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Abstract
In this paper, we consider semi-slant submanifolds in a locally conformal Kaehler manifold
and a locally conformal Kaehler space form. We give inequalities for the length of the
second fundamental form and the mean curvature and, using Gauss and Codazzi equations,
we get many useful results in locally conformal Kaehler space form.
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1. Introduction
In 1990, B.Y. Chen introduced slant submanifolds of an almost Hermitian manifold [10,

11]. Since then, many geometers have studied slant submanifolds in various ambient spaces
[1,5,18]. Some generalizations of both slant and CR-submanifolds have also been defined
in different ambient spaces, such as semi-slant [6, 17, 21, 22] and hemi-slant [19, 20, 22].
In 1994, N. Papaghiuc introduced the notion of a semi-slant submanifold in a Hermitian
manifold [17] which is a generalization of CR and slant submanifold [2,3,10,11,15,16]. In
particular, he considered this submanifold in a Kaehlerian manifold [17]. Then, in 2007, V.
A. Khan and M. A. Khan considered this kind of submanifold in a nearly Kaehler manifold
and obtained interesting results [13]. In this paper, we consider semi-slant submanifolds
in a locally conformal Kaehler manifold and a locally conformal Kaehler space form.

A Hermitian manifold M̃ with structure (J, g̃) is called a locally conformal Kaehler (an
l.c.K.) manifold if each point x ∈ M̃ has an open neighbourhood U with differentiable
function ρ : U → R such that g̃∗ = e−2ρg̃|U is a Kaehlerian metric on U , that is, ∇∗J = 0,
where J is the almost complex structure, g̃ is the Hermitian metric, ∇∗ is the covariant
differentiation with respect to g̃∗ and R is a real number space [12, 23]. We recall the
following result [14]:
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Proposition 1.1. A Hermitian manifold M̃ with structure (J, g̃) is an l.c.K.-manifold if
and only if there exists a global 1-form α which is called Lee form satisfying

dα = 0 (α : closed), (1.1)
and

(∇̃V J)U = −g̃(α], U)JV + g̃(V, U)β] + g̃(JV, U)α] − g̃(β], U)V (1.2)
for any V, U ∈ M̃ , where ∇̃ denotes the covariant differentiation with respect to g̃, α] is
the dual vector field of α, the 1 form β is defined by β(X) = −α(JX), β] is the dual vector
field of β and TM̃ means the tangent bundle of M̃ .

An l.c.K.-manifold M̃(J, g̃, α) is called an l.c.K.-space form if it has a constant holo-
morphic sectional curvature. Then, the Riemannian curvature tensor R̃ with respect to
g̃ of an l.c.K.-space form with the constant holomorphic sectional curvature c is given by
[14]

4R̃(X, Y, Z, W ) = c{g̃(X, W )g̃(Y, Z) − g̃(X, Z)g̃(Y, W ) + g̃(JX, W )g̃(JY, Z) (1.3)
−g̃(JX, Z)g̃(JY, W ) − 2g̃(JX, Y )g̃(JZ, W )} + 3{P (X, W )g̃(Y, Z)

−P (X, Z)g̃(Y, W ) + g̃(X, W )P (Y, Z) − g̃(X, Z)P (Y, W )}
−P̃ (X, W )g̃(JY, Z) + P̃ (X, Z)g̃(JY, W ) − g̃(JX, W )P̃ (Y, Z)

+g̃(JX, Z)P̃ (Y, W ) + 2{P̃ (X, Y )g̃(JZ, W ) + g̃(JX, Y )P̃ (Z, W )}
for any X, Y, Z, W ∈ TM̃ , where P and P̃ are respectively defined by

P (X, Y ) = −(∇̃Xα)Y − α(X)α(Y ) + 1
2 ‖ α ‖2 g̃(X, Y ), (1.4)

and
P̃ (X, Y ) = P (JX, Y ) (1.5)

for any X, Y ∈ TM̃ , where ‖ α ‖ is the length of the Lee form α.
From the above equation, we can easily have

P (JX, JY ) = P (X, Y ) (1.6)
for any X, Y ∈ TM̃ .

2. Semi-slant-submanifolds in an almost Hermitian manifold
In general, between a Riemannian manifold (M̃, g̃) and its Riemannian submanifold

(M, g), we know the Gauss and Weingarten formulas
∇̃XY = ∇XY + σ(X, Y ), (2.1)

∇̃Xξ = −AξX + ∇⊥
Xξ (2.2)

for any X, Y ∈ TM and ξ ∈ T ⊥M , where ∇ is the covariant differentiation with respect
to g, σ is the second fundamental form and Aξ is the shape operator or the fundamental
tensor of Weingarten with respect to ξ [7–9]. The second fundamental form σ and the
shape operator A are related by

g̃(AξY, X) = g̃(σ(Y, X), ξ)
for any Y, X ∈ TM and ξ ∈ T ⊥M .

A submanifold M is called totally geodesic if the second fundamental form vanishes on
M .

The Gauss equation is given by
R(X, Y, Z, W ) = R̃(X, Y, Z, W ) + g̃(σ(X, W ), σ(Y, Z)) (2.3)

−g̃(σ(X, Z), σ(Y, W )),
for any X, Y, Z, W ∈ TM , where R is the curvature tensor with respect to g.
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The Codazzi equation is given by
(R̃(X, Y )Z)⊥ = (∇̄Xσ)(Y, Z) − (∇̄Y σ)(X, Z) (2.4)

for any X, Y, Z ∈ TM , where ∇̄σ is defined by
(∇̄Xσ)(Y, Z) = ∇⊥

Xσ(Y, Z) − σ(∇XY, Z) − σ(Y, ∇XZ) (2.5)
for any X, Y, Z ∈ TM and (R̃(X, Y )Z)⊥ means the normal part of R̃(X, Y )Z.

The second fundamental form is called parallel if it satisfies ∇̄σ = 0, identically.
Let M be an n-dimensional submanifold in an m-dimensional almost Hermitian manifold

M̃ .
For a vector field X ∈ TM , the angle between JX and TM is called the Wirtinger

angle of X [10].
A differentiable distribution Dθ : x → Dθ

x on M is said to be a slant distribution if
for each Ux ∈ Dθ

x, the Wirtingar angle θ of Ux is constant for any x ∈ M . In this case,
the Wirtingar angle is said to be the slant angle. In particular, if TM is slant, then the
submanifold is called a slant one. A slant submanifold is holomorphic (resp. totally real)
if its slant angle θ = 0 (resp. θ = π

2 ). A slant submanifold is said to be proper if it is not
holomorphic nor totally real.

A submanifold M in M̃ is called a semi-slant submanifold if there exists a differentiable
distribution D : x → Dx ⊂ TxM on M satisfying the following conditions:

(i) D is holomorphic, i.e., JDx = Dx for each x ∈ M and
(ii) the complementary orthogonal distribution Dθ : x → Dθ

x ⊂ TxM is slant with
slant angle θ, where TxM means the tangent vector space of M at x [13, 17].

Remark 2.1. [2–4,15,16] A semi-slant submanifold is a CR-submanifold if the slant angle
is equal to π

2 .

A semi-slant submanifold M is said to be proper if it is neither CR, nor holomorphic, nor
totally real.

In a submanifold M of an almost Hermitian manifold (M̃, J, g̃), for any U ∈ TM and
ξ ∈ T ⊥M , we write

JU = TU + FU, (2.6)
and

Jξ = tξ + fξ, (2.7)
where TU (resp. FU) means the tangential (resp. normal) component of JU and tξ (resp.
fξ) means the tangential (resp. normal) component of Jξ.

We can easily obtain the following formulas:{
T 2 + tF = −I, f2 + Ft = −I,

FT + fF = 0, tf + Tt = 0.
(2.8)

For a semi-slant submanifold M of an almost Hermitian manifold M̃ , the tangent bundle
TM and the normal bundle T ⊥M of M are decomposed as

TM = D ⊕ Dθ, (2.9)
and

T ⊥M = FDθ ⊕ ν, (2.10)
where ν denotes the orthogonal complementary distribution of FDθ in T ⊥M .

Now, we define a new orthonormal frame in M̃ . Let M be a semi-slant submanifold with
distributions D and Dθ in an almost Hermitian manifold M̃ and dimD = 2p, dimDθ = q
and dim ν = 2s. Then we take the following local frame in M̃ ;

(1) {e1, e2, ..., ep, e∗
1, e∗

2, ..., e∗
p} is an orthonormal frame of D, where we put e∗

i = Jei for
i ∈ {1, 2, ..., p};
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(2) {e2p+1, e2p+2, ..., e2p+q} is an orthonormal frame of Dθ such that Fe2p+1, Fe2p+2, ..., F e2p+q

are orthogonal to TM and belong to FDθ;
(3) {en+q+1, en+q+2, ..., en+q+s, e∗

n+q+1, e∗
n+q+2, ..., e∗

n+q+s} is an orthonormal frame of ν,
where e∗

n+q+a = Jen+q+a for a ∈ {1, 2, ..., s}.

We put e∗
2p+a = Fe2p+a

‖Fe2p+a‖
for any a ∈ {1, 2, ..., q} and

then
(i) {e1, e2, ..., ep, e∗

1, e∗
2, ..., e∗

p, e2p+1, e2p+2, ..., e2p+q} is an orthonormal frame of TM
and

(ii) {e∗
2p+1, e∗

2p+2, ..., e∗
2p+q, en+q+1, en+q+2, ..., en+q+s, e∗

n+q+1, e∗
n+q+2, ..., e∗

n+q+s} is an
orthonormal frame of T ⊥M . We call the above orthonormal frame of TM̃ a gen-
eralized adopted frame of M̃ and we denote it by

{e1, e2, ..., e2p, e2p+1, ..., en, ..., en+q, en+q+1, ..., en+q+s, ..., em}.

Remark 2.2. In particular, if our submanifold is a CR-one, the generalized adapted
frame is adapted. Since, in our case, e∗

2p+a 6= Je2p+a for each a ∈ {1, 2, ..., q}. So, we have
g̃(e∗

2p+b, e∗
2p+b) 6= g(e2p+b, e2p+a) for any a, b ∈ {1, 2, ..., q}.

3. Semi-slant submanifolds in an l.c.K.-space form
In this section, we consider the Riemannian curvature tensor of an l.c.K.-space form

using the generalized adopted frame which was defined in the last section.
With respect to the generalized adopted frame, we write

R̃ωνµλ = R̃(eω, eν , eµ, eλ) (3.1)
for any ω, ν, µ, λ ∈ {1, 2, ..., m}.

Let M̃(c) be an l.c.K.-space form with the constant holomorphic sectional curvature c.
By virtue of (1.3) and (3.1), the Riemannian curvature tensor Rωνµλ will be written as

4Rωνµλ = c(g̃ωλg̃νµ − g̃ωµg̃νλ + g̃ω∗λg̃ν∗µ − g̃ω∗µg̃ν∗λ − 2g̃ω∗ν g̃µ∗λ) (3.2)

+3(Pωλg̃νµ − Pωµg̃νλ + Pνµg̃ωλ − Pνλg̃ωµ) − P̃ωλg̃ν∗µ + P̃ωµg̃ν∗λ,

−P̃νµg̃ω∗λ + P̃νλg̃ω∗µ + 2(P̃ων g̃µ∗λ + P̃µλg̃ω∗ν).
From now on, we use the generalized adapted frame.
The Riemannian curvature tensor Rωνµλ with respect to the adapted frame is decom-

posed in (3.4) and (3.5) using the Gauss equation and the Codazzi equation, respectively.
In a semi-slant submanifold, we put

Jea = Sa
cec + (FS)a

ce∗
c , (3.3)

where Sa
cec (resp. (FS)a

ce∗
c) is the Dθ ⊂ TM (resp. FDθ ⊂ T ⊥M) part of Jea. In

particular, if our submanifold is CR, then (Sb
a) = 0q and ((FS)b

a) = Iq, where 0q (resp.
Iq) denotes the q-th order 0 (resp. unit) matrix. Then we have from (1.3)

4R̃kjih = 4R̃k∗j∗i∗h∗ = c(δkhδji − δkiδjh) + 3(Pkhδji − Pkiδjh

+ Pjiδkh − Pjhδki),
4R̃kiih∗ = 3(Pkh∗δji − Pjh∗δki) − Pki∗δjh + Pji∗δkh − 2Pkj∗δih,

4R̃kji∗h∗ = c(δkhδji − δkiδjh) + Pkhδji − Pkiδjh + Pjiδkh − Pjhδki,

4R̃kj∗ih∗ = −c(δkiδjh + δkhδji + 2δkjδih) − 3(Pkiδjh + Pjhδki) + Pkhδji

+ Pjiδkh + 2(Pkjδih + Pihδkj),
4R̃kj∗i∗h∗ = 3(Pkh∗δji − Pki∗δjh) + Pji∗δkh − Pjh∗δki − 2Pih∗δkj ,

4R̃kjia = 3(Pkaδji − Pjaδki),
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4R̃kji∗a = −Pk∗aδji + Pj∗aδki,

4R̃kj∗ia = −3Pj∗aδki + Pk∗aδji + 2Pi∗aδkj , (3.4)
4R̃k∗j∗ia = Pjaδki − Pkaδji,

4R̃kj∗i∗a = 3Pkaδji − Pjaδki − 2Piaδkj ,

4R̃k∗j∗i∗a = 3(Pk∗aδji − Pj∗aδki),
4R̃kcia = 4R̃k∗ci∗a = −cδkiδca − 3(Pkiδca + Pcaδki) − Pki∗Sca,

4R̃kci∗a = −cδkiSca − 3Pki∗δca + PkiSca + P̃caδki,

2R̃kjba = R̃k∗j∗ba = −Pkj∗Sba,

2R̃kj∗ba = P̃baδkj + (Pkj − δkj)Sba,

4R̃kcba = 3(Pkaδcb − Pkbδca) − Pk∗aSba + Pk∗bScb + 2Pk∗cSba,

4R̃k∗cba = 3(Pk∗aδcb − Pk∗bδca) + PkaScb − PkbSca − 2PkcSba,

4R̃dcba = c(δdaδcb − δdbδcb) + 3(Pdaδcb + Pcbδda − Pdbδca − Pcaδdb)
+ c(SdaScb − SdbSca + 2SdcSba) − P̃daScb − P̃cbSda

+ P̃dbSca + P̃caSdb + 2(P̃dcSba + P̃baSdc),

for any k, j, i, h ∈ {1, 2, ..., p} and b, a ∈ {2p + 1, 2p + 2, ..., 2p + q}, where we put Sba =
g̃(Sb

cec, ea), which is skew-symmetric and P̃ba = P̃ (eb, ea) = Sb
cPca + (FS)b

cPc∗a.
Using (1.3) and the Codazzi equation, we obtain the following equations:

4R̃kjia∗ = 3(Pka∗δji − Pja∗δki),
4R̃kji∗a∗ = Pj∗a∗δki − Pk∗a∗δji,

4R̃kj∗ia∗ = −3Pj∗a∗δki + Pk∗a∗δji + 2Pi∗a∗δkj ,

4R̃kj∗i∗a∗ = 3Pka∗δji − Pja∗δki − 2Pia∗δkj ,

4R̃k∗j∗i∗a∗ = 3(Pk∗a∗δji − Pj∗a∗δki),
2R̃kjba∗ = 2R̃k∗j∗ba∗ = Pk∗j(FS)ba,

2R̃kj∗ba∗ = (Pkj − cδkj)(FS)ba + P̃ba∗δkj ,

4R̃kcba∗ = 3Pka∗δcb − Pk∗a∗Scb + Pk∗b(FS)ca + 2Pk∗c(FS)ba,

4R̃k∗cba∗ = 3Pk∗a∗δcb + Pka∗Scb − Pkb(FS)ca − 2Pkc(FS)ba,

4R̃dcba∗ = c{(FS)daScb − Sdb(FS)ca − 2Sdc(FS)ba}
+ 3(Pda∗δcb − Pca∗δdb) − P̃da∗Scb − P̃cb(FS)da

+ P̃db(FS)ca + P̃ca∗Sdb + 2{P̃dc(FS)ba + P̃ba∗Sdc},

4R̃kjiα = 3(Pkαδji − Pjαδki),
4R̃kji∗α = Pj∗αδki − Pk∗αδji,

4R̃kj∗iα = −3Pj∗αδki + 2Pi∗αδkj ,

4R̃kj∗i∗α = 3Pkαδji − Pjαδki − 2Piαδkj , (3.5)
4R̃k∗j∗i∗α = 3(Pk∗αδji − Pj∗αδki),
R̃kjaα = R̃k∗j∗aα = 0,

2R̃kj∗aα = −Paα∗δkj ,

4R̃kbaα = 3Pkαδba − Pk∗αSba,
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4Rk∗baα = 3Pk∗αδba + PkαSba,

4R̃cbaα = 3(Pcαδba − Pbαδca) + Pcα∗Sca − Pbα∗Sca − 2Paα∗Scb,

4R̃kjiα∗ = 3(Pkα∗δji − Pjα∗δki),
4R̃kji∗α∗ = Pjαδki − Pkαδji,

4R̃kj∗iα∗ = −3Pjαδki − Pkαδji + 2Piαδkj ,

4R̃kj∗i∗α∗ = 3Pkα∗δji − Pjα∗δki − 2Piα∗δkj ,

4R̃k∗j∗i∗α∗ = 3(Pkαδji − Pjαδki),
R̃kjaα∗ = R̃k∗j∗aα∗ = 0,

2R̃kj∗aα∗ = Paαδkj ,

4R̃kbaα∗ = 3Pkα∗δba − Pkα∗Sba,

4R̃k∗baα∗ = 3Pkαδba + Pkα∗Sba,

4R̃cbaα∗ = 3(Pcα∗δba − Pbα∗δca) − PcαSba + PbαSca − 2PaαScb,

for any k, j ∈ {1, 2, ..., p}, b, a ∈ {1, 2, ..., q} and α ∈ {1, 2, ..., s}, where we put (FS)ba =
g̃((FS)b

ce∗
c , e∗

a).

4. The Gauss equations
Using (1.3) and (3.4), the Gauss equations in a semi-slant submanifold of M̃(c) are

given by
4Rkjih = c(δkhδji − δkiδjh) + 3(Pkhδji + Pjiδkh − Pkiδjh − Pjhδki)

+ 4{g̃(σkh, σji) − g̃(σki, σjh)},

4Rkjih∗ = 3(Pkh∗δji − Pjh∗δki) + Pji∗δkh − Pki∗δjh − 2Pkj∗δih

+ 4{g̃(σkh∗ , σji) − g̃(σkiσjh∗},

4Rkji∗h∗ = c(δkhδji − δkiδjh) + Pkhδji + Pjiδkh − Pkiδjh − Pjhδki

+ 4{g̃(σkh∗ , σji∗) − g̃(σki∗ , σjh∗)},

4Rkj∗ih∗ = −c(δkhδji + δkiδjh + 2δkjδih) − 3(Pkiδjh + Pjhδki)
+ Pkhδji + Pjiδkh + 2(Pkjδih + Pihδkj)
+ 4{g̃(σkh∗ , σj∗i) + g̃(σki, σj∗i∗)},

4Rkj∗i∗h∗ = 3(Pkh∗δji − Pki∗δjh) + Pji∗δkh − Pjh∗δki − 2Pih∗δkj

+ 4{g̃(σkh∗ , σj∗i∗ − g̃(σki∗ , σj∗h∗)},

4Rk∗j∗i∗h∗ = c(δkhδji − δkiδjh) + 3(Pkhδji + Pjiδkh − Pkiδjh

− Pjhδki) + 4{g̃(σk∗h∗ , σj∗i∗) − g̃(σk∗i∗ , σj∗h∗)},

4Rkjia = 3(Pkaδji − Pjaδki) + 4{g̃(σka, σji) − g̃(σki, σja)},

4Rkji∗a = Pj∗aδki − Pk∗aδji + 4{g̃(σka, σji∗) − g̃(σki∗ , σja)},

4Rkj∗ia = −3Pj∗aδki + Pk∗aδji + 2Pi∗aδkj

+ 4{g̃(σka, σj∗i) − g̃(σki, σj∗a)},

4Rkj∗i∗a = 3Pkaδji − Pjaδki − 2Piaδkj (4.1)
+ 4{g̃(σka, σj∗i∗) − g̃(σki∗ , σj∗a)},

4Rk∗j∗i∗a = 3(Pk∗aδji − Pj∗aδki) + 4{g̃(σk∗a, σj∗i∗) − g̃(σk∗i∗ , σj∗a)},

2Rkjba = −Pkj∗Tba + 2{g̃(σka, σjb) − g̃(σkb, σja)},

2Rkj∗ba = P̃baδkj + (Pkj − δkj)Tba + 2{g̃(σka, σj∗i) − g̃(σki, σj∗a)},
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2Rk∗j∗ba = −Pkj∗Tba + 2{g̃(σk∗a, σj∗b) − g̃(σk∗b, σj∗a)},

4Rkcia = −cδkiδca − 3(Pkiδca + Pcaδki) − Pki∗Sca

+ 4{g(σka, σci) − g̃(σki, σca)},

4Rkci∗a = −cS̃ca − 3Pki∗δca + PkiSca + P̃caδki

+ 4{g̃(σka, σci∗) − g̃(σki∗ , σca)},

4Rk∗ci∗a = −cδkiδca − 3(Pkiδca + Pcaδki) − Pki∗Sca

+ 4{g(σk∗a, σci∗) − g̃(σk∗i∗ , σca)},

4Rkcba = 3(Pkaδcb − Pkbδca) − Pk∗aSba + Pk∗bScb

+ 2Pk∗cSba + 4{g̃(σka, σcb) − g̃(σkb, σca)},

4Rk∗cba = 3(Pk∗aδcb − Pk∗bδca) − PkaScb + PkbSca

− 2PkcSba + 4{g̃(σk∗a, σcb) − g̃(σk∗b, σca)},

4Rdcba = c(δdaδcb − δdbδca) + 3(Pdaδcb + Pcbδda − Pdbδca − Pcaδdb)
+ c(SdaScb − SdbSca + 2SdcSba) − P̃daScb − P̃cbSda + P̃dbSca

+ P̃caSdb + 2(P̃dcSba + P̃baSdc) + 4{g̃(σda, σcb) − g̃(σdb, σca)},

for any k, j, i, h ∈ {1, 2, ..., p} and d, c, b, a ∈ {1, 2, ..., q}.
Using (4.1), we calculate the length of the second fundamental form and the mean

curvature.
The mean curvature tensor H and the norm of the mean curvature ‖H‖2 are respectively

given by

H = 1
n

n∑
µ=1

σµµ, ‖H‖2 = 1
n2

n∑
µ,λ=1

g̃(σµµ, σλλ) (4.2)

and the length ‖σ‖ of the second fundamental form σ is given by

‖σ‖2 =
n∑

µ,λ=1
g̃(σµλ, σµλ) =

n∑
µ,λ=1

m∑
r=n+1

{g̃(σµλ, er)}2 (4.3)

for any orthonormal frame of M .
From the Gauss equation, we have

Rµλµλ = R̃µλµλ + g̃(σµλ, σµλ) − g̃(σµµ, σλλ). (4.4)
So we have

n∑
µ,λ=1

(Rµλµλ − R̃µλµλ) = ‖σ‖2 − n2‖H‖2. (4.5)

The equation
n∑

µ,λ=1
Rµλµλ is decomposed in

n∑
µ,λ=1

Rµλµλ =
p∑

j,i=1
{Rjiji + 2Rji∗ji∗ + Rj∗i∗j∗i∗}

+2
p∑

j=1

q∑
a=1

(Rjaja + Rj∗aj∗a) +
q∑

b,a=1
Rbaba.

Using (3.5) and (4.1), we obtain
4(Rjiji − R̃jiji) = 4Rjiji − c(δjiδji − δjjδii) − 6(Pjiδji − Pjjδii),
4(Rji∗ji∗ − R̃ji∗ji∗) = 4Rji∗ji∗ + c(δjjδii + 3δjiδji)

+ 6(Pjjδii − Pjiδji),
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4(Rj∗i∗j∗i∗ − R̃j∗i∗j∗i∗) = 4Rj∗i:j∗i∗ − c(δjiδji − δjjδii) (4.6)
− 6(Pjiδji − Pjjδii),

4(Rjaja − R̃jaja) = 4Rjaja + cδjjδaa + 3(Pjjδaa + Paaδjj),
4(Rj∗aj∗a − R̃j∗aj∗a) = 4Rj∗aj∗a + cδjjδaa + 3(Pjjδaa + Paaδjj),
4(Rbaba − R̃baba) = 4Rbaba − c(δbaδba − δbbδaa) − 6(Pbaδba − Pbbδaa)

− c(Sba)2 − 6P̃baSba,

for any j, i ∈ {1, 2, ..., p} and b, a ∈ {1, 2, ..., q}. From (4.6), we can easily obtain

4
p∑

j,i=1
(Rjiji − R̃jiji) = 4

p∑
j,i=1

Rjiji + cp(p − 1) + 6(p − 1)
p∑

j=1
Pjj ,

4
p∑

j,i=1
(Rji∗ji∗ − R̃ji∗ji∗) = 4

p∑
j,i=1

Rji∗ji∗ + cp(p + 3) + 6(p − 1)
p∑

j=1
Pjj ,

4
p∑

j,i=1
(Rj∗i∗j∗i∗ − R̃j∗i∗j∗i∗) = 4

p∑
j,i=1

Rj∗i∗j∗i∗ + cp(p − 1)

+ 6(p − 1)
p∑

j=1
Pjj ,

4
p∑

j=1

q∑
a=1

(Rjaja − R̃jaja) = 4
p∑

j=1

q∑
a=1

Rjaja + cpq

+ 3(q
p∑

j=1
Pjj + p

q∑
a=1

Paa), (4.7)

4
p∑

j=1

q∑
a=1

(Rj∗aj∗a − R̃j∗aj∗a) = 4
p∑

j=1

q∑
a=1

Rj∗aj∗a + cpq

+ 3(q
p∑

j=1
Pjj + p

q∑
a=1

Paa),

4
q∑

b,a=1
(Rbaba − R̃baba) = 4

q∑
b,a=1

Rbaba + cq(q − 1) + 6(q − 1)
q∑

b=1
Pbb

− c
q∑

b,a=1
(Sba)2 − 6

q∑
b,a=1

P̃baSba.

By virtue of (4.5) and the above equations, we obtain

−4r + (n2 + 4p − q)c + 6(n − 1)
n∑

µ=1
Pµµ − 6

2p∑
j=1

Pjj (4.8)

−c
q∑

b,a=1
(Sba)2 − 6

q∑
b,a=1

R̃baSba = 4{‖σ‖2 − n2‖H‖2},

where r means the scalar curvature with respect to the induced metric on M .
Thus we have the following theorem:

Theorem 4.1. For a semi-slant submanifold in an l.c.K.-space form M̃(c), we have
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(I) The squared norm of the second fundamental form satisfies the following inequality

‖σ‖2 ≥ 1
4{−4r + (n2 + 4p − q)c + 6(n − 1)

n∑
µ=1

Pµµ (4.9)

−6
2p∑

j=1
Pjj − c

q∑
b,a=1

(Sba)2 − 6
q∑

b,a=1
P̃baSba}.

In particular, if the equality case of (4.9) holds, that the submanifold is minimal, i.e.
H = 0.

(II) The squared norm of the mean curvature vector field satisfies the following inequal-
ity

‖H‖2 ≥ 1
4n2 {4r − c(n2 + 4p − q) + 6(n − 1)

n∑
µ=1

Pµµ (4.10)

+6
2p∑

j=1
Pjj + c

q∑
b,a=1

(Sba)2 + 6
q∑

b,a=1
P̃baSba}.

In particular, if the equality case of (4.10) holds, then the submanifold is totally geodesic
and the scalar curvature r satisfies the following relation:

r = 1
4{(n2 + 4p − q)c + 6(n − 1)

n∑
µ=1

Pµµ (4.11)

−6
2p∑

j=1
Pjj − c

q∑
b,a=1

(Sba)2 − 6
q∑

b,a=1
P̃baSba}.

If our submanifold is CR, then Tea = 0 for any a ∈ {1, 2, ..., q}. Thus we have the
following result:

Corollary 4.2. In a CR-submanifold in an l.c.K.-space form M̃(c), we have
(I) the squared norm of the second fundamental form σ satisfies the following inequality

‖σ‖2 ≥ 1
4{−4r + (n2 + 4p − q)c + 6(n − 1)

n∑
µ=1

Pµµ − 6
2p∑

j=1
Pjj}. (4.12)

In particular, if the equality case of (4.12) holds then the submanifold is minimal, i.e.
‖H‖ = 0.

(II) The squared norm of the mean curvature vector field satisfies the inequality

‖H‖2 ≥ 1
4n2 {4r − c(n2 + 4p − q) + 6(n − 1)

n∑
µ=1

Pµµ + 6
2p∑

j=1
Pjj}. (4.13)

In particular, if the equality case of (4.13) holds, then the submanifold is totally geodesic
and the scalar curvature r satisfies the following relation

r = 1
4{(n2 + 4p − q)c + 6(n − 1)

n∑
µ=1

Pµµ − 6
2p∑

j=1
Pjj}. (4.14)
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5. The Codazzi equations
By virtue of (2.4) and (4.5), the Codazzi equation is written as

3(Pka∗δji − Pja∗δki) = 4{g̃((∇̄kσ)ji, e∗
a) − g̃((∇̄jσ)ki, e∗

a)},

Pj∗a∗δki − Pk∗a∗δji = 4{g̃((∇̄kσ)ji∗ , e∗
a) − g̃((∇̄jσ)ki∗ , e∗

a)},

− 3Pj∗a∗δki + Pk∗a∗δji + 2Pi∗a∗δkj = 4{g̃((∇̄kσ)j∗i, e∗
a)

− g̃((∇̄j∗σ)ki, e∗
a)},

3Pka∗δji − Pja∗δki − 2Pia∗δkj = 4{g̃((∇̄kσ)j∗i∗ , e∗
a)

− g̃((∇̄j∗σ)ki∗ , e∗
a)},

3(Pk∗a∗δji − Pj∗a∗δki) = 4{g̃((∇̄k∗σ)j∗i∗ , a∗) − g̃((∇̄j∗σ)k∗i∗ , e∗
a)},

Pk∗j(FS)ba = 2{g̃((∇̄kσ)jb, a∗) − g̃((∇̄jσ)kb, e∗
a)},

(Pkj − cδkj)(FS)ba + P̃ba∗δkj = 2{g̃((∇̄kσ)j∗b, e∗
a) − g̃((∇̄j∗σ)kb, e∗

a)},

3Pka∗δcb − Pk∗a∗Scb + Pk∗b(FS)ca + 2Pk∗c(FS)ba

= 4{g̃((∇̄kσ)cb, e∗
a) − g̃((∇̄cσ)kb, e∗

a)},

3Pk∗a∗δcb + Pka∗Scb − Pkbg̃(FS)ca − 2Pkc(FS)ba

= 4{g̃((∇̄k∗σ)cb, e∗
a) − g̃((∇̄cσ)k∗b, e∗

a)},

c{(FS)daScb − Sdb(FS)ca − 2Sdc(FS)ba} + 3(Pda∗δcb − Pca∗δdb) (5.1)
− P̃da∗Scb − P̃cb(FS)da + P̃db(FS)ca + P̃ca∗Sdb + 2(P̃cd(FS)ba

+ P̃ba∗Sdc) = 4{g̃((∇̄dσ)cb, e∗
a) − g̃((∇̄cσ)db, e∗

a)},

3(Pkαδji − Pjαδki) = 4{g̃((∇̄kσ)ji, eα − g̃((∇̄jσ)ki, eα)},

Pkα∗δji − Pjα∗δki = 4{g̃((∇̄kσ)ji∗ , eα) − g̃((∇̄jσ)ki∗ , eα)},

3Pjα∗δki − 2Piα∗δkj = 4{g̃((∇̄kσ)j∗i, eα) − g̃((∇̄j∗σ)ki, eα)},

3Pkαδji − Pjαδki − 2Piαδkj = 4{g̃((∇̄kσ)j∗i∗ , eα) − g̃((∇̄j∗σ)ki∗ , eα)},

3(Pjα∗δki − Pkα∗δji) = 4{g̃((∇̄k∗σ)j∗i∗ , eα) − g̃((∇̄j∗σ)k∗i∗ , eα)},

3Pkα∗δki − Pjα∗δki − 2Piα∗δkj = 4{g̃((∇̄kσ)j∗i∗ , e∗
α)

− g̃((∇̄j∗σ)ki∗ , e∗
α)},

g̃((∇̄kσ)ja, e∗
α) − g̃((∇̄jσ)ka, e∗

α) = 0,

Paαδkj = 2{g̃((∇̄kσ)j∗a, e∗
α) − g̃((∇̄j∗σ)ka, e∗

α)},

g̃(∇̄k∗σ)j∗a, e∗
α) − g̃((∇̄j∗σ)k∗a, e∗

α) = 0,

3Pkα∗δba − Pkα∗Sba = 4{g̃((∇̄kσ)ba, e∗
α)

− g̃((∇̄bσ)ka, e∗
α)},

3Pkαδba + Pkα∗Sba = 4{g̃((∇̄k∗σ)ba, e∗
α) − g̃((∇̄bσ)k∗a, e∗

α)},

3(Pcα∗δba − Pbα∗δca) − PcαSba + PbαSca − 2PaαScb

= 4{g̃((∇̄cσ)ba, e∗
α) − g̃((∇̄bσ)ca, e∗

α)}. (5.2)

Let the second fundamental form σ be parallel. Then we have from (5.1),

Pka∗ = Pk∗a∗ = 0, Pk∗jFb
cδca = 0,

(Pkj − cδkj)(FS)ba + {Sb
cPca∗ + (FS)b

cPc∗a∗}δkj = 0,

Pk∗b(FS)ca + 2Pk∗c(FS)ba = 0,
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Pkb(FS)ca + 2Pkc(FS)ba = 0,

c{(FS)daScb − Sdb(FS)ca − 2Sdc(FS)ba}
+ 3(Pda∗δcb − Pca∗δdb) − {Sd

ePea∗ + (FS)d
ePe∗a∗)Tcb

− {Sc
ePeb + (FS)c

ePe∗b}Fda + {Sd
ePeb + (FS)d

ePe∗b}(FS)ca

+ {Sc
ePea∗ + (FS)c

ePe∗a∗}Sdb + 2{Sd
ePec + (FS)d

ePe∗c}Fba

+ {Sb
ePea∗ + (FS)b

ePe∗a∗}Sdc = 0,

Pkα = Pkα∗ = Paα = Paα∗ = 0, (5.3)

for any k, j ∈ {1, 2, ..., p}, b, a ∈ {1, 2, ..., q} and α ∈ {1, 2, ..., s}.
The 6 equations in (5.2) are denoted by (5.2)i for i = 1, . . . , 6. The equation (5.2)2

means Pj∗i = Pji∗ = 0.
Next, we have from (5.2)3

P̃ba∗ = Sb
cPca∗ + (FS)b

cPc∗a∗ = −1
p

(
p∑

i=1
Pii − cp)(FS)ba. (5.4)

Substituting the above equation into (5.2)3, we get
Pkj = γδkj , (5.5)

where we put γ = 1
p

p∑
i=1

Pii.

From (5.2)4, we can easily get
Pi∗a = 0. (5.6)

The equation (5.2)5 means Pia = Pai = 0.
Substituting (5.3) into (5.2)6, we obtain

γ{(FS)daScb − Sdb(FS)ca − 2Sdc(FS)ba} + 3(Pda∗δcb − Pca∗δdb) (5.7)

−P̃cb(FS)da + P̃db(FS)ca + 2P̃dc(FS)ba = 0,

and, we get
P̃ba = γSba − 3

2(q + 1){Pbe∗(FS)a
e − Pae∗(FS)b

e}. (5.8)

Substituting (5.7) into (5.6), we have

Pda∗δcb − Pca∗δdb = − 1
2(q + 1)[{Pce∗(FS)b

e − Pbe∗(FS)c
e}(FS)da (5.9)

−{Pde∗(FS)b
e − Pbe∗(FS)d

e}(FS)ca − 2{Pde∗(FS)c
e − Pce∗(FS)d

e}(FS)ba].
Contraction of (5.8) by b and c gives us

Pba∗ = − 3
2q2 − 5Pde∗(FS)b

e(FS)d
a. (5.10)

The above equation means Pba∗ = Pb∗a = 0 for any b, a ∈ {1, 2, ..., q}.
Therefore, we have the following theorem:

Theorem 5.1. If a semi-slant submanifold in an l.c.K.-space form M̃(c) has a parallel
second fundamental form, then the tensor field Pµλ satisfies

(Pµλ) =



Pji Pji∗ Pja Pja∗ Pjα Pjα∗

Pj∗i Pj∗i∗ Pj∗a Pj∗a∗ Pj∗α Pj∗α∗

Pbi Pbi∗ Pba Pba∗ Pbα Pbα∗

Pb∗i Pb∗i∗ Pb∗a Pb∗a∗ Pb∗α Pb∗α∗

Pβi Pβi∗ Pβa Pβa∗ Pβα Pβα∗

Pβ∗i Pβ∗i∗ Pβ∗a Pβ∗a∗ Pβ∗α Pβ∗α∗


(5.11)
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=



γδji 0 0 0 0 0
0 γδji 0 0 0 0
0 0 Pba 0 0 0
0 0 0 Pb∗a∗ Pb∗α Pb∗α∗

0 0 0 Pβa∗ Pβα Pβα∗

0 0 0 Pβ∗a∗ Pβ∗α Pβα


,

where we put

γ = 1
p

p∑
i=1

Pii. (5.12)

In particular, for a CR-submanifold in the l.c.K.-space form M̃(c), we know T = 0,
Fea

∗ = e∗
a, P̃ba = Pb∗a and P̃ba∗ = Pba for any a, b ∈ {1, 2, ..., q}. Moreover, (5.3) can be

written as

Pba = −1
p

(
p∑

i=1
Pii − cp)δba. (5.13)

In (5.2)5, we put T = 0 and (Fb
a) = Iq, and we can easily obtain

Pba∗ = 0. (5.14)

Then, we have the following result:

Corollary 5.2. If a CR-submanifold in an l.c.K.-space form M̃(c) has a parallel second
fundamental form, then T = 0 and Fea = e∗

a for any a ∈ {1, 2, ..., q}. So, the tensor field
Pµλ satisfies the following condition

(Pµλ) =



Pji Pji∗ Pja Pja∗ Pjα Pjα∗

Pj∗i Pj∗i∗ Pj∗a Pj∗a∗ Pj∗α Pj∗α∗

Pbi Pbi∗ Pba Pba∗ Pbα Pbα∗

Pb∗i Pb∗i∗ Pb∗a Pb∗a∗ Pb∗α Pb∗α∗

Pβi Pβi∗ Pβa Pβa∗ Pβα Pβα∗

Pβ∗i Pβ∗i∗ Pβ∗a Pβ∗a∗ Pβ∗α Pβ∗α∗


(5.15)

=



γδji 0 0 0 0 0
0 γδji 0 0 0 0
0 0 −(γ − c)δba 0 0 0
0 0 0 −(γ − c)δba Pb∗α Pb∗α∗

0 0 0 Pβa∗ Pβα Pβα∗

0 0 0 Pβ∗a∗ Pβ∗α Pβα


.
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