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Abstract. — In this article, we consider an evolution partial di¤erential equation with Caputo

time-derivative with the zero Dirichlet boundary condition: qa
t uþ Au ¼ F where 0 < a < 1 and the

principal part �A, is a non-symmetric elliptic operator of the second order. Given a source F, we

prove the well-posedness for the backward problem in time and our result generalizes the existing
results assuming that �A is symmetric. The key is a perturbation argument and the completeness

of the generalized eigenfunctions of the elliptic operator A.
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1. Introduction and main results

Let W be a bounded domain in Rd with su‰ciently smooth boundary qW. Hence-
forth let L2ðWÞ denote the real Lebesgue space with the scalar product ð� ; �Þ and
the norm k � k, and let H 1ðWÞ, H 1

0 ðWÞ, H 2ðWÞ be the Sobolev spaces (e.g., Adams
[1]). By kukH 2ðWÞ we denote the norm in H 2ðWÞ for example.

We consider a fractional partial di¤erential equation:

qa
t uðx; tÞ ¼ �Auðx; tÞ þ F ðx; tÞ; x a W; 0 < t < T ;

ujqW ¼ 0;

uðx; 0Þ ¼ aðxÞ; x a W:

8<
:ð1:1Þ

Here �A is a uniformly elliptic operator and not necessarily symmetric. Through-
out this article, we assume that 0 < a < 1, and the Caputo derivative qa

t g is
defined by

qa
t gðtÞ ¼

1

Gð1� aÞ

Z t

0

ðt� sÞ�a dg

ds
ðsÞ ds;

where G denotes the gamma function. It is known that there exists a unique
solution u ¼ uðx; tÞ to the initial boundary value problem (1.1) under suitable
conditions on A, a and F , and we refer for example to Gorenflo, Luchko and
Yamamoto [12], Kubica, Ryszewska and Yamamoto [17], Kubica and Yama-
moto [18], Sakamoto and Yamamoto [23], Zacher [33], and also later as lemmata
we will show the regularity.



Equation (1.1) describes slow di¤usion which can be considered as anomalous
di¤usion in highly heterogeneous media and is di¤erent from the classical case of
a ¼ 1. In particular, the Caputo derivative is involved with memory term which
possesses some averaging e¤ect, and so (1.1) has not strong smoothing property:
for a a L2ðWÞ, we can expect only uð�; tÞ a H 2ðWÞ with each t > 0. This is an
essential di¤erence from the case of a ¼ 1.

Now we will formulate our problem and results. For v a H 2ðWÞ; we set

�AvðxÞ :¼
Xd
i; j¼1

qiðaijðxÞqjvÞðxÞ þ
Xd
j¼1

bjðxÞqjvðxÞ þ cðxÞvðxÞ;ð1:2Þ

where

aij ¼ aji a C1ðWÞ; bj; c a C1ðWÞ; 1a i; ja d

and there exists a constant k > 0 such that

Xd
i; j¼1

aijðxÞxixj b k
Xd
j¼1

x2j ; x a W; x1; . . . ; xd a R:

We consider

qa
t uðx; tÞ ¼ �Auðx; tÞ; x a W; 0 < t < T ;

ujqW ¼ 0;

uð�;TÞ ¼ b

8<
:ð1:3Þ

with b a H 2ðWÞBH 1
0 ðWÞ.

We state our first main result.

Theorem 1.1. For each b a H 2ðWÞBH 1
0 ðWÞ, there exists a unique solution u a

Cð½0;T �;L2ðWÞÞBCðð0;T �;H 2ðWÞBH 1
0 ðWÞÞ to (1.3) such that qa

t u a Cðð0;T �;
L2ðWÞÞ. Moreover we can choose constants C1;C2 > 0 depending on T such that

C1kuð�; 0ÞkL2ðWÞ a kuð�;TÞkH 2ðWÞ aC2kuð�; 0ÞkL2ðWÞ:ð1:4Þ

To the best knowledge of the authors, Sakamoto and Yamamoto [23] is the
first work for the well-posedness of the backward problem in time for the case
of symmetric A, that is, bj C 0 for 1a ja d. Moreover by a technical reason,
[23] assumes that ca 0. As for backward problems for time-fractional equations
with symmetric A, we can refer to many works: Liu and Yamamoto [19], Tuan,
Huynh, Ngoc, and Zhou [24], Floridia and Yamamoto [34]. In particular, as for
numerical approaches, see Tuan, Long and Tatar [25], Tuan, Thach, O’Regan,
and Can [26]. Wang and Liu [27, 28], Wang, Wei and Zhou [29], Wei and Wang
[30], Xiong, Wang and Li [31], Yang and Liu [32] and the references therein.
However, we do not find the results for non-symmetric A. Originally the back-
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ward well-posedness comes from the time fractional derivative qa
t , and should not

rely on the symmetry of the elliptic operator A, and Theorem 1.1 is a natural gen-
eralization of the existing results since [23] to the case of a general uniform elliptic
operator A. As is seen by the proof, we can further prove

Corollary 1.2. In Theorem 1.1, for each distinct T1;T2 > 0, there exist con-
tants C3 ¼ C3ðT1;T2Þ > 0 and C4 ¼ C4ðT1;T2Þ > 0 such that

C3kuð�;T2ÞkH 2ðWÞ a kuð�;T1ÞkH 2ðWÞ aC4kuð�;T2ÞkH 2ðWÞ:

Furthermore we can show also the backward well-posedness with the presence
of a non-homogeneous term F . For the formulation, we introduce some function
spaces. Let

�A0vðxÞ ¼
Xd
i; j¼1

qiðaijðxÞqjvÞ; DðA0Þ ¼ H 2ðWÞBH 1
0 ðWÞ:ð1:5Þ

Then it is known that the specrum sðA0Þ consists entirely of eigenvalues with
finite multiplicities and according to the multiplicities we number:

0 < l1 a l2 a l3 < � � � :ð1:6Þ

Also we know that we can choose eigenfunctions jn for ln, n a N such that
fjngn AN is an orthonormal basis in L2ðWÞ. Then we can define the fractional
power Ag

0 with gb 0:

A
g
0v ¼

Pl
n¼1 l

g
nðv; jnÞjn;

DðAg
0Þ ¼ fv a L2ðWÞ;

Pl
n¼1 l

2g
n jðv; jnÞj

2 < lg;
kAg

0vk ¼ ð
Pl

n¼1 l
2g
n jðv; jnÞj

2Þ
1
2:

8><
>:ð1:7Þ

We can refer for example to Pazy [20] and we can derive (1.7) directly from

A0v ¼
Xl
n¼1

lnðv; jnÞjn;

DðA0Þ ¼ v a L2ðWÞ;
Xl
n¼1

l2n jðv; jnÞj
2 < l

( )
:

Moreover we know that DðA
1
2

0Þ ¼ H 1
0 ðWÞ, DðAg

0Þ � H 2gðWÞ. Henceforth we set
kvkDðA g

0
Þ ¼ kAg

0vk.
Now we are ready to state the well-posedness with non-homogeneous term.

Theorem 1.3. Let F a Llð0;T ;DðAe
0ÞÞ with some e > 0. For each b a H 2ðWÞB

H 1
0 ðWÞ, there exists a unique solution

u a Cðð0;T �;H 2ðWÞBH 1
0 ðWÞÞBCð½0;T �;L2ðWÞÞ
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to

qa
t u ¼ �Auþ F ðx; tÞ; x a W; 0 < t < T ;

ujqW ¼ 0;

uð�;TÞ ¼ b

8<
:

and we can choose a constant C > 0 such that

kuð�; 0ÞkaCðkuð�;TÞkH 2ðWÞ þ kFkLlð0;T ;DðA e
0
ÞÞÞ:

The article is composed of three sections. In Section 2, we show fundamental
properties of the fractional di¤erential equations and Section 3 is devoted to the
proofs of Theorems 1.1 and 1.3.

2. Preliminaries

Let us recall (1.5) and (1.6). For 0 < a < 1 and b > 0, by Ea;bðzÞ we denote the
Mittag–Le¿er function with two parameters:

Ea;bðzÞ ¼
Xl
k¼0

zk

Gðak þ bÞ

(e.g., Podlubny [21]). Then Ea;bðzÞ is an entire function in z a C. We set

SðtÞa ¼
Xl
n¼0

ða; jnÞEa;1ð�lnt
aÞjnðxÞ; tb 0

and

KðtÞa ¼
Xl
n¼0

ta�1Ea;að�lnt
aÞða; jnÞjnðxÞ; t > 0

for a a L2ðWÞ.
Henceforth we write uðtÞ ¼ uð�; tÞ, etc., and we regard u as a mapping defined

in ð0;TÞ with values in L2ðWÞ. Moreover uðtÞ a H 1
0 ðWÞ means uð�; tÞ ¼ 0 on qW

in the trace sense (e.g., [1]). Then we can see the following.

Lemma 2.1. (i) There exists a constant C > 0 such that

kSðtÞakaCkak; tb 0ð2:1Þ

and

kA0SðtÞakaCt�akak; t > 0:ð2:2Þ
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For 0a ga 1, there exists a constant CðgÞ > 0 such that

kAg
0KðtÞakaCðgÞtað1�gÞ�1kak; t > 0:ð2:3Þ

(ii) Let G a Llð0;T ;DðAe
0ÞÞ with some e > 0 and a a L2ðWÞ. Then

uðtÞ ¼ SðtÞaþ
Z t

0

Kðt� sÞGðsÞ ds; t > 0ð2:4Þ

is in Cðð0;T �;H 2ðWÞBH 1
0 ðWÞÞ and satisfies qa

t u a L1ð0;T ;L2ðWÞÞ,

qa
t uðtÞ ¼ �A0uðtÞ þ GðtÞ; t > 0;

limt!0kuð�; tÞ � ak ¼ 0;

uð�; tÞ a H 1
0 ðWÞ; 0 < t < T :

8<
:ð2:5Þ

(iii) For each t > 0, there exists a constant C > 0 such that

kuðtÞkH 2ðWÞ aCðt�akak þ kAe
0GkLlð0;T ;L2ðWÞÞÞ:

Remark 1. We can prove stronger regularity of qa
t u but the lemma is su‰cient

for our purpose.

Proof (of Lemma 2.1). (i) We can refer to Gorenflo, Luchko and Yamamoto
[12], and for completeness we give the proof. First we note

jEa;1ð�hÞja C

1þ h
; h > 0ð2:6Þ

(e.g., Theorem 1.6 (p. 35) in Podlubny [21]).
Since fjngn AN is an orthonormal basis in L2ðWÞ, by (2.6) we have

kSðtÞak2 ¼
Xl
n¼1

jða; jnÞj
2jEa;1ð�lnt

aÞj2

a
Xl
n¼1

jða; jnÞj
2
� C

1þ jlntaj

�2
aC

Xl
n¼1

jða; jnÞj
2;

that is, (2.1) follows.
Next, since

A0SðtÞa ¼
Xl
n¼1

ða; jnÞlnEa;1ð�lnt
aÞjn;

again by (2.6) we see
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kA0SðtÞak2 ¼ t�2a
Xl
n¼1

jða; jnÞj
2jlntaj2jEa;1ð�lnt

aÞj2

aCt�2a
Xl
n¼1

jða; jnÞj
2
� jlntaj
1þ jlntaj

�2
; t > 0;

which implies (2.2).
By (1.7), we have

A
g
0KðtÞa ¼

Xl
n¼1

ta�1Ea;að�lnt
aÞlg

nða; jnÞjn;

and so

kAg
0KðtÞak2 a t2a�2

Xl
n¼1

C

ð1þ jlntajÞ2
l2gn jða; jnÞj

2

¼ Ct2a�2
Xl
n¼1

l2gn t2ga

ð1þ jlntajÞ2
t�2agjða; jnÞj

2

aCt2ða�agÞ�2 sup
xb0

� xg

1þ x

�2 Xl
n¼1

jða; jnÞj
2:

By 0a ga 1, we see that supxb0
xg

1þx
< l, and so (2.3) can be seen. Thus the

proof of Lemma 2.1 (i) is complete.
(ii) In terms of e.g., Theorem 4.1 in [12] and Theorems 2.1 and 2.2 in [23], we

already know some regularity of uðtÞ.
By Theorem 2.1 (i) in [23] or by (2.1), we can verify that SðtÞa a Cð½0;T �;

L2ðWÞÞ and lim
t!0

kSðtÞa� ak ¼ 0. By (2.2), we see that

A0

�XN
n¼1

ða; jnÞEa;1ð�lnt
aÞjn

�

converges in Cð½d;T �;L2ðWÞÞ as N ! l with arbitrarily fixed d > 0. Therefore
A0SðtÞa a Cð½d;T �;L2ðWÞÞ, which implies

SðtÞa a Cð½d;T �;DðA0ÞÞ ¼ Cð½d;T �;H 2ðWÞBH 1
0 ðWÞÞ:ð2:7Þ

Moreover, we can directly prove that qa
t ðEa;1ð�lnt

aÞÞ ¼ �lnEa;1ð�lnt
aÞ, and

obtain

qa
t SðtÞa ¼

Xl
n¼1

qa
t ðEa;1ð�lnt

aÞÞða; jnÞjn ¼
Xl
n¼1

�lnEa;1ð�lnt
aÞða; jnÞjn:
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Hence, by (2.6) we see that

kqa
t SðtÞak

2 ¼
Xl
n¼1

l2n jEa;1ð�lnt
aÞj2jða; jnÞj

2ð2:8Þ

¼ t�2a
Xl
n¼1

ðlntaÞ2jEa;1ð�lnt
aÞj2jða; jnÞj

2

aCt�2a
Xl
n¼1

jða; jnÞj
2
� lnt

a

1þ lnta

�2
aCt�2akak2

and

qa
t SðtÞa a Cðð0;T �;L2ðWÞÞ:ð2:9Þ

By (2.3) with g ¼ 0, we can easily verify thatZ t

0

Kðt� sÞGðsÞ ds
����

����aC

Z t

0

ðt� sÞa�1kGðsÞk ds

aCkGkLlð0;T ;L2ðWÞÞ
ta

a
! 0:

Hence, with SðtÞa a Cð½0;T �;L2ðWÞÞ, we see that lim
t!0

kuðtÞ � ak ¼ 0.
Moreover by Theorem 2.2 (i) in [23], we see

qa
t

�Z t

0

Kðt� sÞGðsÞ ds
�
a L2ðW� ð0;TÞÞ:

This with (2.8), we obtain qa
t u a L1ð0;T ;L2ðWÞÞ.

Now we will proveZ t

0

Kðt� sÞGðsÞ ds a Cðð0;T �;H 2ðWÞBH 1
0 ðWÞÞ:

For arbitrarily fixed 0 < d0 < d, we set

vd0ðtÞ ¼
Z t�d0

0

A0Kðt� sÞGðsÞ ds; tb d:

By (2.3) we can see that vd0 a Cð½d;T �;L2ðWÞÞ. For da taT , by (2.3) we
estimate Z t

0

A0Kðt� sÞGðsÞ ds� vd0ðtÞ
����

���� ¼
Z t

t�d0

A0Kðt� sÞGðsÞ ds
����

����
¼

Z t

t�d0

A1�e
0 Kðt� sÞAe

0GðsÞ ds
����

����
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aC

Z t

t�d0

ðt� sÞae�1kAe
0GðsÞk ds

aCkAe
0GkLlð0;T ;L2ðWÞÞ

dae0
ae

:

Hence

vd0 !
Z t

0

A0Kðt� sÞGðsÞ ds in Cð½d;T �;L2ðWÞÞ

as d0 ! 0, and by vd0 a Cð½d;T �;L2ðWÞÞ, we conclude thatZ t

0

Kðt� sÞGðsÞ ds a Cð½d;T �;H 2ðWÞBH 1
0 ðWÞÞ

for any d > 0, and thenZ t

0

Kðt� sÞGðsÞ ds a Cðð0;T �;H 2ðWÞBH 1
0 ðWÞÞ:

Consequently by (2.7), we obtain u a Cðð0;T �;H 2ðWÞBH 1
0 ðWÞÞ.

Finally, by (2.3) we have

A0

Z t

0

Kðt� sÞGðsÞ ds
����

���� ¼
Z t

0

A1�e
0 Kðt� sÞAe

0GðsÞ ds
����

����
aC

Z t

0

ðt� sÞae�1kAe
0GðsÞk ds

aCkAe
0GkLlð0;T ;L2ðWÞÞ

tae

ae
:

With (2.2), the proof of the part (iii) is complete. Thus the proof of Lemma 2.1 is
complete. r

Henceforth we set

BvðxÞ ¼
Xd
j¼1

bjðxÞqjvðxÞ þ cðxÞvðxÞ; v a DðBÞ ¼ H 2ðWÞBH 1
0 ðWÞ:

Next by Lemma 2.1, we can prove

Lemma 2.2. Let F a Llð0;T ;DðAe
0ÞÞ with some e > 0 and a a L2ðWÞ. Then the

solution u to (1.1) belongs to

Cðð0;T �;H 2ðWÞBH 1
0 ðWÞÞ
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and there exists a constant C > 0 depending on T, such that

kuðTÞkH 2ðWÞ aCðt�akak þ kAe
0FkLlð0;T ;L2ðWÞÞÞ; t > 0:

Proof (of Lemma 2.2). Without loss of generality, we can assume that
0 < e < 1

4 . By Lemma 2.1, we have

uðtÞ ¼ SðtÞaþ
Z t

0

Kðt� sÞF ðsÞ dsþ
Z t

0

Kðt� sÞBuðsÞ ds:ð2:10Þ

By Gorenflo, Luchko and Yamamoto [12] or Kubica, Ryszewska and Yama-
moto [17], we know that there exists a unique solution u a Cð½0;T �;L2ðWÞÞ to
(2.10). Applying A0 to equation (2.10), we have

A0uðtÞ ¼ A0SðtÞaþ
Z t

0

A1�e
0 Kðt� sÞAe

0F ðsÞ dsþ
Z t

0

A1�e
0 Kðt� sÞAe

0BuðsÞ ds:

Then, applying Lemma 2.1 (i), we obtain

kuðtÞkH 2ðWÞ aCt�akak þ C

Z t

0

ðt� sÞae�1
dskAe

0FkLlð0;T ;L2ðWÞÞ

þ C

Z t

0

ðt� sÞae�1kuðsÞkH 2ðWÞ ds

aCðt�akak þ kAe
0FkLlð0;T ;L2ðWÞÞÞ þ C

Z t

0

ðt� sÞae�1kuðsÞkH 2ðWÞ ds:

Here we used the following: by 0 < e < 1
4 we have kAe

0vkP kvkH 2eðWÞ for v a
DðAe

0Þ ¼ H 2eðWÞ (e.g., Fujiwara [11]), and so

kAe
0BuðsÞkaCkBuðsÞkH 2eðWÞ aCkuðsÞkH 2ðWÞ

because BuðsÞ a H 1ðWÞ � DðAe
0Þ by uðsÞ a H 2ðWÞBH 1

0 ðWÞ. The generalized
Gronwall inequality (e.g., Henry [14] or Lemma A.2 in [17]) yields

kuðtÞkH 2ðWÞ aCðt�akak þ kAe
0FkLlð0;T ;L2ðWÞÞÞ

þ CeCt
Z t

0

ðt� sÞae�1ðs�akak þ kAe
0FkLlð0;T ;L2ðWÞÞÞ ds

aCðt�akak þ kAe
0FkLlð0;T ;L2ðWÞÞÞ

þ CeCt
�
tae�a GðaeÞGð1� aÞ

Gð1� aþ aeÞ kak þ
tae

ae
kAe

0FkLlð0;T ;L2ðWÞÞ

�
:
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Consequently

kuðtÞkH 2ðWÞ aCðt�akak þ kAe
0FkLlð0;T ;L2ðWÞÞÞ:

Thus the proof of Lemma 2.2 is complete. r

Finally we know

Lemma 2.3. For T > 0, the operator

SðTÞ : L2ðWÞ ! H 2ðWÞBH 1
0 ðWÞ

is surjective and there exist constants C1;C2 > 0 such that

C1kSðTÞakH 2ðWÞ a kakaC2kSðTÞakH 2ðWÞ:

Lemma 2.3 is proved as Theorem 4.1 in [23], whose proof is based on the
representation of SðTÞa by the eigenfunction expansion and the complete mo-
notonicity of Ea;1ð�lnt

aÞ (e.g., Gorenflo, Kilbas, Mainardi and Rogosin [13],
pp. 46–47, Pollard [22]).

3. Proofs of Theorems 1.1 and 1.3

3.1. Proof of Theorem 1.1

In terms of the lower-order part B of the elliptic operator �A, we can rewrite
(1.1) as

qa
t uðtÞ ¼ �A0uðtÞ þ BuðtÞ; t > 0;

uð0Þ ¼ a;

uðtÞ a H 1
0 ðWÞ; 0 < t < T :

8<
:ð3:1Þ

By Lemma 2.1 (ii), we have

b :¼ uaðTÞ ¼ SðTÞaþ
Z T

0

KðT � sÞBuaðsÞ ds:ð3:2Þ

Here, by uaðtÞ, we denote the solution to (3.1). Applying Lemma 2.3 to (3.2), we
obtain

a ¼ SðTÞ�1
b� SðTÞ�1

Z T

0

KðT � sÞBuaðsÞ ds ¼: SðTÞ�1
b� La;ð3:3Þ

where

La ¼ SðTÞ�1

Z T

0

KðT � sÞBuaðsÞ ds:ð3:4Þ
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First Step. We prove that L : L2ðWÞ ! L2ðWÞ is a compact operator. We set

L0a ¼
Z T

0

KðT � sÞBuaðsÞ ds; a a L2ðWÞ:

Then La ¼ SðTÞ�1
L0a.

We choose 0 < d0 < d1 <
1
4 . We will estimate kA1þd0

0 L0ak. We note that
A

g
0KðtÞa ¼ KðtÞAg

0a for gb 0 and a a DðAg
0Þ, which can be directly verified. By

(2.3), we have

kA1þd0
0 L0ak ¼

Z T

0

A1þd0
0 KðT � sÞBuaðsÞ ds

����
����

¼
Z T

0

A1þd0�d1
0 KðT � sÞAd1

0 BðuaðsÞÞ ds
����

����
aC

Z T

0

ðT � sÞaðd1�d0Þ�1kAd1
0 BuaðsÞk ds

aC

Z T

0

ðT � sÞaðd1�d0Þ�1
s�akak ds:

For the last inequality, we used 0 < d0 < d1 <
1
4 , and bj; c a C1ðWÞ and Lemma

2.2, and DðAd1
0 Þ ¼ H 2d1ðWÞ (e.g., [11]) and

kAd1
0 BuaðsÞkaCkBuaðsÞkH 2d1 ðWÞ

aCkuaðsÞkH 1þ2d1 ðWÞ aCkA0uaðsÞkaCs�akak:

Therefore

kA1þd0
0 L0akaCkak

Z T

0

ðT � sÞaðd1�d0Þ�1
s�a ds

¼ CT aðd1�d0�1Þ Gðaðd1 � d0ÞÞGð1� aÞ
Gð1� aþ aðd1 � d0ÞÞ

kak

because d1 � d0 > 0.
Since DðA1þd0

0 Þ � H 2þ2d0ðWÞ and the embedding H 2þ2d0ðWÞ ! H 2ðWÞ is
compact, the operator L0 : L

2ðWÞ ! H 2ðWÞ is compact. Moreover SðTÞ�1 :
H 2ðWÞ ! L2ðWÞ is bounded by Lemma 2.3, we see that L ¼ SðTÞ�1

L0 : L
2ðWÞ

! L2ðWÞ is a compact operator.

Second Step. Since b a H 2ðWÞBH 1
0 ðWÞ, by Lemma 2.3 we have p :¼ SðTÞ�1

b a
L2ðWÞ and we rewrite (3.3) as

ð1þ LÞa ¼ p in L2ðWÞ:ð3:5Þ

603well-posedness for the backward problems in time



In the First Step, we already prove that L : L2ðWÞ ! L2ðWÞ is compact. Hence
if we will prove that

La ¼ �a implies a ¼ 0;ð3:6Þ

then the Fredholm alternative yields that ð1þ LÞ�1 : L2ðWÞ ! L2ðWÞ is a
bounded operator, and the proof can be finished.

Equation (3.6) implies

SðTÞaþ
Z T

0

KðT � sÞBuaðsÞ ds ¼ 0 in L2ðWÞ:

Then we have to prove a ¼ 0. For it, by means of Lemma 2.1 (ii), it is su‰cient
to prove that if w satisfies

qa
t wðtÞ ¼ �AwðtÞ;
wðtÞ a H 1

0 ðWÞ; 0 < t < T

�

and wðTÞ ¼ 0 in L2ðWÞ, then wð0Þ ¼ 0.
We recall that the operator A is defined by (1.2) with DðAÞ ¼ H 2ðWÞB

H 1
0 ðWÞ. Then it is known that the spectrum sðAÞ of A consists entirely of eigen-

values with finite multiplicities. We denote sðAÞ by fm1; m2; . . .g. Here sðAÞ is a
set and so mi and mj , iA j are mutually distinct. Let Pn be the projection for mn,
n a N which is defined by

Pn ¼
1

2p
ffiffiffiffiffiffiffi
�1

p
Z
gðmnÞ

ðz� AÞ�1
dz;

where gðmnÞ is a circle centered at mn with su‰ciently small radius such that
the disc bounded by gðmnÞ does not contain any points in sðAÞnfmng. Then
Pn : L

2ðWÞ ! L2ðWÞ is a bouned linear operator and P2
n ¼ Pn for n a N (e.g.,

Kato [15]). Setting mn :¼ dimPnL
2ðWÞ, we have mn < l.

The following is a fundamental fact.

Lemma 3.1. If y a L2ðWÞ satisfies Pn y ¼ 0 for all n a N, then y ¼ 0.

Proof. First we note

�ðA�vÞðxÞ ¼
Xd
i; j¼1

qiðaijqjvÞ �
Xd
j¼1

qjðbjvÞ þ cðxÞv; DðA�Þ ¼ H 2ðWÞBH 1
0 ðWÞ;

where A� is the adjoint operator of A. Let P�
n be the adjoint operator of Pn:

ðPnj;cÞ ¼ ðj;P�
ncÞ for each j;c a L2ðWÞ.

Then it is known (e.g., [15]) that sðA�Þ ¼ fmngn AN, where m denotes the com-
plex conjugate of m a C and P�

n is the projection for the eigenvalue mn of A
�, and
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dim P�
nL

2ðWÞ ¼ dimPnL
2ðWÞ ¼ mn. Then by Theorem 16.5 in Agmon [2], we

have

Spann AN P�
nL

2ðWÞ ¼ L2ðWÞ;

that is,

ðy;P�
ncÞ ¼ 0; n a N; c a L2ðWÞ imply y ¼ 0:ð3:7Þ

Now we can complete the proof of Lemma 3.1. Let Pny ¼ 0 for n a N. Then
ðPny;cÞ ¼ 0 for all c a L2ðWÞ. Therefore 0 ¼ ðPny;cÞ ¼ ðy;P�

ncÞ for all n a N
and c a L2ðWÞ, which yields y ¼ 0 by (3.7). r

Third Step: Completion of the proof of Theorem 1.1. Let us note qa
t ðPnuðtÞÞ ¼

Pnq
a
t uðtÞ because Pn : L

2ðWÞ ! L2ðWÞ is a bounded operator. We set unðtÞ ¼
PnuðtÞ. Then

�PnAunðtÞ ¼ �AunðtÞ ¼ �mnunðtÞ þDnunðtÞ;

where Dn is an operator satisfying Dmn
n ¼ O, which corresponds to the Jordan

canonical form. Then (3.1) yields

qa
t unðtÞ ¼ ð�mn þDnÞunðtÞ;
unð0Þ ¼ Pna; n a N:

�

We can define an operator Ea;1ðð�mn þDnÞtaÞ by the power series:

Ea;1ðð�mn þDnÞtaÞ ¼
Xl
k¼0

ð�mn þDnÞktak
Gðak þ 1Þ ; t > 0:

Then we can directly verify

unðtÞ ¼ Ea;1ðð�mn þDnÞtaÞPna; t > 0:ð3:8Þ

Now we calculate the right-hand side of (3.8). Correspondingly to the Jordan
canonical form, we can choose a suitable basis of PnL

2ðWÞ:

ck
j : k ¼ 1; . . . ; ln; j ¼ 1; . . . ; dk

satisfying
Pln

k¼1 dk ¼ mn, and

ðA� mnÞck
1 ¼ 0;

ðA� mnÞck
2 ¼ ck

1 ;

� � � � � � � � � ;
ðA� mnÞck

dk
¼ ck

dk�1; 1a ka ln:

8>>><
>>>:
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We expand Pna in terms of this basis in PnL
2ðWÞ:

Pna ¼
Xln
k¼1

Xdk
j¼1

ak
j c

k
j :

Then

Ea;1ðð�mn þDnÞtaÞðck
1c

k
2 � � �ck

dk
Þ

ak
1

..

.

ak
dk

0
BB@

1
CCA

¼
Xl
m¼0

tam
ð�mn þDnÞm

Gðamþ 1Þ ðck
1c

k
2 � � �ck

dk
Þ

ak
1

..

.

ak
dk

0
BB@

1
CCA

¼ ðck
1c

k
2 � � �ck

dk
Þ

�
Xl
m¼0

tam

Gðamþ 1Þ

ð�mnÞ
m � � � � � �

0 ð�mnÞ
m � � � � �

� � � � � � � � � � � � � � �
0 0 � � � ð�mnÞ

m �
0 0 � � � 0 ð�mnÞ

m

0
BBBBB@

1
CCCCCA

ak
1

..

.

ak
dk

0
BB@

1
CCA:

Since unðTÞ ¼ 0, we see that each component of the above is equal to 0 at t ¼ T ,
and so

Ea;1ð�mnT
aÞak

1 þ
Pdk

p¼2 y1pa
k
p ¼ 0;

Ea;1ð�mnT
aÞak

2 þ
Pdk

p¼3 y2pa
k
p ¼ 0;

� � � � � � � � �
Ea;1ð�mnT

aÞak
dk�1 þ ydk�1;dka

k
dk
¼ 0;

Ea;1ð�mnT
aÞak

dk
¼ 0;

8>>>>>><
>>>>>>:

ð3:9Þ

where yjp with j þ 1a pa dk and j ¼ 1; . . . ; dk � 1, are some constants depend-
ing also on T . By the complete monotonicity (e.g., [13] and [22]), we see that
Ea;1ð�mnT

aÞA 0. Therefore by the backward substitution in (3.9), we can se-
quentially obtain ak

dk
¼ 0, ak

dk�1 ¼ 0; . . . ; ak
1 ¼ 0 for k ¼ 1; . . . ; ln. Hence Pna ¼ 0

for each n a N. Then we reach a ¼ 0 in L2ðWÞ. Thus the proof of Theorem 1.1
is complete. r

3.2. Proof of Theorem 1.3

Let w ¼ wðtÞ be the solution to
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qa
t wðtÞ ¼ �AwðtÞ þ F ; t > 0;

wð0Þ ¼ 0; wðtÞ a H 1
0 ðWÞ; t > 0:

�

Since F a Llð0;T ;DðAe
0ÞÞ, Lemma 2.2 proves that w a Cðð0;T �;H 2ðWÞB

H 1
0 ðWÞÞ. We consider

qa
t vðtÞ ¼ �AvðtÞ; t > 0;

vðTÞ ¼ b� wðTÞ; vðtÞ a H 1
0 ðWÞ; t > 0:

�
ð3:10Þ

By Theorem 1.1, for b a H 2ðWÞBH 1
0 ðWÞ, there exists a unique solution v a

Cð½0;T �;L2ðWÞÞBCðð0;T �;H 2ðWÞBH 1
0 ðWÞÞ such that qa

t v a Cðð0;T �;L2ðWÞÞ to
(3.10). Setting u ¼ vþ w, we see that uðTÞ ¼ b� wðTÞ þ wðTÞ ¼ b. Then we can
verify that u satisfies

qa
t uðtÞ ¼ �AuðtÞ þ F ðtÞ; t > 0;

uðTÞ ¼ b; uðtÞ a H 1
0 ðWÞ; t > 0:

�

The uniqueness of u is seen by Theorem 1.1. Thus the proof of Theorem 1.3 is
complete. r

In future projects we would investigate similar problems where the principal
part is an operator of order greater than 2, like in [9] and in [10], and in the case
of applied systems like [3], [5], [7], [8], and [16]. Moreover we would study related
inverse problems similarly to [4] and [6].
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