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aspects as well as on the construction of the nonlocal elements matrices. Two 
numerical examples of plane stress nonlocal elasticity are presented to show the 
potentials and the limits of the promoted approach.
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1. Problem position, motivations and goals of the present study

Constitutive material models established in the field of solid mechanics for classical continuous media 
cannot describe problems where micro- and nano-effects play a crucial role in the mechanical behavior. 
Typical examples, among many others, are the singular stress field predicted at a sharp crack-tip in a 
continuum fracture mechanics problem (see e.g. [14]), or the inability of classical continuum mechanics 
theory in describing deformation phenomena of nanotubes or other nanoscale structures (see e.g. [21]), or, 
also, wave dispersion, strain softening, concomitant size effects (see e.g. [8]). The simplest approaches to 
overcome such inherent limitations of classical theories are the so-called nonlocal continuum approaches 
based on an enrichment of the classical modeling by keeping the hypothesis of continuity but introducing 
an internal length material scale able to take into account the phenomena imputable to the micro- or 
nano-structure. There are several ways to act in this direction as witnessed by the broad relevant literature.

The gradient approach, promoted by Aifantis in the 1980s in a simplified version (with only three con-
stants, including the Lamé ones) of previous gradient formulations that can be traced back to the sixties 
(see e.g. [3,6] and the references therein), as well as the integral approach, proposed by Eringen [12,13], are 
the most widely used. Peridynamic models, first conceived by Silling [33], or continualization procedures
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(see e.g. [5]) are also well established and very promising approaches. The remarkable works [32,9,8,19], for 
conditions ensuring the existence of fundamental solutions and for nonlocal models of integral-type framed in 
the broader context of plasticity and damage, can be also referenced. Nonlocal variational formulations and 
unifying thermodynamically consistent treatments can be finally found in the landmark papers of Polizzotto 
[26–29]. The list of relevant contributions, without any pretense of completeness, is only meant to fix the 
background of the present study which promotes, from a computational point of view, a nonlocal elasticity 
of integral type carried on by the so-called nonlocal finite element method (NL-FEM).

The theoretical bases of what is discussed further down have been given in [26,30,31], while the first 
tentatives of computational nature are those given in [24,25]. In the former three theoretical papers the 
NL-FEM was conceived together with an Eringen-type nonlocal integral elasticity model in which the stress 
is expressed as the sum of two contributions: one is the standard local stress and the other, of nonlocal 
nature, is given in terms of an averaged strain difference field. In the latter couple of papers the NL-FEM was 
implemented and tested with reference to simple, but effective, examples also dealing with nonhomogeneous 
2D nonlocal problems.

On the base of such previous studies, the main goals of the present study are: i) to eliminate some 
computational drawbacks of the previous NL-FEM formulation due to the excessive dimensions of the 
nonlocal operators related to the ones of the whole analyzed structure; ii) to tackle a benchmark problem 
solved by other Researchers with different, or alternative, theoretical as well as numerical, approaches; iii) to 
point out potentialities and limits of the promoted NL-FEM having also a look on possible improvements 
and future field of application.

The plan of the paper is the following. After this introductory section, in Section 2 the strain-difference 
based nonlocal model and the NL-FEM theoretical developments are given in an abridged form. Section 3
goes into the details of the numerical implementation, explaining how to build the requested nonlocal 
operators giving also a flow-chart of the numerical procedure. Section 4 is devoted both to the numerical 
results obtained for a couple of problems and to a critical investigation on the effects of some material 
parameters. Concluding remarks are finally given in Section 5 which closes the paper.

Notation. A compact notation is used throughout, with bold-face letters for vectors and tensors. The “dot” 
and “colon” products between vectors and tensors denote simple and double index contraction operations, 
respectively. For instance: u · v = uivi, σ: ε = σij εij , σ · n = {σij nj}, D: ε = {Dijhk εhk}. The symbol :=
means equality by definition. Other symbols will be defined in the text where they appear for the first time.

2. Eringen-type nonlocal integral elasticity: strain-difference-based model and NL-FEM formulation

2.1. The strain-difference-based nonlocal model

Let us consider a nonlocal linear elastic material occupying, in its undeformed state, a three-dimensional 
Euclidean domain of volume V referred to orthogonal Cartesian coordinates x = (x1, x2, x3). The nonlocal 
feature of the material is expressed by the following constitutive relation:

σ(x) = D(x) : ε(x) − α

∫
V

J (x,x′) : [ε(x′) − ε(x)] dV ′ ∀ (x,x′) ∈ V. (1)

Equation (1), proposed by Polizzotto et al. [31], simply states that the stress response, σ(x), to a given 
strain field, ε(x), is the sum of two contributions. The first one, of local nature, is governed by the standard 
symmetric and positive definite elastic moduli tensor D(x) assumed variable in space so that, as in the 
quoted paper, nonhomogeneous materials can, if necessary, be considered. The second one, of nonlocal 
nature, depends on the strain difference field [ε(x′) − ε(x)] through the symmetric nonlocal tensor J (x,x′)
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defined next. A material parameter α also enters Eq. (1) to control the proportion of the nonlocal addition. 
α has to be calibrated by means of suitable laboratory experiments or identification procedures but, as 
addressed in Section 4, some hints to fix its value can be given by a sensitivity analysis. It is worth noting 
that for any uniform strain field the nonlocal contribution vanishes and the stress recovers the local value. 
Such circumstance, in agreement with some experimental findings on thin wires in tension executed by 
Fleck et al. [15], is obviously due to the (averaged) strain difference appearing in Eq. (1) which motivates 
the model’s name that however has to be considered just as an enhanced version of the Eringen model [11]. 
Some numerical instabilities or incoherencies given by the latter model, see e.g. [23], are actually eliminated 
by model (1), [31].

The nonlocal tensor J (x,x′) is defined as:

J (x,x′) := [γ(x)D(x) + γ(x′)D(x′)] g(x,x′) − q(x,x′) ∀ (x,x′) ∈ V, (2)

with:

γ(x) :=
∫
V

g(x,x′) dV ′; (3)

q(x,x′) :=
∫
V

g(x,z)g(x′, z)D(z) dV z. (4)

By inspection of equations (2)–(4), it is evident that material inhomogeneities, if any, affect also the nonlo-
cal part of the stress through the spatially variable elastic moduli tensor D(x). In all the above operators, 
g(x, x′) denotes a positive, scalar attenuation function depending, by hypothesis, on an internal length 
material scale, say �, as well as on the Euclidean distance, |x− x′|, between points x and x′ in V . g(x, x′)
is the kernel function of the Eringen model (see again [11]) and it simply assigns a “weight” to the non-
local effects induced at the field point x by a phenomenon acting at the source point x′. The attenuation 
function has a peak at |x − x′| = 0 and rapidly decreases with increasing distance, i.e. it vanishes beyond 
the so-called influence distance, say LR, the latter being a multiple of the internal length �. Moreover, 
g(x, x′) is bi-symmetric, i.e. g(x, x′) = g(x′, x); it turns into a Dirac delta for � → 0, i.e. in the limit of 
a local treatment; it satisfies the normalization condition 

∫
V∞

g(x, x′) d V ′ = 1 in which V∞ is the infinite 
three-dimensional Euclidean space in which V is embedded. The integral is made with respect to x′ and 
its value is independent of the field point x in V∞. Typical choices for the attenuation function g(x, x′)
are, for example, the one known as “error function”, g(x, x′) = λ exp

(
−|x− x′|2/�2

)
, or the so-called “bi-

exponential”, g(x, x′) = λ exp (−|x− x′|/�). In both expressions λ denotes a constant to be evaluated by 
enforcing the above mentioned normalization condition.

The choice, or identification, of the material parameter � is obviously a crucial point of all the nonlocal 
continuum approaches and, in the context of the integral ones, as the one here adopted, it is strictly 
related to the choice of the attenuation function. This matter actually concerns the connection between the 
(macroscopic) nonlocal continuum theories and the real material behavior at small (atomistic) scale. The 
analytical form of the attenuation function g(x, x′) is usually derived from phonon dispersion relations and 
its ability in capturing the nonlocal phenomena is then tested by atomistic simulations (see e.g. [22,34,16]). 
Indeed, the functional form of the kernel function g(x, x′), for a given material, has to be related both to 
the spatial distribution of atoms and to the interatomic interactions i.e. to microstructure’s features. The 
internal length � as well as the influence distance LR, also known as cut-off radius for kernels without a 
compact support, are devoted to interpret such physical circumstances and together define the extent of 
nonlocality in the continuum model. The numerical developments presented in Section 4 will address this 
point at least for what concern some computational aspects.
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2.2. NL-FEM formulation

Following the rationale given in [31], a structure made of a nonlocal elastic material obeying Eq. (1), 
occupying the volume V and subjected to given body forces and surface tractions, say b (x) and t (x)
respectively is considered. Moreover, the unknown displacement field, say u (x), satisfies given kinematic 
boundary conditions, u (x) = ū (x) on Su = S−St, where S denotes the boundary surface of V and St the 
portion where tractions t (x) act. The pertinent boundary-value-problem is governed, besides the stress–
strain law (1), by the standard equilibrium and compatibility equations. Assuming the further hypothesis 
of infinitesimal displacements and loads acting in a quasi-static manner the related nonlocal total potential 
energy functional, whose optimality conditions are the above quoted set of governing equations, can be 
given the shape:

Π [u(x)] := 1
2

∫
V

∇u(x) : D(x) : ∇u(x) dV +

+ α

2

∫
V

∇u(x) : γ2(x)D(x) : ∇u(x) dV +

− α

2

∫
V

∫
V

∇u(x) : J (x,x′) : ∇u(x′) dV ′ dV +

−
∫
V

b(x) · u(x) dV −
∫
St

t(x) · u(x) dS. (5)

The variational treatment of functional (5) is given in [31] being indeed a straightforward extension to 
the strain-difference-based nonlocal model of the general variational principle conceived in [26]. These two 
papers are referred for a deeper comprehension, attention is hereafter focused on the strain-based NL-FEM 
formulation arising, obviously, from a discretized form of functional (5).

Precisely, if the domain V is discretized into n = 1, 2, . . . , Ne finite elements (FEs) of volume Vn, within 
the n-th element the displacement and the strain fields are expressed in terms of node displacements vector, 
say dn, as:

u(x) = Nn(x) dn, ε(x) = Bn(x) dn; ∀x ∈ Vn (6)

where Nn(x) and Bn(x) denote the matrices of the element interpolation (shape) functions and their 
Cartesian derivatives, respectively. By substituting Eqs. (6) into (5) the discrete form of Π [u(x)], say Π [dn], 
reads:

Π [dn] := 1
2

Ne∑
n=1

dT
n

⎡⎣∫
Vn

BT
n (x)D(x)Bn(x)dVn

⎤⎦ dn +

+ α

2

Ne∑
n=1

dT
n

⎡⎣∫
Vn

BT
n (x) γ2(x)D(x)Bn(x)dVn

⎤⎦ dn +

− α

2

Ne∑
n=1

Ne∑
m=1

dT
n

⎡⎣∫
Vn

∫
Vm

BT
n (x)J (x,x′)Bm(x′) dVm dVn

⎤⎦dm +

−
Ne∑
n=1

dT
n

∫
NT

n (x) b(x) dVn −
Ne∑
n=1

dT
n

∫
NT

n (x) t(x) dSn. (7)

Vn St(n)
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Expression (7) can be notably simplified as:

Π [dn] = 1
2

Ne∑
n=1

dT
n kloc

n dn + α

2

Ne∑
n=1

dT
n knonloc

n dn +

− α

2

Ne∑
n=1

Ne∑
m=1

dT
n knonloc

nm dm −
Ne∑
n=1

dT
n fn, (8)

where the following positions hold true:

kloc
n :=

∫
Vn

BT
n (x)D (x)Bn(x) dVn, (9a)

fn :=
∫
Vn

NT
n (x) b(x) dVn +

∫
St(n)

NT
n (x) t(x) dSn, (9b)

with kloc
n and fn denoting the standard (local) element stiffness matrix and equivalent nodal forces vector, 

respectively. Two more positions define the matrices knonloc
n and knonloc

nm appearing in Eq. (8), precisely:

knonloc
n :=

∫
Vn

BT
n (x) γ2(x)D (x)Bn(x) dVn, (10a)

knonloc
nm :=

∫
Vn

∫
Vm

BT
n (x)J (x,x′)Bm(x′) dVm dVn. (10b)

The element matrices (10a), (10b), of nonlocal nature, deserve some comments.
Matrix knonloc

n accounts for the influence exerted on the n-th element by the nonlocal diffusive processes 
over the whole domain and this by the presence of γ2(x) with γ(x) given by Eq. (3). In particular, from 
Eqs. (2) to (4) it is easy to show that:∫

V

J (x,x′) dV ′ = γ2(x)D(x) ∀x ∈ V. (11)

Indeed, within a FE context and a Gaussian quadrature integration rule, the field point x is the position 
vector (in the Cartesian absolute coordinates system) of the current Gauss point (GP) of the current 
element #n, while the source point x′ (x′ again denoting a position vector in the same absolute system) 
will range over all the GPs of the FE mesh. For clarity we can state that x′ is the generic GP of the generic 
element #m, the latter ranging, in principle, over the whole mesh (i.e. m = 1, 2, . . . , Ne). Matrix knonloc

nm , 
besides the (nonlocal) operator J (x, x′) defined by Eqs. (2)–(4), accounts explicitly for the nonlocal effects 
exerted by the m-th element on the n-th one and this by the presence of Bn(x) and Bm(x′) related to the 
element #n and #m, respectively. knonloc

nm is a set of nonlocal matrices pertaining to element #n, precisely: 
a self-stiffness matrix, obtained for m = n, plus all the cross-stiffness matrices given by m = 1, 2, . . . , Ne

with m �= n.
Following a standard rationale, here omitted for sake of brevity (see e.g. [18]), matrices/vectors (9a), (9b)

and (10a), (10b) can be rephrased with reference to the global DOFs, say U . An expression of the total 
potential energy functional (8) in terms of global operators and DOFs, can also be obtained. The latter, by 
minimizing with respect to U , will give a solving linear equation system resulting in all similar to the one 
of the standard FEM, except for a nonlocal global matrix, which proves to be symmetric, positive definite 
and formally given by:
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K̂ =
Ne∑
n=1

CT
n kloc

n Cn + α

Ne∑
n=1

[
CT

n knonloc
n Cn −

Ne∑
m=1

CT
n knonloc

nm Cm

]
(12)

where Cn and Cm denote the connectivity matrices enlarging the element matrices to global dimensions. 
Equation (12), with the sum of the enlarged elements’ matrices, expresses the assembling procedure yielding 
a global matrix K̂ that reflects all the nonlocality features of the constituent material. K̂ is banded but 
with a band-width larger than in the standard FEM due to the elements’ cross-stiffness matrices.

Remark 1. The material parameter α enters expression (12), for α = 0 the global standard (local) matrix is 
obviously recovered. As asserted in [31], negative values of α should be avoided for a twofold reason: i) to 
prevent the loss of positive definiteness of the free energy potential generating the constitutive strain-based 
relation (1) and the consequent numerical instabilities exhibited, in such a circumstance, by the solution; 
ii) to take into account the physical meaning of the material parameter α, i.e. a parameter controlling the 
proportion (which has to be greater or equal to zero) of the nonlocal addition postulated by Eq. (1).

Remark 2. By inspection of the nonlocal matrices (10a), (10b), taking into account the positions (2)–(4)
and the peculiar property of the attenuation function g(x, x′) that vanishes for |x − x′| ≥ LR, it is worth 
noting that all the cross integrations between elements are, in practice, vanishing when two elements – and 
so the current GPs (as said x belonging to Elem.#n and x′ belonging to Elem.#m) – are too far from each 
other with respect to the influence distance LR. This circumstance reduces dramatically the computational 
efforts. The cross integrations pertaining to an element, say #n, will involve only a certain number of other 
elements, say #m, with #m = 1, 2, . . . , Me, and Me � Ne, neighbors of #n. The neighbors of element #n, 
besides the adjacent elements, are all the elements whose GPs (one at least) fall within the influence zone
of one of the GPs belonging to #n. The influence zone of a GP will be a circle or a sphere, in 2D or 3D 
respectively, of radius equal to the influence distance LR and centered at the GP. The exact number Me of 
neighbors elements, in addition to the position of current element #n within the FE mesh (the number Me

is reduced for elements in proximity of the borders), will then be related to the chosen LR but also to the 
elements’ size, say h. Hereafter it is meant that #m (= 1, 2, . . . , Me) denotes both a counter ranging over 
the set of elements neighbors of a current element #n and just one of such neighbors. Therefore #m = 1
for example is the first element of the set and not element #1 in the FE mesh. The sensitiveness of the 
numerical solution to the model parameters LR and h (related to the chosen kernel g(x, x′) and to the 
FE mesh, respectively) or to the material parameters α and � (depending on the nonlocal features of the 
considered material) as well as to their ratios will be investigated at Section 4.

Remark 3. The nonlocal operator q(x, x′), given by Eq. (4), is referred to two current GPs (x ∈ #n with 
#n = 1, 2, . . . , Ne and x′ ∈ #m with #m = 1, 2, . . . , Me); if Γ#n and Γ#m denote the sets of the neighbors 
elements of #n and #m, respectively, it is worth noting that the integral on the r.h.s. of Eq. (4) has to be 
computed only for the GPs (z points) belonging to the intersection Γ#n ∩ Γ#m. Such shrewdness, taking 
into account Eqs. (2) and (10b), yields to the following notable relation:

knonloc
nm ≡

(
knonloc
mn

)T

, (13)

which further reduces the computational burdens. Only the upper (or the lower) triangle, plus the diagonal 
terms, of the cross-stiffness element matrix knonloc

nm have to be computed.

Remark 4. A final remark concerns the evaluation of the stress field. Once the (nonlocal) solution has been 
computed in terms of nodal displacements, the displacements and the strain fields are given by equations (6). 
Both fields, given ∀x ∈ V , are local quantities but they possess a nonlocal nature, in the sense that their 
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(local) values on solution are influenced by the nonlocal constitutive nature of the material. The nodal 
displacements from where they originate are indeed the solution of a nonlocal linear equation system whose 
global (stiffness) coefficients matrix is the matrix K̂. In turn, the associated stresses, that by the principle 
of minimum total potential energy are equilibrated with the loads, are nonlocal and are given by Eq. (1).

3. NL-FEM implementation

3.1. The nonlocal operators

Attention is focused on the nonlocal operators given by Eqs. (2)–(4) as well as on the element’s nonlocal 
matrices (10a), (10b). The element’s matrices (9a), (9b) have the format of the standard FEM and do not 
need comments. The computational details are given with reference to 8-nodes, C0-quadratic isoparametric 
Serendipity elements with 2 DOFs per node. To this concern, following the standard isoparametric formula-
tion, a natural (intrinsic) coordinate system, referred to a parent element, is introduced, say ξ := (ξ, η). The 
coordinates transformation will be denoted by x(ξ) := x(ξ, η) = {x(ξ, η) y(ξ, η)}T being J(ξ) the Jacobian 
matrix. When referring to the generic element #m or to one of its GPs of Cartesian coordinates x′, the nat-
ural coordinate system will be denoted, only for clarity, ξ′ := (ξ′, η′) and consistently the other relations will 
be written with primed symbols. Finally, all the numerical integrations are performed with standard Gauss 
quadrature rule on 3 × 3 Gauss points per element. In the following, to gain generality of the expressions, 
the symbol NG will denote the total number of GPs per element.

Consider first the nonlocal operator γ(x) defined by Eq. (3) and to be computed at each x ∈ V . Within 
the adopted FE formulation γ(x) will then be computed at each GP, of Cartesian coordinates x, of each 
finite element, #n. Moreover, on taking into account the properties of the attenuation function g(x, x′), the 
integral on the r.h.s. of Eq. (3) has to be confined only to the GPs (of Cartesian coordinates x′) belonging 
to the Me elements neighbors of #n. Equation (3) can then be written as:

γ(x) =
Me∑
m=1

∫
Vm

g(x,x′) dVm

{
∀x ∈ #n with #n = 1, 2, . . . , Ne

∀x′ ∈ #m with #m = 1, 2, . . . ,Me

(14)

Enforcing the isoparametric formulation, Eq. (14) yields:

γ [x(ξ)] =
Me∑
m=1

1∫
−1

1∫
−1

g

[
|x′(ξ′) − x(ξ)|

]
t detJ(ξ′) d ξ′ d η′, (15)

where d Vm := t d x′ d y′ = t detJ(ξ′) d ξ′ d η′, t being the elements’ thickness, while the attenuation function 
g(x, x′) has been assumed as dependent on the Euclidean distance between the field point x and the source 
point x′. The Gaussian quadrature rule finally yields:

γ [x(ξh, ηg)] =
Me∑
m=1

{
NG∑
r=1

NG∑
s=1

{
g

[
|x′(ξ′r, η′s) − x(ξh, ηg)|

]
w′

rw
′
s t detJ(ξ′r, η′s)

}}
, (16)

where (ξh, ηg) and (ξ′r, η′s) denote the natural coordinates of the Gauss points x ∈ #n and x′ ∈ #m, 
respectively and w′

r, w
′
s are the Gauss weights at x′(ξ′).

Following a rationale as above and taking into account Remark 3 concerning the nonlocal operator 
q(x, x′), defined by Eq. (4), the latter, within the adopted isoparametric FE formulation, can be given the 
shape:
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q(x,x′) =
Me∑
μ=1

∫
Vμ

g(x,z)g(x′, z)D(z) dVμ

⎧⎪⎨⎪⎩
∀x ∈ #n, with #n = 1, 2, . . . , Ne

∀x′ ∈ #m, with #m = 1, 2, . . . ,Me

∀z ∈ #μ, with #μ = 1, 2, . . . ,Me

(17)

where Me denotes the number of elements, say elements #μ = 1, 2, . . . , Me, belonging to Γ#n ∩ Γ#m and z
expresses the Cartesian absolute coordinates of a generic GP of a generic element #μ. The isoparametric 
treatment gives:

q
[
x(ξ),x′(ξ′)

]
=

Me∑
μ=1

{ 1∫
−1

1∫
−1

g

[
|x(ξ) − z(ξ̂)|

]
g

[
|x′(ξ′) − z(ξ̂)|

]

×D
[
z(ξ̂)

]
t detJ(ξ̂) d ξ̂ d η̂

}
(18)

where ξ̂ := (ξ̂, η̂); z(ξ̂) := z(ξ̂, η̂); d Vμ := t detJ(ξ̂) d ξ̂ d η̂. By Gaussian quadrature rule Eq. (18) yields:

q [x(ξh, ηg),x′(ξ′r, η′s)] =
Me∑
μ=1

{
NG∑
p=1

NG∑
q=1

{
g

[
|x(ξh, ηg) − z(ξ̂p, η̂q)|

]

× g

[
|x′(ξ′r, η′s) − z(ξ̂p, η̂q)|

]
D

[
z(ξ̂p, η̂q)

]
ŵp ŵq t detJ(ξ̂p, η̂q)

}}
(19)

where (ξ̂p, η̂q) denote the natural coordinates of the Gauss point z ∈ #μ and ŵp, ŵq the related Gauss 
weights.

The FE computation of the nonlocal operator J (x, x′), given by Eq. (2), does not need any comment 
being straightforward once γ(x) and q(x, x′) are built.

For what concern the computation of the nonlocal element matrices (10a), (10b) the following can be 
stated. Let start with knonloc

n defined by Eq. (10a). If i and j denote two generic nodes (with 2 DOFs per 
node) of element #n, the relevant (2 × 2) submatrix of knonloc

n , say knonloc
(n)ij , reads:

knonloc
(n)ij =

∫
Vn

BT
(n)i(x) γ2(x)D(x)B(n)j(x) dVn ∀x ∈ #n. (20)

By isoparametric formulation and applying a terminology already specified the latter can be rephrased as:

knonloc
(n)ij =

1∫
−1

1∫
−1

BT
(n)i [x(ξ)] γ2 [x(ξ)] D [x(ξ)] B(n)j [x(ξ)] t detJ(ξ) dξ dη, (21)

where B(n)i denotes the submatrix of Bn, defined by Eq. (6), associated to node #i. The Gaussian quadra-
ture rule then yields:

knonloc
(n)ij =

NG∑
h=1

NG∑
g=1

{
BT

(n)i [x(ξh, ηg)] γ2 [x(ξh, ηg)] D [x(ξh, ηg)]

×B(n)j [x(ξh, ηg)] wh wg t detJ(ξh, ηg)
}
. (22)
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For what concern the set of nonlocal element matrices knonloc
nm defined by (10b), besides the advantage 

given by Eq. (13) (i.e. it is required only the computation of diagonal terms plus those of the upper (or 
lower) triangle), by Remark 2 only the Me neighbor elements of current element #n have to be considered 
in the cross integrations. If i and v denote two generic nodes of element #n and #m, respectively, the 
relevant (2 × 2) submatrix of knonloc

nm , say knonloc
(nm)iv, reads:

knonloc
(nm)iv :=

∫
Vn

∫
Vm

BT
(n)i(x)J (x,x′)B(m)v(x′) dVm dVn

{
∀x ∈ #n

∀x′ ∈ #m with #m = 1, 2, . . . ,Me
(23)

The latter can be given the shape:

knonloc
(nm)iv =

1∫
−1

1∫
−1

{ 1∫
−1

1∫
−1

BT
(n)i [x(ξ)] J

[
x(ξ),x′(ξ′)

]
B(m)v

[
x′(ξ′)

]

× t detJ(ξ′)d ξ′ d η′

}
t detJ(ξ) d ξ d η (24)

which, as before, can be numerically integrated as:

knonloc
(nm)iv =

NG∑
h=1

NG∑
g=1

NG∑
r=1

NG∑
s=1

{
BT

(n)i [x′(ξh, ηg)] J [x(ξh, ηg),x′(ξ′r, η′s)]

×B(m)v [x′(ξ′r, η′s)]wh wg w
′
r w

′
r t

2 detJ(ξ′r, η′s)detJ(ξh, ηg)
}
. (25)

The assemblage of knonloc
n and knonloc

nm , beside kloc
n , into the global nonlocal matrix K̂ formally given by 

Eq. (12) follows a standard FE procedure based on the identification of the global DOFs with the elements’ 
DOFs and does not deserve specific comments. From a computational point of view it is worth noting that, 
as already pointed out, matrix K̂ even if it is dense, due to the contributions of the elements’ cross-stiffness 
terms, is symmetric and positive definite. Such properties allow standard techniques either for storage mode 
and for equations solution, in particular triangular storage mode (or column-wise storage) and classical 
Gauss elimination or Cholesky decomposition methods (no pivoting is necessary) can be effectively used; 
see e.g. [20].

Remark 5. It is worth noting that a standard displacement-based FE formulation has been expounded. 
Moreover, continuity of the primary unknowns, namely the displacements, but not of their spatial derivatives 
is required. C0-continuous shape functions and standard Gaussian quadrature rule for numerical integration 
can then be employed. Finally, no specific precautions are needed to enforce static or kinematic boundary 
conditions, which, by the way, is one of the serious obstacles to the dissemination of (nonlocal) gradient-based 
numerical approaches. Besides the obvious advantages offered by such circumstances it is also worth noting 
that few apposite subroutines, computing the nonlocal operators, suffice to transform a standard FE code 
into a NL-FE one.

Remark 6. The nonlocal operators, stored as vectors or matrices, have been computed on taking advantage 
from the peculiarities of the attenuation function, so taking into account the influence distance LR and 
appealing to the concept of neighbors elements. Nevertheless such operators have dimensions related to those 
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of the whole structure. The vector γ(x) for example, collecting the γ values at each GP (i.e. at each x) 
within the FE mesh, is a vector with (NG × Ne) terms. This obviously implies a greater computational 
burden with respect to the standard FEM.

3.2. Flow-chart and computational details

A flow-chart of the whole method is given in the next page focusing the attention on the construction of 
nonlocal operators and nonlocal element matrices.

From a computational point of view one of the crucial steps is the selection of the neighbors of an element. 
The number (Me) of neighbors affects all the “nonlocal operations” and, consequently, the computational 
efficiency of the NL-FEM. To this concern it is worth specifying first how the influence distance LR is fixed. 
As stated in Section 1, LR establishes at which extent the nonlocal processes take place and it is related 
to the analytical shape of the attenuation function g(x, x′). Beyond LR, g(x, x′) is practically vanishing. 
Precisely, if g(x, x′) possesses a compact support (circular in 2D), LR is given by the radius of such support 
and g(x, x′) is identically zero outside the support, if not, as often the case, LR has to be fixed. Remembering 
that g(x, x′) has to satisfy the normalization condition on V∞, i.e.

∫
V∞

g(x, x′) d V = 1, a way to fix LR can 
be given by the condition that the integral of g(x, x′) (normalized in V∞) evaluated over VR, namely over 
a circular influence zone of radius LR in 2D, be close to unity (see e.g. [16]). The computational influence 
distance has been then evaluated by imposing the condition:∫

V

g(x,x′) dV ′ = 1 − Tol (26)

with Tol = fixed tolerance value.
To select the neighboring elements, at the beginning of the element loop #n, the boundary GPs of the 

current element #n (i.e. the GPs closer to the element’s boundary) are considered. All the GPs of the mesh 
which are away less than LR from such boundary GPs of #n belong to a neighbor of #n, the Me neighbors 
are then easily identified for each #n.

A final remark concerns the choice of the analytical shape of g(x, x′). As noted in [4], within nonlocal 
elasticity of integral type, many are the “legitimate choices” of the attenuation function, or kernel, each 
one yielding a different nonlocal approach. To the authors’ opinion, the choice of the analytical shape of 
the kernel, within a nonlocal approach of integral type, is a modeling choice as that of the FE mesh-size
(related to the concept of h-refinement) or of the FE shape functions’ polynomial degree (related to the 
concept of p-refinement). From this point of view the choice of the kernel cannot be unique and must be 
driven from experimental evidences on the real nonlocal material under consideration. Several studies have 
been made concerning this, mainly oriented to choose a kernel able to fit experimental data obtained, in 
general, from phonon dispersion relations. The latter, in the form of one-dimensional frequency versus wave 
number curves for given wave direction, are then used to build 2D and/or 3D kernels, see e.g. [22,34,17,16]. 
This point is out of the aims of this paper and the analytical shapes of the kernels chosen for the numerical 
applications expounded in the next section have been selected to show the effectiveness of the NL-FEM in 
catching the nonlocal elastic behavior but without referring to a specific real material.

4. Numerical examples

4.1. Nonhomogeneous square plate under tension

The first example concerns a square plate under tension whose geometry, material data, boundary and 
loading conditions are given in Fig. 1. The plate is fixed along the edge at x = 0, with assigned displacements 
ūx = ūy = 0, and suffers uniform given displacements ūx = 0.001 cm along the free edge at x = 5a.
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This case-study, already tackled in [25], is considered for a twofold reason: i) to remark the general validity 
of the adopted strain-difference-based model which, in the shape given by Eq. (1), refers to nonhomogeneous
nonlocal elastic material, the fourth order elasticity tensor being defined as D = D(x). The adopted 
constitutive model, as shown in the quoted paper, enables both to eliminate undesired boundary effects 
congenital to Eringen model and to address piecewise-homogeneous plane problems. The latter recall a 
typical problem of elasticity, namely the (elastic or rigid) inclusion within an anisotropic body, but of 
course here the problem is just mentioned, it is more a potentiality of the expounded NL-FEM than a real 
capacity at this stage. The study of soft/rigid inclusions in plane stress is the object of an ongoing research; 
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ii) with respect to the results given previously for this example, the enhanced version of the NL-FEM code 
here presented (see e.g. Remark 3 and Eq. (13)) allows to work with much finer FE meshes so giving the 
possibility to show the mesh independency of the obtained numerical solution, to gain some hints on the 



726 P. Fuschi et al. / J. Math. Anal. Appl. 431 (2015) 714–736
Fig. 1. Nonhomogeneous square plate under tension with piecewise constant Young modulus – geometry, boundary and loading 
conditions, material data.

influence of the material parameters α and � entering the constitutive relation, as well as to verify the 
capacity of the NL-FEM to capture the so-called size effects.

The analytical shape of the assumed attenuation function g(x, x′) for this example is the following:

g(x,x′) = 1
2π �2 t

exp
(
−|x− x′|

�

)
, (27)

that is a 2D bi-exponential function. A Tol = 10−4 has been also assumed to enforce condition (26) obtaining 
a computational influence distance LR = 11� with a loss on the unit value equal to 0.02%.

The ability of the implemented NL-FEM approach to give smooth solutions where the value of the elastic 
modulus abruptly changes or the elimination of undesired boundary effects are results of the previous study 
by the authors and are not considered to avoid repetitions. To show the mesh-independency of the numerical 
solution different uniform FE meshes have been considered for the examined square plate. The coarse mesh 
was obtained with 20 subdivisions both along x and y so utilizing 400 FEs; the finer mesh was obtained with 
60 subdivisions for a total number of FEs equal to 3600. It is worth noting that the mesh size is related to 
the value of the material internal length �, smaller values of � require finer meshes. Three values of � (in cm) 
have been considered: � = 0.02, 0.1, 0.5, the third value being obviously physically meaningless being of the 
same order of the plate thickness. Figs. 2a–c show the mid-plate sections of the strain distribution along the 
direction of the prescribed displacement ūx, i.e. the profiles of the strains εx versus x at ȳ � 2.5 cm, α = 50
and � = 0.02, 0.1, 0.5 cm, respectively. By inspection of the plotted results it is worth noting how the mesh 
independency of the solution is always accomplished but “it starts” from a finer mesh (40 × 40 FEs) when 
the material internal length is small, namely for � = 0.02, appearing since the beginning (i.e. for the coarse 
mesh of 20 × 20 FEs) for � = 0.1 and 0.5.

The effects of the material parameters � and α are illustrated in Figs. 3 and 4. Fig. 3 gives, for a fixed mesh 
of 40 ×40 FEs and α = 50, the mid-plate strain profiles εx versus x at ȳ � 2.5 cm for � = 0.0, 0.02, 0.1, 0.5 cm. 
The solution for � = 0 is obviously the local one, showing a jump at the abscissa where the Young modulus 
abruptly changes. The profile for � = 0.5 is a nonlocal one but physically meaningless because the internal 
length is equal to the plate thickness. It is worth noting that in such circumstance the smoothing of the 
nonlocal approach is so extended that the strain profile flattens becoming in the limit of � → ∞ uniform. 
For the intermediate physically sounding values of �, the nonlocal solution is very different from the local 
one at the sections where the Young modulus changes becoming close to the local one near to the plate 
boundaries, i.e. no boundary effects appear, as already known (see e.g. [25]).

The influence exerted by the material parameter α on the nonlocal solution has been investigated for 
� = 0.1 cm and a mesh of 30 × 30 FEs. Fig. 4 shows the mid-plate strain profiles εx versus x at ȳ � 2.5 cm
for α = 0, 1, 10, 50, 100, 200; α = 0 yielding again the local elastic solution. Figs. 5a–f give the same 
information of Fig. 4 but plotting the strain distribution εx on the whole plate. As noted at Section 2.1, 
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Fig. 2. Nonhomogeneous plate under tension. Strain profiles εx versus x at y = 2.5 cm, α = 50, and for different � values and FE 
meshes: a) � = 0.02 cm; b) � = 0.1 cm; c) � = 0.5 cm.

Eq. (1), the value of α controls the proportion of the nonlocal addition in the constitutive model. As 
expected, if α increases also the “nonlocal behavior” increases as exhibited by the plots of Figs. 4 and 5a–f 
obtained for higher values of α that spread the nonlocal effects smoothing the strain distribution. Such 



728 P. Fuschi et al. / J. Math. Anal. Appl. 431 (2015) 714–736
Fig. 3. Nonhomogeneous plate under tension. Strain profiles εx versus x at y = 2.5 cm, α = 50, mesh of 40 × 40 FEs for � =
0.0, 0.02, 0.1, 0.5 cm.

Fig. 4. Nonhomogeneous plate under tension. Strain profiles εx versus x at y = 2.5 cm, � = 0.1 cm, mesh of 30 × 30 FEs for 
α = 0, 1, 10, 50, 100, 200.

results were predictable but confirm a theoretical constitutive conjecture. α is a material parameter, as 
the internal length �, and it has to be detected experimentally. Its meaning is indeed different from �; in a 
nanocomposite for example it should be related to the volumetric percentage, or to the concentration, of 
nanoparticles in the polymer matrix.

The capacity to capture the well known size effects, i.e. the size dependent mechanical response of 
the analyzed specimen becoming dominant as the specimen or structural element size decreases, is finally 
investigated. Taking into account the sketch and the data of Fig. 1, the plate size has been proportionally 
varied assuming a = 0.5 cm and a = 2 cm; a = 1 cm is the value already considered. The three geometrical 
dimensions (a = 0.5, 1, 2) define three proportional sized plates with the boundary conditions sketched in 
Fig. 1 and suffering the displacement ūx that has been accordingly proportionally varied with the dimension 
a such that ūx = a/1000. Moreover, the values E1 = 0.4E2, E2 = 210 MPa and t = 0.5 cm, already used, 
have been kept while � = 0.1 and a mesh of 40 × 40 FEs have been considered. The element size is so varied 
proportionally with the geometric dimensions of the plate. The mid-plate strain profiles εx versus x/L
obtained with a standard local FE elastic analysis and a nonlocal elastic one on the three plates are given 
in Fig. 6. Precisely, the three solutions obtained with local elasticity coincide, each FE model is a scaled 
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Fig. 5. Nonhomogeneous plate under tension. Strain distribution εx = εx(x, y) for � = 0.1 cm, mesh of 30 × 30 FEs: a) α = 0; 
b) α = 1; c) α = 10; d) α = 50; e) α = 100; f) α = 200.

version of the other two. The local solutions are the same as expected. In contrast, the three nonlocal elastic 
solutions given by the NL-FEM show a decreasing – a flattening – for decreasing specimen dimensions. The 
constitutive model endowed with a material internal length captures the size effects.
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Fig. 6. Nonhomogeneous plate under tension. Strain profiles εx versus x/L at y = 2.5 cm, � = 0.1 cm, α = 50, mesh of 40 × 40 FEs 
and for three different proportional sized plates given by a = 0.5, 1 and 2 cm. Local (lines without markers) and nonlocal (lines 
with markers) solutions.

Fig. 7. Strip with notch (after Askes and Gutiérrez [7]) – geometry, mechanical model, boundary, loading conditions and material 
data.

It is worth noting that a decrease of the specimen size with constant internal length or an increase of the 
internal length with constant specimen size, produces the same effect, i.e. a flattening of the strain profile 
as deducible by comparison of the plots of Fig. 3 for � = 0.5 and Fig. 6 for a = 0.5. In the limit for a → 0
or � → ∞ (i.e. g(x, x′) = 1) a uniform strain profile (ε̄x � 2 × 10−4 in the considered example) is obtained 
as it has to be.

4.2. Strip with notch

The strip with notch of Figs. 7a,b showing geometry, mechanical model, boundary and loading conditions 
plus material data, analyzed by Askes and Gutiérrez [7] via a gradient approach has been addressed as 
benchmark problem. The symmetry of geometry and loading allows the analysis of the top-right quarter 
shown in Fig. 7b. The main goal is to compare the solution obtainable with the present nonlocal integral 
approach with the one given by a well established gradient formulation. To this aim a premise is necessary.

It is well known that nonlocal integral elasticity models and gradient elasticity ones are related by mutual 
relationships (see e.g. [11,13]; [2]). To this concern, referring to the remarkable and illuminating contribution 
of Borino and Polizzotto [10], see also Polizzotto [28,29], a class of “associated models” can be envisaged 
where “the kernel function characterizing the integral operator of the nonlocal model coincides with the 
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Green function of the differential operator of the gradient model”. Borrowing from Borino and Polizzotto 
[10] the stress gradient model expressed by Eq. (7) of Askes and Gutiérrez [7] is associated to the strain 
integral model expressed by Eq. (1) here adopted. Moreover, the Green function of the differential operator 
L = 1 − �2 ∇2 appearing in the quoted stress gradient model is given by (see e.g. [13]):

g(x,x′) = 1
2π �2

K0

(
|x− x′|

�

)
, x,x′ ∈ V, (28)

where K0(z) is the modified Bessel function of the second kind of order zero which can be given the expression 
(see e.g. [1]).

K0(z) =
∞∫
0

cos(z sinh(t))dt =
∞∫
0

cos(zt)√
1 + t2

dt. (29)

The latter, in contrast with the oscillating nature of the standard Bessel functions, is exponentially decaying 
but exhibits a singularity at z = 0. Such circumstance renders the kernel (28), say the Bessel-like kernel, not 
applicable as it is in the NL-FEM context; to build the nonlocal element matrices knonloc

n and knonloc
nm the 

kernel has indeed to possess a finite value at z = 0. On the other hand the analytical shape of (28) guarantees 
the consistency of the comparison between the integral and the gradient approach. To overcome the problem 
a modified bi-exponential is then utilized having a geometrical shape very close to the Bessel-like kernel 
(28) except for x → 0 where a finite value is assumed, namely:

g(x,x′) = 1
2π (β�)2 t exp

(
−|x− x′|

β�

)
. (30)

In expression (30) the scalar β, with 0 < β ≤ 1, simply rescales the value of the internal length � pertaining 
to the given material if the bi-exponential kernel is adopted instead of the Bessel-like one. β has to be fixed 
in such a way that for a given material (or a given �) the geometrical shapes of the Bessel-like kernel (28)
and the modified bi-exponential kernel (30) are as close as possible to each other. The approach is definitely 
heuristic but takes into account the physical meaning of the kernel that resides in the way it captures the 
nonlocal effects by weighting them. The latter action being strictly related to its geometrical shape. A value 
of β = 0.8 has been detected as the one giving the closer shapes of the two kernels. Such value has been 
evaluated considering different values of �, in Fig. 8 the two kernels are plotted for � = 0.1 and β = 0.8, the 
other � values are not shown for brevity.

The results obtained for the strip with notch of Fig. 7 are given next in terms of the three strain 
components εx, εy, γxy and for different FE meshes ranging from 20 ×20 to 50 ×50 FEs. Precisely, Figs. 9a–c 
show the distributions of the above strain components on the analyzed quarter of strip obtained for a mesh 
of 40 × 40 = 1600 FEs. The obtained results appear in agreement with the ones of Askes and Gutiérrez [7]
and there plotted for the so-called reference case. Figs. 10a–f show again the three strain components, but 
at y � 0, i.e. on a section close to the notch, and for 4 different FE meshes. The mesh independence of the 
nonlocal solution is confirmed. Figs. 11a–c finally show the nonlocal strain components against the local 
ones for a fixed mesh of 40 × 40 FEs to highlight, at the same plotting scale, the smoothing achieved by the 
nonlocal approach.

5. Concluding remarks

The general validity and computational efficiency of a nonlocal elasticity version of the finite element 
method, known as NL-FEM, implemented in conjunction with a strain-difference-based nonlocal integral 
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Fig. 8. Plots of Bessel-like kernel of Eq. (28) (solid line) against modified bi-exponential kernel of Eq. (30) (dashed line) for � = 0.1 cm
and β = 0.8.

model of Eringen type has been proved. Such enhanced (nonlocal) formulation of the FEM was conceived 
by the senior Authors in [31] and applied for a first validation in [25] to analyze simple examples.

The latter were mainly oriented to show the ability of the constitutive model to deal with nonhomoge-
neous nonlocal elastic problems or to avoid numerical instabilities arising with a local treatment or, also, to 
eliminate undesired boundary effects proper of the Eringen integral model. The NL-FEM here expounded, 
while keeping the above abilities, takes advantage from a more accurate construction of the nonlocal op-
erators involved at element level, namely the element nonlocal matrices, so overcoming one of the main 
drawback evidenced in the above quoted previous studies, i.e. the excessive dimensions of the nonlocal 
cross-stiffness element matrices. The possibility to manage FE meshes with a high number of elements, at 
least as many as those used in the standard FEM, is straightforward and has permitted to demonstrate a 
number of potentialities of the method that can be summarized as follows:

1) The capacity of removal of singularities in those problems where the standard FEM, based on the local 
elastic approach, cannot give the right solution showing numerical instabilities and mesh-dependency. 
Smoothing of the local elastic solution where the elastic modulus abruptly changes, as in the example #1, 
or at the notch end, as in the example #2, proves the assertion showing also the mesh independency of 
the nonlocal solution.

2) The capacity to model at a macro-scale level and within a standard FE scheme the nonlocal effects 
arising at a micro-scale level. To this concern, the influence of two material parameters, namely the 
internal length � and the parameter α, has been shown for the example #1. The FE nonlocal response 
is indeed clearly influenced by the values of such parameters entering the constitutive relations. With 
reference to example #1 the capacity to capture the size dependent mechanical response of the analyzed 
structure, known as size-effect, has also been demonstrated.

3) The advantage offered by a formulation that requires at most second-order derivatives of the fundamen-
tal unknowns (the displacements in the presented NL-FEM), namely the possibility to use C0-continuous
element shape functions. An immediate first consequence is the possibility to enrich standard FE codes 
with apposite subroutines devoted to the construction of the nonlocal element matrices. Other, nontriv-
ial, consequences concern the assembling operation or the enforcing of boundary conditions remaining 
unaltered with respect to the standard FEM formulation.

On the other hand the following limitations, or weak points, of the NL-FEM can be detected:
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Fig. 9. Strip with notch. Distribution of strain components obtained with a mesh of 40 × 40 FEs: a) εx = εx(x, y); b) εy = εy(x, y); 
c) γxy = γxy(x, y).

4) Even if the dimensions of the nonlocal cross-stiffness element matrices are confined to a reduced number 
of elements in the mesh, namely the neighboring elements, such element matrices still involve a number 
of DOFs bigger than in the standard FEM. This might constitute still a drawback when dealing with 
problems requiring very fine FE meshes.
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Fig. 10. Strip with notch. Strain components profiles εx, εy, γxy, versus x at y = 0 for different FE meshes. Plots on the left side 
a), c), e) refer to nonlocal solution; plots on the right side b), d), f) refer to the local solution.

5) The presence of nonlocal operators to be evaluated on the whole mesh at the beginning of the analysis, 
even if it can be performed with standard tools as the Gaussian quadrature here suggested, it might be 
another limit if meshes of thousands of elements are required.

6) The need of two nonlocal material parameters, namely the internal length � plus a parameter α which 
controls the proportion of nonlocality within the constitutive relation, is a third weak point of the 
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Fig. 11. Strip with notch. Strain components profiles εx, εy, γxy, versus x at y = 0 for a mesh of 40 × 40 FEs. Local solution (solid 
lines), nonlocal solution (dashed lines).

NL-FEM. This drawback is indeed not strictly related to theoretical or computational matters but 
rather to the experimental validation of the adopted constitutive nonlocal model.

Overall the obtained results seem quite encouraging and witness the effectiveness of the whole procedure, 
they also highlight the need of further studies to be focused, in the authors’ opinion, at least in two directions: 
i) to investigate on experimental techniques oriented to the identification of the nonlocal parameters α and �; 
ii) to compare the results obtainable with the promoted NL-FEM with other well established nonlocal 
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approaches (as the gradient-based ones) analyzing other benchmark problems. Both are the objects of an 
ongoing research.
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