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Abstract: In this paper, we study the existence of two and infinitely many
weak solutions for a class from sixth-order differential equation, in which
modelling for describing the behaviour of phase fronts in materials that are
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1. Introduction
In this paper, we study the following problem:

() + Au'")(z) - Bu'(z) + Cu(z) = Af(z, u(z)), z € [0, 1] (LD)
u(0) = u(1) = w''(0) = u"(1) = u(0) = u!™(1) = 0 '
where A4 B,C eR and parameter 4 >0, and f:[0,1]x R — R is a continuous

function. Study sixth-order differential equations was first started by studying the
following problem:
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6 4 2
a—7"L=au+/laU+BarLLJrj"(g:,u). (1.2)
or 3% o'z 0%z

One of the most important applications problem (1.2) is the model that
describes the phase fronts behavior in the materials.

In recent years, BVPs for sixth-order ordinary differential equations have
been studied extensively, see [1, 2, 3, 5, 7, 10, 11] and the references therein in [5],
Gyulov et al. obtained the existence and multiplicity the solutions for the following
boundary value problem

(1.3)

{—u(m)(m) + Au'™)(z) — Bu''(z) + Cu(z) = Af(z, u(z)),0 < z < L,
u(0) = u(L) = u"(0) = w'(L) = «™(0) = u")(L) = 0

where ABCeRand f:[0, L]x R — R is a continuous function.

In [7], Li obtained the existence and multiplicity of positive solutions for the
following problem

{—u@”‘)(x) + A(z)u™(z) + Blz)u'"(z) + C(z)u(z) + f(z, u(z)) = 0, z € [0, 1]
w(0) = u(l) = w(0) = w"'(1) = v (0) = «™(1) = 0

(1.4)
where A(x), B(z),C(z) € C([0,1]) and f:[0,1] x [0, 0) — [0, ) is continuous.

Bonanno et al. in [1], applied critical point theory and variational methods to prove
the existence and multiplicity of solutions for the following problem

—u(z) + A" (2) — Bu"(z) + Cu(z) = Af(x, u(z)),z € [a, b] (1.5)

where 4 > 0, A, B and C' are given real constants, f : [a,b] x R — R is a function.

Recently, Bonanno and Livrea in [2] obtained infinitely many solutions for the
nonlinear sixth-order problem (1.1). They used the variational methods and an
oscillating behavior on the nonlinear term to demonstrate the existence of these
solutions.

In this article, we discuss the existence of two and infinitely many weak
solutions for the problem (1.1), under suitable conditions on the nonlinear term. We
also present examples to illustrate the results.
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2. Preliminaries and Basic Notation

In this section, we first introduce some notations and some necessary
definitions. Set

X ={ue H?0,1)N H}0,1) | u(0) = u'(1) = 0}. Q2.1

X 1is the Sobolev space, consider the inner product

< U v >i= I; (u""(z)"'(z) + u''(z)v"(z) + u'(z)v'(z) + w(x)v(z))dz,

which induces the norm

N |—

= ("3 + a5 + [0/ + [ulf) 22)
Proposition 2.1: (see[2]) If k = 7[—12 , for every u e X, we have
N3 < &7 a2 i=0,1,2 j=1,2,3 with i < j, (2.3)
where ||ul|, = (.[()1 lu(z)? al:z:)5 is norm in L*(0,1).
We introduce the function N : X — R as follows,
N(u) = lu""l5 + A flu"|l; + B [lu'll5 +C Jul, ¥ ueX,
where A, B and C are real constants and satisfied in the following condition:
(H)max { —Ak, -Ak — Bk*, — Ak — Bk* - Ck*} < 1.
Lemma 2.2: (see[2]) Put

llullx = yN(u). u e X,
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and assume that the condition (H) holds. Then, ||u||x ts a norm equivalent to

the norm defined in (2.2) and (X,|.||x) with following inner product

' (u""(z)v""(z) + Au''(x)v"(x) + Bu'(z)v'(x) + Cu(z)v(z)) dz ,

< U, v >i= j.
0

18 a Hilbert space.
Clearly (X,||.|lx) = (C°(0,1).].||,,) and the embedding is compact.

Lemma 2.3: (see[2]) Assume that (H) holds, one has

| lullx, ¥V ueX.

k
|, € ——
k-5 7
for every ue X, and 6 > 0 is given in[2].

We say that a function v € X is called a weak solution of the problem
(1.1)if

I; (W' ()" (z) + Au" (z)v" (z) + Bu'(z)v'(z) + Cu(z)v(z))dx

- lﬁ [z, w(x))v(z)de =0, VveX.

Consider [; : X — R defined by

1w = Nl =2 [ Fla. u(a)do. (2.4)
where

Fla,t) = [ f@&)dé forall (z,1) € [0,1]x R.

We observe that I, € C*(X,R) forany v e X,
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I (u)w = jl (uw" (z)0"" () + Au" (z)v" (z) + Bu'(z)v'(z) + Cu(z)v(z))dz  (2.5)

0
- }“J‘; flz, u(z))w(z)de =0, Vve X. (2.6)

Thus, the solutions of Problem (1.1) are the critical point of 1.

Definition 2.4: Assume X be a real reflexive Banach space. We say J
satisfies Palais-Smale condition (denotes by PS condition for short), if any

sequence {u,} < X for which {J(u;)} is bounded and J' (u;,) > 0 as k —> 0

possesses a con’vergent subsequence.

The proofs of our results are based the following theorems.

Theorem 2.5: [9, Theorem 4.10] Let I, € CY(X,R), and I, satisfies
the Palais-Smale condition. Assume that there exist ug,u; € X and a

bounded neighborhood Q of ug satisfying uy € Q and

Viergfg I, (v) > max{p(ug), 1;(u;)},

then there exists a critical point u of 1, , i.e., I;l(u) = 0 with

3 (uw) > max {1} (ug), I;(u1)}.

Theorem  2.6: [15, Theorem  38] For  the  functional
I,:Mc X —[-0,+0] with M# &, min, ) [;(u) =a has a solution in

case the following conditions hold:
(i) X is a real reflexive Banach space,

(i) M is bounded and weak sequentially closed,
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(i5) I, 1is weak sequentially lower semi-continuous on M, i.e., by
definition, for each sequence {u,} in M such that u, — u as n — ©, we

have I ;(u) < lim,,_,, inf I;(u, ) holds.

Theorem 2.7: Consider X be an infinite-dimensional Banach space

and I, € CY(X,R) be an even functional which satisfies the (PS)-condition
and 1,(0)=0.If X =V @ E where V is finite dimensional and I, satisfies

the conditions
(4,) there are constants p,a > 0 such that

I;(u) 2 a, if lull=p, vekE,

() for each finite-dimensional subspace E, < X there isD, such
that
Iﬂ,(“) 2 07 Zf ||U|| 2 D’m u e En7

then I, possesses an unbounded sequence of critical points.

We refer the reader to the paper [12, 13] in which Theorem 2.7 was
successfully employed to some boundary value problems. To read more on the
applications of Theorem 2.5 and 2.6, we refer to the papers [4, 6, 14].

3. Main Results

We utilize the following assumptions throughout this paper.

(fo) there exist a constants v > 2 and 7" > 0 such that

0 < vF(z,t) < tf(x,t), for [t| > T and z €10, 1].

(f) f:V xR — R continues and there exists constant L > 0 such that
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f(@, )] < c(1+ [¢]*7"), for |t| <L and z [0,1]

where ¢ > 2.

(f) lim,_,, f(“;’t) =0, for z € 0,1] uniformly.
t

We use the following lemmas to prove our main results.

Lemma 3.1: Assume that the condition (f)) holds. Then I;(u) satisfies
the (PS)-condition.

Proof: Assume that {u, },.y < X such that {/;(u,)},cy is bounded and
I;(u,) > 0 as n — +oo. Then, there exists a positive constant ¢, such that
1I,(u,)| <co and |I;(u,)| <co forall n e N. Therefore, from the definition

of I; and (4;), we have

co + 1 g llx = vIy(u,) =1y (u,)(u,)
2 (2 = Dllun iy + 2 J, (F@. 0, (2) (@) = v, 0, (1)) do

> (= 1) flun I G.1)

therefore for some ¢; > 0, since v > 2 this implies that {u, } is bounded. Since X

is Banach space and {u, } is bounded, there exist a subsequence, still denoted by

{u,} and a function « in X such that

u, = u, in X, and u,, = u in C{([0,1]). (3.2)

By definition 1 (u), we get
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! 1 " nr nr " " "
< Ii(“n)? Uy —U > = -[O (un (x)(un (I) —u (I)) + Aun(x)(u”(x) —u (.’L’))

+ B, ()(1,(2) = (@) + Oty () (1, (2) — (o))

= A} 1 0, () () = u(z))
Therefore, we have

< Ixrl(un) - I;,(un%un —u>=

Jo (1 @) 0 (@) = " (@) + A (@) () = ' (2)

+ B () () (2) = u(@)) + Cu, (@) (1w, (2) - u(z))) do
= A [} 1 0, () (e () = u(z)) da

() (0 @) = 0 @) + Au @) - ')

0

+ Bu' (z) (u(2) — w' (2)) + Cu(x) (u, (z) - U(fv))) dx

= 2 [} fa, u)) () = u(w)) de)

1

= ((u}l/(w) —u"(@))*) + Alup (2) - u"(2))”

0
+ Bul,(z) — u' (2))? + Cu, (z) — u(m))Q) dx

1

=4, U@ uy (7)) = [z, u(z))) (un (2) - w(z)) dz

0

>y — ully = A J, (7w, (0) = o, () (1, (2) = () do
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From the continuity of f, we get
[ (@) = " (@)%) + Aluy(2) " (2))? + Bluj (z) — u (2))?

+ C(u,(x) - u(x))Q) dz — 0, n —> oo, (3.3)

and

AJ, (F wa(2)) = (o (@) (0 (2) = u(@)) do > 0,n >0, (3.4)
from (3.1), (3.2), we can conclude
< Tay) = Ta(y)uy = > = 0.
Therefore by (3.3) to (3.4), we have

2
lw, = ullx — 0.

Thus, the sequence u, converges strongly to v in X. Therefore, [, satisfies

the (PS)-condition. ]

Theorem 3.2: Assume that the assumptions (fy), (fi) and (f;) hold. Then:

if f(z,t) 20 for all (z,t) €[0,1] x R, the problem (1.1) has at least two weak

solutions.

Proof: Clearly, I,;(0) = 0. From the Lemma 3.1, we can see [, satisfies the
(PS)-condition. We will show that there exists R > 0 such that the funetional [, has
a local minimumu, € BR = {u € X;||u|| X < R}. Assume that{u,} < B and

u, — u,as n — o by Mazur Theorem [8], there exists sequence {v, } of convex
combinations such that

n

n
vnzz%juj,z%j:l, aanO,jeN
J=1 J=1
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and v, — u in X. Clearly, By is a closed convex set, therefore {v,} < By and

u € Bp. Since, I, is weakly sequentially lower semi-continuous on By and X is a
reflexive Banach space, so, from Theorem 2.6 we can know that I; has a local
minimum u, € Bg. Assume that [;(u) = min,.p,;(u), we will show that

I;(ug) < infycopp 1;(u). By (i) and (f), there exits @ > 0 such that

F(z,t) < alt)® + c|t]?, (3.5)

2

let « > 0 be small enough such that « < 25—2 , therefore
Ak

1 1
L) 2 Nlally ~Ae || (@) du = 2c [ u(@)|” du

N | —

1
> lullk - Aallulls = 2c [ Ju(@)* dp

DO | —

2

2 2
2 lullx _ﬂvaEHU”X = Ac|lullf

N |

1 k2 5 VI
(5—/105 E)HUHX _/10(%) 1E215%

v

Since, ¢ > 2 , when |Ju||x < 1 there exist r > 0, such that ,(u) > r > 0 for every
||ul| x = 7, we choosing R =1, thus, I,(u) >0=1,(0)21,(uy) for u e 0Bp.
Hence, uy € By and I;(uy) = 0. Since, u, is a minimum point of I, on X, there
exists R >0 sufficiently large such that I;(ug) <0 <inf ,cop,1;(u), where
Br ={u € X;||lu|]lx < R}. Now, we will show that there exists wu; with
lug[[x > R such that I;(uy) <inf,coppls(u). Letting &y € X and u; = 7k,

7 >0 and ||k;||x = 1. From (f;) we get there exist constants a;, a, > 0 such that

F(z,t) > ay ||t||” —ay forall z € [0,1]. Thus,



MULTIPLE WEAK SOLUTIONS FOR A CLASS 125
1 1
Lo(m) = 5 ekly =2 ) Pl o) (@) dp

v 1 14
<=7 klly = Ac%ay [, 1ky(@)” du + Aay .

DO | —

Since, v > 2, there exists sufficiently large 7 > R >0 so [;(zk;) < 0.

Hence, max {I;(ug),l;(u;)} < infap, 1;(u). Then, Theorem 2.5 gives the critical

point «”. Therefore, u, and «”" are two critical points of I, which are two weak

solutions of the Problem (1.1). O

Theorem 3.3: Assume that the assumption (f,) and the following
condition hold:

(f,) there exists q¢ > 2 such that
flat) <clt)™, as [t| 0.
Then Problem (1.1) has infinitely many pairs of weak solutions.

Proof: We want to apply Theorem 2.7. By lemma 3.1 the functional I,
defined in (2.4) satisfies the (PS)-condition.

Now, we need to assumptions (j;) and (5,) of Theorem 2.7. By condition (f;)
and Lemma 2.3, we have

L) = 3 llulfy =2 J) Pl u(@)da

1 9 Loy
> k- ) ulds
1 2
> = ul|l5x —cllu|lL
; Il —cllul
1 k4
>~ lulfy —c——— [Jull% .
2 2152
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Since, ¢ >2, we have that for ||u|| = p  sufficiently small
I,(u)>a >0. Let E, be an-dimensional subspace of X, by the equivalence of

any two norms on finite-dimensional space, by integrating the condition (fy) there

exist constants a;, a5 > 0 such that
F(t, ,I') > a; |IE|V — Q9

forall t € [0,1] and z € R. Now, for any u € F,,, we have

Since, v > 2, there exists sufficiently large D, > 0, such that 7,(u) <0

for ||u|| = R,, . Therefore, all the assumptions of Theorem 2.7 are established. Thus,

the functional 7, possesses an unbounded sequence of critical points on X. And it

proves the result. O
Now, illustrate our results by the following examples.

Example 3.4: Consider the following problem

" (2) + 20 (a) + u'(z) - 3u = /(2. u(@)). » € [0.1]

j j 3.6
u(0) = (1) = uw"(0) = u''(1) = u)(0) = u)(1) = 0, (3.6)

where A=2, B=-1,C =-3. Set f(z,t)=t* for all z€l0,1], thus, we

have F(x,t) = %t‘r’ for all z €[0,1]. Hence, limg_, if((:’f)) =5 <o, s0, by

choosing v =5 >2 and T =1 the condition (f;) satisfied. Also f(z,t) >0 for

all z €[0,1], and lim,_, - By selecting ¢ =5 and L =1, we get
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|f(z, t) < c(@ +[t|*) for |t| <1 and for same ¢ > 0. Therefore, all the

assumptions in Theorem 3.2 are fulfilled. Hence, the Problem (3.6) has at least

two weak solutions.

Example 3.5: Consider the following problem

{_U(m‘)(z) +ul(@) = (@) + 3u = Af(z, (@), = € [0,1] (3.)

w'(1) = u™(0) =« (1) = 0,

S
—~
=)
S~—
Il
<
~—~
—t
~
I
g\
—~
(=}
~—
Il

for all x €[0,1] . We have

for all z €0,1]. Hence, lim,, ., é;fgg; =8 <o and limg, ?((ztj)) =6< o,

thus by choosing v =8 >2 and T =1 the condition (f)) satisfied. Also by

choosing ¢ = 6 andc = 8, we have |f(z,t)] < 7[t]> for |t| < 1, therefore,
the condition (f,) satisfied. We clearly see that all the assumptions present in

Theorem 3.2 are established. Thus, the Problem (3.7) has infinitely many pairs

of weak solution.
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