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VARIATIONAL APPROACH TO FRACTIONAL BOUNDARY
VALUE PROBLEMS WITH TWO CONTROL PARAMETERS

MASSIMILIANO FERRARA, ARMIN HADJIAN

ABSTRACT. This article concerns the multiplicity of solutions for a fractional
differential equation with Dirichlet boundary conditions and two control pa-
rameters. Using variational methods and three critical point theorems, we give
some new criteria to guarantee that the fractional problem has at least three
solutions.

1. INTRODUCTION

Fractional differential equations have been proved to be valuable tools in the
modeling of many phenomena in various fields of physic, chemistry, biology, en-
gineering and economics. There has been significant development in fractional
differential equations, one can see the monographs of Miller and Ross [19], Samko
et al [26], Podlubny [21], Hilfer [12], Kilbas et al [I4] and the papers [11, 3l 4} 6] 7]
15, (17, 28], 29, B1] and references therein.

Critical point theory has been very useful in determining the existence of solu-
tions for integer order differential equations with some boundary conditions; see for
instance, in the vast literature on the subject, the classical books [I8| 24} 27, [30]
and references therein. But until now, there are a few results for fractional bound-
ary value problems (briefly BVP) which were established exploiting this approach,
since it is often very difficult to establish a suitable space and variational functional
for fractional problems.

The aim of this article is to study the nonlinear fractional boundary value prob-
lem

(oD DFu(0) — D DF(0)) + At ult) + gt u(t)) =0,

a.e. t € [0,T], (1.1)
u(0) =u(T) =0,

where a € (1/2,1], oD ! and ;D3~" are the left and right Riemann-Liouville
fractional integrals of order 1 — « respectively, §D¢* and § D% are the left and right
Caputo fractional derivatives of order 0 < o < 1 respectively, A and p are positive
real parameters, and f,g:[0,7] x R — R are continuous functions.
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In this article, employing two three critical point theorems which we recall in the
next section (Theorems and , we establish the exact collections of the pa-
rameters A and p, for which the problem admits at least three weak solutions;
see Theorems [3.1] and 3.2

For more information, we refer the reader to [5l [IT], 20] where the existence and
multiplicity of solutions for problem , with ¢ = 0, using the critical point
theory is proved; see also [2] [I0] where analogous variational approaches have been
developed on studying nonlinear perturbed differential equations. A special case of
Theorem is the following theorem.

Theorem 1.1. Let f : R — R be a continuous function. Put F() := f(ff x)dx
for each & € R. Assume that F(d) > 0 for some d > 0 and F(§) >0 in [0,d) and

O o FE)

=0.
&2 \E\H+oo e

hm 1nf

Then, there is \* > 0 such that for each X > X\* and for every continuous function
g:[0,T] x R — R satisfying the asymptotic condition

13
. SUP¢eo,T) fo g(t,s)ds
lim sup

< 400,
€] —+o0 &2

there exists 6% , > 0 such that, for each p € [0, 6;\,9[, the problem

jt (oD D7 u(t) — «D§ (GDFu(E)) ) + AF(ult) + pg(t, u(t)) =,
a.e. t€10,7T),
u(0) =u(T) =0,

admits at least three solutions.
The following result is a consequence of Theorem [3.2]

Theorem 1.2. Let f : R — R be a nonnegative continuous function such that

lim; o f(¢)/t =0 and
10
s)ds < —/ f(s
0

Then, for every

e} 24 50 [
Jo f(s)ds™ [0 f(s)ds

and for every nonnegative continuous function g : [0, 1] xR — R, there exists 6* > 0
such that, for each u € [0,6*[, the problem

20" (t) + A f(u(t)) + pg(t,u(t)) =0, a.e. t€[0,1],
u(0) = u(1) = 0,

admits at least three solutions.
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2. PRELIMINARIES

The original three critical point theorem is due to Pucci and Serrin [22] 23] and
establishes that if X is a real Banach space and a function f : X — R is of class
C', satisfies the Palais-Smale condition, and has two local minima, then f has at
least three distinct critical points. This result has been extended in the framework
of problems depending on a real parameter by Ricceri [25], who also established
a precise range of the parameter that guarantees the existence of at least three
critical points.

Our main tools are critical point theorems that we recall here in a convenient
form. The first result has been obtained in [9] and it is a more precise version of
[8, Theorem 3.2]. The second one has been established in [g].

Theorem 2.1 ([9, Theorem 3.6]). Let X be a reflexive real Banach space; @ : X —
R be a coercive, continuously Gateauz differentiable and sequentially weakly lower
semicontinuous functional whose Gateaux derivative admits a continuous inverse on
X* W: X — R be a continuously Gateaux differentiable functional whose Gateaux
derivative is compact such that ®(0) = ¥(0) = 0. Assume that there exist v > 0
and T € X, with r < ®(T), such that

(A1) Mo B 23,

(A2) for each A € A, =] ig),m[ the functional Iy = & — AV s

—

coercive.

Then, for each A € A,. the functional Iy has at least three distinct critical points in
X.

Theorem 2.2 ([8, Theorem 3.3]). Let X be a reflexive real Banach space; O :
X — R be a convex, coercive and continuously Gateaux differentiable functional
whose derivative admits a continuous inverse on X*; W : X — R be a continuously
Gateauz differentiable functional whose derivative is compact, such that

inf & = 2(0) = ¥(0) = 0.

Assume that there are two positive constants r1,72 and T € X, with 2ry < ®(T) <
ro/2, such that

(A3) SUPg(z)<ry U(x) < %ig?; .
1 x)’
(A4) Supé(m);rz ¥ (x) < %2227

(A5) for each X\ in

ra2

3 (I)(f) . 1
"= |=—=£, min , 2
] 20(z) {supq,(w)ql U(z)" Supg(y)<r, ¥(7) } [

and for every x1,x9 € X, which are local minima for the functional Iy =
O — AV, and such that ¥(x1) > 0 and V(x2) > 0 one has inf g 1) U(sz1 +
(1 —s)xe) > 0.
Then, for each A € A’ the functional Iy has at least three distinct critical points
which lie in ®71(] — oo, r3[).

Now, we introduce some necessary definitions and properties of the fractional
calculus which are used in this article.
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Definition 2.3. Let u be a function defined on [a,b]. The left and right Riemann-
Liouville fractional integrals of order o > 0 for a function w are defined by

WD u(t) = %a) / (t — 5)° u(s)ds,

b
Dy u(t) = ﬁ/ﬁ (s — 1) u(s)ds,

for every t € [a,b], provided the right-hand sides are pointwise defined on |[a, b],
where I'(«) is the standard gamma function given by

+oo
INa) = / 227 teT 2.
0

Set AC™([a, b],R) as the space of functions u : [a,b] — R such that u belongs to
C" ([a,b],R) and u(™=Y belongs to AC([a,b],R). Here, as usual, C"~'([a, ], R)
denotes the set of mappings having (n — 1) times continuously differentiable on
[a,b]. In particular we denote AC([a,b],R) := AC*([a,b],R).

Definition 2.4. Let v > 0 and n € N.

(i) If vy € (n—1,n) and u € AC"([a,b],R), then the left and right Caputo
fractional derivatives of order ~ for function u denoted by ¢D]u(t) and {Dj u(t),
respectively, exist almost everywhere on [a, b], D] u(t) and § D} u(t) are represented
by

Dult) = s [ = s,

—1\» b
D) = s [0 s,

for every t € [a, b], respectively.
(i) If y = n — 1 and u € AC"*([a,b],R), then D} 'u(t) and D} u(t) are
represented by

2D M) =TV (), and fDPTu(t) = (1) VuT (@),
for every t € [a, b].

With these definitions, we have the rule for fractional integration by parts, and
the composition of the Riemann-Liouville fractional integration operator with the
Caputo fractional differentiation operator, which were proved in [I4] and [26].

Proposition 2.5. We have the following property of fractional integration

b b
/ D M u()]o(t)dt = / LDy o(O]u(t)dt, >0, (2.1)
provided that v € LP([a,b],R), v € L([a,b],R) andp>1,q>1, 1/p+1/¢ <1+~
orp#1l,q#1, 1/p+1/g=1+7.

Proposition 2.6. Let n € Nandn—1 < v < n. Ifu € AC"([a,b],R) or
u € C"([a,b],R), then

oDy (6Dl u(t)) = u(t) —
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- Ju(J) )

+Dy Y (§D] u( (b—t),

M

7=0

for every t € [a,b]. In particular, if 0 < v < 1 and u € AC([a,b],R) or u €
C1([a,b],R), then

oD QDY f() = f(t) = f(a), and D, ({Dy f(t)) = f(t) — f(b).  (2.2)
Remark 2.7. By (2.1) and Definition it is obvious that u € AC([0,T],R) is a

solution of problem (1.1)) if and only if u is a solution of the boundary value problem

4 (opgﬂ(u'(t)) n tD;ﬁ(u'(t))) FAf(tut) =0 ae te[0,T)

dt
u(0) =u(T) =0,

where 8 := 2(1 — @) € [0,1). Recall that a function u € AC([0,T],R) is called a
solution of BVP (2.3 if:
(i) the map t — oD, (u/(t)) + tD;ﬂ(u’(t)) is differentiable for almost every
t € [0,7), and
(ii) the function u satisfies (2.3)).

To establish a variational structure for the main problem, it is necessary to
construct appropriate function spaces. Following [I3], we denote by C§°([0,T],R)
the set of all functions g € C*°([0,T],R) with g(0) = ¢g(T") = 0.

(2.3)

Definition 2.8. Let 0 < aw < 1. The fractional derivative space E§ is defined by
the closure of C§°([0,T],R) with respect to the norm

Tc « 2 4 2 1/2
Jull o= ([ tspputofae+ [ juiopar) "

Remark 2.9. It is obvious that the fractional derivative space Ef is the space of
functions u € L?([0,T],R) having an a-order Caputo fractional derivative §Dfu €
L2([0,T],R) and u(0) = u(T) = 0.

for every u € E§.

Proposition 2.10. Let o € (0,1]. The fractional derivative space E§ is reflexive
and separable Banach space.

For u € Eg, set

= ([ o), =),

ulloo = max, lu(t)]-

One has the following two Lemmas.

Lemma 2.11. Let o € (1/2,1]. For allu € ES, we have
L
T Ila+1)
Ta— 1/2
ullo < ﬁ

el < loD¢ wll 2, (2.4)

1605 ull L2 (2.5)
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Hence, we can consider E§ with respect to the (equivalent) norm

T(‘ « 2 1/2 [ e’ e}
fullo = (| 5DPu(oPar) " = 5DEulze. v e B (26)
in the following analysis.

Lemma 2.12 ([13]). Let « € (1/2,1], then for every u € E§, we have

T
1
| cos(ra)|[ul]2 < — / SDu(t) - §DGu(t)dt < ———
0

< ey lla @)

In the rest of this article, f,g : [0,7] x R — R are continuous functions, and
A, b > 0 are real parameters. Put

£ €
F(t,€) ::/O flt,8)ds, G(t,€) ::/0 g(t,s)ds,

for all (¢,£) € [0,7] x R. Set G¢ := fOT max¢|<. G(t,€) dt for all ¢ > 0 and G4 :=
inf(o,7)x[0,q) G for all d > 0. Clearly, G° > 0 and G4 < 0.
We consider the functional Iy : E§ — R, defined by

In(u) == ®(u) — AV (u), ue Ey, (2.8)
where
T
B(u) == 7/0 ¢ Deu(t) - SDult) dt, (2.9)
r 1
W) = /0 [F(t,u(t) + 5 G, u(e))ar (2.10)

Clearly, ® and ¥ are Gateaux differentiable functionals whose derivatives at the
point u € Ef are

T
¥(u)w) == [ (GDRu(O) SR + D) 5DFo(e) .
T
V() = [ #tu) + fattu®)] o @

T ot
= —/ / [f(s,u(s)) + %g(s,u(s))] ds - ' (t) dt,
o Jo
for every v € Ef. By Definition and (2.2)), we have

‘I”(U)(v)=/0 (0 D7~ (5D u(t)) — « D7~ (;DFu(t))) - v'(t) dt.

Hence, I, = ® — \V € C*(Eg,R). Moreover, a critical point of the functional I is
a solution of (1.1)). Indeed, if u, € EY is a critical point of I, then

T
OZI&(u*)(v)=/ (oD?_l(SD?u*(t))—tD%‘l(ED%u*(t))
0 (2.11)

+ )\/ot f(s,us(s))ds + u/otg(s,u*(s))ds> ' (t) dt,

for every v € Ef. We can choose v € E§ such that

2kt 2kt
; or v(t)=1-cos ;, (k=1,2,...).

v(t) = sin
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The theory of Fourier series and ([2.11)) imply
oDF T DR uL (1)) — D77 (EDFu(t))

3 [ s as b [ oo, ds =

a.e. on [0,T] for some x € R. By ( -7 it is easy to show that u, € Ef is a

solution of ( .

To conclude this section, we cite a recent monograph by Kristaly, Radulescu and
Varga [16] as a general reference on variational methods adopted here.

(2.12)

3. MAIN RESULTS
In this section we establish our main abstract results. We put
T3
C D()v2a—1'

T/4 3T/4
et [ e [T 0T
0

T/4 4
T T\ 1-a 3T\ 1-aq2
+/ RN N PR e P
37/4 4 4
16d?
= c(T
Wa.d T2T2(2 — )| cos(mar)] (T, )
Fixing ¢,d > 0 such that
Wad 2| cos(ra)]
SRt dyde Q2 [ maxig<, F(E,€) dt

and selecting

2
Wa,d | cos(ma)|
)\ € A = ] 3T/4 |:’ (31)
Jogd F(td)de 92 [ maxig<e F(t€) dt
put
2| ( —>\Q2 fT F(t dt Wod— )\f3T/4 t d dt
= min{c cos(ma)| o MaXjgi<e (t,€) a, }
' QQG(: ) TGd
(3.2)
and 1
§ :=min {4, ) (3.3)
{ max {0, 222 lim supyg o, “Pes2gl 00} }

where we read § = +o0o whenever this case occurs. With the above notation we
are able to prove the following result.
Theorem 3.1. Assume that there exist positive constants c,d, with
4Qd
_—— T 4

€< (TI‘(2—a)) C(T, ), (34)

such that
(AG) F(t,€) >0, for each (t,€) € (0, 7] U 2L, T]) x [0, d];
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3T /4
Jo maxjg<c F(t,€) dt  Jeos(ma)] Jojd" F(e,dyde

c? 02 Wa,d ’

(A8)

T

. SUP¢e[0,T) F(t7£) fo maxe|<e F(t,f) dt

lim sup 5 < 22T .

€| —-+oo § ¢

Then, for every A € A, where A is given by (3.1), and for every continuous
function g : [0,T] x R — R such that

. SUP¢e[0,T) G(t,€)
limsup —————>——
[€]—+c0 3

there exists § > 0 given by (3.3) such that, for each p € (0,5, problem (L.1) admits
at least three solutions.

< Ho00,

Proof. Fix A, g and p as in the conclusion. It suffices to show the functional Iy
defined in has at least three critical points in E§. We prove this by verifying
the conditions given in Theorem Note that ® defined in is a nonnegative
Gateaux differentiable and sequentially weakly lower semicontinuous functional,
and its Gateaux derivative admits a continuous inverse on (E§)*. Further, from
Lemma the functional ® is coercive. Indeed, one has

®(u) > | cos(ma)||ul]3 — +oo,

as ||ullq — +00. Moreover, ¥ defined in is a continuously Gateaux differ-
entiable functional whose Géteaux derivative is compact. We will verify (Al) and
(A2) of Theorem [2.1

Let w be the function defined by

#, t e [0,7/4),
w(t) == < d, te[T/4,3T/4], (3.5)
KT —+t), te(37/4,T),
and put
_|eos(ma)| ,
- ¢

It is easy to check that w(0) = w(T) = 0 and w € L*([0,7]). Moreover, w is
Lipschitz continuous on [0,7], and hence w is absolutely continuous on [0,7]. By
calculations, we have

ﬁd_a)tlfav te[0,7T/4),
6DFw(t) = 4 Framay (1 — (= %)TQL ) t € [T/4,3T/4),
g [ (= 1) ) e Ty

Obviously, §Dw is continuous on [0, 7] and
T
| lprwtop ar
0

164 o 2—2a s/ l1-a T\1-aq2
_m{/o ¢ dt—i—/T/4 i (= )
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T T 11—« 3T 1—aq2
+ = — (t-= + (t— — dt
/3T/4 [ ( 4) ( 4 ) } }

o 16d?
TT?T2(2 - a)
Therefore, from inequality (3.4) one has

C(T, ).

16d?| cos(ra)|
T2T2(2 — o)
Also, by using condition (A1), since 0 < w(t) < d for each ¢ € [0,T], we infer

B(w) > |cos(ra)|[lwll? = C(Ta) > r.

ww) = [ (Plw() + 5Gu)a

3T /4 w7
> / Ft,dyde + “ / Gt w(t)) dt
T/4 A Jo

3T/4 “
> / F(t,d)dt + ~TGq.
T/4 A
For all v € E§ with ®(u) < r, by Lemma we have
| cos(ma)|Jull? < @(u) <,
which implies

Jul <
¢~ Jcos(ma)|

On the other hand, by Lemma when o > 1/2, for each u € E§ we have

T(' feY 2 1/2
full <0 [ DR ar)” = 2l

Thus, we obtain
T

<) —F = Vvt € [0,T].
I e N 2 X
Therefore,
SUPg(y)<r V(1) fOT max|¢|<. F(t,&)dt + & fOT max|e|<. G(t,§) dt
- = [costral o>
QQ T L
= F(t,¢&)dt ch).
2| cos(ma)| ( o %2}2 (t, &) dt + A

From this, if G¢ = 0, it is clear that
SUP® (u)<r \I/(’LL) 1
e — < -,
r A
while, if G¢ > 0, it turns out to be true bearing in mind that
T
- c?| cos(mar)| — ANQ? [ max¢|<. F(t,€)dt
02Ge ’
On the other hand, taking into account that

d(w) <

~ | cos(ma)|

lwllf, = waa,
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we have
f?’T/‘* F(t,d)dt + ”Gd
<I>(w) Wad
Hence, if G4 = 0, we find

U(w) 1
—l > - 3.8
B(w) N (3.8)
while, if G4 < 0, the same relation holds since
3T /4 p
_sna = AJF P d)
a TGy '

Therefore, from (3.7) and (3.8), condition (A1) of Theorem [2.1]is verified.
Now, to prove the coercivity of the functional Iy, first we assume that

supyeo, F(t, 5)

lim sup
|€]— o0 &2
Therefore, fixing
T
. supyepo, 7] £(t:€) Jo maxjej<c F(t,€)dt
msup ——— 55— < €< 52T ,
[€]—+oco 3 ¢

from (A3) there is a function h. € L'([0,T]) such that F(t,&) < &2 + h.(t), for
each t € [0,7] and & € R. Taking (3.6|) into account and since
2| cos(ra)|

A< —
02 fO maXie|<e F(t,g) dt

it follows that

/\/OT F(t,ut))dt < A(E/OT(u(t))2dt+/0T he(t) dt)

3.9)
2| cos(ra)] (
7 (02Tl + 1Al o, ).
02 fO max‘g‘gc F(t, f) dt
for each u € E§'. Since p < &, we obtain
. supsefo,r) G(6,€) | cos(ma)|
lim sup < ;
|&]—+o0 &2 2T p?
then, there is a function h,, € L'([0,T]) such that
| cos(ma)| .o
G(t < —F h,(t
( 75) = 2T/LQQ € + M( )7
for each t € [0,7] and & € R. Thus, taking again (3.6) into account, it follows that
T T
/ Gt u(t)) dt < 19 ol ) / )2dt +/ h,(t) dt
0 2Ty 0 (3.10)
cos(ma
< |2(M)||U||i + 12yl 2 o,y

for each u € E§. Finally, putting together (3.9) and -, we have
In(u) = ®(u) — AP (u)
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2| cos(ra)|
T
Q2 fO max|5|§cF(t,§) dt

> | cos(ma)|||ul|2 — (5Q2THU||<21 + ||h6||L1([07T]))

- Leostm iz — s gorry
2
— ol
fO maXe|<e F(t, f) dt
| cos(ma)|||he | L1 o,y
02 [T max e, F(t,€) dt
On the other hand, if

= |COS(7TO()|(% -

- #||hu||L1([o,T])~

. Sup;eo,7) F(t,€)
lim sup —2
€] —+oo &

then there exists a function h. € LY([0,T]) such that F(¢,£) < hc(t) for each
t €10,7] and £ € R. Arguing as before we obtain

I)\(u) Z

<0,

|cos(ma)[, o €| cos(ma)|[[he]| L1 (0,1 L
Leostrall 2 - £l iz oy
Q2 [ maxe|<. F(t,£) it

Both cases lead to the coercivity of Iy and condition (az) of Theorem [2.1is verified.

Since, from (3.7]) and .,

AGAQ]

O (w) r {
\I/(U)) ’ Sup(b(u)gr \I/(u) ’
Theorem [2:T] ensures the existence of at least three critical points for the functional
I, and the proof is complete. ([

Now, we state a variant of Theorem in which no asymptotic condition on g
is requested. In such a case, the functions f and g are supposed to be nonnegative.
Fixing positive constants ¢, co and d such that

3 Wad | cos(mar)|

st i)
T ’ T 5
2l P aya @ JTF(t e dt’ 2 [T F(t, ) dt

and selecting
2 2

3 Wa,d |cos(mar)| . i c5
AeAN = , min , ,
] 2 [l dyat 2 {fOT F(tyer)dt 2 [ F(t,cQ)dt}[
(3.11)
we put
. . [C|cos(ma)| — AQ? fOT F(t,cy)dt c3|cos(ma)| — 2202 fOT F(t,co)dt
3" i= min { 022G ’ 202Ge> }-

(3.12)
With the above notation we have the following multiplicity result.

Theorem 3.2. Assume that there exist three positive constants c¢q,co and d with

2dQ2 o) cos(may)|

< m 26’(T’7 O[) < 5 , (313)

such that
(A9) f(t,€) >0 for all (t,€) €10,T] x [0, ca;
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(AlO)
1 1 7()[ 3 /4F d)d
fo F(t,c1)dt 2f0 F(t,cq)dt 2 | cos( |f (t,d)dt
a { C2 ’ 62 }< 3 w, QQ '
1 2 a,d

Then, for each N € A, where A’ is given by , and for every nonnegative
continuous function g : [0,T] x R — R, there exists 6* > 0 given by such
that, for each u € [0,6*[, problem admits at least three distinct solutions u;,
1=1,2,3, such that

0<ui(t) <cyy VEE[0,T),i=1,23.

Proof. Without loss of generality, we can assume f(t,£) > 0 for all (¢,&) € [0, T xR.
Fix A, g and p as in the conclusion and take ® and ¥ as in the proof of Theorem
[3:1] We observe that the regularity assumptions of Theorem [2.2) on ® and ¥ are
satisfied. Then, our aim is to verify (A3) and (A4).

To this end, put w as given in , and

| cos(ma)| o | cos(ma)| o

=g 4 miE g b
By using the condition (3.13), we get 2r; < ®(w) < 2. Since p < §* and Ggq = 0,
one has

T T
SUDg (u) <y V(1) _ SWa(u)<r [fo F(t,u(t)dt+ & [; G(t,u(t)) dt]
™ ™
Sy F(tyer)dt + LGer

- | cos(mar)| 2

z A
1 2 foy Pt d)dt + 4TGy
< - <z
A 3 Wa,d
< E\Il(u))7
~ 39(w)

and
2su U(u) 2su [ LT F(tu(t))dt + 2 [T Gt u(t)) dt
p<I>(u)<r2 p<I>(u)<r2 0 vu( )) + X Jo ( vu( )) ]
T2 T2
T C:
- 2 [, F(t,co)dt 425G

— | cos(mar)| 2
02 2

f3T/4 F(t,d)dt + £TG,

Wa,d

>/M—*
oo\

M
\./

2 ¥(w)
= 3B(w)’

Therefore, (A3) and (A4) of Theorem [2.2] are satisfied.

Finally, we verify that I satisfies the assumption (A5) of Theorem Let uq
and ug be two local minima for 1. Then u; and ugy are critical points for Iy, and
so, they are solutions for problem . We claim that the solutions obtained are
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nonnegative. Indeed, if @ is a solution of problem (1.1)), then one has
T
- [ @ra) - o) + D50 505 () d

_A/ f(t, ﬁ+u/‘Mammmwm

for all v € E§. Arguing by a contradiction, assume that the set A := {¢t € [0,T] :
a(t) < 0} is non-empty and of positive measure. Put & := min{a,0}. Clearly,
v € E§. So, taking into account that @ is a solution and by choosing v = v, from
our sign assumptions on the data, one has

/ (EDa(t) - $DRa(t) + §D3a(t) - §Da(t)) dt

—A/f ﬁ+u/gmmmmwﬁgo
A
On the other hand, by Lemma [2.12] we have
2| cos(ma)|[[all Bg (a) < */A(SDtaﬂ(t)'fD%ﬂ(t) + i Dgu(t) - §DF a(t)) dt
Hence, @ = 0 on A which is absurd. Then, we deduce u1(t) > 0 and ua(t) > 0 for
every t € [0,T]. Thus, it follows that su; + (1 — s)ug > 0 for all s € [0, 1], and that
(Af + ng)(t, sur + (1 = s)uz) = 0,

and consequently, ¥(su; + (1 — s)uz) > 0, for every s € [0, 1]. So, also (A5) holds.
From Theorem [2:2] for every

r2

3P(w) . 1 2
A€ |=-———=, min , ,
i| 2 \Ij(w> {Supé(u)<r1 \Il(u) SUP® (u)<ry \Il(u) } |:

the functional I has at least three distinct critical points which are the solutions
of problem (|1.1]) and the conclusion is achieved. d

Proof of Theorem [T1, Fix A > \* := 2. #(py for some d > 0 such that F(d) > 0.

Recalling that

(&)
€2

there is a sequence {c,} C]0, +o0] Such that lim,_, 4o ¢, = 0 and

hm mf =0,

maxje| <c, F(¢)

lim 5 =0.
n—-+oo Ch
Indeed, one has
maXjg|<. F F 2
hm |§|S n (5) — hm (fc‘n,) Cn — O,
I e

where F/(.,) = max¢|<., F'(§). Therefore, there exists ¢ > 0 such that

maxjei<z F'(§) _ |cos(ma)| ¢ F(d) 1
= ST mm{zwad’m}

and ¢ < TF4S22da) v/C(T, ). Hence, the conclusion follows from Theorem . O
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Proof of Theorem[I-4 Our aim is to apply Theorem [3.2] by choosing ¢, = 10 and
d = 1. Therefore, taking into account that a« =T = 1, one has

3 Wa,d _ 24

~ - - 1 b

2 [Pyt [y f(s)ds
| cos(mar)| 3 _ 50

D o [TF(te)dt [)° f(s)ds

Since lim;_o f(¢)/t = 0, one has

lim

f(f f(s)ds 0
t—0 t2 e

Then, there exists a positive constant ¢; < 2 such that

Cc1

f(s)ds 1 !
0
_— < ds,

2 <3 /0 F(s)ds

c S 50
o f(s)ds ~ [10f(s)ds

Hence, a simple computation shows that all assumptions of Theorem [3.2) are satis-
fied, and the conclusion follows. O
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