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A feasible trajectory planning algorithm for a
network controlled robot subject to skid and slip
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Abstract—This paper aims to propose a feasible solution to
the trajectory planning problem for a constrained skid-steering
mobile robot whose control system, sensors and actuators are
connected through a communication network. Operating envi-
ronment is firstly discretized by a finite dimensional grid. Then
a weighted graph, whose nodes are the above mentioned points
and whose arcs denote the trajectory segments connecting points
is defined. Finally an algorithm to obtain the shortest feasible
succession of segments connecting given starting and ending
points is proposed. Trajectory feasibility is guaranteed in terms
of sufficient conditions involving the solution of semi-definite
programming (SDP) problems. In order to show the effectiveness
of the proposed approach, some numerical simulations are
proposed.

I. INTRODUCTION

Nowadays, in several interesting applications involving mo-
bile robots, it is appealing to consider the network implemen-
tation of control systems in which feedback control loop is
closed through a communication network [1], [2], [3] [4], [5].
The integration of control systems with computer networks,
also called networked control system (NCS), offers valuable
opportunities, including higher system testability and resource
utilization, cost reduction, flexibility in control architecture de-
sign and simplified installation and maintenance. At the same
time, building a control system supported by a communication
network is a challenging task because the communication
network introduces non negligible effects that may cause
closed loop performance degradation [6] [7] [8]. These effects,
including data losses, variable delays and data corruption
are not commonly dealt with classical control methods. For
such reasons, the past decades have witnessed an explosive
growth of the number of research contributions in the area of
networked control systems [9], [10], [11], [12], [13].

This paper will address the task of developing a trajectory
planning algorithm capable to provide a feasible trajectory for
a tracked mobile skid-steering robot where the trajectory track-
ing control loop is closed through a wireless communication
network.

A trajectory planning algorithm finds a path on which a
timing law is assigned so that the mobile robot is able to reach
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the target point in a given time. The complexity of trajectory
planning problem depends on the assumptions related to the
operating environment (i.e. a-priori known obstacles, static or
dynamic environment). Moreover, in a skid-steering mobile
robot, the steering action is performed by controlling the
velocities of the left and the right side of vehicle respectively
[14]. Skid-steering drive scheme is affected by several prob-
lems from motion control point of view since the presence
of non-negligible skidding and slipping phenomena makes the
prediction of robot motion a non-trivial task. [15].

In literature solutions of motion planning problem can
be classified in two main categories [16]: planning by con-
struction and planning by modification. First method extends
a trajectory by attaching new waypoints until the target is
reached [17]. Obtained trajectories are typically non-smooth
due to the discretization of operating environment, see [18],
[19], [20] and references therein. Planning by modification
method, instead, perturbs a given trajectory such that a set
of prescribed properties is fulfilled. Such kind of approach
can provide smoother trajectories but typically it requires the
solution of highly non-convex optimization problems [!6],
[21].

This paper tackles the problem of computing an opti-
mal feasible trajectory in a-priori known environment for a
constrained network-controlled mobile robot in presence of
bounded skid and slip phenomena. The proposed solution
requires a preliminary discretization of operating environment
by a finite dimensional grid points. Then a weighted graph
is defined. Graph nodes are the above mentioned points
while arcs denote trajectory segments connecting points. An
algorithm to find optimal trajectory is finally introduced being
optimal trajectory obtained in terms of a succession of arcs,
connecting starting and ending points. Trajectory feasibility
is guaranteed by recurring to set-based arguments taking into
account constraints on control inputs, trajectory tracking error
and network delay.

In Section II mathematical modelling of skid-steering
network-controlled mobile robot is proposed. In Section III
the trajectory tracking control design for a network controlled
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Fig. 1. Coordinate Frames for the skid-steering tracked robot.

robot is tackled. In Section IV the feasible motion planning
algorithm is introduced. Finally, in Section V numerical simu-
lations are discussed in order to show the effectiveness of the
proposed algorithm.

II. MATHEMATICAL MODELLING

Given the inertial reference frame E, see Fig.1, let
T
q=[zy0]

be the robot pose vector. The nominal kinematic first-order
model is

q=Gl(q)-u (1)
with
cos) O
G(g) = [sinf 0 (2)
0 1

being u = [‘7 LD]T where V and & are the effective forward
and rotational robot velocities respectively. The relationship
between u and the vector of effective angular velocities of the
track sprockets w = [wg @ L]T can be written in the following
form

u=J- -w 3)
being
_[R/2 R)2
/= [R/D —R/D] @

where D is the distance between tracks and R is the radius
of track sprockets.

While rotating, the vehicle experiences both skidding (inner
track) and slipping (outer track) effects. These effects can be
modelled as terrain-dependent possibly time-varying friction
coefficients pupr and py for right and left track respectively
[22]. The relationship between w and the controlled track
sprockets angular velocities w = [w R W L]T is shown below

W =H-w (5)

where
pr 0
H= 6
] ©®
Equations (1)-(6) can be recast into the following nonlinear
model

i=G(q)-J-H-J ' u (7)

being u = [V w]T the vector where V' and w denote the
forward and rotational control velocities respectively.

Let L be a reference system whose origin is located in M
with x, directed as the M N segment as shown in Fig.1. The
roto-translation from E to L is expressed by the following
equation

qr = RE(00) - (¢ — qo0) ®)
with
cos(bp)  sin(bp) O
RE(6o) = | —sin(6) cos(fy) 0
0 0 1

and qo = [z0 o 90]T-

Be
TP () ={ar (), uL ()}
the desired trajectory expressed in L. T2 (-) has the form of

couples pose and control inputs such that ¢P(-) is compliant
with (7) over the horizon [0,#] by assuming

T
up () = [V wr] ©)
being V” and w? the nominal mobile robot forward and

rotational velocities respectively where

0 = V2 R —pE
EUOD o uB b

being ug and ,uf nominal value of friction coefficients. In this
paper the classical Networked Control System schema repre-
sented in Fig.2 is considered. The control input is assumed to
be held to its previous value as long as a new packet from the
controller is received. The sensors are regularly sampled with
a constant time T%.

The communication delays between sensors and controller
71 and between controller and actuators 7o along with com-
putational delay 7. can be embedded in a single term

Tk 1=Tf+T§+Tck (10)

hereinafter called network delay.

In this work a reliable connection-oriented and ordered
communication protocol is assumed, namely the TCP/IP stack
[23]. Under the hypothesis that 7 and 75 are both always
shorter than the relevant TCP max retransmission window
duration, packet loss can be assumed to be zero. Let d be
the smallest integer such that the following inequality holds

(11

7 Tmam
d>———
= TS

where 7,4, 1S the maximum network delay.
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Let d be the largest integer such that
T .

S
where 7,,;, is the minimum network delay. The following
discrete linear time invariant system representing trajectory
tracking error dynamic is obtained [24]

Ts
eASdsB(Su(tk,j,J) +J e*dsBpd(ty)
0

(13)
where A, B and Bp are matrices of appropriate dimensions
obtained by applying the classical linearization and discretiza-
tion arguments being z(tx) = q(tr) — qP(tx), du(ty) =
u(ty) — uP(t) and

d(ty) = [pr(te) — nR(ts)  po(te) — nP ()]

According to the Fig.3, be ) the vector of actuation update

instants
k k
9k = I:tl t(f d]

d—d T ¥
b)) = Tt + Y, |
j=0

s7h
k
T"’ft.7+1

(14)

15)

where

0=t <ty <+ <tz gy =Ty (16)

Be recurring to NCS theory [24], delay-free linear discrete
time model of (13) can be expressed as

E(trr1) = A(Or)E(tr) + B(O)u(ty) + Bpd(ty)  (17)

in terms of the lifted state vector

§t) = [2(t)™ ulte)” - ()™l (8)
with
A Mg 1(0r) Mg 5(0k) M () A/jo(ek)—‘
0 0 e 0 0
) 0 I 0 0
AOr) = | - ~ ~
0 0
0 0 0 I 0 |
_ _ (19)
My(0k)
I
- 0
B(by) = 0 (20)
L 0 -
with A = eAAT=. Matrices M;(0}) are computed as
T, —t¥
M;3(6;) = f e dsB 1)
7157t§+1

for je [0 d— d] while My(0),) =0 for je(d—d d].

The equation (17) can be embedded in a suitable structure
by a polytopic overapproximation. In this work, polytopic
overapproximation is performed using the real Jordan form
technique as described in [24]. Thus the following polytopic
discrete linear time invariant system representing trajectory
tracking error dynamic is obtained

E(trt1) = Aj€(tk) + Bjou(ty) + Bpd(ty)

where A; and B; are matrices of appropriate dimensions with

(22)

j = 17 T Nv
being N, the number of polytope vertices.

III. TRAJECTORY TRACKING CONTROL DESIGN

In this section the trajectory tracking control design is
tackled. Such a step is required to properly introduce the
constraints for feasible trajectory planning task.

The following constraints are assumed

£()eQe, Q2 {EeR" 1 ETE<E0,)
Su(-) € Uy, Q= {due R?: dul'du < dul,,,.}

(23)
(24)

Let consider the Constrained Control Problem (CCP) -
given (22) find the state feedback control action

du(t) = K - &(t) (25)

fulfilling prescribed constraints (23)-(24) for any external
disturbance realization d(-) € Qp over the horizon [0, N]
being

Qp = {deR?*:d"d<d?,,} (26)

CCP can be solved by the means of a double step procedure:



1 according to [25], compute a stabilizing state-feedback
control law du(t) = K-£(t) fulfilling (23) and (24) within

the ellipsoidal positively invariant region I'g
To={¢eR":{"RE¢<T Py >0} (27)

2 according to [20], define the largest volume ellipsoidal

subset
Ty ={eR":{TRE<vy, <1}STy (29
such that () € Ty Vit € [0, N] being
k—1
§(t) = {@5E(to) + Z 5" Bpd(ty)} €Ty (29)
h=0

where ®; = (A;+B;-K) withj =1---N,, {(tp) € T,
and d(-) € Qp.

IV. TRAJECTORY PLANNING ALGORITHM

Consider the polytopic mathematical modelling of the tra-
jectory tracking error dynamic (22) expressed in terms of the
lifted state vector (18). Assume a solution of the Costrained
Control Problem as shown in Section III. Let A € R? be
the 2D operational scenario. By discretizing A with a finite
dimensional grid of positions, it is possible to define an
undirected weighted graph G whose nodes V' represent grid
points.

Def. A-compatibility. Two points By = (x1,y1) and Ey =
(w2, y2) distant less than L are deemed A-compatible if Vo €
[0,1]

P, = (xaay(x) €A

with z, = (1 — @)z; + azs and Yy, = NaTa + po With

Y1 — Y2
Na =
Tl — T2
and
T1Y2 — T2Y1
« -
T1 — T2

Arcs of graph G are defined as follows: be A and B two A-
compatible points, arc TP connecting A and B represents
the trajectory crossing the segment AB at the constant velocity
VAB for Nyp time steps according to Section II where N 4p
is the highest positive integer such that

laB

NABgVT_Tg

(30)

The cost of arc [4p is the length of segment AB.

This work exploits an A* —like algorithm in order to com-
pute shortest path (if any) as a succession of arcs connecting
starting node V5 € V and ending node Vr € V. A* relies
upon the exploration of the most promising arc according
to an heuristic function estimating the lower-bound of the
cost of path including arcs to be explored. If the heuristic
function never overestimates path cost, as shown in [27],
the algorithm guarantees the exploration of fewer nodes than
any other algorithm using the same heuristic. This paper will
assume as heuristic function the sum of two contributes: a)

¥ty

! I
L%
xP (1y,,) Xg

|
x(ty, ,‘);

v

Fig. 4. Trajectory switch.

the euclidean distance between the last explored node and
destination node; b) the cost of computed path to the last
explored node. If a succession of arcs Wyr connecting V[, and
Vr is explored, cost of path Syr becomes an upper bound of
the heuristic function. Thus, a path stops being explored when
its heuristic exceeds the current upper bound. Upper bound
has to be updated if a shorter path reaching the destination
node is found. Given three nodes V4, Vg, Vo € V representing
the points A, B,C' € A respectively, suppose that couples of
points A, B and B, C' are both A-compatibles. Consider a path
including the two adjacent arcs T#'Z and TP, see Fig.4. If
the robot has to track considered trajectory, a switch from
TAB to TEC at time ty,, = Ts+ Nap is required. Switch is
admissible if the following condition is fulfilled:

(€(tnap) +1) €T GD

where £(tn, ) is the lifted state vector at the switching time
and
T
I =[2p—2"(tnse) yB—y (tnae) o O 0]
see Fig. 4 for details.
A trajectory is feasible if all switches between trajectory
segments are admissible. In order to guarantee the

admissibility of all switches consider the following result

Lemma 1: Given (III), suppose the initial tracking error
&(to) € Sa where

Sy={¢eT,:TPx¢<1, Py=0} (32)
Be Sy, € I'y; the smallest ellipsoidal set
Snap ={£ €T 1 ETPLE <7} (33)

containing all allowable tracking errors £(tx,,) under the
assumption that d € 2p remains constant along the segment
AB (see Remark). Sy,, can be obtained by solving the
following SDP minimization problem



min 7y (34)
T ,Tgﬁ
S. t.
0<7y<1 (35)
>0 (36)
>0 (37)
§ =, =73 20 (38)
TP & 4 1) _3TP. &,
ey r b R Y ET)
#* —Jj P»LJ]‘ + Tlf
where ®; = @;VAB,
Ji = [ty e 2py, By
with j =1, , N,.
Proof - Condition
E(tnan) Prb(tn,,) <7 (40)

being &(tn,,) = ®;&(to) + Jjd with j = 1,--- | N, can be
recast in the following form

v 0 0 1

[1 &)™ d7] |+ —&, P&, —&,"P.J;| |£(to) | =0
® e —JJTPMJJ d

41)

with j =1,--- | N,.
Condition &(t0)T Pa&(to) < 1 with P4 > 0 can be recast
in the following form

0 O 1
[1 &(to)" dT] |+ —Pa O] |&(to) [ =0 (42)
#* * 0 d
Condition
dTd < 2y
can be recast in the following form
2, 0 0 1
[1 &)™ dT]| = 0 0 ||&(to)| =0 43)

* - d

By recurring to classical S-procedure arguments, LMIs (34)-
(39) can be readily obtained. O

Given a solution of Lemma 1, (31) is fulfilled if the
following direct sum holds

SNAB®H cTI',

Thus, T8¢ can follow T#Z in a feasible trajectory if there
exists 7 > 0 such that the following LMI holds
1— 75 —TITP, 10 .
—P, I

(44)

>
—P,+71P,| "~ 0 43)

Remark Notice that the assumption of constant friction
coefficients along a generic trajectory segment is reasonable
if L is small enough.

Robot Equipment

Actuators
ip: 192.168.0.60|

0000000000000

< =
\

Onboard

Onboard WIFI P2P Switch

ip:192.168.0.21

.’ Control Unit

= ip:192.168.0.13
\ =~ Localization Unit
! ip: 192.168.0.100

[~

.’ Data Logging

~sami ip: 192.168.0.7
=

Fig. 5. Control framework.

TABLE I
MODEL PARAMETERS
[ Symbol | Value [ Unit | |
Ts 200 ms Sample Time
Tmazx 285.96 ms Maximum network delay
Tmin 104 ms Minimum network delay
vp 0.2 m/s Robot nominal forward velocity
wf’ 0 rad/s | Robot nominal rotational velocity
,u,g 1 - Nominal right friction coefficient
uf’ 1 — Nominal left friction coefficient

V. NUMERICAL RESULTS

Consider a skid-steering tracked mobile robot with a radius
of track sprocket R = 8cm and a distance between tracks
D = 50cm. Fig.5 depicts the control framework taken into
account in this work. Localization task and control action
computation are supposed to be performed on two different
remote computers connected through a wireless 802.11n net-
work using the TCP/IP stack.

According to Section II, a polytopic mathematical model
with 7 states and 48 vertices is carried out. The required model
parameters are introduced in Table I. Considered constraints
are reported in Table II. According to Section III, a solution of
CCP-problem has been obtained in terms of couple (K,T'y)
taking into account the prescribed constraints.

The space domain A shown in Figs.6 and 7 was discretized
by recurring to a regular grid of 0.2 m with about 270 resulting
points. In order to construct the graph G a maximum length
of L = 0.5m is assumed for trajectory segment connecting
two A — compatibles points.

In Fig. 6 a sensitivity analysis for the trajectory planning
algorithm is proposed. Three different trajectories are obtained
at varying of bounds of friction coefficients. Robot initial
and final poses are denoted by arrows. Red line represents

TABLE I
PRESCRIBED CONSTRAINTS

[ Symbol | Min Value | Max Value | Unit |

V 0 0.4 m/s Forward Velocity
w —0.45 0.45 rad/s Rotational Velocity
UR 0.8 1.2 — Right friction coefficient
"r 0.8 1.2 — Left friction coefficient
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Fig. 6. Sensitivity analysis against the allowable range of friction coefficients
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Fig. 7. Red line denotes the optimal feasible trajectory connecting starting
(square) and ending (circle) points. Black solid lines represent simulated
mobile robot trajectories.

the optimal feasible trajectory in absence of skid and slip
phenomena whereas green and blue lines represent optimal
ones obtained by varying the allowable bounds of friction
coefficients.

In Figs.7,8 and 9 a campaign of numerical simulations
is proposed. In Fig.7 red line denotes the optimal feasible
trajectory connecting starting (square) and ending (circle)
points. Black solid lines represent simulated robot trajecto-
ries at varying of initial conditions, friction coefficients and
network delay. As shown in Figs.8 and 9 considered actuation
constraints are fulfilled.

In Fig. 10 the following scenario has been considered. Two
additional obstacles (black box) are introduced in A. Red
solid line represents the feasible optimal trajectory connecting

0.4

V [m/s]

Time [s]

Fig. 8. Black lines represent robot forward velocities. Red lines represent
considered constraints.

0.45

w [rad/s]

Fig. 9. Black lines represent robot angular velocities. Red lines represent
considered constraints.

starting (red square) and ending (red circle) points. Due to the
presence of the additional obstacles a loop is required. In order
to show the effectiveness of the proposed solution, the result of
a numerical simulation is shown in Figs. 10-12. In particular,
in Fig. 10 black solid line represents the simulated robot
trajectory obtained by considering the friction coefficients
shown in Fig. 13. It’s worth to denote that trajectory feasibility
guarantees that the prescribed constraints on control velocities
are fulfilled along the whole trajectory as shown in Figs. 11
and 12.

VI. CONCLUSIONS

In this paper the optimal trajectory planning problem for
a network-controlled skid-steering mobile robot is tackled.
A feedback control action capable to achieve a solution of
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Fig. 11. Forward robot velocity. Constraints are represented by red solid lines.

the trajectory tracking problem accounting for network delay,
tracking error constraints and control velocities bounds is
firstly considered. Then a recursive algorithm is proposed
to find optimal trajectory compliant with prescribed control
constraints. Optimal trajectory is defined in terms of suc-
cession of segments connecting starting and ending points.
Trajectory feasibility is guaranteed by exploiting the solution
of optimization problems involving LMIs constraints. In order
to show the effectiveness of the proposed approach some
numerical simulations are discussed.
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