the
spectral parameters. In particular, the critical excitation, identified by

§(C):§(UB), causes the largest vibration amplitudes for all the considered

values of the link stiffness parameter 7.

To assess the vibration control capacity of the secondary subsystems,
Fig. 10 displays some samples of the interval stochastic response process
i
assigned values of the interval spectral parameters i.e., 9 = g,

9= 5(LB), and § = §(UB). It can be observed that the vibration ampli-
tudes of the combined structure are significantly reduced compared to

the ones of the primary structure for all the considered PSD functions. In

. . - e o <(c) <(UB
particular, under the critical seismic excitation, identified by 3(C> :9( ),

(t) of the combined (y = 7, v = 0.6) and primary structure for

4.0E-05
3.2E-05
. 24E05
}5_‘ L6E-05 [~ - il

LB
1 | I | | | 1 | !

0.0017 0.0024 0.0031 0.0037 0.0044 0.0051
n

Fig. 8. LB, UB, and nominal value of the variance of the response process #pl (t)
versus the link stiffness parameter n (v = 0.6).
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Fig. 9. Samples of the response process fJ;l(t) of the combined structure for
assigned values of the uncertain spectral parameters and different values of the
link stiffness nkp: @) 7 = s b) 7 = 7; and ¢) n = ., (0 = 0.6).

both the combined and the primary structure exhibit larger vibration
amplitudes.

Once the dynamic behavior of the combined structure has been
investigated, its seismic performance under imprecise seismic excitation
is further assessed by evaluating the bounds of the interval CDF, L’Up (b,

T), and failure probability, P}%1 o (0 T). The observation time is assumed

equal to T = 30 s. The accuracy of the bounds given by Egs. (32a,b) is
demonstrated by comparison with the “Exact” ones obtained by a time-
consuming combinatorial approach which subdivides the range of the
interval parameters into subintervals and screens all possible combina-
tions of the endpoints of the subintervals to seek the minimum and
maximum of the CDF and failure probability for each value of the critical
level b. Fig. 11 shows an excellent agreement between the proposed and
the “Exact” bounds of the interval CDF and failure probability for the
combined structure with 7 =7 and v = 0.6. The comparison with the
nominal solution, pertaining to the midpoint or nominal values of the
interval spectral parameters i.e., 9 = 9.4, shows that neglecting
epistemic uncertainties in the seismic excitation may lead to a remark-
able overestimation of the safety level compared to the worst-case sce-
nario. Furthermore, it is observed that the region enclosed by the LB and
UB is very wide due to the high degree of uncertainty affecting the three
spectral parameters (see Table 2).

To further investigate the influence of the link stiffness nk, on the
vibration capacity control of the secondary subsystems, Fig. 12 displays
the CDF, Ly, (b,T), and failure probability, Py y,, .. (b, T), of the com-
bined and primary structure pertaining to the nominal PSD function of
ground motion acceleration (8 = 9miq) forn =y, 1 = 7, and n = fay
(v = 0.6). In agreement with the results plotted in Figs. 7-9, it is
observed that the best seismic performance is obtained assuming n = 7
i.e., for the value of the link stiffness parameter which minimizes the

1.max
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Fig. 10. Samples of the response process ff;l (t) of the combined structure

contrasted with those of the primary structure for: a) § = §(LB) ;b)) 9 = Smig;

andc) § = 3 n =1,v =0.6).

variance of the selected response quantity when the other structural
parameters are assigned. It is worth mentioning, that the increased
safety level of the combined system compared to the primary structure is
obtained at the expense of larger displacements of the secondary sub-
systems. In the context of the design of retrofit solutions based on the use
of external subsystems coupled with the main structure, optimal design
parameters should be selected so as to limit such displacements.

The influence of imprecision of the seismic excitation on the safety
level can be inferred from Fig. 13 where the LB and UB of the interval
CDF, L{,Nm (b, T), and failure probability, P){‘Um_m(b7 T) of the primary
structure are compared with the ones of the combined system for three
different values of the link stiffness 7k,. Consistently with the previously
shown results, the highest safety level is obtained when 7 = 7. Notably,
for this value of the link stiffness, the region enclosed by the LB and UB
of L{,lex (b,T) and P}‘Uplmx (b, T) is tighter. In general, such a region is
wider for the primary structure. Fig. 13 highlights the significant in-
fluence of imprecision of the seismic excitation on the performance of
both the combined and primary structure. Epistemic uncertainties
affecting ground motion acceleration, therefore, should be properly
taken into account to assess the vibration control capacity of the sec-
ondary subsystems.

6. Conclusions

A novel framework for assessing the performance of combined pri-
mary-secondary structures subjected to imprecise seismic excitation has
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Fig. 11. Bounds of the interval a) CDF and b) failure probability (in semi-logarithmic scale) of the extreme value response process and nominal solution (5 = 7, v =
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been presented. Ground motion acceleration has been modeled as a
zero-mean stationary Gaussian random process, characterized by a
recently proposed imprecise Power Spectral Density (PSD) function
depending on three main parameters, which are described as interval
variables to account for epistemic uncertainties. The bounds of such
variables can be estimated by analyzing a set of recorded accelerograms,
which are site-compatible with the area under consideration. Due to the
interval nature of the PSD function, the dynamic analysis of combined
primary-secondary structures under imprecise seismic excitation in-
volves the challenging propagation of hybrid uncertainty i.e., interval
and random, which requires the time-consuming solution of a double-
loop problem. To address this issue, both frequency- and time-domain
formulations of the dynamic problem have been derived. Assuming the
variance of the selected response process as a performance indicator, a
criterion has been proposed for identifying the seismic excitation lead-
ing to the worst-case scenario among all possible realizations of the
imprecise ground motion acceleration. In this context, approximate

11

estimates of the bounds of the interval reliability function and failure
probability have been obtained by interval extension of the classical first-
passage theory.

Numerical results have shown that the vibration amplitude of the
primary structure is considerably reduced due to the coupling with the
secondary subsystems, which can act as distributed vibration absorbers.
The vibration control capacity of the secondary substructures is strongly
affected by the stiffness of the links with the primary structure as well as
by epistemic uncertainties in the loading model. When secondary sub-
systems are conceived as seismic retrofit solutions, designers should take
into account the imprecision of ground motion acceleration to prevent
dangerous overestimation of the vibration control capacity. Since the
predominant circular frequency of the imprecise seismic excitation may
vary, even for the same soil category, the potential occurrence of reso-
nance conditions with some vibration modes of the combined structural
system should be considered at the design stage.

To the best of the authors’ knowledge, this study represents the first
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Appendix A. Parameters of the Power Spectral Density function of ground motion acceleration

The interval parameter f} is defined by interval extension of the expression given in Ref. [42]:

~ 2aq b (wf; + of)

" w3 (co +dy + e) (A1)

Bo

where:

ao = (P2 +Q2)" +2(pf — 6 p2 Q2+ Q)0 + 0

bo = pi + 2 p2(Q2 — w3) + (92 + w3)*;

Co = —2 o py wy w1, (P + Qf — wf); (A.2a-€)
do = { (o7 +98)” (5 — 6 3 @} + 95 + ) — (o} — @) [ (o3 + )" + 0 | | x 201w + )

€0 = /by po{? (0, — ?) (0 + 5 — 2.3 95— 3.08) + (0, + ) 65+ 95 + 39 2353+ 93) + i (3~ 393) ]}
where wy and w;, can be assumed equal to wg = 0.1 Qo and w;, = Qo + 0.8p,, respectively.
Appendix B. Step-by-step integration of the equations of motion

The response sample of the combined primary-secondary structure subjected to the k — th sample of the seismic acceleration Uék> (& 90 ) generated
from the j — th realization of the interval PSD function Gy, (; 90 ) (Eq. (27)) can be obtained by solving Eq. (26) through a step-by-step scheme.

Subdividing the time interval of interest [0, Tf] into N, small intervals of equal amplitude At = T¢/N, and assuming that seismic acceleration is
piecewise linear within each time interval, the modal state variable vector at the time instant t,,; = (£ + 1)At can be evaluated as [52]:

X9 (t,,1:89) = exp(A ADX® (1,:89) + 7o (A)V U (t,:97) + 7, (AD)V Uy (t,11:97) (8.1

where

Yo(AL) = {exp(A At) — %} A! (B.2)
_[L(AY) 1

¥1(At) = {T — Lom } A (B.3)

with

L(At) = [exp(A At) — I, ]A™! (B.4)

I, being the 2m — order identity matrix.
Then, based on the knowledge of X®)(t,.1; 87), the state variable vector in the nodal space at the time instant t,,; can be derived by applying Eq.
(25), i.e.:

Z0 (tr1;99) = Y XO (tr41;97). (B.5)
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