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A B S T R A C T

We present a novel mathematical framework for neural network optimization based on multi-time dynamics, 

unifying game-theoretic and optimal control perspectives. Drawing from Udrişte’s geometric multi-time evolu­

tion theory, we model each network component as an autonomous agent evolving along its intrinsic time scale, 

capturing inter-layer dependencies through cross-temporal derivatives. This formulation naturally accommodates 

the empirically observed heterogeneity in layer-wise learning dynamics, where early convolutional layers, inter­

mediate feature extractors, and final classification layers converge at fundamentally different rates. We establish 

the existence of Multi-Time Nash Equilibria via Kakutani’s fixed-point theorem under convexity and strong con­

cavity conditions, and prove exponential convergence with explicit geometric rates that depend on the spectral 

properties of the inter-layer interaction matrix. The resulting algorithm, Multi-Time Nash Learning (MTNL), in­

corporates strategic interaction terms derived from mixed Hessians and achieves 40% faster convergence and 

up to 4.5 percentage point accuracy improvement over standard optimizers on benchmark datasets. Extensive 

experiments on CIFAR-10, Fashion-MNIST, and ImageNet subsets with ResNet-50 and VGG-16 architectures val­

idate our theoretical predictions. Ablation studies confirm that both the multi-time structure and the strategic 

interaction terms contribute synergistically to the observed gains. This work provides rigorous mathematical 

foundations for understanding optimization landscapes in deep learning through the lens of differential geome­

try and multi-agent systems, opening new directions for adaptive learning rate scheduling, federated learning, 

and distributed neural network training.

1 . Introduction

The optimization of deep neural networks remains one of the central 

challenges in machine learning, with practical success often outpac­

ing theoretical understanding [1]. Standard approaches treat network 

training as a single-time dynamical system where all parameters evolve 

synchronously according to gradient descent: 

𝑑𝜃
𝑑𝑡

= −∇𝐿(𝜃), (1)

where 𝜃 ∈ R𝑑  denotes the network parameters and 𝐿 ∶ R𝑑 → R is the 

loss function. This formulation, while computationally convenient, ob­

scures the inherently multi-scale nature of deep network training, where 

different layers exhibit markedly different convergence behaviors [2,3].

Empirical observations consistently reveal that early layers converge 

rapidly while intermediate layers exhibit slower dynamics, and final 

classification layers display variable behavior depending on the learn­

ing task [4]. Recent representation similarity analyses using Centered 

Kernel Alignment (CKA) [29] and Singular Vector Canonical Correlation 

Analysis (SVCCA) [30] have quantified these heterogeneous dynam­

ics at the level of learned representations. The phenomenon of neural 

collapse [31], whereby the last-layer features converge to a simplex 

equiangular tight frame while earlier layers continue evolving, further 

underscores the multi-scale nature of network training. These heteroge­

neous “rhythms” suggest that treating all parameters as evolving in a 

single temporal dimension fails to capture the true geometric structure 

of the optimization landscape.

1.1 . Contributions

This paper introduces a principled mathematical framework for neu­

ral network optimization based on multi-time dynamics, drawing from the 

geometric multi-parameter evolution theory pioneered by Udrişte [5,6].
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\begin {equation}\widetilde S_i(\Theta ,\mathbf {t}) \;=\; \underbrace {\zeta _i\,t_i\,\bigl \|\nabla _{\theta _i}L(\Theta )\bigr \|^2}_{\text {self-allocation reward}} \;-\; \underbrace {\tfrac {1}{2}\,\nu _i\,t_i^{\,2}}_{\substack {\text {convex}\\\text {effort cost}}} \;-\; \underbrace {\tfrac {1}{2}\textstyle \sum _{j\neq i}\beta _{ij}\,t_j\,\bigl \|\nabla _{\theta _j}L(\Theta )\bigr \|^2}_{\text {coupling with other players}}, \label {eq:strategic_explicit}\end {equation}


\begin {align}& \bigl \|\Theta ^{(k+1)}-\Theta ^{*}\bigr \| \;\leq \; \kappa (\eta )\,\bigl \|\Theta ^{(k)}-\Theta ^{*}\bigr \|,\nonumber \\ & \kappa (\eta )\;=\;1-\eta \gamma +\tfrac {1}{2}\eta ^{2}M^{2}{(1+\rho (B))}^{2}\max _i\alpha _i^{\,2}\;<\;1, \label {eq:discrete_contraction}\end {align}


\begin {equation}\frac {d\theta }{dt} = -\nabla L(\theta ), \label {eq:standard_gd}\end {equation}


$\theta \in \mathbb {R}^d$


$L: \mathbb {R}^d \to \mathbb {R}$


$i$


$\partial \theta _i / \partial t_j = X_{ij}(\Theta , \mathbf {t})$


$i \in \mathcal {N}$


$\Theta _i$


$u_i(\cdot , \theta _{-i}, \mathbf {t})$


$\theta _i$


$(\theta _{-i}, \mathbf {t})$


$u_i$


$(\Theta , \mathbf {t})$


$(\Theta ^*, \mathbf {t}^*)$


$i$


$u_i$


$\theta _i$


$L$


$\ell $


$B = (\beta _{ij})$


$N$


$\theta _i \in \mathbb {R}^{d_i}$


$i \in \mathcal {N} = \{1, \ldots , N\}$


$\Theta = (\theta _1, \ldots , \theta _N) \in \mathbb {R}^d$


$d = \sum _{i=1}^N d_i$


\begin {align}& \frac {\partial \theta _i}{\partial t_j} = X_{ij}(\Theta , \mathbf {t}), \quad i, j \in \mathcal {N}, \label {eq:multitime_pde}\end {align}


$\mathbf {t} = (t_1, \ldots , t_N) \in \mathbb {R}^N_+$


$X_{ij}: \mathbb {R}^d \times \mathbb {R}^N_+ \to \mathbb {R}^{d_i}$


\begin {align}& \frac {\partial }{\partial t_k}\left (\frac {\partial \theta _i}{\partial t_j}\right ) = \frac {\partial }{\partial t_j}\left (\frac {\partial \theta _i}{\partial t_k}\right ), \quad \forall i, j, k \in \mathcal {N}. \label {eq:consistency}\end {align}


$t_1, \ldots , t_N$


$(x, y, z)$


$N$


\begin {align}& \frac {\partial X_{ij}}{\partial t_k} + \sum _{\ell } \frac {\partial X_{ij}}{\partial \theta _\ell } X_{\ell k} = \frac {\partial X_{ik}}{\partial t_j} + \sum _{\ell } \frac {\partial X_{ik}}{\partial \theta _\ell } X_{\ell j}, \quad \forall i,j,k. \label {eq:integrability_expanded}\end {align}


$X_{ij}(\Theta ,\mathbf {t}) = \beta _{ij}H_{ij}\nabla _{\theta _j}L$


\begin {align}& \frac {d\Theta _i}{dt} = \alpha _i \nabla _{\theta _i} L + \sum _{j \neq i} \beta _{ij} H_{ij} \frac {d\Theta _j}{dt}, \label {eq:coupled_dynamics}\end {align}


\begin {align}& \mathcal {R}_{ijk} := \left \|\frac {\partial }{\partial t_k}\!\left (\frac {\partial \theta _i}{\partial t_j}\right ) - \frac {\partial }{\partial t_j}\!\left (\frac {\partial \theta _i}{\partial t_k}\right )\right \| \leq C_{{\textrm {int}}}\,\|\nabla ^3~L\|\,\prod _\ell \beta _{i\ell }, \label {eq:integrability_residual}\end {align}


$C_{{\textrm {int}}}$


$\beta _{ij}=0.1$


$K$


$\mathcal {O}(\eta \,K\,\max _{ij}\beta _{ij}^2)$


$\Theta ^{(0)}$


$\{\alpha _i\}$


$\{\beta _{ij}\}$


$\epsilon $


$\Theta ^*$


$\mathbf {t}^{(0)} = (1, \ldots , 1)$


$k = 0, 1, 2, \ldots $


$i \in \mathcal {N}$


$g_i^{(k)} = \nabla _{\theta _i} u_i(\Theta ^{(k)}, \mathbf {t}^{(k)})$


$c_i^{(k)} = \sum _{j \neq i} \beta _{ij} H_{ij} g_j^{(k)}$


$\theta _i^{(k+1)} \gets \theta _i^{(k)} + \alpha _i (g_i^{(k)} + c_i^{(k)})$


$u_i$


$t_i$


$u_i(\Theta ,\mathbf {t})$


$i$


$t_i$


$\zeta _i\,t_i\,\|\nabla _{\theta _i}L\|^2$


$-\tfrac {1}{2}\nu _i t_i^{\,2}$


$u_i$


$t_i$


$(\theta _{-i},\mathbf {t}_{-i})$


$\;t_i^{(k+1)} \gets \sigma \!\bigl (\,\zeta _i\,\|\nabla _{\theta _i}L(\Theta ^{(k+1)})\|^2 / \nu _i\,\bigr )$


$\max _i ||g_i^{(k)||} < \epsilon $


$\Theta ^{(k+1)}$


$\mathcal {R}_{ijk}$


$\|\mathcal {R}_{ijk}\|$


$(\mathcal {M}, g)$


$\mathbb {R}^d$


\begin {align}& g_{ij}(\theta ) = \mathbb {E}_{x \sim p_{\text {data}}}\left [\frac {\partial \log p(y|x;\theta )}{\partial \theta _i} \cdot \frac {\partial \log p(y|x;\theta )}{\partial \theta _j}\right ], \label {eq:fisher_metric}\end {align}


$p(y|x;\theta )$


\begin {align}& g_{ij} \approx \mathbb {E}_{\mathcal {B}}\left [\nabla _{\theta _i} L \cdot \nabla _{\theta _j} L\right ], \label {eq:empirical_fisher}\end {align}


$\mathcal {B}$


\begin {align}& \mathcal {E}[\gamma ] = \int _0^T \sqrt {g_{ij}(\gamma (t))\dot {\gamma }^i(t)\dot {\gamma }^j(t)} \, dt \label {eq:geodesic_functional}\end {align}


$\partial /\partial t_j$


$\mathcal {M}$


$\Gamma ^k_{ij}$


$\dot {\theta }=-g^{-1}\nabla L$


$\partial \Theta _i/\partial t_i = \alpha _i\nabla _{\theta _i}L$


$\beta _{ij}H_{ij}(d\Theta _j/dt)$


$j$


$i$


$H_{ij}$


$\mathcal {D}\subset T\mathcal {M}$


$\mathcal {D} \subset T\mathcal {M}$


\begin {align}& \mathcal {D}_\theta = \text {span}\{X_1(\theta ), \ldots , X_m(\theta )\}, \quad m < d, \label {eq:distribution}\end {align}


$X_i$


\begin {align}& \text {Lie}(X_1, \ldots , X_m) = T_\theta \mathcal {M}. \label {eq:chow}\end {align}


$i$


$j \neq i$


$f_\ell $


$\ell $


\begin {align}& \frac {\partial L}{\partial \theta _i} = \frac {\partial L}{\partial a_L} \cdot \prod _{\ell =i+1}^{L} \frac {\partial a_\ell }{\partial a_{\ell -1}} \cdot \frac {\partial a_i}{\partial \theta _i}, \label {eq:backprop_chain}\end {align}


$a_\ell = f_\ell (a_{\ell -1}; \theta _\ell )$


$i$


$N$


$\alpha _i > 0$


$i$


$H_{ij} = \frac {\partial ^2~L}{\partial \theta _i \partial \theta _j}$


$\beta _{ij} \geq 0$


\begin {align}\frac {\partial \Theta _i}{\partial t_i} &= \alpha _i \nabla _{\theta _i} L \quad \text {(direct update)}, \label {eq:direct_update}\\ \frac {\partial \Theta _i}{\partial t_j} &= \beta _{ij} H_{ij} \frac {\partial \Theta _j}{\partial t_j} \quad \text {(cross-influence)}, \quad j \neq i. \label {eq:cross_influence}\end {align}


\begin {align}\frac {\partial \Theta _i}{\partial t_i} &= \alpha _i \nabla _{\theta _i} L \quad \text {(direct update)}, \label {eq:direct_update}\\ \frac {\partial \Theta _i}{\partial t_j} &= \beta _{ij} H_{ij} \frac {\partial \Theta _j}{\partial t_j} \quad \text {(cross-influence)}, \quad j \neq i. \label {eq:cross_influence}\end {align}


\begin {align}\label {ieq1} & \frac {d\Theta _i}{dt} = \sum _{j=1}^N \frac {\partial \Theta _i}{\partial t_j} \frac {dt_j}{dt} = \frac {\partial \Theta _i}{\partial t_i} + \sum _{j \neq i} \frac {\partial \Theta _i}{\partial t_j}.\end {align}


$dt_j/dt = 1$


$j$


\begin {align}& L_i(\Theta )=\tfrac {1}{N}\,L(\Theta ) + \tfrac {1}{2}\textstyle \sum _{j\neq i}\theta _i^\top H_{ij}\,\theta _j, \label {eq:loss_decomposition}\end {align}


$\widetilde S_i$


$i$


$i$


$\zeta _i,\nu _i>0$


$\zeta _i=0$


$t_i$


$\mathcal {G} = \langle \mathcal {N}, {\{\Theta _i\}}_{i \in \mathcal {N}}, {\{u_i\}}_{i \in \mathcal {N}}, {\{\mathcal {T}_i\}}_{i \in \mathcal {N}} \mathbb {R}angle$


$\mathcal {N} = \{1, \ldots , N\}$


$\Theta _i \subseteq \mathbb {R}^{d_i}$


$i$


$\mathcal {T}_i \subseteq \mathbb {R}_+$


$i$


$u_i: \Theta \times \mathcal {T} \to \mathbb {R}$


$i$


$L_i$


$i$


$R_i$


$\widetilde S_i$


$\Theta _{-i} = {(\theta _j)}_{j \neq i}$


$\Theta ^* \in \Theta $


$\mathbf {t}^* \in \mathcal {T}$


\begin {align}& {u_i(\theta _i^*, \theta _{-i}^*, t_i^*, \mathbf {t}_{-i}^*) \geq u_i(\theta _i, \theta _{-i}^*, t_i, \mathbf {t}_{-i}^*), \quad \forall i \in \mathcal {N}, \, \forall (\theta _i, t_i) \in \Theta _i \times \mathcal {T}_i.} \label {eq:nash_condition}\end {align}


$i$


$(\theta _i,t_i)\in \Theta _i\times \mathcal {T}_i$


$(\theta _{-i},\mathbf {t}_{-i})$


$t_i$


$i$


$u_i$


$\Theta _{-i}$


$\mathbf {t}_{-i}$


$=\Theta $


$i$


$=\Delta \theta _i$


$=\Theta '=\Theta +\Delta \Theta $


$=u_i$


$t_i$


\begin {equation}\frac {\partial u_i}{\partial t_i} \;=\; \gamma _i\zeta _i\,\bigl \|\nabla _{\theta _i}L(\Theta )\bigr \|^2 \;-\; \gamma _i\nu _i\,t_i \;=\; 0 \qquad \Longrightarrow \qquad t_i^{\star }(\Theta ) \;=\; \frac {\zeta _i}{\nu _i}\,\bigl \|\nabla _{\theta _i}L(\Theta )\bigr \|^2. \label {eq:ti_closed_form}\end {equation}


$\partial ^2 u_i/\partial t_i^{\,2} = -\gamma _i\nu _i<0$


$t_i$


$\|\nabla _{\theta _i}L\|$


$\{t_i^\star \}$


\begin {align}& H_i(\theta ) = \nabla ^2_{\theta _i} u_i(\theta , \theta _{-i}, \mathbf {t}) \preceq -\mu _i I, \label {eq:strong_concavity}\end {align}


$\mu _i > 0$


$\preceq $


\begin {align}& \frac {\partial ^2 u_i}{\partial \theta _i \partial t_j} = \frac {\partial ^2 u_i}{\partial t_j \partial \theta _i}, \quad \forall i, j \in \mathcal {N}. \label {eq:utility_consistency}\end {align}


$B: \Theta \times \mathcal {T} \rightrightarrows \Theta \times \mathcal {T}$


\begin {align}\label {ieq2} & B(\Theta , \mathbf {t}) = \prod _{i=1}^N B_i(\Theta _{-i}, \mathbf {t}),\end {align}


\begin {align}\label {ieq3} & B_{i} (\Theta _{-i}, \mathbf {t}) = \text {argmax}_{(\theta _{i}, t_{i}) \in \Theta _{i} \times \mathcal {T}_{i}} u_i(\theta _{i}, \Theta _{-i}, t_{i}, \mathbf {t}_{-i}).\end {align}


$\Theta _i \times \mathcal {T}_i$


$u_i$


$B_i(\Theta _{-i}, \mathbf {t}) \neq \emptyset $


$(\theta _i', t_i'), (\theta _i'', t_i'') \in B_i(\Theta _{-i}, \mathbf {t})$


$\lambda \in [0,1]$


$(\theta _i^\lambda , t_i^\lambda ) = \lambda (\theta _i', t_i') + (1-\lambda )(\theta _i'', t_i'')$


$\mathcal {T}_i$


\begin {align}u_i(\theta _i^\lambda , \Theta _{-i}, t_i^\lambda , \mathbf {t}_{-i}) &\geq \lambda u_i(\theta _i', \Theta _{-i}, t_i', \mathbf {t}_{-i}) + (1-\lambda ) u_i(\theta _i'', \Theta _{-i}, t_i'', \mathbf {t}_{-i})\label {autoeq:1}\\ &= u_i(\theta _i', \Theta _{-i}, t_i', \mathbf {t}_{-i}),\label {autoeq:2}\end {align}


\begin {align}u_i(\theta _i^\lambda , \Theta _{-i}, t_i^\lambda , \mathbf {t}_{-i}) &\geq \lambda u_i(\theta _i', \Theta _{-i}, t_i', \mathbf {t}_{-i}) + (1-\lambda ) u_i(\theta _i'', \Theta _{-i}, t_i'', \mathbf {t}_{-i})\label {autoeq:1}\\ &= u_i(\theta _i', \Theta _{-i}, t_i', \mathbf {t}_{-i}),\label {autoeq:2}\end {align}


$(\theta _i^\lambda , t_i^\lambda ) \in B_i(\Theta _{-i}, \mathbf {t})$


$(\Theta ^n, \mathbf {t}^n) \to (\Theta , \mathbf {t})$


$(\hat {\Theta }^n, \hat {\mathbf {t}}^n) \in B(\Theta ^n, \mathbf {t}^n)$


$(\hat {\Theta }^n, \hat {\mathbf {t}}^n) \to (\hat {\Theta }, \hat {\mathbf {t}})$


$(\theta _i, t_i) \in \Theta _i \times \mathcal {T}_i$


\begin {align}\label {ieq4} & u_i(\hat {\theta }_i^n, \Theta _{-i}^n, \hat {t}_i^n, \mathbf {t}_{-i}^n) \geq u_i(\theta _i, \Theta _{-i}^n, t_i, \mathbf {t}_{-i}^n).\end {align}


\begin {align}\label {ieq5} & u_i(\hat {\theta }_i, \Theta _{-i}, \hat {t}_i, \mathbf {t}_{-i}) \geq u_i(\theta _i, \Theta _{-i}, t_i, \mathbf {t}_{-i}).\end {align}


$(\hat {\Theta }, \hat {\mathbf {t}}) \in B(\Theta , \mathbf {t})$


$K=\prod _i(\Theta _i\times \mathcal {T}_i)$


$B$


$K$


$K$


\begin {align}& u_i(\Theta , \mathbf {t}) = -L_i(\Theta ) - \lambda _i R_i(\theta _i) + \gamma _i {\widetilde S_i(\Theta , \mathbf {t})}, \label {eq:utility}\end {align}


$u_i$


$t_i$


$\partial ^2 u_i/\partial t_i^{\,2}=-\gamma _i\nu _i<0$


$t_i$


$B$


$(\Theta ^*, \mathbf {t}^*)$


$B = {(\beta _{ij})}_{i,j}$


$\rho (B) < \min _i \mu _i / \max _i \lambda _{\max }(H_i)$


$u = {(u_{ij})}_{i,j \in \mathcal {N}}$


\begin {equation}J[u] = \int _0^T L(\Theta (t)) \, dt + \Phi (\Theta (T)), \label {eq:cost_functional}\end {equation}


\begin {equation}\frac {d\theta _i}{dt} = \sum _{j=1}^N u_{ij}(t) X_{ij}(\Theta ), \quad i \in \mathcal {N}, \label {eq:controlled_dynamics}\end {equation}


\begin {equation}\sum _{j=1}^N u_{ij}^2(t) \leq 1, \quad \forall i \in \mathcal {N}, \, \forall t \in [0, T]. \label {eq:control_constraint}\end {equation}


$(\Theta ^*$


$u^*)$


$\lambda = (\lambda _1, \ldots , \lambda _N)$


\begin {equation}\frac {d\lambda _i}{dt} = -\frac {\partial H}{\partial \theta _i}(\lambda , \Theta ^*, u^*), \label {eq:adjoint}\end {equation}


\begin {equation}H(\lambda , \Theta , u) = L(\Theta ) + \sum _{i=1}^N \sum _{j=1}^N \lambda _i^\top u_{ij} X_{ij}(\Theta ), \label {eq:hamiltonian}\end {equation}


\begin {equation}\nabla _u H(\lambda , \Theta ^*, u^*) = 0. \label {eq:optimal_control_condition}\end {equation}


$j$


\begin {equation}u_{ij}^*(t) = \frac {\lambda _i^\top X_{ij}(\Theta ^*)}{\sqrt {\sum _{k} {(\lambda _i^\top X_{ik}(\Theta ^*))}^2}}, \label {eq:bangbang}\end {equation}


\begin {equation}||\nabla L(\theta ) - \nabla L(\theta ')|| \leq \ell ||\theta - \theta '||, \quad \forall \theta , \theta ' \in \Theta . \label {eq:lipschitz}\end {equation}


\begin {equation}\rho (B) = \max \{|\lambda | : \lambda \text { is an eigenvalue of } B\} < \infty . \label {eq:spectral_radius}\end {equation}


\begin {equation}\alpha _i < \frac {2\mu _i}{\lambda _{\max }(H_i)}, \quad \forall i \in \mathcal {N}, \label {eq:lr_condition}\end {equation}


\begin {equation}||\Theta (t) - \Theta ^*|| \leq C e^{-\gamma t} ||\Theta (0) - \Theta ^*||, \label {eq:exponential_convergence}\end {equation}


\begin {equation}\gamma = \min _i(\alpha _i \mu _i) - \rho (B) \max _i \alpha _i \lambda _{\max }(H_i). \label {eq:convergence_rate}\end {equation}


\begin {equation}V(\Theta ) = \frac {1}{2}||\Theta - \Theta ^*||^2 = \frac {1}{2}\sum _{i=1}^N ||\theta _i - \theta _i^*||^2. \label {eq:lyapunov}\end {equation}


\begin {align}\frac {dV}{dt} &= \sum _{i=1}^N {(\theta _i - \theta _i^*)}^\top \frac {d\theta _i}{dt}\label {autoeq:3}\\\noalign {\vspace *{-10pt}} &= \sum _{i=1}^N {(\theta _i - \theta _i^*)}^\top \left (\alpha _i \nabla _{\theta _i} L + \sum _{j \neq i} \beta _{ij} H_{ij} \frac {d\theta _j}{dt}\right ). \label {eq:lyapunov_derivative}\end {align}


\begin {equation}{(\theta _i - \theta _i^*)}^\top \nabla _{\theta _i} L(\Theta ) \leq -\mu _i ||\theta _i - \theta _i^*||^2 + {(\theta _i - \theta _i^*)}^\top \nabla _{\theta _i} L(\Theta ^*). \label {eq:strong_concavity_bound}\end {equation}


$\nabla _{\theta _i} L(\Theta ^*) = 0$


\begin {equation}{(\theta _i - \theta _i^*)}^\top \alpha _i \nabla _{\theta _i} L \leq -\alpha _i \mu _i ||\theta _i - \theta _i^*||^2. \label {eq:direct_term_bound}\end {equation}


$|{(\theta _i-\theta _i^*)}^\top \beta _{ij}H_{ij}(d\theta _j/dt)| \leq \beta _{ij}\|\theta _i-\theta _i^*\|\cdot \|H_{ij}\|\cdot \|d\theta _j/dt\|$


$\|d\theta _j/dt\|\leq \alpha _j\|\nabla _{\theta _j}L\|$


$\|\nabla _{\theta _j}L\|\leq \ell \|\Theta -\Theta ^*\|$


$\nabla _{\theta _j}L(\Theta ^*)=0$


$\sum _{j\neq i}\beta _{ij}\leq \rho (B)$


\begin {align}\left |\sum _{i} \sum _{j \neq i} {(\theta _i - \theta _i^*)}^\top \beta _{ij} H_{ij} \frac {d\theta _j}{dt}\right | &\leq \rho (B) \max _i \alpha _i \lambda _{\max }(H_i) \sum _i ||\theta _i - \theta _i^*||^2. \label {eq:interaction_bound}\end {align}


\begin {align}\frac {dV}{dt} &\leq -\sum _i \alpha _i \mu _i ||\theta _i - \theta _i^*||^2 + \rho (B) \max _i \alpha _i \lambda _{\max }(H_i) \sum _i ||\theta _i - \theta _i^*||^2\label {autoeq:4}\\ &\leq -\left (\min _i(\alpha _i \mu _i) - \rho (B) \max _i \alpha _i \lambda _{\max }(H_i)\right ) \cdot 2V\label {autoeq:5}\\ &= -2\gamma V. \label {eq:lyapunov_final}\end {align}


\begin {align}\frac {dV}{dt} &\leq -\sum _i \alpha _i \mu _i ||\theta _i - \theta _i^*||^2 + \rho (B) \max _i \alpha _i \lambda _{\max }(H_i) \sum _i ||\theta _i - \theta _i^*||^2\label {autoeq:4}\\ &\leq -\left (\min _i(\alpha _i \mu _i) - \rho (B) \max _i \alpha _i \lambda _{\max }(H_i)\right ) \cdot 2V\label {autoeq:5}\\ &= -2\gamma V. \label {eq:lyapunov_final}\end {align}


\begin {align}\frac {dV}{dt} &\leq -\sum _i \alpha _i \mu _i ||\theta _i - \theta _i^*||^2 + \rho (B) \max _i \alpha _i \lambda _{\max }(H_i) \sum _i ||\theta _i - \theta _i^*||^2\label {autoeq:4}\\ &\leq -\left (\min _i(\alpha _i \mu _i) - \rho (B) \max _i \alpha _i \lambda _{\max }(H_i)\right ) \cdot 2V\label {autoeq:5}\\ &= -2\gamma V. \label {eq:lyapunov_final}\end {align}


\begin {equation}\label {ieq6} V(t) \leq V(0) e^{-2\gamma t},\end {equation}


$C = 1$


$\gamma $


$\min _i(\alpha _i \mu _i)$


$\rho (B) \max _i \alpha _i \lambda _{\max }(H_i)$


$\gamma > 0$


$\eta >0$


\begin {equation}\theta _i^{(k+1)} = \theta _i^{(k)} + \eta \left [\alpha _i\nabla _{\theta _i}L(\Theta ^{(k)}) + \sum _{j\neq i}\beta _{ij}H_{ij}^{(k)}\alpha _j\nabla _{\theta _j}L(\Theta ^{(k)})\right ], \label {eq:discrete_update}\end {equation}


$\mathcal {O}(\eta ^2)$


$K=T/\eta $


$\mathcal {O}(\eta )$


$\eta \to 0$


$\gamma $


$1-\eta \gamma +\mathcal {O}(\eta ^2)$


$H_{ij}$


$H_{ij}=\partial ^2~L/\partial \theta _i\partial \theta _j$


$\nabla _{\theta _i}L(\theta _i,\theta _j+\Delta \theta _j)\approx \nabla _{\theta _i}L(\theta _i,\theta _j)+H_{ij}\Delta \theta _j$


$c_i^{(k)}$


$H_{ij}g_j$


$\mathcal {O}(\eta )$


$L$


$\|\nabla ^2~L\|\leq M$


$\Theta ^{*}$


$\eta $


\begin {equation}0 \;<\; \eta \;<\; \min \!\Bigl \{\, \frac {\gamma }{M^{2}{(1+\rho (B))}^{2}\,\max _i\alpha _i^{\,2}}\,\;\; \frac {2}{\ell +\rho (B)\max _i\alpha _i\,\ell }\, \Bigr \}, \label {eq:step_condition}\end {equation}


$k\geq 0$


$-\log \kappa (\eta )\geq \eta \gamma /2$


$V^{(k)} = \tfrac {1}{2}\|\Theta ^{(k)}-\Theta ^{*}\|^{2}$


$F(\Theta ) = {\bigl (\alpha _i\nabla _{\theta _i}L + \sum _{j\neq i}\beta _{ij}H_{ij}\alpha _j\nabla _{\theta _j}L\bigr )}_{i\in \mathcal {N}}$


$\Theta ^{(k+1)} = \Theta ^{(k)}+\eta F(\Theta ^{(k)})$


\begin {equation*}V^{(k+1)} \;=\; V^{(k)} \;+\; \eta \,\langle F(\Theta ^{(k)}),\,\Theta ^{(k)}-\Theta ^{*}\mathbb {R}angle \;+\; \tfrac {\eta ^{2}}{2}\,\|F(\Theta ^{(k)})\|^{2}.\end {equation*}


$-2\gamma V^{(k)}$


$\|\nabla L(\Theta )\|\leq M\|\Theta -\Theta ^{*}\|$


$\Theta ^{*}$


$\|F(\Theta )\|\leq M(1+\rho (B))\max _i\alpha _i\,\|\Theta -\Theta ^{*}\|$


\begin {equation*}V^{(k+1)} \;\leq \; \bigl [\,1-2\eta \gamma +\eta ^{2}M^{2}{(1+\rho (B))}^{2}\max _i\alpha _i^{\,2}\,\bigr ]\,V^{(k)} \;=\; \kappa {(\eta )}^{2}\,V^{(k)},\end {equation*}


$\kappa (\eta )<1$


$\eta \to 0$


$(\eta ,\alpha _i,\beta _{ij})$


$10\times $


$\text {argmax}_{t_i}$


$\|\nabla _{\theta _i}L\|^{2}$


$t_i\gets \sigma (\zeta _i\,\|\nabla _{\theta _i}L\|^{2}/\nu _i)$


$t_i\in (0,1)$


\begin {equation}\mathcal {O}(N^2 d \cdot T), \label {eq:complexity}\end {equation}


$N$


$d$


$T$


$c_i^{(k)} = \sum _{j \neq i} \beta _{ij} H_{ij} g_j^{(k)}$


$N$


$N-1$


$\mathcal {O}(d_i \times d_j)$


$H_{ij} \approx \text {diag}({diag}(H_{ij}))$


$\mathcal {O}(Nd)$


$\beta _{ij} = 0$


$K$


$\beta _{ij} = 0$


$i, j$


$\alpha _i = \alpha $


$H_{ij} = F_{ij}$


$\beta _{ij} = -1$


$\alpha _i$


$\beta _{ij} = 0$


$\beta _{ij}$


$32 \times 32$


$28 \times 28$


$3 \times 3$


$\beta _1 = 0.9$


$\beta _2 = 0.999$


$\epsilon = 10^{-8}$


$\alpha = 0.01$


$\beta _{ij} = 0.1$


$10^{-4}$


$10^{-4}$


$=0.1$


$=0.9$


$=0.001$


$\beta _1\!=\!0.9$


$\beta _2\!=\!0.999$


$=0.01$


$=0.001$


$\beta _1\!=\!0.9$


$\beta _2\!=\!0.999$


$\lambda \!=\!0.01$


$=3\!\times \!10^{-4}$


$\beta _1\!=\!0.9$


$\beta _2\!=\!0.99$


$\lambda \!=\!0.1$


$=0.1$


$=0.9$


$=0.001$


$=0.01$


$\alpha \!=\!0.01$


$\beta _{ij}\!=\!0.1$


$K_t\!=\!10$


$\{0.1,0.03,0.01,0.003,0.001,0.0003\}$


$\beta \in \{0.01,0.05,0.1,0.2,0.5\}$


$t$


$p<0.01$


$\eta =10^{-2}$


$\max _i\alpha _i=10^{-2}$


$\rho (B)\leq 0.2$


$M\leq 50$


$\min \{\,\gamma /(M^{2}{(1+\rho (B))}^{2}\max _i\alpha _i^{\,2}),\;2/(\ell (1+\rho (B)\max _i\alpha _i))\,\}\approx 0.13$


$\eta =10^{-2}$


$\sim 13$


$\kappa (\eta )<1$


$\sim 18\times $


$\sim 9\times $


$\pm $


$\times $


$\pm $


$\times $


$\pm $


$\times $


$\pm $


$\times $


$\pm $


$\times $


$\pm $


$\times $


$\pm $


$\times $


$\pm $


$\times $


$\pm $


$\times $


$\pm $


$\times $


${\textrm {Stability}}=1-{\textrm {Var}}({\textrm {loss}})/{\textrm {Mean}}({\textrm {loss}})$


$r=0.89$


$p<0.01$


$\Delta $


$\beta _{ij}=0$


$\alpha _i$


$H_{ij}$


$\beta _{ij} = 0$


$H_{ij}$


$\alpha _i = \alpha $


$\mathcal {O}(d_i d_j)$


$\mathcal {O}(\min (d_i, d_j))$


$\beta _{ij} = 0$


$|i - j| > 1$


$\times $


\begin {equation}\label {ieq7} \text {Total time ratio} = \frac {1.4 \times 76}{1.0 \times 108} \approx 0.99,\end {equation}


$\alpha _1=0.01$


$\alpha _2=0.008$


$\alpha _3=0.015$


$\beta _{12}=\beta _{23}=0.1$


$\beta _{13}=0$


$\beta _{23}H_{23}g_3$


$t_1\!\approx \!0.3$


$t_2\!\approx \!0.5$


$t_3\!\approx \!0.2$


\begin {equation}\label {ieq8} \ddot {\gamma }^k + \Gamma ^k_{ij} \dot {\gamma }^i \dot {\gamma }^j = 0,\end {equation}


$\Gamma ^k_{ij}$


\begin {equation}\label {ieq9} \Gamma ^k_{ij} = \frac {1}{2}g^{k\ell }\left (\frac {\partial g_{\ell i}}{\partial \theta _j} + \frac {\partial g_{\ell j}}{\partial \theta _i} - \frac {\partial g_{ij}}{\partial \theta _\ell }\right ).\end {equation}


$\dot {\theta } = -g^{-1}\nabla L$


$L$


$\sum _j u_{ij}^2 \leq 1$


\begin {align}\label {ieq10} & \mathcal {L} = H + \nu \left (1 - \sum _j u_{ij}^2\right ).\end {align}


\begin {align}\label {ieq11} & \frac {\partial H}{\partial u_{ij}} = 2\nu u_{ij} \implies u_{ij} = \frac {\lambda _i^\top X_{ij}}{2\nu }.\end {align}


$\nu $


$H_{ij}g_j$


\begin {align}\label {ieq12} & H_{ij}g_j = \frac {\partial }{\partial \theta _i}\left (\nabla _{\theta _j} L \cdot g_j\right ),\end {align}


$t_i = \sigma (\tau _i)$


$\sigma $


$t_i \in (0,1)$


$\tau _i$


\begin {align}\label {ieq13} & \text {Stability} = 1 - \frac {\text {Var}(\text {loss over last 10 epochs})}{\text {Mean}(\text {loss over last 10 epochs})}.\end {align}


\begin {equation*}\gamma \;=\; \min _i(\alpha _i\mu _i)\;-\;\rho (B)\,\max _i\alpha _i\,\lambda _{\max }(H_i)\;>\;0.\end {equation*}


\begin {align}\frac {dV}{dt} &= \sum _{i=1}^N {(\theta _i - \theta _i^*)}^\top \frac {d\theta _i}{dt}\label {autoeq:3}\\\noalign {\vspace *{-10pt}} &= \sum _{i=1}^N {(\theta _i - \theta _i^*)}^\top \left (\alpha _i \nabla _{\theta _i} L + \sum _{j \neq i} \beta _{ij} H_{ij} \frac {d\theta _j}{dt}\right ). \label {eq:lyapunov_derivative}\end {align}
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Nomenclature

Summary of principal notation

𝑁 Number of network components (players)

N = {1,… , 𝑁} Index set of players

𝜃𝑖 ∈ R𝑑𝑖 Parameters of component 𝑖
Θ = (𝜃1,… , 𝜃𝑁 ) Full parameter vector, Θ ∈ R𝑑 , 𝑑 =

∑

𝑖 𝑑𝑖
𝐭 = (𝑡1,… , 𝑡𝑁 ) Multi-time vector

𝐿 ∶ R𝑑 → R Global loss function

𝐿𝑖(Θ) Component 𝑖’s contribution to loss

𝑢𝑖 Utility function of player 𝑖
𝑆𝑖 Strategic interaction term

𝑆𝑖 Augmented strategic term (with self-allocation), Eq. (17)

𝜁𝑖 > 0 Self-allocation reward weight (player 𝑖)
𝜈𝑖 > 0 Convex effort-cost weight (player 𝑖)
𝛼𝑖 > 0 Learning rate for component 𝑖
𝛽𝑖𝑗 ≥ 0 Coupling coefficient between 𝑖 and 𝑗
𝐻𝑖𝑗 Mixed Hessian 𝜕2 𝐿∕𝜕𝜃𝑖𝜕𝜃𝑗
𝐵 = (𝛽𝑖𝑗 ) Interaction matrix

𝜌(𝐵) Spectral radius of 𝐵
(M, 𝑔) Parameter manifold with Fisher metric

𝜇𝑖 > 0 Strong concavity modulus of player 𝑖
𝛾 Convergence rate

𝜂 Discretization step size

𝜅(𝜂) Discrete contraction factor, Eq. (53)

The first contribution is a unified multi-time framework that refor­

mulates neural network optimization as a system of partial differential 

equations where each network component 𝑖 evolves along independent 

time dimensions according to 𝜕𝜃𝑖∕𝜕𝑡𝑗 = 𝑋𝑖𝑗 (Θ, 𝐭), with consistency con­

ditions ensuring well-posedness. This formulation provides a natural 

bridge between game-theoretic and optimal control perspectives, captur­

ing the strategic interdependencies among network components within 

a coherent mathematical structure.

Building on this framework, we establish a rigorous equilibrium 

theory by proving the existence of Multi-Time Nash Equilibria un­

der convexity and strong concavity conditions. The proof relies on 

Kakutani’s fixed-point theorem applied to the best-response correspon­

dence (Theorem 3.9). Furthermore, we derive explicit exponential con­

vergence rates (Theorem 4.6), showing that the convergence speed de­

pends critically on the interplay between the strong concavity moduli of 

individual players and the spectral properties of the interaction matrix.

These theoretical insights translate into a practical algorithm called 

Multi-Time Nash Learning (MTNL), which incorporates strategic inter­

action terms derived from mixed Hessians. The interaction terms allow 

each network component to anticipate the updates of other components, 

effectively coordinating the optimization process. Experimental evalua­

tion demonstrates that MTNL achieves 40% faster convergence and 4.8% 

accuracy improvement over standard optimizers such as SGD and Adam.

We validate our theoretical predictions through comprehensive ex­

periments on CIFAR-10, Fashion-MNIST, and ImageNet subsets using 

ResNet-50 and VGG-16 architectures. The experimental results confirm 

the exponential convergence predicted by theory, demonstrate consis­

tent improvements across diverse settings, and reveal through ablation 

studies that both the multi-time structure and the strategic interaction 

terms contribute substantially to the observed gains.

1.2 . Related work

The theoretical understanding of neural network optimization has 

advanced significantly in recent years, yet fundamental questions re­

main open. Du et al. [7] and Allen-Zhu et al. [8] established convergence 

guarantees for gradient descent in over-parameterized networks, demon­

strating that sufficiently wide networks can achieve zero training loss. 

Arora et al. [3] analyzed the implicit regularization effects of gradient 

descent, revealing how optimization dynamics influence generalization. 

Particularly relevant to our work, Saxe et al. [2] provided exact solu­

tions for linear networks that expose the layer-wise learning dynamics, 

showing that different layers converge at fundamentally different rates, 

a phenomenon our multi-time framework directly addresses.

The challenge of heterogeneous learning dynamics is particularly 

acute in modern deep architectures. In convolutional neural networks, 

lower layers that extract generic visual features tend to stabilize early, 

while task-specific higher layers continue to evolve [4]. Residual con­

nections [24] partially mitigate gradient degradation but do not resolve 

the fundamental mismatch between layer-wise convergence rates. Our 

framework provides a principled solution by allowing each network 

component to evolve along its natural time scale.

Modern optimizers. The landscape of neural network optimizers 

has evolved substantially beyond SGD and Adam. AdamW [32] decou­

pled weight decay from the adaptive learning rate, becoming the default 

optimizer for transformer training. Lion [33], discovered through evo­

lutionary search, produces updates of uniform magnitude via a sign 

operation. Second-order methods have seen renewed interest through 

Shampoo [34] and SOAP [35]. Our framework complements these ad­

vances by providing a principled mechanism for inter-layer coordination 

that can be combined with any base optimizer.

Game theory has been applied to machine learning in various con­

texts, most notably in the seminal work of Goodfellow et al. [9] who 

introduced Generative Adversarial Networks as a two-player zero-sum 

game. Subsequent work by Mescheder et al. [10] analyzed the conver­

gence properties of GAN training through the lens of game dynamics. 

Multi-agent reinforcement learning, as surveyed by Zhang et al. [11], 

extensively employs game-theoretic equilibrium concepts for policy op­

timization. However, these approaches typically consider games with a 

single time dimension, whereas our framework introduces the novel el­

ement of multi-time evolution that captures the intrinsic heterogeneity 

of learning rates across network components.

Geometric methods have a long history in optimization, with nat­

ural gradient methods [12,13] exploiting the Riemannian geometry 

of the parameter space through the Fisher information metric. These 

methods recognize that the Euclidean geometry implicit in standard 

gradient descent fails to account for the statistical structure of the 

model class. Hairer et al. [14] developed geometric numerical inte­

gration methods that preserve dynamical structure, while Absil et al. 

[15] established comprehensive foundations for optimization on mani­

folds. In a related direction, Ferrara [44] introduced Geometric-Entropic 

Optimization (GEO), integrating Riemannian gradient methods with 

entropy-regularized optimal transport for neural network training, 

demonstrating that geometry-aware optimization yields consistent im­

provements over standard methods. Our work extends this geometric 

perspective by introducing the sub-Riemannian structure induced by 

non-holonomic constraints arising from inter-layer dependencies.

The mathematical theory of multi-time evolution originates from 

Udrişte’s pioneering work on geometric dynamics [5,6], which de­

veloped the differential geometric foundations for systems evolving 

along multiple independent time parameters. Udrişte and Ţevy [16] ex­

tended this framework to optimal control problems with multi-time cost 

functionals, and Pitea and Udrişte [17] studied multi-time variational 

problems with applications to economics. More recently, Ferrara [43] 

extended the multi-time evolution framework to deep learning dynam­

ics, establishing path-independence conditions for multi-time gradient 

descent and characterizing the co-evolution of feature extraction and 

classification layers through the Multi-Time Adaptive Gradient (MTAG) 
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algorithm. The present work substantially extends that preliminary 

framework by introducing the game-theoretic formulation (Multi-Time 

Nash Equilibria), the optimal control perspective (Pontryagin maximum 

principle), and comprehensive experimental validation on standard 

benchmarks with modern optimizers. To our knowledge, this paper rep­

resents the first application of multi-time dynamics to neural network 

optimization within a unified game-theoretic and optimal control frame­

work, establishing a new connection between differential geometry and 

deep learning.

1.3 . Paper organization

The remainder of this paper develops the multi-time framework 

systematically, moving from mathematical foundations to practical algo­

rithms and experimental validation. Section 2 introduces the multi-time 

evolution system and establishes its geometric interpretation, defining 

the parameter manifold structure and explaining how non-holonomic 

constraints arise from inter-layer dependencies. Section 3 develops 

the game-theoretic perspective, formalizing the multi-time learning 

game and proving the existence of Nash equilibria through Kakutani’s 

fixed-point theorem. Section 4 presents the complementary optimal 

control formulation, deriving the multi-time maximum principle and 

establishing exponential convergence with explicit geometric rates. 

Section 5 describes the Multi-Time Nash Learning algorithm, analyz­

ing its computational complexity and relationship to existing optimizers. 

Section 6 provides comprehensive experimental validation across mul­

tiple datasets and architectures, including detailed ablation studies. 

Finally, Section 7 discusses the implications of our findings and outlines 

directions for future research.

2 . Multi-time framework

2.1 . Fundamental concept

Consider a neural network with 𝑁  distinct components (e.g., lay­

ers, blocks or modules), each with parameters 𝜃𝑖 ∈ R𝑑𝑖  for 𝑖 ∈ N =
{1,… , 𝑁}. Let Θ = (𝜃1,… , 𝜃𝑁 ) ∈ R𝑑  denote the full parameter vector, 

where 𝑑 =
∑𝑁

𝑖=1 𝑑𝑖.

Definition 2.1  (Multi-Time Evolution System). A multi-time evolu­

tion system for neural network parameters is defined by the partial 

differential equations:

𝜕𝜃𝑖
𝜕𝑡𝑗

= 𝑋𝑖𝑗 (Θ, 𝐭), 𝑖, 𝑗 ∈ N , (2)

where 𝐭 = (𝑡1,… , 𝑡𝑁 ) ∈ R𝑁
+  is the multi-time vector and 𝑋𝑖𝑗 ∶ R𝑑×R𝑁

+ →
R𝑑𝑖  are smooth vector fields satisfying the consistency conditions:

𝜕
𝜕𝑡𝑘

(

𝜕𝜃𝑖
𝜕𝑡𝑗

)

= 𝜕
𝜕𝑡𝑗

(

𝜕𝜃𝑖
𝜕𝑡𝑘

)

, ∀𝑖, 𝑗, 𝑘 ∈ N . (3)

Remark 2.2  (Physical Interpretation). The multi-time variables 

𝑡1,… , 𝑡𝑁  do not represent distinct physical times. Rather, they consti­

tute a mathematical parameterization of the intrinsic evolution scales 

of the system. Just as Cartesian coordinates (𝑥, 𝑦, 𝑧) provide three ways 

to measure a single spatial position, the multi-time vector provides 

𝑁  ways to parameterize the evolution of a single dynamical system. 

This formalism, originating from Udrişte’s differential geometry [5], 

elegantly captures systems where processes evolve at characteristically 

different rates.

2.2 . Integrability conditions in neural network training

The consistency condition (3) is a classical requirement in multi-time 

dynamics that ensures path-independence in the multi-time domain. In 

the neural network context, this requires:

𝜕𝑋𝑖𝑗

𝜕𝑡𝑘
+
∑

𝓁

𝜕𝑋𝑖𝑗

𝜕𝜃𝓁
𝑋𝓁𝑘 =

𝜕𝑋𝑖𝑘
𝜕𝑡𝑗

+
∑

𝓁

𝜕𝑋𝑖𝑘
𝜕𝜃𝓁

𝑋𝓁𝑗 , ∀𝑖, 𝑗, 𝑘. (4)

In practice, exact integrability is not guaranteed due to stochastic 

gradients and complex nonlinear transformations. We address this at 

three levels.

Analytical bound. When 𝑋𝑖𝑗 (Θ, 𝐭) = 𝛽𝑖𝑗𝐻𝑖𝑗∇𝜃𝑗𝐿 (as in (12)), the 

integrability residual satisfies:

R𝑖𝑗𝑘 ∶=
‖

‖

‖

‖

‖

𝜕
𝜕𝑡𝑘

(

𝜕𝜃𝑖
𝜕𝑡𝑗

)

− 𝜕
𝜕𝑡𝑗

(

𝜕𝜃𝑖
𝜕𝑡𝑘

)

‖

‖

‖

‖

‖

≤ 𝐶int ‖∇3 𝐿‖
∏

𝓁

𝛽𝑖𝓁 , (5)

where 𝐶int depends on network depth and activation smoothness. For 

𝛽𝑖𝑗 = 0.1 (our setting), the residual is small.

Algorithmic projection. In Algorithm 1, the sequential update 

scheme computes all interaction terms using current gradients, implicitly 

symmetrizing the cross-influence. The accumulated integrability error 

over 𝐾 iterations is bounded by O(𝜂 𝐾 max𝑖𝑗 𝛽2𝑖𝑗 ).
Empirical validation. We monitor R𝑖𝑗𝑘 during training (Fig. 2). 

The residual decreases as the loss landscape smooths near convergence, 

consistent with (5). 

2.3 . Geometric structure

The parameter space admits a natural geometric interpretation as a 

Riemannian manifold.

Definition 2.3  (Parameter Manifold). The parameter manifold (M, 𝑔)
is the space R𝑑  equipped with the Fisher information metric:

𝑔𝑖𝑗 (𝜃) = E𝑥∼𝑝data

[

𝜕 log 𝑝(𝑦|𝑥; 𝜃)
𝜕𝜃𝑖

⋅
𝜕 log 𝑝(𝑦|𝑥; 𝜃)

𝜕𝜃𝑗

]

, (6)

Algorithm 1 Multi-Time Nash Learning (MTNL).

Require: Initial parameters Θ(0), learning rates {𝛼𝑖}, coupling coeffi­

cients {𝛽𝑖𝑗}, tolerance 𝜖
Ensure: Equilibrium parameters Θ∗

1: Initialize time allocation 𝐭(0) = (1,… , 1)
2: for epoch 𝑘 = 0, 1, 2,… do

3:  for each player 𝑖 ∈ N  do

4:  Compute gradient: 𝑔(𝑘)𝑖 = ∇𝜃𝑖𝑢𝑖(Θ
(𝑘), 𝐭(𝑘))

5:  Compute interactions: 𝑐(𝑘)𝑖 =
∑

𝑗≠𝑖 𝛽𝑖𝑗𝐻𝑖𝑗𝑔
(𝑘)
𝑗

6:  Update parameters: 𝜃(𝑘+1)𝑖 ← 𝜃(𝑘)𝑖 + 𝛼𝑖(𝑔
(𝑘)
𝑖 + 𝑐(𝑘)𝑖 )

7:  end for

8:  Optimize time allocation (closed form, see Remark 3.5): 𝑡(𝑘+1)𝑖 ←
𝜎
(

𝜁𝑖 ‖∇𝜃𝑖𝐿(Θ
(𝑘+1))‖2∕𝜈𝑖

)

9:  if max𝑖 ||𝑔
(𝑘)||
𝑖 < 𝜖 then

10:  break

11:  end if

12: end for

13: return Θ(𝑘+1)

Fig. 1. Training loss convergence comparison on CIFAR-10 with ResNet-50. 

MTNL achieves significantly faster convergence with lower final loss values.
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Fig. 2. Integrability residual ‖R𝑖𝑗𝑘‖ during training on CIFAR-10. The residual 

decreases near convergence, supporting approximate integrability.

where 𝑝(𝑦|𝑥; 𝜃) is the model’s predictive distribution.

In practice, we employ the empirical Fisher approximation:

𝑔𝑖𝑗 ≈ EB

[

∇𝜃𝑖𝐿 ⋅ ∇𝜃𝑗𝐿
]

, (7)

where the expectation is over mini-batches B.

Proposition 2.4  (Geodesic Interpretation). Under the Fisher metric, 

the optimal trajectory minimizing:

E[𝛾] = ∫

𝑇

0

√

𝑔𝑖𝑗 (𝛾(𝑡))𝛾̇ 𝑖(𝑡)𝛾̇𝑗 (𝑡) 𝑑𝑡 (8)

corresponds to the natural gradient flow, and the multi-time directions 𝜕∕𝜕𝑡𝑗
define preferential evolution directions on M.

2.4 . Role of the riemannian structure in the algorithm

The Riemannian formalism enters the framework at three concrete 

levels, beyond mere analogy.

Natural gradient as intrinsic update direction. The Christoffel 

symbols Γ𝑘𝑖𝑗  of the Fisher metric determine geodesic equations. The 

natural gradient 𝜃̇ = −𝑔−1∇𝐿 follows these geodesics, providing the in­

trinsic steepest descent. In our framework, diagonal Fisher blocks define 

per-component natural gradient directions approximated by the direct 

update 𝜕Θ𝑖∕𝜕𝑡𝑖 = 𝛼𝑖∇𝜃𝑖𝐿.

Cross-temporal derivatives as parallel transport. The interaction 

terms 𝛽𝑖𝑗𝐻𝑖𝑗 (𝑑Θ𝑗∕𝑑𝑡) approximate parallel transport of component 𝑗’s 
update into component 𝑖’s tangent space. The mixed Hessian 𝐻𝑖𝑗  en­

codes how one component’s geometry is “seen” from another, ensuring 

curvature-aware coordination.

Non-holonomic constraints as sub-Riemannian structure. Inter-

layer dependencies define a distribution D ⊂ 𝑇M restricting accessible 

parameter directions. The bracket-generating condition ensures con­

trollability, meaning that any target configuration is reachable despite 

constraints. 

2.5 . Non-holonomic constraints

The dependencies between network layers induce non-holonomic 

constraints on the parameter evolution.

Definition 2.5  (Non-Holonomic Distribution). A non-holonomic dis­

tribution D ⊂ 𝑇M is a smooth subbundle of the tangent bundle defined 

by [38]:

D𝜃 = span{𝑋1(𝜃),… , 𝑋𝑚(𝜃)}, 𝑚 < 𝑑, (9)

where the vector fields 𝑋𝑖 satisfy the bracket-generating condition 

(Chow’s condition):

Lie(𝑋1,… , 𝑋𝑚) = 𝑇𝜃M. (10)

In the neural network context, non-holonomic constraints arise be­

cause the update of layer 𝑖 depends on the current state of layers 𝑗 ≠ 𝑖

through forward and backward propagation. Specifically, if 𝑓𝓁  denotes 

the function computed by layer 𝓁, then:

𝜕𝐿
𝜕𝜃𝑖

= 𝜕𝐿
𝜕𝑎𝐿

⋅
𝐿
∏

𝓁=𝑖+1

𝜕𝑎𝓁
𝜕𝑎𝓁−1

⋅
𝜕𝑎𝑖
𝜕𝜃𝑖

, (11)

where 𝑎𝓁 = 𝑓𝓁(𝑎𝓁−1; 𝜃𝓁) are the layer activations. This chain structure 

implies that the gradient at layer 𝑖 depends on all downstream layers, 

creating the coupling that multi-time dynamics captures.

2.6 . Coupled dynamics

The full multi-time system for a network with 𝑁  components takes 

the form:

𝑑Θ𝑖
𝑑𝑡

= 𝛼𝑖∇𝜃𝑖𝐿 +
∑

𝑗≠𝑖
𝛽𝑖𝑗𝐻𝑖𝑗

𝑑Θ𝑗

𝑑𝑡
, (12)

where 𝛼𝑖 > 0 is the learning rate for component 𝑖, 𝐻𝑖𝑗 = 𝜕2 𝐿
𝜕𝜃𝑖𝜕𝜃𝑗

 is the 

mixed Hessian capturing inter-component coupling, and 𝛽𝑖𝑗 ≥ 0 are 

coupling coefficients.

Proposition 2.6  (Multi-Time  Decomposition). The  coupled  system

(12) admits the multi-time representation:

𝜕Θ𝑖
𝜕𝑡𝑖

= 𝛼𝑖∇𝜃𝑖𝐿 (direct update), (13)

𝜕Θ𝑖
𝜕𝑡𝑗

= 𝛽𝑖𝑗𝐻𝑖𝑗
𝜕Θ𝑗

𝜕𝑡𝑗
(cross-influence), 𝑗 ≠ 𝑖. (14)

Proof. Summing over all time directions and applying the chain rule:

𝑑Θ𝑖
𝑑𝑡

=
𝑁
∑

𝑗=1

𝜕Θ𝑖
𝜕𝑡𝑗

𝑑𝑡𝑗
𝑑𝑡

=
𝜕Θ𝑖
𝜕𝑡𝑖

+
∑

𝑗≠𝑖

𝜕Θ𝑖
𝜕𝑡𝑗

. (15)

Setting 𝑑𝑡𝑗∕𝑑𝑡 = 1 for all 𝑗 and substituting (13) and (14)

yields (12). □

3 . Game-theoretical perspective

3.1 . Multi-time learning game

We first specify the decomposition of the global loss into per-player 

contributions and the explicit form of the strategic interaction term. 

Given the network’s compositional structure, we define:

𝐿𝑖(Θ) =
1
𝑁 𝐿(Θ) + 1

2
∑

𝑗≠𝑖 𝜃
⊤
𝑖 𝐻𝑖𝑗 𝜃𝑗 , (16)

where the first term distributes the global loss equally and the second 

encodes inter-component coupling. The strategic interaction term 𝑆𝑖 is 

augmented to depend explicitly on player 𝑖’s own time allocation, com­

prising a self-allocation reward (a player whose own gradient is large 

stands to benefit most from additional learning time), a strictly convex 

effort cost (allocating large time horizons is not free, since more iter­

ations on layer 𝑖 slow the wall-clock convergence of the network as a 

whole), and the original coupling with other players: 

𝑆𝑖(Θ, 𝐭) = 𝜁𝑖 𝑡𝑖
‖

‖

‖

∇𝜃𝑖𝐿(Θ)
‖

‖

‖

2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
self-allocation reward

− 1
2 𝜈𝑖 𝑡

2
𝑖

⏟⏟⏟
convex

effort cost

− 1
2
∑

𝑗≠𝑖 𝛽𝑖𝑗 𝑡𝑗
‖

‖

‖

∇𝜃𝑗𝐿(Θ)
‖

‖

‖

2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
coupling with other players

, (17)

where 𝜁𝑖, 𝜈𝑖 > 0 are scalar weights. Setting 𝜁𝑖 = 0 recovers the 

original purely-coupling formulation; the marginal-return / marginal-

cost balance encoded by the first two terms is what makes Step 8 of 

Algorithm 1(a) non-trivial optimization in 𝑡𝑖 (cf. Remark 3.5).

We formalize the optimization problem as a multi-player game where 

each network component acts as a strategic agent.
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Definition 3.1  (Multi-Time Learning Game). The multi-time learn­

ing game is the tuple G = ⟨N , {Θ𝑖}𝑖∈N , {𝑢𝑖}𝑖∈N , {T𝑖}𝑖∈NR𝑎𝑛𝑔𝑙𝑒 where 

N = {1,… , 𝑁} is the set of players (network components), Θ𝑖 ⊆ R𝑑𝑖  is 

the strategy space of player 𝑖, T𝑖 ⊆ R+ is the time allocation space of 

player 𝑖, and 𝑢𝑖 ∶ Θ × T → R is the utility function of player 𝑖:

𝑢𝑖(Θ, 𝐭) = −𝐿𝑖(Θ) − 𝜆𝑖𝑅𝑖(𝜃𝑖) + 𝛾𝑖𝑆𝑖(Θ, 𝐭), (18)

where 𝐿𝑖 is player 𝑖’s contribution to the loss, 𝑅𝑖 is a regularization 

term, 𝑆𝑖 captures strategic interactions and self-allocation incentives, 

and Θ−𝑖 = (𝜃𝑗 )𝑗≠𝑖.

3.2 . Multi-time nash equilibrium

Definition 3.2  (Multi-Time  Nash  Equilibrium). A strategy profile 

Θ∗ ∈ Θ and time allocation 𝐭∗ ∈ T  constitute a Multi-Time Nash 

Equilibrium if:

𝑢𝑖(𝜃∗𝑖 , 𝜃
∗
−𝑖, 𝑡

∗
𝑖 , 𝐭

∗
−𝑖) ≥ 𝑢𝑖(𝜃𝑖, 𝜃∗−𝑖, 𝑡𝑖, 𝐭

∗
−𝑖), ∀𝑖 ∈ N , ∀(𝜃𝑖, 𝑡𝑖) ∈ Θ𝑖 × T𝑖. (19)

Remark 3.3  (Scope of Optimization). Each player 𝑖 optimizes over 

(𝜃𝑖, 𝑡𝑖) ∈ Θ𝑖 × T𝑖, that is, its own parameters and its own time alloca­

tion, while (𝜃−𝑖, 𝐭−𝑖) are held fixed. The variable 𝑡𝑖 is a local decision 

variable for player 𝑖, not a global variable. Coupling arises only through 

𝑢𝑖’s dependence on Θ−𝑖 and 𝐭−𝑖.

Remark 3.4  (Connection to Markov Games). The multi-time learn­

ing game maps to a Markov game by identifying: state = Θ, action 

of player 𝑖 = Δ𝜃𝑖, transition = Θ′ = Θ + ΔΘ, stage reward = 𝑢𝑖. The 

key difference is heterogeneous clocks 𝑡𝑖, which standard Markov games 

lack.

Remark 3.5  (Explicit dependence of  𝑢𝑖  on  𝑡𝑖  and closed-form best 

response). With the augmented strategic term (17), the utility 𝑢𝑖(Θ, 𝐭)
depends explicitly on player 𝑖’s own time allocation 𝑡𝑖 both through 

the self-allocation reward 𝜁𝑖 𝑡𝑖 ‖∇𝜃𝑖𝐿‖
2 and through the strictly convex 

effort cost − 1
2 𝜈𝑖𝑡

2
𝑖 . Differentiating 𝑢𝑖 with respect to 𝑡𝑖 at fixed (𝜃−𝑖, 𝐭−𝑖)

and setting the derivative to zero yields 

𝜕𝑢𝑖
𝜕𝑡𝑖

= 𝛾𝑖𝜁𝑖
‖

‖

‖

∇𝜃𝑖𝐿(Θ)
‖

‖

‖

2
− 𝛾𝑖𝜈𝑖 𝑡𝑖 = 0 ⟹ 𝑡⋆𝑖 (Θ) =

𝜁𝑖
𝜈𝑖

‖

‖

‖

∇𝜃𝑖𝐿(Θ)
‖

‖

‖

2
.

(20)

Since 𝜕2𝑢𝑖∕𝜕𝑡 2𝑖 = −𝛾𝑖𝜈𝑖 < 0, the stationary point is a strict global maxi­

mum and (20) is the unique best response in 𝑡𝑖. The expression admits 

the natural economic reading that players whose own gradient is large 

– i.e., layers far from optimum and therefore standing to benefit most 

from additional learning time – claim more of their own time budget, 

while a strictly convex cost prevents any single player from monopo­

lising the time horizon. Because ‖∇𝜃𝑖𝐿‖ varies markedly across layers 

(early convolutional layers vs. late classification layers carry very dif­

ferent gradient magnitudes [2,29,31]), the equilibrium profile {𝑡⋆𝑖 } is 
genuinely heterogeneous, which is precisely the multi-time mechanism 

that motivates this work. This closed form is what Step 8 of Algorithm 1 

computes.

Definition extends the classical Nash equilibrium by requiring sta­

bility with respect to both parameter deviations and time allocation 

strategies.

3.3 . Existence theorem

Assumption 3.6. For each player 𝑖 ∈ N : (A1) The strategy space Θ𝑖 is 

nonempty, compact, and convex; (A2) The utility function 𝑢𝑖(⋅, 𝜃−𝑖, 𝐭) is 
concave in 𝜃𝑖 for fixed (𝜃−𝑖, 𝐭); (A3) The utility function 𝑢𝑖 is continuous 

in (Θ, 𝐭).

Assumption 3.7  (Strong Concavity). For each player 𝑖, the Hessian of 

𝑢𝑖 with respect to 𝜃𝑖 satisfies:

𝐻𝑖(𝜃) = ∇2
𝜃𝑖
𝑢𝑖(𝜃, 𝜃−𝑖, 𝐭) ⪯ −𝜇𝑖𝐼, (21)

for some 𝜇𝑖 > 0, where ⪯ denotes the Loewner order.

Assumption 3.8  (Consistency). The mixed partial derivatives of util­

ity functions commute:

𝜕2𝑢𝑖
𝜕𝜃𝑖𝜕𝑡𝑗

=
𝜕2𝑢𝑖
𝜕𝑡𝑗𝜕𝜃𝑖

, ∀𝑖, 𝑗 ∈ N . (22)

Theorem 3.9  (Existence  of  Multi-Time  Nash  Equilibrium). Under 

Assumptions 3.6 to 3.8, there exists at least one Multi-Time Nash Equilibrium 

(Θ∗, 𝐭∗).

Proof. We apply Kakutani’s fixed-point theorem [18]. Define the best-

response correspondence 𝐵 ∶ Θ × T ⇉ Θ × T  by:

𝐵(Θ, 𝐭) =
𝑁
∏

𝑖=1
𝐵𝑖(Θ−𝑖, 𝐭), (23)

where:

𝐵𝑖(Θ−𝑖, 𝐭) = argmax(𝜃𝑖 ,𝑡𝑖)∈Θ𝑖×T𝑖𝑢𝑖(𝜃𝑖,Θ−𝑖, 𝑡𝑖, 𝐭−𝑖). (24)

We verify the conditions of Kakutani’s theorem:

Step 1: Nonemptiness. By (A1), Θ𝑖 × T𝑖 is compact. By (A3), 𝑢𝑖 is 
continuous. Hence the maximum is attained, and 𝐵𝑖(Θ−𝑖, 𝐭) ≠ ∅.

Step 2: Convexity. Suppose (𝜃′𝑖 , 𝑡
′
𝑖), (𝜃

′′
𝑖 , 𝑡

′′
𝑖 ) ∈ 𝐵𝑖(Θ−𝑖, 𝐭). For 𝜆 ∈ [0, 1], 

let (𝜃𝜆𝑖 , 𝑡
𝜆
𝑖 ) = 𝜆(𝜃′𝑖 , 𝑡

′
𝑖) + (1 − 𝜆)(𝜃′′𝑖 , 𝑡

′′
𝑖 ). By (A2) and convexity of T𝑖:

𝑢𝑖(𝜃𝜆𝑖 ,Θ−𝑖, 𝑡
𝜆
𝑖 , 𝐭−𝑖) ≥ 𝜆𝑢𝑖(𝜃′𝑖 ,Θ−𝑖, 𝑡

′
𝑖 , 𝐭−𝑖) + (1 − 𝜆)𝑢𝑖(𝜃′′𝑖 ,Θ−𝑖, 𝑡

′′
𝑖 , 𝐭−𝑖) (25)

= 𝑢𝑖(𝜃′𝑖 ,Θ−𝑖, 𝑡
′
𝑖 , 𝐭−𝑖), (26)

where the equality follows because both points are maxima. Hence 

(𝜃𝜆𝑖 , 𝑡
𝜆
𝑖 ) ∈ 𝐵𝑖(Θ−𝑖, 𝐭), proving convexity.

Step 3: Closed Graph. Let (Θ𝑛, 𝐭𝑛) → (Θ, 𝐭) and (Θ̂𝑛, 𝐭̂𝑛) ∈ 𝐵(Θ𝑛, 𝐭𝑛)
with (Θ̂𝑛, 𝐭̂𝑛) → (Θ̂, 𝐭̂). For any (𝜃𝑖, 𝑡𝑖) ∈ Θ𝑖 × T𝑖:

𝑢𝑖(𝜃̂𝑛𝑖 ,Θ
𝑛
−𝑖, 𝑡

𝑛
𝑖 , 𝐭

𝑛
−𝑖) ≥ 𝑢𝑖(𝜃𝑖,Θ𝑛

−𝑖, 𝑡𝑖, 𝐭
𝑛
−𝑖). (27)

Taking limits and using continuity (A3):

𝑢𝑖(𝜃̂𝑖,Θ−𝑖, 𝑡𝑖, 𝐭−𝑖) ≥ 𝑢𝑖(𝜃𝑖,Θ−𝑖, 𝑡𝑖, 𝐭−𝑖). (28)

Hence (Θ̂, 𝐭̂) ∈ 𝐵(Θ, 𝐭), proving the graph is closed. Since 𝐾 =
∏

𝑖(Θ𝑖×T𝑖)
is compact and 𝐵 maps 𝐾 into 𝐾, the closed graph property implies 

upper hemicontinuity [39]. We further note that under the augmented 

utility (18)–(17), 𝑢𝑖 is now strictly concave in 𝑡𝑖 (because 𝜕2𝑢𝑖∕𝜕𝑡 2𝑖 =
−𝛾𝑖𝜈𝑖 < 0), so the best response in 𝑡𝑖 is in fact single-valued and given 

by the closed form (20); this strengthens Kakutani’s hypotheses without 

affecting the conclusion.

By Kakutani’s theorem, 𝐵 has a fixed point (Θ∗, 𝐭∗), which by 

construction is a Multi-Time Nash Equilibrium. □

Corollary 3.10  (Uniqueness  under  Strong  Concavity). Under 

Assumption 3.7, if additionally the interaction matrix 𝐵 = (𝛽𝑖𝑗 )𝑖,𝑗  satisfies 

𝜌(𝐵) < min𝑖 𝜇𝑖∕max𝑖 𝜆max(𝐻𝑖), then the equilibrium is unique.

4 . Optimal control perspective

4.1 . Non-holonomic control problem

We formulate the optimization as a non-holonomic optimal control 

problem.

Definition 4.1  (Multi-Time  Optimal  Control  Problem). Find  con­

trols 𝑢 = (𝑢𝑖𝑗 )𝑖,𝑗∈N  minimizing: 

𝐽 [𝑢] = ∫

𝑇

0
𝐿(Θ(𝑡)) 𝑑𝑡 + Φ(Θ(𝑇 )), (29)

subject to the controlled dynamics: 

𝑑𝜃𝑖
𝑑𝑡

=
𝑁
∑

𝑗=1
𝑢𝑖𝑗 (𝑡)𝑋𝑖𝑗 (Θ), 𝑖 ∈ N , (30)
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with control constraints: 

𝑁
∑

𝑗=1
𝑢2𝑖𝑗 (𝑡) ≤ 1, ∀𝑖 ∈ N , ∀𝑡 ∈ [0, 𝑇 ]. (31)

4.2 . Multi-time maximum principle

Theorem 4.2  (Multi-Time Pontryagin Maximum Principle). Let (Θ∗,

𝑢∗) be an optimal pair for Problem 4.1. Then there exist adjoint variables 

𝜆 = (𝜆1,… , 𝜆𝑁 ) satisfying: 

𝑑𝜆𝑖
𝑑𝑡

= − 𝜕𝐻
𝜕𝜃𝑖

(𝜆,Θ∗, 𝑢∗), (32)

where the Hamiltonian is: 

𝐻(𝜆,Θ, 𝑢) = 𝐿(Θ) +
𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝜆⊤𝑖 𝑢𝑖𝑗𝑋𝑖𝑗 (Θ), (33)

and the optimal control satisfies: 

∇𝑢𝐻(𝜆,Θ∗, 𝑢∗) = 0. (34)

Proof. The proof follows from the classical Pontryagin Maximum 

Principle [19] extended to the multi-input setting. The Hamiltonian 

structure is preserved under the summation over control indices 

𝑗, and the necessary conditions follow from standard variational

arguments. □

Proposition 4.3  (Bang-Bang Structure). Under the control constraint

(31), the optimal control exhibits a bang-bang structure: 

𝑢∗𝑖𝑗 (𝑡) =
𝜆⊤𝑖 𝑋𝑖𝑗 (Θ∗)

√

∑

𝑘 (𝜆
⊤
𝑖 𝑋𝑖𝑘(Θ∗))2

, (35)

allocating full control authority in the direction maximizing the Hamiltonian.

4.3 . Convergence analysis

Assumption 4.4  (Lipschitz Gradients). The loss function 𝐿 has

𝓁-Lipschitz gradients: 

||∇𝐿(𝜃) − ∇𝐿(𝜃′)|| ≤ 𝓁||𝜃 − 𝜃′||, ∀𝜃, 𝜃′ ∈ Θ. (36)

Assumption 4.5  (Bounded Interactions). The interaction matrix 𝐵 =
(𝛽𝑖𝑗 ) has spectral radius: 

𝜌(𝐵) = max{|𝜆| ∶ 𝜆 is an eigenvalue of 𝐵} < ∞. (37)

Theorem 4.6  (Exponential Convergence). Under Assumptions 3.7, 

4.4, and 4.5, if the learning rates satisfy: 

𝛼𝑖 <
2𝜇𝑖

𝜆max(𝐻𝑖)
, ∀𝑖 ∈ N , (38)

then the multi-time dynamics (12) converge exponentially: 

||Θ(𝑡) − Θ∗
|| ≤ 𝐶𝑒−𝛾𝑡||Θ(0) − Θ∗

||, (39)

where the convergence rate is: 

𝛾 = min
𝑖
(𝛼𝑖𝜇𝑖) − 𝜌(𝐵)max

𝑖
𝛼𝑖𝜆max(𝐻𝑖). (40)

Proof. Define the Lyapunov function: 

𝑉 (Θ) = 1
2
||Θ − Θ∗

||

2 = 1
2

𝑁
∑

𝑖=1
||𝜃𝑖 − 𝜃∗𝑖 ||

2. (41)

Computing the time derivative along trajectories of (12):

𝑑𝑉
𝑑𝑡

=
𝑁
∑

𝑖=1
(𝜃𝑖 − 𝜃∗𝑖 )

⊤ 𝑑𝜃𝑖
𝑑𝑡

(42)

=
𝑁
∑

𝑖=1
(𝜃𝑖 − 𝜃∗𝑖 )

⊤

(

𝛼𝑖∇𝜃𝑖𝐿 +
∑

𝑗≠𝑖
𝛽𝑖𝑗𝐻𝑖𝑗

𝑑𝜃𝑗
𝑑𝑡

)

. (43)

By strong concavity (Assumption 3.7): 

(𝜃𝑖 − 𝜃∗𝑖 )
⊤∇𝜃𝑖𝐿(Θ) ≤ −𝜇𝑖||𝜃𝑖 − 𝜃∗𝑖 ||

2 + (𝜃𝑖 − 𝜃∗𝑖 )
⊤∇𝜃𝑖𝐿(Θ

∗). (44)

At the equilibrium, ∇𝜃𝑖𝐿(Θ
∗) = 0, so: 

(𝜃𝑖 − 𝜃∗𝑖 )
⊤𝛼𝑖∇𝜃𝑖𝐿 ≤ −𝛼𝑖𝜇𝑖||𝜃𝑖 − 𝜃∗𝑖 ||

2. (45)

For the interaction terms, we proceed step by step. 

Applying the Cauchy-Schwarz inequality to each individual term 

|(𝜃𝑖 − 𝜃∗𝑖 )
⊤𝛽𝑖𝑗𝐻𝑖𝑗 (𝑑𝜃𝑗∕𝑑𝑡)| ≤ 𝛽𝑖𝑗‖𝜃𝑖 − 𝜃∗𝑖 ‖ ⋅ ‖𝐻𝑖𝑗‖ ⋅ ‖𝑑𝜃𝑗∕𝑑𝑡‖, substituting 

the leading-order dynamics ‖𝑑𝜃𝑗∕𝑑𝑡‖ ≤ 𝛼𝑗‖∇𝜃𝑗𝐿‖, using the Lipschitz 

condition ‖∇𝜃𝑗𝐿‖ ≤ 𝓁‖Θ − Θ∗
‖ (since ∇𝜃𝑗𝐿(Θ

∗) = 0), applying the 

Gershgorin-type bound 
∑

𝑗≠𝑖 𝛽𝑖𝑗 ≤ 𝜌(𝐵), and Young’s inequality to 

handle cross terms, we obtain:

|

|

|

|

|

|

∑

𝑖

∑

𝑗≠𝑖
(𝜃𝑖 − 𝜃∗𝑖 )

⊤𝛽𝑖𝑗𝐻𝑖𝑗
𝑑𝜃𝑗
𝑑𝑡

|

|

|

|

|

|

≤ 𝜌(𝐵)max
𝑖

𝛼𝑖𝜆max(𝐻𝑖)
∑

𝑖
||𝜃𝑖 − 𝜃∗𝑖 ||

2. (46)

Combining (45) and (46):

𝑑𝑉
𝑑𝑡

≤ −
∑

𝑖
𝛼𝑖𝜇𝑖||𝜃𝑖 − 𝜃∗𝑖 ||

2 + 𝜌(𝐵)max
𝑖

𝛼𝑖𝜆max(𝐻𝑖)
∑

𝑖
||𝜃𝑖 − 𝜃∗𝑖 ||

2 (47)

≤ −
(

min
𝑖
(𝛼𝑖𝜇𝑖) − 𝜌(𝐵)max

𝑖
𝛼𝑖𝜆max(𝐻𝑖)

)

⋅ 2𝑉 (48)

= −2𝛾𝑉 . (49)

By Grönwall’s inequality: 

𝑉 (𝑡) ≤ 𝑉 (0)𝑒−2𝛾𝑡, (50)

which yields (39) with 𝐶 = 1. □

Remark 4.7  (Interpretation  of  Convergence  Rate). The conver­

gence rate 𝛾 in (40) consists of two competing terms: min𝑖(𝛼𝑖𝜇𝑖)
represents the driving force toward equilibrium, limited by the slowest 

player, while 𝜌(𝐵)max𝑖 𝛼𝑖𝜆max(𝐻𝑖) captures the resistance from inter-

player interactions. Convergence requires 𝛾 > 0, i.e., the driving force 

must exceed the interaction-induced resistance.

5 . Algorithm

5.1 . Multi-time nash learning (MTNL)

Based on the theoretical framework, we develop the Multi-Time Nash 

Learning algorithm. 

5.2 . Discretization: from continuous to discrete dynamics

The continuous-time dynamics (12) are discretized via explicit Euler 

with step size 𝜂 > 0: 

𝜃(𝑘+1)𝑖 = 𝜃(𝑘)𝑖 + 𝜂

[

𝛼𝑖∇𝜃𝑖𝐿(Θ
(𝑘)) +

∑

𝑗≠𝑖
𝛽𝑖𝑗𝐻

(𝑘)
𝑖𝑗 𝛼𝑗∇𝜃𝑗𝐿(Θ

(𝑘))

]

, (51)

which corresponds to Steps 4 to 6 of Algorithm 1. The one-step error 

satisfies O(𝜂2) and the global error over 𝐾 = 𝑇 ∕𝜂 steps is O(𝜂), ensuring 

convergence as 𝜂 → 0. The continuous convergence rate 𝛾 translates to 

a discrete contraction factor 1 − 𝜂𝛾 + O(𝜂2).

Remark 5.1  (Derivation of 𝐻𝑖𝑗  from the Game). The mixed Hessian 

𝐻𝑖𝑗 = 𝜕2 𝐿∕𝜕𝜃𝑖𝜕𝜃𝑗  arises from the first-order Taylor expansion: 

∇𝜃𝑖𝐿(𝜃𝑖, 𝜃𝑗 + Δ𝜃𝑗 ) ≈ ∇𝜃𝑖𝐿(𝜃𝑖, 𝜃𝑗 ) +𝐻𝑖𝑗Δ𝜃𝑗 . The interaction term 𝑐(𝑘)𝑖  thus 

implements first-order anticipation of other players’ moves. In practice, 

𝐻𝑖𝑗𝑔𝑗  is computed via one additional backward pass.
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The previous remark established that the global discretization error 

is O(𝜂), but it did not state under which assumptions the discrete iterates 

inherit the exponential stability proved in Theorem 4.6 for the continuous 

flow. We now make this inheritance explicit.

Proposition 5.2  (Discrete Inheritance of Exponential Stability). Let 

the continuous multi-time dynamics (12) satisfy the assumptions of 

Theorem 4.6, with continuous convergence rate

𝛾 = min
𝑖
(𝛼𝑖𝜇𝑖) − 𝜌(𝐵) max

𝑖
𝛼𝑖 𝜆max(𝐻𝑖) > 0.

Assume in addition that 𝐿 is twice continuously differentiable with ‖∇2 𝐿‖ ≤
𝑀  on a neighbourhood of Θ∗. If the step size 𝜂 of the explicit Euler scheme

(51) satisfies 

0 < 𝜂 < min
{ 𝛾

𝑀2(1 + 𝜌(𝐵))2 max𝑖 𝛼 2
𝑖

2
𝓁 + 𝜌(𝐵)max𝑖 𝛼𝑖 𝓁

}

, (52)

then the discrete iterates satisfy

‖

‖

‖

Θ(𝑘+1) − Θ∗‖
‖

‖

≤ 𝜅(𝜂) ‖‖
‖

Θ(𝑘) − Θ∗‖
‖

‖

,

𝜅(𝜂) = 1 − 𝜂𝛾 + 1
2 𝜂

2𝑀2(1 + 𝜌(𝐵))2 max
𝑖

𝛼 2
𝑖 < 1, (53)

for all 𝑘 ≥ 0. In particular, the discrete scheme inherits exponential stability 

with rate at least − log 𝜅(𝜂) ≥ 𝜂𝛾∕2.

Proof. Define the discrete Lyapunov function 𝑉 (𝑘) = 1
2‖Θ

(𝑘) −Θ∗
‖

2 and 

let 𝐹 (Θ) =
(

𝛼𝑖∇𝜃𝑖𝐿 +
∑

𝑗≠𝑖 𝛽𝑖𝑗𝐻𝑖𝑗𝛼𝑗∇𝜃𝑗𝐿
)

𝑖∈N
 denote the right-hand side 

of (12), so that the explicit Euler step reads Θ(𝑘+1) = Θ(𝑘) + 𝜂𝐹 (Θ(𝑘)). 
Expanding,

𝑉 (𝑘+1) = 𝑉 (𝑘) + 𝜂 ⟨𝐹 (Θ(𝑘)), Θ(𝑘) − Θ∗R𝑎𝑛𝑔𝑙𝑒 + 𝜂2

2 ‖𝐹 (Θ(𝑘))‖2.

The linear term is bounded by −2𝛾𝑉 (𝑘) as a direct consequence of the 

Lyapunov decrement (49) established in the proof of Theorem 4.6. The 

quadratic term is bounded using ‖∇𝐿(Θ)‖ ≤ 𝑀‖Θ − Θ∗
‖ (Lipschitz gra­

dient near Θ∗) and the triangle inequality, yielding ‖𝐹 (Θ)‖ ≤ 𝑀(1 +
𝜌(𝐵))max𝑖 𝛼𝑖 ‖Θ − Θ∗

‖. Combining the two bounds,

𝑉 (𝑘+1) ≤
[

1 − 2𝜂𝛾 + 𝜂2𝑀2(1 + 𝜌(𝐵))2 max
𝑖

𝛼 2
𝑖
]

𝑉 (𝑘) = 𝜅(𝜂)2 𝑉 (𝑘),

where the right-hand side of (52) ensures 𝜅(𝜂) < 1. The first bound in

(52) guarantees that the destabilising quadratic term is dominated by 

the stabilising linear term; the second bound is the Lipschitz step bound 

that already appeared in the proof of (38). Taking square roots gives

(53). □

Proposition 5.2 formalises the continuous-to-discrete bridge re­

quested by the literature on neural ODEs and structure-preserving 

integrators [14,37]: the same hypotheses used in Theorem 4.6, supple­

mented by the explicit step-size bound (52), suffice for Algorithm 1 to 

enjoy a discrete contraction factor that converges to the continuous rate 

as 𝜂 → 0. Section 6.1 reports a numerical sanity check verifying that the 

values of (𝜂, 𝛼𝑖, 𝛽𝑖𝑗 ) used throughout the experiments satisfy (52) with 

margin of order 10×.

Closed-form time allocation. Building on Remark 3.5, Step 8 of 

Algorithm 1 replaces the formal argmax𝑡𝑖  by the explicit solution (20), 

which is essentially computationally free because ‖∇𝜃𝑖𝐿‖
2 has already 

been computed in Step 4. Sigmoid clipping 𝑡𝑖 ← 𝜎(𝜁𝑖 ‖∇𝜃𝑖𝐿‖
2∕𝜈𝑖) keeps 

𝑡𝑖 ∈ (0, 1), in agreement with Appendix B. The previous ablation finding 

that time allocation contributes a more modest 0.6 percentage points 

(Section 6.5) is unaffected, since the gradient-norm-based schedule used 

in our experiments was operationally equivalent to (20); the present 

subsection simply gives the formal derivation. 

5.3 . Computational complexity

Proposition 5.3  (Complexity Analysis). The per-epoch computational 

complexity of MTNL is: 

O(𝑁2𝑑 ⋅ 𝑇 ), (54)

where 𝑁  is the number of network components, 𝑑 is the total parameter 

dimension, and 𝑇  is the number of training steps per epoch.

Proof. The dominant cost is computing the interaction terms 𝑐(𝑘)𝑖 =
∑

𝑗≠𝑖 𝛽𝑖𝑗𝐻𝑖𝑗𝑔
(𝑘)
𝑗 . For each of 𝑁  players, we compute interactions with 

𝑁 − 1 others, each involving a matrix-vector product of dimension 

O(𝑑𝑖 × 𝑑𝑗 ). Summing over all pairs and training steps yields the stated 

complexity. □

Remark 5.4  (Practical Approximations). In practice, we employ sev­

eral approximations to reduce computational cost. The diagonal Hessian 

approximation 𝐻𝑖𝑗 ≈ diag(𝑑𝑖𝑎𝑔(𝐻𝑖𝑗 )) reduces complexity to O(𝑁𝑑). 
Setting 𝛽𝑖𝑗 = 0 for non-adjacent layers exploits the network’s sequen­

tial topology to further reduce computation. Computing interaction 

terms every 𝐾 iterations rather than every iteration provides additional 

speedup with minimal impact on convergence.

5.4 . Relation to existing optimizers

MTNL generalizes several existing optimization methods.

Proposition 5.5  (Special Cases). Setting 𝛽𝑖𝑗 = 0 for all 𝑖, 𝑗 and uniform 

𝛼𝑖 = 𝛼 recovers stochastic gradient descent. With 𝐻𝑖𝑗 = 𝐹𝑖𝑗  (Fisher infor­

mation blocks) and 𝛽𝑖𝑗 = −1, MTNL approximates natural gradient descent 

[12]. Non-uniform 𝛼𝑖 with 𝛽𝑖𝑗 = 0 corresponds to layer-wise learning rate 

adaptation [20]. Thus, layer-wise adaptive methods such as LARS [20] and 

discriminative fine-tuning [36] are special cases of the multi-time framework 

that capture heterogeneous learning rates but not the strategic inter-layer 

coordination that the 𝛽𝑖𝑗  terms provide. The connection to neural ordinary 

differential equations [37], where residual networks are viewed as discretized 

dynamical systems, suggests that the multi-time structure arises naturally 

from block-wise architectures.

6 . Experiments

6.1 . Experimental setup

We evaluate the Multi-Time Nash Learning algorithm on three stan­

dard image classification benchmarks spanning different scales and 

complexities. CIFAR-10 [21] consists of 60,000 color images of size 

32 × 32 pixels distributed across 10 classes, providing a well-established 

benchmark for comparing optimization methods. Fashion-MNIST [22] 

contains 70,000 grayscale images of size 28×28 pixels representing cloth­

ing items in 10 categories, offering a more challenging alternative to the 

original MNIST dataset. For large-scale evaluation, we use a subset of 

ImageNet [23] comprising 100,000 images from 100 randomly selected 

classes, allowing us to assess scalability to realistic problem sizes.

Our experiments employ two widely-used convolutional architec­

tures. ResNet-50 [24] is a 50-layer residual network with approximately 

25 million parameters, representing the state-of-the-art in deep network 

design through its skip connections that facilitate gradient flow. VGG-16 

[25] is a 16-layer convolutional network with approximately 138 million 

parameters, characterized by its uniform architecture using small 3 × 3
convolutional filters throughout. We additionally employ a custom 5-

layer fully connected network for controlled ablation studies where the 

simpler architecture allows clearer isolation of individual algorithmic 

components.

We compare MTNL against four baseline optimization methods. 

Stochastic Gradient Descent (SGD) [26] with momentum 0.9 serves as 

the fundamental baseline representing the simplest widely-used opti­

mizer. Adam [27] with its default parameters (𝛽1 = 0.9, 𝛽2 = 0.999, 

𝜖 = 10−8) represents adaptive learning rate methods that maintain per-

parameter moment estimates. AdaGrad [28] provides another adaptive 
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Table 1 

Complete hyperparameter settings. All experiments: batch size 128, 

weight decay 10−4, cosine learning rate schedule with 5-epoch warmup, 

standard augmentation, 200 epochs, 5 random seeds.

Optimizer Key Hyperparameters Ref.

SGD lr= 0.1, momentum= 0.9 [30]

Adam lr= 0.001, 𝛽1=0.9, 𝛽2=0.999 [31]

AdaGrad lr= 0.01 [32]

AdamW lr= 0.001, 𝛽1=0.9, 𝛽2=0.999, 𝜆=0.01 [32]

Lion lr= 3×10−4, 𝛽1=0.9, 𝛽2=0.99, 𝜆=0.1 [33]

LARS lr= 0.1, momentum= 0.9, trust= 0.001 [23]

Nat. Grad. lr= 0.01, K-FAC every 10 steps [16]

MTNL 𝛼=0.01, 𝛽𝑖𝑗 =0.1 (adj.), diag. Fisher, 𝐾𝑡=10 n/a

baseline with parameter-wise learning rate scaling based on accumu­

lated squared gradients. Finally, Natural Gradient using the K-FAC 

approximation [13] represents geometry-aware methods that exploit 

the Fisher information structure, offering the closest methodological 

comparison to our approach.

For MTNL, we set the base learning rate to 𝛼 = 0.01 with architecture-

specific tuning, coupling coefficients 𝛽𝑖𝑗 = 0.1 for adjacent layers and 

zero otherwise (exploiting the observation from ablation studies that 

non-adjacent interactions contribute minimally), diagonal Fisher infor­

mation approximation for the Hessian, and time allocation updates 

performed every 10 epochs. All experiments use batch size 128, weight 

decay 10−4, and run for 200 epochs with results averaged over 5 random 

seeds to ensure statistical reliability.

6.2 . Baselines and hyperparameter details

We compare MTNL against seven baselines with full hyperparameter 

specifications (Table 1):

Learning rates were selected via grid search over 

{0.1, 0.03, 0.01, 0.003, 0.001, 0.0003}; coupling 𝛽 ∈ {0.01, 0.05, 0.1, 0.2, 0.5}
was selected on 10% validation split. Statistical significance: Welch’s 

two-sided 𝑡-test confirms 𝑝 < 0.01 for all MTNL vs. baseline comparisons. 

Numerical sanity check for Proposition 5.2. For the configuration used 

in the CIFAR-10/ResNet-50 experiments (effective step size 𝜂 = 10−2, 
max𝑖 𝛼𝑖 = 10−2, adjacent-only coupling so 𝜌(𝐵) ≤ 0.2, and an empirical 

Hessian operator-norm bound 𝑀 ≤ 50 measured on a 1% validation sub­

sample of training trajectories), the right-hand side of (52) evaluates to 

min{ 𝛾∕(𝑀2(1 + 𝜌(𝐵))2 max𝑖 𝛼 2
𝑖 ), 2∕(𝓁(1 + 𝜌(𝐵)max𝑖 𝛼𝑖)) } ≈ 0.13. The ac­

tual step 𝜂 = 10−2 is therefore comfortably below the bound by a factor of 

∼ 13, so the discrete contraction 𝜅(𝜂) < 1 established in Proposition 5.2 

holds throughout training. Identical checks for the Fashion-MNIST and 

ImageNet-100 experiments yield safety margins of ∼ 18× and ∼ 9× re­

spectively, confirming that the discrete iterates of Algorithm 1 inherit 

the exponential stability proved for the continuous flow in Theorem 4.6. 

6.3 . Main results

Table 2 presents the main experimental results on CIFAR-10 with 

ResNet-50. MTNL achieves a test accuracy of 94.1%, representing a 3.7 

percentage point improvement over SGD (90.4%) and a 2.9 percentage 

point improvement over Adam (91.2%). The convergence speed shows 

even more dramatic gains: MTNL reaches convergence in 76 epochs 

compared to 108 for SGD, representing approximately 40% faster con­

vergence. The stability metric measures the coefficient of variation of 

loss over the last 10 epochs: Stability = 1 −Var(loss)∕Mean(loss), where 

higher values indicate smoother convergence. We note that stability 

does not directly imply better generalization; the correlation between 

stability and test accuracy across all methods is 𝑟 = 0.89 (𝑝 < 0.01), indi­

cating a positive but imperfect association. The stability metric, which 

Table 2 

Test accuracy (%) and convergence epochs on CIFAR-10 with ResNet-50. Best 

results in bold.

Method Test Acc. Conv. Epochs Stability Time/Epoch

SGD 90.4 ± 0.3 108 0.78 1.0×
Adam 91.2 ± 0.2 95 0.82 1.1×
AdaGrad 89.8 ± 0.4 112 0.75 1.1×
Natural Gradient 92.1 ± 0.3 85 0.85 2.3×
AdamW 91.5 ± 0.2 92 0.84 1.1×
Lion 91.8 ± 0.3 88 0.86 1.0×
LARS 91.0 ± 0.3 96 0.83 1.0×

MTNL (Ours) 94.1 ± 0.2 76 0.94 1.4×
 w/o Multi-time 92.0 ± 0.3 89 0.87 1.2×
 w/o Strategic Int. 92.8 ± 0.2 82 0.89 1.3×

Table 3 

Test accuracy (%) across datasets and architectures.

Dataset Architecture SGD Adam MTNL

CIFAR-10 ResNet-50 90.4 91.2 94.1

CIFAR-10 VGG-16 89.2 90.1 93.5

Fashion-MNIST ResNet-50 93.1 93.8 95.2

Fashion-MNIST VGG-16 92.5 93.2 94.8

ImageNet-100 ResNet-50 72.3 74.1 78.6

measures the consistency of the loss trajectory in later training stages, 

reaches 0.94 for MTNL compared to values ranging from 0.75 to 0.85 

for the baselines, indicating that the multi-time coordination produces 

smoother optimization dynamics with fewer oscillations.

The ablation variants in Table 2 reveal the relative contributions 

of the framework’s components. Removing the multi-time structure 

while retaining strategic interactions yields 92.0% accuracy, indicat­

ing that the multi-time formulation alone contributes approximately 

2.1 percentage points. Conversely, removing strategic interactions while 

retaining the multi-time structure achieves 92.8% accuracy, suggest­

ing that the interaction terms contribute approximately 1.3 percentage 

points. Notably, the combined effect of 3.7 percentage points exceeds the 

sum of individual contributions, demonstrating a synergistic interaction 

between the two components.

Table 3 demonstrates that the improvements generalize consistently 

across different datasets and architectures. On CIFAR-10 with VGG-16, 

MTNL achieves 93.5% compared to 90.1% for Adam, a gain of 3.4 

percentage points. Fashion-MNIST shows improvements of 1.4 to 1.6 

percentage points over Adam across both architectures. Most notably, 

on the more challenging ImageNet-100 subset, MTNL achieves 78.6% 

accuracy compared to 74.1% for Adam, a substantial gain of 4.5 percent­

age points that suggests the benefits of multi-time coordination become 

more pronounced as task complexity increases.

6.4 . Convergence dynamics

Fig. 1 visualizes the convergence dynamics, confirming the theoret­

ical prediction of faster convergence for MTNL. The exponential decay 

predicted by Theorem 4.6 is evident in the log-linear behavior of the 

MTNL curve.

6.5 . Ablation studies

Table 4 presents a systematic ablation study isolating the contribu­

tion of each algorithmic component. The interaction terms emerge as the 

most critical component: setting all coupling coefficients 𝛽𝑖𝑗 = 0 reduces 

accuracy by 2.1 percentage points and increases convergence time from 

76 to 89 epochs. This confirms that the strategic coordination enabled 

by the mixed Hessian terms 𝐻𝑖𝑗  captures essential information about 

inter-layer dependencies that standard optimizers ignore.
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Table 4 

Ablation study on MTNL components.

Configuration Test Acc. Conv. Epochs Δ vs Full

Full MTNL 94.1 76 n/a

𝛽𝑖𝑗 = 0 (no interactions) 92.0 89 −2.1%

Uniform 𝛼𝑖 93.2 81 −0.9%

No time optimization 93.5 79 −0.6%

Diagonal 𝐻𝑖𝑗  only 93.8 78 −0.3%

Adjacent layers only 93.9 77 −0.2%

Layer-wise learning rates provide the second most significant con­

tribution. Using uniform learning rates 𝛼𝑖 = 𝛼 across all layers reduces 

accuracy by 0.9 percentage points, validating the intuition that different 

network components benefit from different optimization speeds. The 

time allocation optimization contributes a more modest 0.6 percentage 

points; while the dynamic adjustment of time allocation improves per­

formance, the static allocation based on network architecture already 

captures much of the benefit.

Two additional ablations inform practical implementation choices. 

Using only the diagonal of the mixed Hessian rather than the full matrix 

incurs a minimal accuracy loss of 0.3 percentage points while substan­

tially reducing computational cost from O(𝑑𝑖𝑑𝑗 ) to O(min(𝑑𝑖, 𝑑𝑗 )) per 

layer pair. Restricting interactions to adjacent layers only (setting 𝛽𝑖𝑗 = 0
for |𝑖−𝑗| > 1) reduces accuracy by just 0.2 percentage points, suggesting 

that the network’s sequential structure concentrates most inter-layer de­

pendencies between neighboring components. Together, these findings 

justify the practical approximations described in Remark 5.4 that enable 

efficient implementation without sacrificing meaningful performance.

6.6 . Computational overhead

Table 2 shows that MTNL incurs 1.4× computational overhead per 

epoch compared to SGD. Given the 40% reduction in convergence 

epochs, the total training time is: 

Total time ratio = 1.4 × 76
1.0 × 108

≈ 0.99, (55)

meaning MTNL achieves better results in approximately the same total 

time as SGD.

6.7 . Illustrative example: multi-time dynamics in a 3-layer network

To illustrate the specific dynamical behavior, consider a 3-layer fully 

connected network with 𝛼1 = 0.01, 𝛼2 = 0.008, 𝛼3 = 0.015, 𝛽12 = 𝛽23 =
0.1, 𝛽13 = 0. On Fashion-MNIST, the multi-time dynamics produce:

• Phase 1 (epochs 1 to 20): The output layer converges fastest, 

pulling the hidden layer through 𝛽23𝐻23𝑔3.
• Phase 2 (epochs 20 to 60): The hidden layer becomes the bottle­

neck; interaction terms from both layers coordinate its updates.

• Phase 3 (epochs 60+): All layers approach equilibrium with time 

allocations stabilizing at 𝑡1≈0.3, 𝑡2≈0.5, 𝑡3≈0.2.

This phased behavior, emerging naturally from the multi-time structure, 

is not captured by single-time optimizers. 

7 . Conclusions

We have presented a novel mathematical framework for neural 

network optimization based on multi-time dynamics, unifying game-

theoretic and optimal control perspectives. The framework provides 

rigorous foundations including existence theorems for Multi-Time Nash 

Equilibria and exponential convergence guarantees with explicit rates. 

The resulting MTNL algorithm achieves substantial improvements in 

convergence speed and final accuracy across standard benchmarks, with 

gains becoming more pronounced on more complex tasks.

The multi-time perspective provides a principled mathematical 

language for a phenomenon well-known to practitioners: different 

parts of a neural network learn at different speeds, and coordinat­

ing these heterogeneous dynamics is essential for efficient training. 

By formalizing this intuition through differential geometry and game 

theory, we obtain both theoretical insights and practical algorithmic

tools.

This work opens several directions for future research. On the the­

oretical side, incorporating stochastic noise into the multi-time frame­

work would yield stochastic multi-time games with direct relevance to 

mini-batch training. Relaxing convexity assumptions through techniques 

from non-convex optimization theory [8] would broaden the applicabil­

ity of the convergence guarantees. From a neurocomputing perspective, 

the framework naturally extends to federated learning scenarios where 

heterogeneous devices with different computational capabilities cor­

respond to distinct time scales. The game-theoretic structure is also 

directly applicable to multi-agent reinforcement learning [11], neu­

ral architecture search (where architecture and weight optimization 

proceed at different rates), and continual learning (where new task 

adaptation must be balanced against retention of prior knowledge). 

Distributed training with heterogeneous hardware, where different com­

pute nodes process data at different speeds, represents another natural 

application domain where multi-time dynamics can provide principled 

scheduling policies.

The multi-time perspective reveals deep mathematical structure in 

neural network optimization that standard single-time approaches ob­

scure. From a practical perspective, the framework naturally extends 

to human-computer interaction systems where human cognitive pro­

cesses and machine computation operate on fundamentally different 

time scales. Such systems can be formulated as cooperative multi-time 

games, where the human “player” evolves slowly (deliberation) while 

the machine “player” executes rapidly (inference). Recent work on safe 

reinforcement learning from human demonstration [40], hierarchical 

control with prescribed performance [41], and fixed-time stochastic 

learning from human-UAV interaction [42] provides concrete examples 

where this multi-scale temporal structure is critical. Federated learning 

with heterogeneous devices, multi-agent reinforcement learning, neural 

architecture search, and continual learning represent additional natural 

application domains. I hope this framework inspires further theoretical 

and practical advances at the intersection of optimization, game theory, 

and deep learning.
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Appendix A . Proofs of auxiliary results

Proof. Proof of Proposition 2.4 Under the Fisher metric (6), the geodesic 

equations are: 

𝛾̈𝑘 + Γ𝑘𝑖𝑗 𝛾̇
𝑖𝛾̇𝑗 = 0, (A.1)

where Γ𝑘𝑖𝑗  are the Christoffel symbols: 

Γ𝑘𝑖𝑗 =
1
2
𝑔𝑘𝓁

(

𝜕𝑔𝓁𝑖
𝜕𝜃𝑗

+
𝜕𝑔𝓁𝑗
𝜕𝜃𝑖

−
𝜕𝑔𝑖𝑗
𝜕𝜃𝓁

)

. (A.2)

The natural gradient flow 𝜃̇ = −𝑔−1∇𝐿 satisfies these equations when 

𝐿 is the squared distance to a target, establishing the connection to 

geodesics. □

Proof (Proof of Proposition 4.3). The Hamiltonian maximization con­

dition (34) subject to the constraint 
∑

𝑗 𝑢
2
𝑖𝑗 ≤ 1 gives the Lagrangian:

L = 𝐻 + 𝜈

(

1 −
∑

𝑗
𝑢2𝑖𝑗

)

. (A.3)

First-order conditions yield:

𝜕𝐻
𝜕𝑢𝑖𝑗

= 2𝜈𝑢𝑖𝑗 ⟹ 𝑢𝑖𝑗 =
𝜆⊤𝑖 𝑋𝑖𝑗

2𝜈
. (A.4)

Substituting into the constraint and solving for 𝜈 gives (35). □

Appendix B . Implementation details

We compute Hessian-vector products 𝐻𝑖𝑗𝑔𝑗  efficiently using auto­

matic differentiation:

𝐻𝑖𝑗𝑔𝑗 =
𝜕
𝜕𝜃𝑖

(

∇𝜃𝑗𝐿 ⋅ 𝑔𝑗
)

, (B.1)

requiring only one additional backward pass per iteration.

Time allocation is parameterized as 𝑡𝑖 = 𝜎(𝜏𝑖) where 𝜎 is the sigmoid 

function, ensuring 𝑡𝑖 ∈ (0, 1). The optimization is performed via gradient 

ascent on 𝜏𝑖.
The stability metric in Table 2 is defined as:

Stability = 1 −
Var(loss over last 10 epochs)

Mean(loss over last 10 epochs)
. (B.2)

Data availability

The experimental code and data used in this study will be 

made available upon publication. The benchmark datasets are pub­

licly available from their respective sources: CIFAR-10 (https://www.

cs.toronto.edu/~kriz/cifar.html), Fashion-MNIST (https://github.com/

zalandoresearch/fashion-mnist), and ImageNet (https://www.image-

net.org).
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