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1. Introduction 
 
 In this paper, we study the following problem: 
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where , ,A B C and parameter 0  , and : [0, 1]f     is a continuous 

function. Study sixth-order differential equations was first started by studying the 
following problem: 
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 One of the most important applications problem (1.2) is the model that 
describes the phase fronts behavior in the materials. 
 
 In recent years, BVPs for sixth-order ordinary differential equations have 
been studied extensively, see [1, 2, 3, 5, 7, 10, 11] and the references therein in [5], 
Gyulov et al. obtained the existence and multiplicity the solutions for the following 
boundary value problem 
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where , ,A B C and : [0, ]f L     is a continuous function. 

 

 In [7], Li obtained the existence and multiplicity of positive solutions for the 
following problem 
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where )( ), ( ) ( 0), ([ , 1]A B C Cx x x   and : [0, 1] [0, ) [0, )f      is continuous. 

Bonanno et al. in [1], applied critical point theory and variational methods to prove 
the existence and multiplicity of solutions for the following problem 
 

           ( ) ( )( ) ( ) ( ) ( , ( )), [ , ]( )vi ivu x Au Bu'' x Cu x f x u x bx x a                 (1.5) 

 

where 0, ,A B   and C  are given real constants, : [ , ]f a b     is a function. 

Recently, Bonanno and Livrea in [2] obtained infinitely many solutions for the 
nonlinear sixth-order problem (1.1). They used the variational methods and an 
oscillating behavior on the nonlinear term to demonstrate the existence of these 
solutions. 
 
 In this article, we discuss the existence of two and infinitely many weak 
solutions for the problem (1.1), under suitable conditions on the nonlinear term. We 
also present examples to illustrate the results. 
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2. Preliminaries and Basic Notation 
 
 In this section, we first introduce some notations and some necessary 
definitions. Set 
 

  3 1
0(0, 1) (0, 1) (0) (1) 0 .|{ }X u H H u'' u''   ∩              (2.1) 

 
 X  is the Sobolev space, consider the inner product 
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 Proposition 2.1:  (see [2])  If  1
2

k


  ,  for every  u X ,  we have 

  ( ) 2 ( ) 2
2 2 0, 1, 2 1, 2, 3 with ,i j i ju k u i j i j                 (2.3) 

 

where  
1

1 2 2
0

: ( ( ) )u u x dx      is norm in 2(0,1)L . 

 
 We introduce the function :N X    as follows, 
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where A, B and C are real constants and satisfied in the following condition:  

 
2 2 3( ) max , ,   1.{ }H Ak Ak Bk Ak Bk Ck        

 

 Lemma 2.2: (see [2]) Put 

 

 ( ).  ,Xu N u u X      
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and assume that the condition (H) holds. Then, Xu   is a norm equivalent to 

the norm defined in (2.2)  and ), .( XX     with following inner product 

 

      
1

0
( ) ), : ( ( ( ( ) ( ) ( ) ( )) )( )u v u''' x v''' x Au'' v'' Bu v' Cu v dxx x x x x x  , 

 

is a Hilbert space. 

 

 Clearly 0, . )( ) ( (0, 1). .X CX       and the embedding is compact. 

 

 Lemma 2.3:  (see [2]) Assume that (H) holds, one has 

 

,   
2

X
k

u u u X


       . 

 

for every  u X , and  0   is given in [2]. 

 

 We say that a function u X    is called a weak solution of the problem 
(1.1) if 
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0
  ( , ( )) ( ) 0,    f x u x v x dx v X . 

 

 Consider  :I X R   defined by 
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2
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where 

0
( , ) ( )

t
F x t f x d      for all  ( , ) [0, 1]x t    . 

 

 We observe that 1( , )I C X    for any v X , 
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1

0
( )  ( ( ) ( ) ( ) ( ) ( ) ( )   ( ) ( ))'I u v u''' x v''' x Au'' x v'' x Bu' x v' x Cu x v x dx           (2.5) 

 

   
1

0
  ( , ( )) ( ) 0,    f x u x v x dx v X .                (2.6)  

 

 Thus, the solutions of Problem (1.1) are the critical point of  I  . 

 

 Definition 2.4: Assume X be a real reflexive Banach space. We say J 

satisfies Palais-Smale condition (denotes by PS condition for short), if any 

sequence { }ku X  for which { ( )}kJ u  is bounded and ( ) 0kJ' u   as 0k   

possesses a convergent subsequence. 

The proofs of our results are based the following theorems. 
 

 Theorem 2.5: [9, Theorem 4.10] Let 1( , )I C X   , and I   satisfies 

the Palais-Smale condition. Assume that there exist 0 1,u u X  and a 

bounded neighborhood Ω of 0u  satisfying 1   u    and  

 

0 1inf ( ) max{ ( ), ( )},I u I u 


 


  

 

then there exists a critical point u of I  , i.e.,  ( ) 0'I u   with 

 

0 1max { ( ), ( )}( )I I u I uu   . 

 

 Theorem 2.6: [15, Theorem 38] For the functional 

[ ]: ,I M X      with   M , min ( )u M I u    has a solution in 

case the following conditions hold: 

 

 (i1)  X is a real reflexive Banach space, 

 

 (i2) M is bounded and weak sequentially closed, 
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 (i3) I   is weak sequentially lower semi-continuous on M, i.e., by 

definition, for each sequence { }nu  in M such that nu u  as n   , we 

have ( ) lim in  (f )n nI u I u 
 
holds. 

 

 Theorem 2.7:  Consider X be an infinite-dimensional Banach space 

and  
1( , )I C X   be an even functional which satisfies the (PS)-condition 

and (0) 0I   . If X V E   where V is finite dimensional and I   satisfies 

the conditions 

 

 (j1) there are constants , 0    such that 

 

( ) , ,  I u if u u E       , 

 

 (j2)  for each finite-dimensional subspace nE X  there is nD  such 

that 

( ) 0,   , n nI u if u D u E      , 

 

then I   possesses an unbounded sequence of critical points. 

 
 We refer the reader to the paper [12, 13] in which Theorem 2.7 was 
successfully employed to some boundary value problems. To read more on the 
applications of Theorem 2.5 and 2.6, we refer to the papers [4, 6, 14]. 
 
3. Main Results 
 
 We utilize the following assumptions throughout this paper.  
 

 (f0)  there exist a constants  2   and  0T   such   that 

 
0 ( , ) ( , ), for  and [0, 1]F x t tf x t t T x      . 

 

 (f1)  :f V     continues and there exists constant 0L   such that 
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(1 ),   for   and  [0, 1]( , ) qf t c t t L xx          

 
where  2q  . 

 

 (f2)  
( , )

0 2
lim    0,   for [0, 1]

f x t
t

t
x    uniformly. 

 
 We use the following lemmas to prove our main results. 
 

 Lemma 3.1: Assume that the condition (f0) holds. Then ( )I u  satisfies 

the (PS)-condition. 

 

 Proof: Assume that { }n nu X   such that { ( )}n nI u   is bounded and 

( ) 0'
nI u   as n   . Then, there exists a positive constant 0c  such that 

0( )nI u c       and 0( )'
nI u c     for all n N .  Therefore, from the definition 

of 'I   and 1( )A , we  have 

 

0 1 ( ) ( )( )'
n X n n nc c u I u I u u        

 

  
12

0
( 1) ( ( , ( )) ( ) ( , ( )))
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n X n n nu f x u x u x F x u x dx


         

 

             2( 1)
2

n Xu


    .                             (3.1) 

 

therefore for some 1 0c  , since 2   this implies that { }nu  is bounded. Since X 

is Banach space and { }nu  is bounded, there exist a subsequence, still denoted by 

{ }nu  and a function u in X such that 

 

 ,  in  ,  and   n nu u X u u 1in  ([0, 1])C .                          (3.2) 

  

 By definition ( )'I u , we get 
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 From the continuity of  f, we get 

 

 1 2 2 2

0
( ( ) ( )) ) ( ( ) ( )) ( ( ) ( ))''' ''' '' '' ' '

n n nu x u x A u x u x B u x u x      

 

         2( ( ) ( )) 0, ,nC u x u x dx n                     (3.3) 

and 

 
1

0
( ( , ( )) ( , ( )))( ( ) ( )) 0, ,n nf x u x f x u x u x u x dx n                   (3.4) 

 
from (3.1) , (3.2), we can conclude 
 

( ) ( ), 0.' '
n n nI u I u u u       

 
 Therefore by (3.3) to (3.4), we have 
 

2 0.n Xu u     

 

 Thus, the sequence nu  converges strongly to u in X. Therefore, I   satisfies 

the (PS)-condition.           □ 
 

 Theorem 3.2: Assume that the assumptions (f0), (f1) and (f2) hold. Then: 

if  ( , ) 0f x t   for all [( , 0,) 1]x t    , the problem (1.1) has at least two weak 

solutions. 

 

 Proof: Clearly, (0) 0I   . From the Lemma 3.1, we can see I   satisfies the 

(PS)-condition. We will show that there exists 0R   such that the functional I   has 

a local minimum 0 { ; }u BR u X u X R      .  Assume that{ }n Ru B  and  

nu u , as n    by Mazur Theorem [8], there exists sequence { }nv  of convex 

combinations such that 
 

1 1

, 1, 0,
n n

n n j n nj j j
j j

v a u a a j N
 

      
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and   nv u  in X.  Clearly,  RB  is a closed convex set,  therefore { }n Rv B  and

Ru B . Since, I   is weakly sequentially lower semi-continuous on RB  and X is a 

reflexive Banach space, so, from Theorem 2.6 we can know that I   has a local 

minimum 0 Ru B . Assume that 0 min ( )( ) u BR
I uu I  , we will show that

0 in )( ) f (u BR
I I uu  . By (f1) and (f2), there exits 0   such that 

 

   2( , )  qF x t t c t       ,                           (3.5) 

 

let 0   be small enough such that 
2

2

2
 

k





 , therefore 

 

    
1 12

0 0

1
( ) ( ) ( )

2
q

xI u u u x d c u x d                

 

  
12 2

0

1
( )

2
q

Xu u c u x d            

 

  
2

2 2

2

1

2 4

q
X X X

k
u u c u 


          

 

  
2

2

2

1

2 24
( ) ( )q q

X X

k k
u c u 


        

 

Since, 2q   , when 1Xu    there exist 0r  , such that ( ) 0I u r    for every 

Xu r   , we choosing  R r ,  thus, 0 0 (0)) (( )I I I uu      for  Ru B  .  

Hence, 0 Ru B  and 0( ) 0'I u  . Since, 0u  is a minimum point of I   on X, there 

exists 0R   sufficiently large such that 0 0 inf  ( )( ) u BR
I I uu   , where

  { ; }R XB u X u R     . Now, we will show that there exists 1u  with 

1 Xu R    such that 1 in )( ) f (u BR
I I uu  . Letting 1k X  and 1 1u k , 

0   and 1 1Xk   . From (f0) we get there exist constants 1 2,  0a a   such that 

   1 2( , )F x t a t a  for all [0, 1]x  . Thus, 
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12

1 1 10

1
( ) ( , )( ))

2
XI u k F x k x d           

 

             
12

1 1 1 20

1
( )

2
Xk a k x d a . 

 

 Since, 2  , there exists sufficiently large 0R    so 1( ) 0I k   . 

Hence, 0max ( ){I u ,  1( ) inf ( )} BR
I u I u . Then, Theorem 2.5 gives the critical 

point u  . Therefore, 0u  and u   are two critical points of I  , which are two weak 

solutions of the Problem (1.1).                                                                                   □ 
 

 Theorem 3.3:  Assume that the assumption (f0) and the following 

condition hold: 

 (f4)  there exists 2q   such that 

 

1( , ) qf x t c t    ,   as  0t   . 

 

 Then Problem (1.1) has infinitely many pairs of weak solutions. 
 

 Proof: We want to apply Theorem 2.7. By lemma 3.1 the functional I   

defined in (2.4) satisfies the (PS)-condition. 
 

 Now, we need to assumptions (j1) and (j2) of Theorem 2.7. By condition (f4) 

and Lemma 2.3, we have 
 

  

12

0

1
( ) ( , ( ))

2
XI u u F x u x dx        

 

   
12

0

1

2
q

Xu c u dx       

 

   21

2
q

Xu c u        

 

   
2

21
.

2 2
q

q
q

X X
q

k
u c u


       
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 Since, 2q  ,  we  have  that for u      sufficiently small

( )  0I u   .  Let nE  be a n-dimensional subspace of X, by the equivalence of 

any two norms on finite-dimensional space, by integrating the condition (f0) there 

exist constants 1 2, 0a a   such that 

 

1 2( , )F t x a x a     

 

for all [0, 1]t   and x   .  Now, for any nu E , we have 

 

    

12

0

1
( ) ( , )( ))

2
XI u u F x u x dx        

 

          
12

20

1
( ) .

2
Xu a u x dx a  

 

 Since, 2  , there exists sufficiently large 0nD  , such that ( ) 0I u   

for nu R   . Therefore, all the assumptions of Theorem 2.7 are established. Thus, 

the functional I   possesses an unbounded sequence of critical points on X. And it 

proves the result.                                 □ 
 
 Now, illustrate our results by the following examples. 
 

 Example 3.4:  Consider the following problem 

 

              

( ) ( )

( ) ( )

( ) 2 ( ) 3 ( , ( )),  [0, 1]

(0) (1) (0) (1) (0) (1) 0,

( )vi iv

iv iv

u x u u'' x u f x u x x

u u u'' u'' u u

x      


     

            (3.6) 

 

where 2A  , 1B   , 3C   . Set 4( , )f x t t   for all [0, 1]x  , thus, we 

have 51
5

( , )F x t t  for all [0, 1]x  . Hence, 
,

( , )

)
 

(
lim 5

f x

F x

 
     , so, by 

choosing 5 2    and 1T   the condition (f0) satisfied. Also ( , ) 0f x t   for 

all [0, 1]x  , and 
( , )

0 2
lim 0

f x t
t

t
  .  By selecting  5q   and 1L  , we get
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4( , ) (1 )f x t c t       for 1t    and for same 0c  . Therefore, all the 

assumptions in Theorem 3.2  are fulfilled. Hence, the Problem (3.6) has at least 

two weak solutions. 

 

 Example 3.5:  Consider the following problem 

 

 

( ) ( )

( ) ( )

( ) ( ) 3 ( , ( )),  [0, 1]

(0) (1) (0) (1) (0) (1) 0,

( )vi iv

iv iv

u x u u'' x u f x u x x

u u u'' u'' u u

x     


     





                 (3.7) 

 

where 1A  , 1B  , 3C  . Put 

 
5

7

8 , 1
( , )

8 , 1,

t t
f x t

t t

 
 



 

 

for all  [0, 1]x   . We have 

 
64

3
8 1

3

, 1
( , )

, 1,

t t
F x t

t t

 
 

 

 

 

for all  [0, 1]x  . Hence, ,

( , )

)
 

(
lim 8

f t

F t

 
      and ,

( , )

)
 

(
lim 6

f t

F t

 
     , 

thus by choosing 8 2    and 1T   the condition (f0) satisfied. Also by 

choosing   6q    and   8c  , we have 5( , ) 7f x t t        for 1t   , therefore, 

the condition (f1) satisfied. We clearly see that all the assumptions present in 

Theorem 3.2 are established. Thus, the Problem (3.7) has infinitely many pairs 

of weak solution. 
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