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𝑝(𝐸) =
𝑓

𝑢

𝑝 =

𝐸 =

𝑓 =

   𝑢 =

𝑝 =
𝑓

𝑢
=
0

𝑢
= 0

𝑝 =
𝑓

𝑢
=
𝑢

𝑢
= 1



0 < 𝑓 < 𝑢

0

𝑢
<
𝑓

𝑢
<
𝑢

𝑢
;    𝑜𝑠𝑠𝑖𝑎        0 < 𝑝 < 1

𝐸̅

𝑝(𝐸) + 𝑝(𝐸̅) = 1

𝑃(𝐴) = lim
𝑛→∞

𝑛(𝐴)

𝑛

𝑛(𝐴) = 𝑛

𝑛(𝐴)

𝑛
= 𝐴

𝑃(𝐴)



𝑃(𝐴) =
𝑝𝐴
𝑆

, 𝐵, 𝑃

𝑃(𝐴𝑗) 𝐴𝑗,

𝐵

 𝐴

𝐴

𝑃(𝐴) ≥ 0;

 𝑃(Ω) = 1 (𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛);

 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) 𝑖𝑓 𝐴 ∩ 𝐵 ≠ ∅









 



 

 







 



 

Asia and 
Oceania 

3000

Europe 2500

North 
America 

1000

Latin 
America 

1000

Asia and Oceania Europe North America America Latina





0%

5%

10%

15%

20%

25%

30%

35%

40%

Intelligent Data
Processing

Natural Language
Processing

chatbot e
assistente virtuale

Recommendation
System





4
3

%

4
2

%

3
7

%

3
1

%

2
5

%

2
2

%

2
0

%

C O N V E N I E N C E C O M P E T I T I O N G O V E R N A N C E

Accessibility Cost reduction Automation  Post pandemic

Market pressure Job gaps Sustainability

Safety Marketing Data analysis Governance Planning Software

Data 33 29 26 26 22 22

0

5

10

15

20

25

30

35



44
42

39

32

0

5

10

15

20

25

30

35

40

45

50

R&D Implementation Training Proprietary solutions



0

10

20

30

40

50

60

IT Engineering Big Data Safety Marketing Sales HR



0

5

10

15

20

25

30

35

40

Limited skills High prices Lack of means Complexity



 

0

10

20

30

40

50

60

70

Reduction of
repetitiveness

Better training Better research and
selection

Better Programming



 

• 

• 

• 













 



 

 



 

 







𝑦 = 𝑔 [𝛽0 + ∑ 𝛽𝑚

𝑀

𝑚=1

𝜙 (𝛼0𝑚 +∑𝑎𝑖𝑚𝑥𝑖

𝑑

𝑖=1

)] + 𝜀

𝑦

𝑔 →

𝛽0

𝛽𝑚

𝜙 →

𝛼0𝑚

𝑎𝑖𝑚

𝑥𝑖

𝜀



 



 

 



 

SOLUTION 

GOAL 



 

 

𝐴 = {[𝑥, 𝑓𝐴(𝑥)]}



𝑓𝐴

𝑓𝐴(𝑥) 

 

𝑓𝐴(𝑥) 

𝑓𝐴

[0,1].

𝑓𝐴(𝑥)

• 𝑓𝐴(𝑥) =  1 →  𝑥

• 𝑓𝐴(𝑥) =  0 → 𝑥

• 0 < 𝑓𝐴(𝑥) < 1 → 𝑥

 

 𝑓𝐴

 

𝛼 𝛾

𝛽

 𝛼                    𝛽         𝛾

𝑓𝐴

1

0 𝑥



𝑓𝐴(𝛼, 𝛽, 𝛾) =  

{
  
 

  
 

0   𝑥 < 𝛼
𝑥 − 𝛼

𝛽 − 𝛼
   𝛼 ≤ 𝑥 ≤ 𝛽

1   𝑥 = 𝛽
𝛾 − 𝑥

𝛾 − 𝛼
   𝛽 ≤ 𝑥 ≤ 𝛾

0     𝑥 >  𝛾

 𝛽 =
𝛼+𝛾

2

 

𝛼 𝛿 𝛽

𝛾

𝛼            
𝛼 + 𝛾

2
            𝛾

𝑓𝐴

1

0 𝑥



𝑓𝐴(𝛼, 𝛽, 𝛾, 𝛿) =  

{
  
 

  
 

0 𝑥 < 𝛼
𝑥 − 𝛼

𝛽 − 𝛼
𝛼 ≤ 𝑥 ≤ 𝛽

1 𝛽 ≤ 𝑥 ≤ 𝛾
𝛿 − 𝑥

𝛿 − 𝛾
𝛾 ≤ 𝑥 ≤ 𝛿

0 𝑥 > 𝛿

𝛽 =  𝛾

𝑓𝐴 = (𝛼1, 𝛼𝑀, 𝛼𝑀 , 𝛼2 )

[𝛼, 𝛽] = [𝛾, 𝛿]

𝑥 =
𝛽−𝛾

2

𝛼               𝛽                  𝛾       𝛿

𝑓𝐴

1

0 𝑥

𝛼                     𝛽                           𝛾       

𝑓𝐴

1

0
𝑥

𝛼1                           𝛽

𝑓𝐴

1

0
𝑥

𝛼𝑀



 

𝑠𝑢𝑝𝑝(𝐴) = {𝑥|𝑓𝐴(𝑥) > 0}

𝑐𝑜𝑟𝑒(𝐴) = {𝑥|𝑓𝐴(𝑥) = 1}

𝑓𝐴

1

0 𝑥

𝛼         𝛽       
𝛽 − 𝛾

2
      𝛾           𝛿 

𝑓𝐴

1

0 𝑥



𝐻𝑒𝑖𝑔ℎ𝑡(𝐴) = 𝑆𝑢𝑝𝑥∈𝑋 𝑓𝐴(𝑥)

 

 
𝑓𝐴

𝑓𝐴

1

0 𝑥



 

4.1 Introduction; 4.2 The Hybrid Fuzzy Differential System: A New 

Model; 4.3 Neural Networks: New Issues; 4.4 Concluding Remarks 

and Further Developments in the Frame of Artificial Intelligence and 

Machine Learning.  

 

 

 





 

{
𝑦′(𝑥) = 𝑓(𝑥, 𝑦(𝑥), 𝜆𝑘(𝑦𝑘)), 𝑥 ∈ [𝑥𝑘 , 𝑥𝑘+1]

𝑦(𝑥𝑘) =  𝑦𝑘

 0 ≤ 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑘 < ⋯ , 𝑥𝑘 →∞, 𝑓 ∈ 𝐶[𝑅
+ × 𝐸 × 𝐸, 𝐸], 𝜆𝑘 ∈

𝐶[𝐸, 𝐸]



𝑦′(𝑥) =

{
 
 

 
 
𝑦0
′(𝑥) = 𝑓(𝑥, 𝑦0(𝑥), 𝜆0(𝑦0)), 𝑦0(𝑥0) = 𝑦0, 𝑥0 ≤  𝑥 ≤  𝑥1

𝑦1
′(𝑥) = 𝑓(𝑥, 𝑦1(𝑥), 𝜆1(𝑦1)), 𝑦1 (𝑥1) = 𝑦1, 𝑥1 ≤ 𝑥 ≤ 𝑥2

                 ∶                                                                      ∶
𝑦𝑘
′ (𝑥) = 𝑓(𝑥, 𝑦𝑘(𝑥), 𝜆𝑘(𝑦𝑘)), 𝑦𝑘(𝑥𝑘) = 𝑦𝑘 , 𝑥𝑘 ≤ 𝑥 ≤ 𝑥𝑘+1

                    ∶                                                                        ∶

[𝑥𝑘 , 𝑥𝑘+1]

𝑦(𝑥) = 𝑦(𝑥, 𝑥0, 𝑦0) =

{
 
 

 
 
𝑦0(𝑥), 𝑥0 ≤ 𝑥 ≤ 𝑥1
𝑦1(𝑥), 𝑥1 ≤ 𝑥 ≤ x2 

:
𝑦𝑘(𝑥), 𝑥𝑘 ≤ 𝑥 ≤ 𝑥𝑘+1

:

𝑥 ∈ [𝑥𝑘 , 𝑥𝑘+1] 𝑦𝑘 ∈ 𝐸 𝑘 = 0, 1, 2, …

{
𝑦′(𝑥) = 𝑓(𝑥, 𝑦(𝑥), 𝜆𝑘(𝑦𝑘)), 𝑦(𝑥𝑘) = 𝑦𝑘

𝑦′(𝑥) = 𝑓 (𝑥, 𝑦(𝑥), 𝜆𝑘 (𝑦𝑘)),  𝑦(𝑥𝑘) = 𝑦𝑘

{
𝑦′(𝑥, 𝑟) = 𝐹 (𝑥, 𝑦(𝑥, 𝑟), 𝑦(𝑥, 𝑟), 𝜆𝑘(𝑦𝑘)(𝑟), 𝜆𝑘(𝑦𝑘)(𝑟)) ,  𝑦(𝑥𝑘 , 𝑟) = 𝑦𝑘(𝑟)

𝑦′(𝑥, 𝑟) = 𝐺 (𝑥, 𝑦(𝑥, 𝑟), 𝑦(𝑥, 𝑟), 𝜆𝑘(𝑦𝑘)(𝑟), 𝜆𝑘(𝑦𝑘)(𝑟)) , 𝑦(𝑥𝑘 , 𝑟) = 𝑦𝑘(𝑟)



𝑥 ∈ [𝑥𝑘 , 𝑥𝑘+1] 𝑟 ∈ [0, 1]

𝑘 = 0, 1, 2, … 𝑓𝑘: [𝑥𝑘, 𝑥𝑘+1] × 𝐸 → 𝐸

[𝑓𝑘(𝑥, 𝑦)]
𝑟 = [𝑓𝑘

𝑟 (𝑥, 𝑦,  𝑦) , 𝑓
𝑘

𝑟
(𝑥, 𝑦,  𝑦)] ;

𝑓𝑘
𝑟 𝑓

𝑘

𝑟

𝐿𝑘 > 0

|𝑓𝑘
𝑟(𝑥, 𝑦, 𝑧) − 𝑓𝑘

𝑟(𝑥, 𝑦1, 𝑧1)| ≤ 𝐿𝑘𝑚𝑎𝑥{|𝑦1 −  𝑦|, |𝑧1 −  𝑧|} 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟 ∈ [0, 1]

 

|𝑓
𝑘

𝑟
(𝑥, 𝑦, 𝑧) − 𝑓

𝑘

𝑟
(𝑥, 𝑦1, 𝑧1)| ≤ 𝐿𝑘max{|𝑦1 −  𝑦|, |𝑧1 −  𝑧|} 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟 ∈ [0, 1] 

{
 
 

 
 𝑦𝑟

𝑘
(𝑥)′ = 𝑓𝑘

𝑟 (𝑥, 𝑦𝑟
𝑘
, 𝑦
𝑘

𝑟
)

𝑦
𝑘

𝑟
(𝑥)′ = 𝑓𝑘

𝑟 (𝑥, 𝑦𝑟
𝑘
, 𝑦
𝑘

𝑟
)

𝑦𝑟
𝑘
(𝑥𝑘) = 𝑦𝑟

𝑘−1
(𝑥𝑘),    𝑖𝑓 𝑘 > 0, 𝑦

𝑟

0
(𝑥0) = 𝑦

𝑟

0
𝑟 

𝑦
𝑘

𝑟
(𝑥𝑘) = 𝑦𝑘−1

𝑟
(𝑥𝑘),    𝑖𝑓 𝑘 > 0, 𝑦

0

𝑟
(𝑥0) = 𝑦

0

𝑟
𝑟

 



𝑦𝑇 (𝑥, 𝑟, 𝑝)

𝑦
𝑇
(𝑥, 𝑟,  𝑝)

𝑝  𝑝

𝑦𝑇(𝑥, 𝑟,  𝑝) 𝑦
𝑇
(𝑥, 𝑟,  𝑝) 𝑦𝑇(𝑥, 𝑟) 𝑦

𝑇
(𝑥, 𝑟)

min
𝑣⃗ 
∑{(𝑦′

𝑇
(𝑥𝑖  , 𝑟, 𝑣)

𝑚

𝑖=1

− 𝐹 [𝑥𝑖 , 𝑦𝑇(𝑥𝑖 , 𝑟, 𝑣), 𝑦𝑇  (𝑥𝑖 , 𝑟, 𝑣),  𝜆𝑘(𝑦𝑘)(𝑟),  𝜆𝑘(𝑦𝑘)(𝑟)])
2

+ (𝑦′
𝑇
(𝑥𝑖, 𝑟, 𝑣)

− 𝐺[𝑥𝑖 , 𝑦𝑇 (𝑥𝑖 , 𝑟, 𝑣), 𝑦𝑇(𝑥𝑖, 𝑟, 𝑣),  𝜆𝑘(𝑦𝑘)(𝑟), 𝜆𝑘(𝑦𝑘)(𝑟)]
2
}

𝑣 = (𝑣, 𝑣)

𝑦𝑇(𝑥0, 𝑟, 𝑣) = 𝑦0(𝑟), 𝑦
𝑇
 (𝑥0, 𝑟, 𝑣) =  𝑦0(𝑟)



𝑦𝑇 𝑦
𝑇

𝑁 𝑁

𝑣 𝑣 𝑦𝑇 𝑦
𝑇

𝑦′𝑇(𝑥, 𝑟, 𝑣) = 𝑦(𝑥0, 𝑟) + (𝑥 − 𝑥0)𝑁(𝑥, 𝑟, 𝑣)

𝑦′𝑇(𝑥, 𝑟, 𝑣) = 𝑦(𝑥0, 𝑟) + (𝑥 − 𝑥0)𝑁(𝑥, 𝑟, 𝑣)

𝑁 𝑁

𝑣 𝑣 𝑥 𝑟

𝑦𝑇 𝑦
𝑇

{
 

 𝑦′𝑇(𝑥, 𝑟, 𝑣) = 𝑁(𝑥, 𝑟, 𝑣) + (𝑥 − 𝑥0)
𝛿𝑁

𝛿𝑥

𝑦′𝑇(𝑥, 𝑟, 𝑣) = 𝑁(𝑥, 𝑟, 𝑣) + (𝑥 − 𝑥0)
𝛿𝑁

𝛿𝑥

𝐻

{
 
 

 
 𝑁 =∑𝑤𝑖𝜎 (𝑡𝑖) , 𝑡𝑖 = 𝑎𝑖1𝑥 + 𝑎𝑖2𝑥 + 𝑏𝑖

𝑚

𝑖=1

𝑁 =∑𝑤𝑖𝜎(𝑡𝑖), 𝑡𝑖 = 𝑎𝑖1𝑥 + 𝑎𝑖2𝑥 + 𝑏𝑖

𝑚

𝑖=1

𝜎(𝑡) 𝑎 𝑎 𝑚 ×  2

𝑏 𝑏 𝑚 ×  1

𝑤 𝑤 𝑚 × 1 



𝜎(𝑡) =
1

1 + 𝑒−𝑡

{
 
 

 
 𝜕𝑁

𝜕𝑥
=∑𝑤𝑖

𝑚

𝑖=1

𝑎𝑖1𝜎′(𝑡𝑖)

𝜕𝑁

𝜕𝑥
=∑𝑤𝑖

𝑚

𝑖=1

𝑎𝑖1𝜎′(𝑡𝑖)

𝜎′(𝑡𝑖)

min
𝑣⃗ 
∑

{
 

 (𝑁(𝑥, 𝑟, 𝑣) + (𝑥 − 𝑥0)
𝛿𝑁

𝛿𝑥
− 𝐹[𝑥𝑖 , 𝑦𝑇(𝑥𝑖 , 𝑟, 𝑣), 𝑦𝑇(𝑥𝑖 , 𝑟, 𝑣), 𝜆𝑘(𝑦𝑘)(𝑟), 𝜆𝑘(𝑦𝑘)(𝑟)])

2
+

+(𝑁𝑇(𝑥𝑖1, 𝑟, 𝑣) + (𝑥𝑖 − 𝑥0)
𝛿𝑁

𝛿𝑥
− 𝐺[𝑥𝑖 , 𝑦𝑇(𝑥𝑖 , 𝑟, 𝑣), 𝑦𝑇(𝑥𝑖 , 𝑟, 𝑣), 𝜆𝑘(𝑦𝑘)(𝑟), 𝜆𝑘(𝑦𝑘)(𝑟)])

2

𝑛

𝑖=1

 

 









 

 



𝑒𝑑 − 𝑘𝜙(𝑁) = 1 𝑒

𝑑 <  𝑁0,292

𝑒𝑎 − 𝜙(𝑁)𝑏 =  𝑐

𝑎 |𝑐|



𝑁

𝑝

𝑞 𝑒

𝜙(𝑁) 𝑑

𝑒𝑑 = 1 𝑁

𝑛

(𝑁;  𝑒)  (𝑁;  𝑑)



𝑝 𝑞 𝑛 =

2

𝑁 = 𝑝𝑞 𝜙(𝑁)  =  (𝑝 − 1)(𝑞 − 1)

𝑒 (𝑒;  𝜙(𝑁)) = 1

𝑑  𝑑 ≡ 𝑒−1𝑚𝑜𝑑 𝜙(𝑁)

(𝑁;  𝑒) (𝑁;  𝑑)

(𝑁;  𝑒) 𝑀

𝐶

𝑀 Є 𝑍𝑁
+

𝐶 ≡ 𝑀𝑒  (𝑚𝑜𝑑 𝑁)

𝐶

(𝑁;  𝑑) 𝐶

𝑀

𝑀 ≡ 𝐶𝑑 (𝑚𝑜𝑑 𝑁)

𝑀



𝑑

𝑒𝑑 −

𝑘𝜙(𝑁) = 1  

𝑁

𝑑 <
1

3
𝑁0.25

𝑑 < 𝑁0.292

𝑒𝑥 + 𝑦 = 𝑘𝜙(𝑁) 

𝑒𝑥 + 𝑦 = 𝑘𝜙(𝑁)

𝑥 <
1

3
𝑁0.25 |𝑦| < 𝑁−0.75𝑒𝑥

𝑒 𝑁



𝑒𝑑 − 𝑘𝜙(𝑁) 𝑒 <

𝑁𝛽 𝑑 < 𝑁𝛿 𝛿 < 1 −
1

2
√2𝛽

𝑒

𝑁′

𝑁 𝑑 <

2√2𝑁
3

4
−
𝑡

2

𝑑 <
𝑁
3
4

|𝑝−𝑞|

√6√2

6
𝑁
1

4

𝑑 <

√3

√2
𝑁
3

4
−𝛾 𝑑 𝑘

𝑁

𝑑 𝑒𝑑 − 𝑘𝜙(𝑁) = 1

𝑒

𝜑(𝑁)

𝑘

𝑑

𝑒𝑎 − 𝜙(𝑁)𝑏 = 𝑐

0 < 𝑎 <  𝑑 0 < 𝑏 <  𝑘



𝑎

𝑏

𝑒

𝜑(𝑁)
𝑁 =

 𝑝𝑞

𝑒𝑎 − 𝜙(𝑁)𝑏 = 𝑐

𝑒 =  𝑁𝛽    0 <  𝑎 < 𝑁𝛿 |𝑐| 𝑁𝛾

𝛿 < 1 −
1

2
𝛾 −

1

2
√2𝛽 𝛽 >

1

2

𝑁

𝛾 = 0 𝛿 < 1 −
1

2
√2𝛽 𝑢𝑖 

𝑒𝑑 − 𝑘𝜙(𝑁) = 1 

𝛽 = 1 𝛿 < 1 −
1

2
√2 ≈ 0.292

𝑒

𝑒𝑎 − 𝜙(𝑁)𝑏 = 𝑐 

𝑓(𝑦1; 𝑦2; 𝑦3) ≡  0(𝑚𝑜𝑑 𝑒) 𝑓(𝑦1; 𝑦2; 𝑦3) = 𝑦1𝑦2 + 𝑎1𝑦2 + 𝑦3  



𝑓(𝑦1, 𝑢) ≡ 0(𝑚𝑜𝑑 𝑒) 𝐹(𝑦1;  𝑢) = 𝑢 + 𝑎1𝑦3 𝑢 = 𝑦1𝑦2 + 𝑦3 

𝑓(𝑦1; 𝑦2; 𝑦3) ≡  0(𝑚𝑜𝑑 𝑒)

𝑎 𝑐

 



 

𝑢1, . . . , 𝑢𝜔  𝜔 𝑅𝑛 𝜔 ≤ 𝑛

ℒ (𝑢1, . . . , 𝑢𝜔)

𝑢𝑖

ℒ =∑𝑥𝑖

𝜔

𝑖=1

𝑢𝑖|𝑥𝑖| ∈ ℤ

𝑈 (𝑢1, . . . , 𝑢𝜔)

  𝑅𝑛 ℒ  𝑑𝑒𝑡(ℒ) =

√det(𝑈𝑡 𝑈) 𝑑𝑒𝑡(ℒ) =  |det(𝑈)| 𝜔 = 𝑛

(𝑢1, . . . , 𝑢𝜔) ℒ 𝜔 ‖𝑣‖

𝑣 ∈ ℒ

ℒ

𝑢1, . . . , 𝑢𝜔

ℒ (𝑏1, . . . , 𝑏𝜔) ℒ

‖𝑏1‖ ≤ . . . ≤ ‖𝑏𝑖‖ ≤ 2
𝜔(𝜔−1)
4(𝜔+1−𝑖) det(ℒ)

1
𝜔+1−𝑖

𝑖 = 1,2, . . . , 𝜔



𝜔 

 

ℎ(𝑦1, 𝑦2, 𝑦3, 𝑢) = ∑ 𝑎𝑖,𝑗,𝑘𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3𝑢𝑖4𝑖1,𝑖2,𝑖3,𝑖4

ℎ(𝑦1, 𝑦2, 𝑦3, 𝑢) = √∑ 𝑎𝑖,𝑗,𝑘
2

𝑖1,𝑖2,𝑖3,𝑖4

ℎ(𝑦1, 𝑦2, 𝑦3, 𝑢) ∈ ℤ[𝑦1, 𝑦2, 𝑦3, 𝑢]

𝜔 ℎ(𝑦1
(0)
, 𝑦2

(0)
, 𝑦3

(0)
, 𝑢(0)) ≡ 0 (𝑚𝑜𝑑 𝑒𝑚)

ℎ(𝑦1, 𝑦2, 𝑦3, 𝑢) < 𝑒
𝑚

√𝜔 |𝑦1
(0)
| < 𝑌1 |𝑦2

(0)
| < 𝑌2 

|𝑦3
(0)
| < 𝑌3 |𝑢(0)| < 𝑈 ℎ(𝑦1

(0)
, 𝑦2

(0)
, 𝑦3

(0)
, 𝑢(0)) = 0



ℎ(𝑦1, 𝑦2, 𝑦3, 𝑢) ∈ ℤ[𝑦1, 𝑦2, 𝑦3, 𝑢]

ℎ1(𝑦1, 𝑦2, 𝑦3, 𝑢) = 0 ℎ2(𝑦1, 𝑦2, 𝑦3, 𝑢) = 0

ℎ3(𝑦1, 𝑦2, 𝑦3, 𝑢) = 0 ℎ4(𝑦1, 𝑦2, 𝑦3, 𝑢) = 0

 

(𝑁;  𝑒)

𝑒𝑎 − 𝜙(𝑁) = 𝑐 𝜙(𝑁)  =  (𝑝 − 1)(𝑞 − 1) 𝑎 |𝑐|



𝑁 =  𝑝𝑞 𝑒 = 𝑁𝛽 𝛽 >
1

2

𝑒𝑎 − (𝑝 − 1)(𝑞 − 1)𝑏 = 𝑐 𝑎 <  𝑁𝛿 |𝑐| < 𝑁𝛾 𝛿 <

1 −
1

2
𝛾 −

1

2
√2𝛽 − 𝜀 

𝑁 =  𝑝𝑞 𝑒

𝑒 𝑒𝑎 − (𝑝 − 1)(𝑞 − 1)𝑏 = 𝑐 −𝑏(𝑁 +  1 − 𝑝 −

𝑞) −  𝑐 ≡ 0 (𝑚𝑜𝑑 𝑒). 𝑏(𝑝 + 𝑞) −

(𝑁 + 1)𝑏 − 𝑐 ≡ 0 (𝑚𝑜𝑑 𝑒)

𝑓(𝑦1, 𝑦2, 𝑦3) = 𝑦1𝑦2 + 𝑎1𝑦1 + 𝑦3

𝑎1 = −(𝑁 +  1)

𝑓(𝑦1, 𝑦2, 𝑦3) ≡ 0 (𝑚𝑜𝑑 𝑒) (𝑦1
(0)
, 𝑦2

(0)
, 𝑦3

(0)
, 𝑢(0)) = (𝑏, 𝑝 + 𝑞,−𝑐)

𝑠, 𝑡 ∈ ℤ+ 0 ≤ 𝑟 ≤ 𝑠

𝑀𝑟 = ⋃   {  𝑦1
𝑖1

0≤𝑗≤𝑡 𝑦2
𝑖2+𝑗𝑦3

𝑖3  |  𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3 𝑓𝑠(𝑦1, 𝑦2, 𝑦3)

𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3

(𝑦1𝑦2)𝑟
𝑓𝑠−𝑟 }.

𝑓𝑠(𝑦1, 𝑦2, 𝑦3)

𝑓𝑠(𝑦1, 𝑦2, 𝑦3) = ∑∑ (
𝑠

𝑖1
) (
𝑖1
𝑖2
) 𝑎1

𝑖1−𝑖2

𝑖1

𝑖2=0

𝑠

𝑖1=0

  𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑠−𝑖1

  𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3  𝑓𝑠(𝑦1, 𝑦2, 𝑦3)

𝑖1 = 0, . . . , 𝑠 ;  𝑖2 = 0, . . . , 𝑖1 ;  𝑖3 = 𝑠 − 𝑖1



  𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3 𝑓𝑠−𝑟(𝑦1, 𝑦2, 𝑦3)

𝑖1 = 0, . . . , 𝑠 − 𝑟 ; 𝑖2 = 0, . . . , 𝑖1 ;  𝑖3 = 𝑠 − 𝑟 − 𝑖1

0 ≤ 𝑟 ≤ 𝑠   𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3  𝑓𝑠(𝑦1, 𝑦2, 𝑦3)

𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3

(𝑦1𝑦2)𝑟
𝑓𝑠−𝑟(𝑦1, 𝑦2, 𝑦3)

𝑖1 = 𝑟, . . . , 𝑠 ;  𝑖2 = 𝑟, . . . , 𝑖1 ;  𝑖3 = 𝑠 − 𝑖1

𝑀𝑟 0 ≤ 𝑟 ≤ 𝑠

  𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3 ∈ 𝑀𝑟 𝑖1 = 𝑟, . . . , 𝑠 ;  𝑖2 = 𝑟, . . . , 𝑖1 + 𝑡 ; 𝑖3 = 𝑠 − 𝑖1

𝑟 𝑟 +  1

  𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3 ∈ 𝑀𝑟+1 𝑖1 = 𝑟 + 1, . . . , 𝑠 ;  𝑖2 = 𝑟 + 1, . . . , 𝑖1 + 𝑡; 𝑖3 = 𝑠 − 𝑖1

0 ≤ 𝑟 ≤ 𝑠

𝑔𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3) =
𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3

(𝑦1𝑦2)𝑟
𝑓(𝑦1, 𝑦2, 𝑦3)

𝑟𝑒𝑠−𝑟   𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3 ∈ 𝑀𝑟\

𝑀(𝑟+1)

 
 𝑦
1

𝑖1
𝑦2
𝑖2𝑦3

𝑖3 ∈ 𝑀𝑟\𝑀𝑟+1

𝑖1 = 𝑟, . . . , 𝑠 ;  𝑖2 = 𝑟 ;  𝑖3 = 𝑠 − 𝑖1

𝑖1 = 𝑟 ; 𝑖2 = 𝑟 + 1, . . . , 𝑖1 + 𝑡  ;  𝑖3 = 𝑠 − 𝑖1

𝑔𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3)

𝐴𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3) 𝐵𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3)

𝐴𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3) =   𝑦1
𝑖1−𝑟𝑦2

𝑖2−𝑟𝑦3
𝑖3𝑓(𝑦1, 𝑦2, 𝑦3)

𝑟𝑒𝑠−𝑟

𝑟 = 0, . . . , 𝑠 ;  𝑖1 = 𝑟, . . . , 𝑠 ;  𝑖2 = 𝑟 ; 𝑖3 = 𝑠 − 𝑖1

𝐵𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3) =   𝑦1
𝑖1−𝑟𝑦2

𝑖2−𝑟𝑦3
𝑖3𝑓(𝑦1, 𝑦2, 𝑦3)

𝑟𝑒𝑠−𝑟

𝑟 = 0, . . . , 𝑠 ;  𝑖1 = 𝑟 ; 𝑖2 = 𝑟 + 1, . . . , 𝑖1 + 𝑡 ; 𝑖3 = 𝑠 − 𝑖1

𝐴𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3) =   𝑦1
𝑖1𝑦3

𝑖3𝑓(𝑦1, 𝑦2, 𝑦3)
𝑟𝑒𝑠−𝑟

𝑟 = 0, . . . , 𝑠 ;  𝑖1 = 0, . . . , 𝑠 − 𝑟 ;  𝑖2 = 0 ;  𝑖3 = 𝑠 − 𝑟 − 𝑖1

𝐵𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3) = 𝑦2
𝑖2𝑦3

𝑖3𝑓(𝑦1, 𝑦2, 𝑦3)
𝑟𝑒𝑠−𝑟



𝑟 = 0, . . . , 𝑠 ;  𝑖1 = 0 ;  𝑖2 = 1, . . . , 𝑡 ;  𝑖3 = 𝑠 − 𝑟

𝑓(𝑦1, 𝑦2, 𝑦3) = 𝑦1𝑦2 +

𝑎1𝑦1 + 𝑦3 

𝐹(𝑦1, 𝑢) = 𝑢 + 𝑎1𝑦1 𝑢 = 𝑦1𝑦2 + 𝑦3

𝐴𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3) 𝐵𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3)

𝑦1 𝑎𝑛𝑑 𝑦2

𝑦3

𝐺𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3, 𝑢) =   𝑦1
𝑖1𝑦3

𝑖3𝐹(𝑦1, 𝑢)
𝑟𝑒𝑠−𝑟

𝑟 = 0, . . . , 𝑠 ;  𝑖1 = 0, . . . , 𝑠 − 𝑟 ;  𝑖2 = 0 ;  𝑖3 = 𝑠 − 𝑟 𝑖1 𝑖4 = 𝑟

𝐻𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3, 𝑢) = 𝑦2
𝑖2𝑦3

𝑖3𝐹(𝑦1, 𝑢)
𝑟𝑒𝑠−𝑟

𝑟 = ⌊
𝑠

𝑡
⌋ 𝑖2, . . . , 𝑠 ;  𝑖1 = 0 ;  𝑖2 = 1, . . , 𝑡 ;  𝑖3 = 𝑠 − 𝑟 𝑖4 = 𝑟

𝐺𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3, 𝑢)

𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3𝑢𝑖4

𝑟 = 0, . . . , 𝑠 ;  𝑖1 = 0, . . . , 𝑠 − 𝑟 ;  𝑖2 = 0 ;  𝑖3 = 𝑠 − 𝑟 − 𝑖1;  𝑖4 = 𝑟

𝐻𝑟,𝑖1,𝑖2,𝑖3(𝑦1, 𝑦2, 𝑦3, 𝑢)

𝑦1
𝑖1𝑦2

𝑖2𝑦3
𝑖3𝑢𝑖4

𝑖1 = 0, 𝑖2 = 1,… 𝑡, 𝑟 = ⌊
𝑠

𝑡
⌋ 𝑖2, . . . , 𝑠 ;  𝑖1 = 0 ;  𝑖2 = 1, . . , 𝑡 ;  𝑖3 = 𝑠 − 𝑟 ;  𝑖4 = 𝑟

ℒ

𝐺𝑟,𝑖1,𝑖2,𝑖3(𝑦1𝑌1, 𝑦2𝑌2, 𝑦3𝑌3, 𝑢𝑈)

𝐻𝑟,𝑖1,𝑖2,𝑖3(𝑦1𝑌1, 𝑦2𝑌2, 𝑦3𝑌3, 𝑢𝑈) 𝑌1, 𝑌2, 𝑌3, 𝑈



𝑌1𝑌2𝑦1𝑦2 = 𝑈𝑢 − 𝑌3𝑦3 

𝐺𝑟,𝑖1,𝑖2,𝑖3(𝑦1𝑌1, 𝑦2𝑌2, 𝑦3𝑌3, 𝑢𝑈)

𝐻𝑟,𝑖1,𝑖2,𝑖3(𝑦1𝑌1, 𝑦2𝑌2, 𝑦3𝑌3, 𝑢𝑈)

𝐺𝑟,𝑖1,𝑖2,𝑖3(𝑦1𝑌1, 𝑦2𝑌2, 𝑦3𝑌3, 𝑢𝑈) 𝐻𝑟,𝑖1,𝑖2,𝑖3(𝑦1𝑌1, 𝑦2𝑌2, 𝑦3𝑌3, 𝑢𝑈) 𝐺𝑟,𝑖1,𝑖2,𝑖3

𝐺𝑟′,𝑖1′ ,𝑖2′,𝑖3′ 𝐻𝑟,𝑖1,𝑖2,𝑖3 𝐺𝑟′,𝑖1′ ,𝑖2′,𝑖3′

𝑟 < 𝑟′

𝑟 = 𝑟′;  𝑖1 < 𝑖1
′

𝑟 = 𝑟′;  𝑖1 = 𝑖1
′ 𝑖2 < 𝑖2

′

𝑟 = 𝑟′;  𝑖1 = 𝑖1
′ 𝑖2 = 𝑖2

′ 𝑖3 < 𝑖3
′

𝑟 = 𝑟′;  𝑖1 = 𝑖1
′ 𝑖2 = 𝑖2

′ 𝑖3 = 𝑖3
′ ;  𝑖4 < 𝑖4

′

𝑠 = 3

𝑡 = 2

ℒ

𝑌1, 𝑌2, 𝑌3, 𝑈 𝑒

det(ℒ) = 𝑌1
𝑛𝑌1𝑌2

𝑛𝑌2𝑌3
𝑛𝑌3𝑈𝑛𝑈𝑒𝑛𝑒  

𝐺𝑟,𝑖1,𝑖2,𝑖3,𝑖4(𝑦1, 𝑦2, 𝑦3, 𝑢) 𝐻𝑟,𝑖1,𝑖2,𝑖3,𝑖4(𝑦1, 𝑦2, 𝑦3, 𝑢) 𝑟, 𝑖1, 𝑖2, 𝑖3, 𝑖4

𝑛𝑌1, 𝑛𝑌2, 𝑛𝑌3, 𝑛𝑈, 𝑛𝑒 𝜔

𝑛𝑌1 =∑∑ 𝑖1 =
1

6
𝑠3 + 𝑜(𝑠3)

𝑠−𝑟

𝑖1=0

𝑠

𝑟=0

𝑛𝑌2 = ∑ ∑ 𝑖2 =
1

2
𝑠𝑡2 −

1

3
⌊
𝑠

𝑡
⌋ 𝑡3 + 𝑜(𝑠3)

𝑠

𝑟=⌊
𝑠
𝑡
⌋

𝑡

𝑖2=1



𝑛𝑌3 =∑∑(𝑠 − 𝑟 − 𝑖1) + ∑ ∑(𝑠 − 𝑟)

𝑠

𝑟=⌊
𝑠
𝑡
⌋

𝑡

𝑖2=1

𝑠−𝑟

𝑖1=0

𝑠

𝑟=0

=
1

6
𝑠3 +

1

2
𝑠𝑡2 −

1

2
⌊
𝑠

𝑡
⌋ 𝑠2𝑡 +

1

6
⌊
𝑠

𝑡
⌋
2

𝑡3

𝑛𝑈 =∑∑ 𝑟 + ∑ ∑ 𝑟

𝑠

𝑟=⌊
𝑠
𝑡
⌋

𝑡

𝑖2=1

𝑠−𝑟

𝑖1=0

𝑠

𝑟=0

=
1

6
𝑠3 +

1

2
𝑠𝑡2 +

1

6
⌊
𝑠

𝑡
⌋
2

𝑡3

𝑛𝑒 =∑∑(𝑠 − 𝑟) + ∑ ∑(𝑠 − 𝑟)

𝑠

𝑟=⌊
𝑠
𝑡
⌋

𝑡

𝑖2=1

𝑠−𝑟

𝑖1=0

𝑠

𝑟=0

=
1

3
𝑠3 +

1

2
𝑠2𝑡 +

1

6
⌊
𝑠

𝑡
⌋
2

𝑡3 −
1

2
⌊
𝑠

𝑡
⌋ 𝑠𝑡2

𝜔 =∑∑ 1+ ∑ ∑ 1 =
1

2
𝑠2

𝑠

𝑟=⌊
𝑠
𝑡
⌋

+ 𝑠𝑡 −
1

2
⌊
𝑠

𝑡
⌋ 𝑡2

𝑡

𝑖2=1

𝑠−𝑟

𝑖1=0

𝑠

𝑟=0

𝑡 = 𝑟𝑠  0 < 𝑟 ≤ 1 

⌊
𝑠

𝑡
⌋ ≈ 1 𝑟⁄ 𝑠

𝑛𝑌1, 𝑛𝑌2, 𝑛𝑌3, 𝑛𝑈, 𝑛𝑒 𝜔

𝑛𝑌1 = 
1

6
𝑠3 + 𝑜(𝑠3)

𝑛𝑌2 = 
1

6
𝑟2𝑠3 + 𝑜(𝑠3)

𝑛𝑌3 = 
1

6
(𝑟 + 1)𝑠3 + 𝑜(𝑠3)

𝑛𝑈 =  
1

6
(2𝑟 + 1)𝑠3 + 𝑜(𝑠3)

𝑛𝑒 = 
1

6
(𝑟 + 2)𝑠3 + 𝑜(𝑠3)

𝜔 =  
1

2
(𝑟 + 1)𝑠3 + 𝑜(𝑠3)



𝑖 =  4

 ℒ

2
𝜔(𝜔−1)
4(𝜔−3) det(ℒ)

1
𝜔−3 <

𝑒𝑠

√𝜔

det(ℒ) <
2−

𝜔(𝜔−1)
4

(√𝜔)𝜔−3
𝑒𝑠(𝜔−3)

𝑒𝑛𝑒−𝑠𝜔𝑌1
𝑛𝑌1𝑌2

𝑛𝑌2𝑌3
𝑛𝑌3𝑈𝑛𝑈 <

2
−
𝜔(𝜔−1)

4

(√𝜔)𝜔−3
𝑒𝑠(𝜔−3)

𝑒𝑎 − (𝑝 − 1)(𝑞 − 1)𝑏 =  𝑐 𝑒 =  𝑁𝛽 𝑎 <

 𝑁𝛿 |𝑐| < 𝑁𝑟

𝑌1 = 2𝑁
𝛽+𝛿−1 𝑌2 = 3𝑁

1

2
  , 𝑌3 = 𝑁𝑟 , 𝑈 = 12𝑁𝛽+𝛿−

1

2

(𝑦1
(0)
, 𝑦2

(0)
, 𝑦3

(0)
, 𝑢(0) ) = (𝑏, 𝑝 + 𝑞,−𝑐, 𝑏(𝑝 +

𝑞) + 𝑎1𝑏) |𝑦2
(0)
| < 𝑝 + 𝑞 < 𝑌2 , |𝑦3

(0)
| = |𝑐| < 𝑌3

|𝑦1
(0)
| = 𝑏 =

(𝑒𝑎−𝑐)

𝜙(𝑁)
<

𝑒𝑎+|𝑐|

𝜙(𝑁)
< 2𝑁𝛽+𝛿−1

𝜙(𝑁) ≈ 𝑁 |𝑦1
(0)
| < 𝑌1 

|𝑢(0)| = |𝑦1
(0)
𝑦2
(0)
+ 𝑦3

(0)
| < 2max(𝑌1𝑌2 + 𝑌3)

= 2max (2𝑁𝛽+𝛿−13𝑁
1

2
 + 𝑁𝑟)

= 12𝑁𝛽+𝛿−
1

2

|𝑢(0)| < 𝑈 𝑛𝑌1, 𝑛𝑌2, 𝑛𝑌3, 𝑛𝑈, 𝑛𝑒

𝜔 𝑌1, 𝑌2, 𝑌3 𝑈

𝑒𝑛𝑒−𝑠𝜔 = 𝑁(−
1
3
𝑟−
1
6
)𝛽𝑠3+𝑜(𝑠3)

𝑌1
𝑛𝑌1 = 2

1
6
𝑠3+𝑜(𝑠3)𝑁

1
6
(𝛽+𝛿−1)𝑠3+𝑜(𝑠3) = 𝑁

1
6
(𝛽+𝛿−1)𝑠3+𝑜(𝑠3)+𝜀1



𝑌2
𝑛𝑌2 = 3

1
6
𝑟2𝑠3+𝑜(𝑠3)𝑁

1
2
𝑟2𝑠3+𝑜(𝑠3) = 𝑁

1
2
𝑟2𝑠3+𝑜(𝑠3)+𝜀2

𝑌3
𝑛𝑌3 = 𝑁(

1
6
𝑟+
1
6
)𝛾𝑠3+𝑜(𝑠3)

𝑈𝑛𝑈 = 12(
1
3
𝑟+
1
6
)𝑠3+𝑜(𝑠3)𝑁(

1
3
𝑟+
1
6
)(𝛽+𝛿−1)𝑠3+𝑜(𝑠3) = 𝑁(

1
3
𝑟+
1
6
)(𝛽+𝛿−1)𝑠3+𝑜(𝑠3)+𝜀3

2−
𝜔(𝜔−1)

4

(√𝜔)𝜔−3
𝑒−3𝑠 = 𝑁−2𝛽−𝜀4

𝜀1, 𝜀2, 𝜀3, 𝜀4 ∈ ℤ
+ 𝑠

𝑁 𝑠3 𝑙𝑜𝑔𝑁 𝜀5 > 0

(−
1

3
𝑟 −

1

6
) 𝛽 +

1

6
(𝛽 + 𝛿 − 1) +

1

12
𝑟2 + (

1

6
𝑟 +

1

6
) 𝛾 + (

1

3
𝑟 +

1

6
) (𝛽 + 𝛿 −

1

2
) <

𝜀5

𝜀5 ∈ ℤ
+ 𝑠 𝑁

𝑟2 + (4𝛿 + 2𝛾 − 2)𝑟 + 2𝛽 + 4𝛿 + 2𝛾 − 3 < −12𝜀5

𝛾

𝑟0 = 1 − 2𝛿 − 𝛾

𝑟0 > 0 

𝛿 <
1

2
−
1

2
𝛾

𝑟0

−4𝛿2 + (8 − 4𝛾)𝛿 + 4𝛾 + 2𝛽 − 𝛾2 − 4 < 12𝜀5

𝛿 < 1 −
1

2
𝛾 −

1

2
√2𝛽 − 𝜀

𝜀𝜖ℤ+ 𝑠 𝑁 𝛿

𝛽 >
1

2

𝛿 < 𝑚𝑖𝑛 (1 −
1

2
𝛾 −

1

2
√2𝛽 − 𝜀,

1

2
−
1

2
𝛾 ) = 1 −

1

2
𝛾 −

1

2
√2𝛽 − 𝜀



𝑢1, 𝑢2, 𝑢3 𝑢4  

𝑔1(𝑦1, 𝑦2, 𝑦3, 𝑢) 𝑔2(𝑦1, 𝑦2, 𝑦3, 𝑢) 𝑔3(𝑦1, 𝑦2, 𝑦3, 𝑢) ,

𝑔4(𝑦1, 𝑦2, 𝑦3, 𝑢)

𝑔1(𝑦1
(0), 𝑦2

(0), 𝑦3
(0), 𝑢(0)) = 𝑔2(𝑦1

(0), 𝑦2
(0), 𝑦3

(0), 𝑢(0)) = 𝑔3(𝑦1
(0), 𝑦2

(0), 𝑦3
(0), 𝑢(0))

= 𝑔4(𝑦1
(0), 𝑦2

(0), 𝑦3
(0), 𝑢(0)) = 0

𝑔1(𝑦1, 𝑦2, 𝑦3, 𝑢) 𝑔2(𝑦1, 𝑦2, 𝑦3, 𝑢) 𝑔3(𝑦1, 𝑦2, 𝑦3, 𝑢) ,

𝑔4(𝑦1, 𝑦2, 𝑦3, 𝑢)

(𝑦1
(0), 𝑦2

(0), 𝑦3
(0), 𝑢(0)) = (𝑏, 𝑝 + 𝑞,−𝑐, 𝑏(𝑝 + 𝑞) + 𝑎1𝑏) 𝑦2

(0) = 𝑝 +

𝑞  𝑁 =  𝑝𝑞 𝑝 𝑞 𝑁

 

 

𝑝 𝑞

𝑒 𝑁

𝑁 =  𝑝𝑞

𝑒𝑑 − 𝑘𝜙(𝑁) = 1

𝛿 < 1 −
√2

2
≈ 0.292 𝑑 < 𝑁𝛿

𝑒𝑎 − 𝜙(𝑁)𝑏 = 𝑐 𝑒 =  𝑁𝛽 𝑎 < 𝑁𝛿 |𝑐| < 𝑁𝛾

𝛽 = 1 𝛾 =  0 𝛿 < 1 −

1

2
𝛾

𝛿 < 1 −
√2

2
≈ 0.292

𝑎 =  𝑑, 𝑏 =  𝑘, 𝑐 =  1

𝑒𝑎 − 𝜙(𝑁)𝑏 = 𝑐 



 

𝑒 = 𝑁𝛽 𝑁

𝛿 < 1 −
1

2
√2𝛽 𝑑 < 𝑁𝛿

𝑒𝑑 − 𝑘𝜙(𝑁) = 1 𝑒𝑎 − 𝜙(𝑁)𝑏 = 𝑐

𝑐 = 𝑁 𝛾 =  1 𝛾 = 0

𝛿 < 1 −
1

2
𝛾 −

1

2
√2𝛽 − 𝜀

𝛿 < 1 −
1

2
√2𝛽 − 𝜀

 

𝑒𝑥 − 𝑦𝜙(𝑁) = 𝑧

0 < |𝑥| ≤
1

3
√
𝜙(𝑁)

𝑒

𝑁
3
4

𝑝−𝑞
|𝑧| ≤

𝑝−𝑞

𝜙(𝑁)𝑁
1
4

𝑒𝑥

|𝑥| < 𝑁𝛿 𝑒 = 𝑁𝛽 𝑝 − 𝑞 = 𝑐𝑁
1

2

𝑐 <  1

𝛿 <
3

4
−
1

2
𝛽 𝛾 < 𝛽 + 𝛿 −

3

4



𝑒 ≈ 𝑁𝛽 𝛽 = 1

𝛿 <
1

4
𝛾 <

1

2

𝛽 = 1 

𝛿 < 1 −
1

2
𝛾 −

1

2
√2 − 𝜀 ≈ 0.292 −

1

2
𝛾

0.292 −
1

2
𝛾 >

1

4
𝛾 < 0.048 

 

𝑒

𝑁

𝑒

𝑁′
𝑁′ 𝑁′ =

[𝑁 − (𝑎 +
3

2√2
)𝑁

1

2 + 1] 𝑒 ≈ 𝑁𝛽

𝑑 < 2√2𝑁
3
4
−
𝛽
2

𝑒𝑑 − 𝑘𝜙(𝑁) =

1 𝑐 =  𝑁 𝛾 =  1 𝛾 = 0 

𝛿 < 1 −
1

2
√2𝛽 − 𝜀

max {
3

4
−
𝛽

2
, 1 −

1

2
√2𝛽 − 𝜀

3

4
−
𝛽

2
− (1 −

1

2
√2𝛽 − 𝜀) > 0



−
1

4
−
𝛽+√2𝛽

2
> 0

0 < 𝛽 ≤ 1

−
7+2√10

20
−
−3+2√2

4
𝛽 = 0.2 𝛽 = 1

 

|𝑏2𝑝 − 𝑎2𝑞| <

𝑁𝛾  
𝑏2

𝑎2
 

𝑝

𝑞

𝑘

𝑑
 

𝑒

𝑁−⌈
𝑎2𝑏2

𝑎𝑏
√𝑁⌉+1

𝑑 <
√3

√2
𝑁
3

4
𝛾 |𝑏2𝑝 − 𝑎2𝑞| < 𝑁𝛾

𝑒𝑑 − 𝑘𝜙(𝑁) = 1

𝛾 = 0

𝛿 < 1 −
1

2
√2𝛽 − 𝜀

0.25 ≤ 𝛾 < 0.5

𝛽 𝛽 = log𝑁 𝑒



𝛾 = 0,25.

γ

𝛽

𝛽 = 0.4 𝛽 = 0.8

𝛽

 

(𝑁, 𝑒)

𝑁

= 5339583385665627056733057342119365266735235221280290598464283

𝑒 

=  387352723307775993183504910232949247618286415301692228843681

𝑒 𝑒𝑎 − (𝑝 − 1)(𝑞 − 1)𝑏 = 𝑐

𝑓(𝑦1, 𝑦2, 𝑦3) = 𝑦1𝑦2 + 𝑎1𝑦1 + 𝑦3 𝑎1 = −(𝑁 +



1) 𝑦1 = 𝑏, 𝑦2 = 𝑝 + 𝑞,  𝑦3 = −𝑐

𝑠 = 5, 𝑡 = 3, 𝑌1 = 2 ⌊𝑁
1
4⌋ , 𝑌2 = 3 ⌊𝑁

1
2⌋ , 𝑌3 = ⌊𝑁0.06⌋, 𝑈 = 12𝑁0.74

𝑦1 = 660305687366885

𝑦2 = 4622321972461006749725016493996

𝑦3 = −4183

𝑢 = 3052145487256920739455170538527222831651718277

𝑝 +  𝑞 = 𝑦2  =  4622321972461006749725016493996

𝑝 = 2354539766853360370601530594937

𝑞 = 2267782205607646379123485899059

𝜙(𝑁) = (𝑝 − 1)(𝑞 − 1)

𝑑 ≡ 𝑒−1(𝑚𝑜𝑑(𝑁))

≡ 592294212514666735434888502687363310152982843784672392529585

𝑑 ≈ 𝑁0.981 ≫ 𝑁0.292

(𝑒, 𝑁)

𝑏 = 𝑦1 = 9102187917040423

𝑐 = −𝑦3 = 4183

𝑎 =
𝑐 + (𝑁 + 1 − 𝑝 − 𝑞)𝑏

𝑒
= 9102187917040423



𝑒𝑎 − 𝜙(𝑁)𝑏 = 𝑐 𝑎 ≈ 𝑁0.262 𝑎

𝑏

𝑒

𝑁

𝑎′

𝑏′
𝑒

𝑁
𝑎′ <

1

3
𝑁
1

4 

|𝑒𝑎′ − 𝜙(𝑁)𝑏′| > 𝑁−
3

4𝑒𝑎′

𝑁

 

𝑁 𝑒

𝑒𝑎 − 𝜙(𝑁)𝑏 = 𝑐

𝑎, 𝑏 𝑐

𝑑 <

𝑁0.292 

 



 

 



𝑔

𝑎 𝑏 𝑔(𝑎) > 𝑔(𝑏), ∀ 𝑎, 𝑏 ∈ 𝐴

𝑏 𝑎  𝑔(𝑎) =

𝑔(𝑏), ∀ 𝑎, 𝑏 ∈  𝐴. 









𝐴 𝑉 = {𝑔1(𝑎), 𝑔2(𝑎),… , 𝑔3(𝑥)}

𝑔𝑛 

 





 

 

 

o 

o 

o 

o 



𝑎, 𝑏 ∈ 𝐴;  𝑎𝐷𝑏 𝑔𝑗(𝑎) ≥ 𝑔𝑗(𝑏), ∀𝑔𝑗 ∈ 𝐺.

𝑎 𝑏

𝐴 𝑎 𝑏

𝑎 𝑏

𝑎 ∈ 𝐴

𝑎

𝑎

𝑏 𝑖𝑓 𝑎𝐷𝑏



𝑊(𝑥):

𝑊(𝑥) =∑𝑤𝑗𝑔𝑗(𝑥)

𝑚

𝑗=1

 𝑔𝑗(𝑥)

𝑔𝑗(𝑥), 𝑗 = 1. . . 𝑚

 𝑤𝑗

∀𝑎, 𝑏 ∈ 𝐴

𝑎𝑃𝑏 ⟺ 𝑊(𝑎) > 𝑊(𝑏)

𝑎𝐼𝑏 ⟺ 𝑊(𝑎) = 𝑊(𝑏)

𝑎 𝑏

𝑎

𝑏



𝑀(𝑥) = Max
𝑔𝑗∈𝐺

𝑔𝑗(𝑥)

 𝑥 ∈ 𝐴

 𝑀(𝑥) 

𝑔𝑗.

∀𝑎, 𝑏 ∈ 𝐴

𝑎𝑃𝑏 ⟺ 𝑀(𝑎) > 𝑀(𝑏)

𝑎𝐼𝑏 ⟺ 𝑀(𝑎) = 𝑀(𝑏)

𝑚(𝑥) = min
𝑔𝑗∈𝐺

𝑔𝑗(𝑥)

  𝑥 ∈ 𝐴

 𝑚(𝑥)

𝑔𝑗.



𝐴 =  𝐴

𝐴 =  𝐵 ⇒  𝐵 =  𝐴

𝐴 = 𝐵 and 𝐵 = 𝐶 ⇒  𝐴 = 𝐶



 



 







 







𝐶1  𝐶2  𝐶… 𝐶𝑛  

𝐴1  𝑥11  𝑥12  …    

𝐴2  …  …      

𝐴.. . .         

𝐴𝑚        𝑥𝑚𝑛  

𝑉 = 𝑤1𝑠1 +𝑤2𝑠2 +⋯+𝑤𝑛𝑠𝑛 =∑𝑤𝑖𝑠𝑖

𝑛

𝑖=1

              𝑖 = {1,2, … 𝑛 }

• 



• 

• 

• 

 

 

 





 

 

 







≥

≥





 



 

 



 



 



• 

• 

• 

• 

• 

• 

• 





𝐶𝐼 =
𝜆𝑚𝑎𝑥 − 𝑛

𝑛 − 1

 𝜆𝑚𝑎𝑥

 𝑛



𝐶𝑅 =
𝐶𝐼

𝑅𝐼

 

• 

• 

• 





𝑥

𝑝𝑦 (𝑥 )  =  𝑙𝑜𝑔𝑖𝑠𝑡𝑖𝑐 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛(𝑥 )

𝑝(𝑥)  =  
𝑒𝛽0+𝛽1𝑥1

1 + 𝑒𝛽0+ 𝛽1𝑥1



log (
𝑝(𝑥1)

1 − 𝑝(𝑥1)
)  =  𝛽0 + 𝛽1𝑥1

𝛽0 and 𝛽1 

 

𝑙(𝛽0 𝑒 𝛽1) = ∏ 𝑝(𝑥)

𝑖:𝑦𝑖=1

∏ [1− 𝑝(𝑥)

𝑗:𝑦𝑗=1

]

• ∏ 𝑝(𝑥)𝑖=𝑦𝑖=1
𝑝(𝑥)

𝑦𝑖 = 1

• ∏ (1 − 𝑝(𝑥)𝑗:𝑦𝑗=1
) (1 − 𝑝(𝑥))

𝑦𝑗 = 0

 



𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑣𝑒 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦 =
(𝑒𝑟𝑟𝑜𝑟𝑠 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑡ℎ𝑒 𝑚𝑜𝑑𝑒𝑙) − (𝑒𝑟𝑟𝑜𝑟𝑠 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑚𝑜𝑑𝑒𝑙)

(𝑒𝑟𝑟𝑜𝑟𝑠 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑡ℎ𝑒 𝑚𝑜𝑑𝑒𝑙)
 

𝑝(𝑥)  =  
𝑒𝛽0+𝛽1𝑥1+⋯+𝛽𝑝𝑥𝑝

1 + 𝑒𝛽0+𝛽1𝑥1+⋯+𝛽𝑝𝑥𝑝

• 𝑝 

• 𝑥 

log (
𝑝(𝑥1)

1 − 𝑝(𝑥1)
)  =  𝛽0 + 𝛽1𝑥1 +⋯+ 𝛽𝑝𝑥𝑝

 



  



 





 

















 



 



 

 

 

 

𝛾 = 0,25.  

γ  
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