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Abstract—In this paper, a novel EEG-based method is in-
troduced for the quantification of brain-electrical connectivity
changes over a longitudinal evaluation of Mild Cognitive Im-
paired (MCI) subjects. In the proposed method, a dissimilarity
matrix is costructed by estimating the coupling strength between
every pair of EEG signals, Hierarchical Clustering (HC) is
then applied to group the related electrodes according to the
dissimilarity estimated on pairs of EEG recordings. Subsequently,
the connectivity density of the electrodes network is calculated.
The technique was tested over two different coupling strength
descriptors: Wavelet Coherence (WC) and Permutation Jaccard
Distance (PJD), a novel metric of coupling strength between time
series introduced in the present work. Twentyfive MCI patients
were enrolled within a follow-up program that consisted of two
successive evaluations, at time T0 and at time T1, three months
later. At T1, four subjects were diagnosed to have converted to
Alzheimers Disease (AD). When applying the PJD-based method,
the converted patients exhibited a significantly increased PJD
(p < 0.05), i.e., a reduced overall coupling strength, specifically
in delta and theta bands and in the overall range (0.5-32Hz). In
addition, in contrast to stable MCI patients, converted patients
exhibited a network density reduction in every sub-band (delta,
theta, alpha, beta). When WC was used as coupling strength
descriptor, the method resulted in a less sensitive and specific
outcome. The proposed method, mixing nonlinear analysis to
a machine learning approach, appears to provide an objective
evaluation of the connectivity density modifications associated
to the MCI-AD conversion, just processing non-invasive EEG
signals.

Index Terms—EEG, Mild Cognitive Impairment, Alzheimer’s
Disease, Permutation Entropy, Permutation Jaccard Distance,
Brain Connectivity, Hierarchical Clustering, Network density.

I. INTRODUCTION

Today, 47 million people live with dementia worldwide.
This number is expected to increase to more than 131 million
by 2050, together with the average age of the population.
Alzheimer’s Disease (AD) represents nearly 60% of the total
dementia cases [1]. AD is typically diagnosed after the age
of 65. AD patients survive on average only 4 to 8 years
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after diagnosis, because AD is nowadays still intractable [2],
[3], [4], [5], [6], [7]. The National Institute on Aging and
the Alzheimer’s Association (NIA/AA) workgroup of experts
postulated that what is commonly considered Alzheimer’s
should rather be considered a stage of a long and complex
degenerating process [8]. They have hypothesized three stages
of AD progression:

1) Preclinical-AD: when the disease has already triggered
the brain degeneration but no clinical symptoms are visible
yet; 2) Mild Cognitive Impairment (MCI) due to AD (MCI-
AD or Prodromal-AD): an intermediate stage where symptoms
related to the thinking ability may start to be noticeable, but
they do not affect the daily life of the subject; 3) Dementia
due to AD (Dementia-AD): In the last stage, impairments in
memory, thinking and behaviour undermine a person’s ability
to live and act independently.

Therefore, longitudinal (follow-up) studies on MCI patients
and normal aging subjects can be of great help in the
development of biomarkers for monitoring the progression
of dementias. Unfortunately, keeping the patients and their
caregivers loyal to a followup program is challenging, resulting
in a lack of longitudinal studies in the literature. MCI subjects
can be classified as: amnestic MCI (aMCI) and non-amnestic
MCI [9], aMCI subjects are more likely to convert to AD [10].
The aim of the present paper is to propose a method, based
on hierarchical clustering, for studying longitudinal changes
in the brain-electrical connectivity density. The method will
be specifically tested over longitudinal changes in the brain-
electrical connectivity density associated with the conversion
from MCI to AD. The method is based on the analysis of
Electroencephalographic (EEG) recordings because EEG is
a quick, cheap, non-invasive and well tolerated neurophysi-
ological measurement which has provided encouraging results
in MCI and AD diagnosis [11] [12] [13] and could be the
basis of future systems for the early-diagnosis of AD. EEG is
the most popular tool for investigating the cerebral electrical
activity [14]. Abnormal patterns in the electrical potentials
detected on the scalp may indeed reflect abnormalities in the
communication between neurons and can be used as diagnostic
and prognostic markers [14], [15], [16].

Ahmadlou et al. [17] present a chaos-wavelet methodology
for EEG-based diagnosis of AD employing the concept of
Visibility Graph (VG) from the graph theory. They report a
high diagnostic accuracy of 97.7% using a two-stage clas-
sifier consisting of Radial Basis Function Neural Network
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and Principal Component Analysis. Ahmadlou et al. [18] use
two different fractal dimensions (FD), Katzs FD (KFD) and
Higuchis FD (HFD), for evaluation of the dynamical changes
in the AD brain. They report a high accuracy of 99.3% for
diagnosis of the AD based on the global KFD in the beta
band of the eyes-closed condition. Moretti et al. observed a
decay of the temporoparietal cortex associated with MCI pro-
dromal to AD, additionally, shrinkage of the temporoparietal
cerebral area was correlated with an increase in alpha3/alpha2
EEG power ratio [19]. Frantzidis et al. investigated func-
tional disorganization of small-world brain networks in mild
AD and aMCI applying Relative Wavelet Entropy (RWE) to
the EEG and then a complex network approach to model
brain networks functioning. They found a declined functional
network organization even during the prodromal stage [20].
Ahmadlou et al. [21] investigate the complexity of functional
connectivity networks in MCI patients during a working
memory task using magnetoencephalography (MEG) signals.
They introduce two measures for brain networks complexities:
Graph Index Complexity and Efficiency Complexity. Houmani
et al. [22] use epoch-based entropy for early diagnosis of the
AD. Ortiz-Garcia et al. [23] use ensembles of deep neural
network learning architectures for the early diagnosis of the
AD. F. J. Martinez-Murcia et al. [24] study the structural
parametrization of the brain using hidden Markov models-
based paths in AD.

Recently, Amezquita-Sanchez et al. [25] presented a novel
4-step methodology for identifying MCI patients during a
working memory task using MEG signals. The enhanced prob-
abilistic neural network classifier of Ahmadou and Adeli [26]
is employed to distinguish MCI patients from healthy subjects.
They report a high accuracy of 98.4% to distinguish MCI
subjects. A state-of-the art review of imaging and machine
learning techniques for diagnosis of AD is presented in a
recent article by Mirzaei et al. [27]. Unfortunately, the above
mentioned studies are cross-sectional.

There are just a few longitudinal studies on MCI [28],
resulting in a lack of diagnostic tools to allows the neurologist
to objectively monitor the progression of the disease. Morabito
et al. [29] present a longitudinal EEG study of AD progression
based on a complex network approach. Romero-Garcia et
al. [30] note different scales of cortical organization are
selectively targeted during the progression to AD. Buscema
et al. [28] proposed a system which exploits special types
of artificial neural networks (ANNs) assembled in a novel
methodology named IFAST (implicit function as squashing
time). They reported that IFAST method was able to predict
the conversion from amnestic MCI to AD with high accuracy
(85.98%) in a 1-year follow-up study. This methodology was
later improved but it has been validated only in a MCI vs AD
vs Controls cross sectional study so far [31].

Motivated by the preliminary results achieved with the joint
application of standard coherence and hierarchical clustering
on AD patients [32], the goal of the present study was to
evaluate the evolution of the cortical connectivity in MCI
patients, indirectly, through the EEG, within a follow-up
program. Let us recall that AD (and therefore MCI, when
prodromal to AD) is considered a disconnection disorder

because it weakens the connectivity between the different areas
of the brain [20], [14], [12], [33]. Changes in the connectivity
between cortical areas are expected to induce changes in the
coupling strength between the corresponding EEG signals,
therefore, a measure of coupling strength between EEG signals
should be able to indirectly quantify the changes in the brain-
electrical connectivity due the disease’s progression [21].

The present work resulted from a translational research
whose goal was to compare the electrical connectivity density
at time T0 and at time T1, in MCI subjects, in order to assess if
it could reflect the brain connectivity reduction that is expected
to be induced by the disease’s progression towards AD.

To this purpose, a novel method to evaluate changes in
the brain-electrical connectivity was introduced: the method is
based on the construction of a dissimilarity matrix based on the
coupling strength between the EEG electrodes, the application
of Hierarchical Clustering to the dissimilarity matrix and the
subsequent estimation of the network density as a function of
the fusion level. The study involved 25 amnestic MCI patients,
who were longitudinally evaluated at time T0 and, 3 months
later, at time T1, within a follow-up program.

In this research, the authors first used spectral coherence,
as an estimator of the coupling strength, because it is the
most common descriptor in the analysis of EEG recorded
from MCI/AD patients, coherence-based analysis is indeed
routinely used in most MCI/AD EEGs clinical systems [31].
In particular, Wavelet Coherence (WC) definition is used in
this research, because it was shown to outperform the standard
coherence in the analysis of AD EEGs [34],[35]. Applying the
method with WC as coupling strength estimator, it was not
possible to detect a common behaviour for the EEGs of the
converted patients.

To cope with this problem, the Permutation Jaccard Distance
(PJD) is introduced here as a novel symbolic measure of
coupling strength between nonlinear time series. Applied to
EEG signals, PJD can be interpreted as an indirect measure
of the coupling strength between two or more cortical areas,
which is estimated by measuring the “distance” between the
corresponding projected EEG time series. PJD was hereby
defined and implemented on simulated unidirectionally cou-
pled Henon maps, in order to test its ability to measure the
coupling strength between interacting dynamic systems. Since
PJD successfully reflected the coupling strength variations
in the simulated systems, it was applied as coupling strength
estimator instead of WC.

When the method was applied using PJD as coupling
strength descriptor, the EEGs of the converted patients exhib-
ited a peculiar behaviour: network density reduction in every
sub-band from T0 to T1. In contrast, stable MCI subjects
did not exhibit such a behaviour. The paper is organized as
follows: Section II describes how the patients were recruited
and how the EEGs were recorded and preprocessed. Section
III introduces the concept of PJD and describes how it was
tested both on simulated dynamical interacting systems and on
the experimental EEG data. Section IV reports the achieved
results, Section V discusses them and Section VI addresses
the conclusions.
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Fig. 1. Given two time series x and y (i. e. two EEG signals), a time point t, an embedding dimension m and a lag L, the two time series can be projected
into the vectors Xt and Yt. When m=3, Xt and Yt are vectors with 3 elements and 6 possible ordinal patterns (Motifs) can occur. Given a time point t, the
algorithm checks which motifs occurred in x and which one in y. In the example illustrated in Figure, at time t, motif π4 occurred in x and motif π1 occurred
in y. The procedure is reiterated for every time point t so that we can end up with a final occurrence rate of every motif πi in x (pX(πi)) and in y (pY (πi)).
We also end up with a joint occurrence rate pX,Y (πi, πj) for every possible couple of motifs πi and πj , which accounts for the probability that πi occurs
in x and πj occurs in y.

II. EEG DATA RECORDING AND PREPROCESSING

A. Study population

A study group of 25 amnestic MCI subjects was recruited at
the IRCCS Centro Neurolesi Bonino-Pulejo of Messina (Italy).
Every patient was enrolled according to a cooperation agree-
ment that included a clinical protocol approved by the local
Ethical Committee. The patients signed an informed consent
form. The clinical diagnosis was formulated according to the
guidelines of the Diagnostic and Statistical Manual of Mental
Disorders (fifth edition, DSM-5) [36], by a multidisciplinary
team of neurologists, psychologists, psychiatrists and EEG
experts. The same examiners carried out all the cognitive and
clinical evaluations through a complete medical assessment.

Every patient underwent a neuroradiological examination to
rule out other pathological conditions (tumors, strokes, damage
from severe head trauma or buildup of fluid in the brain, etc).
The patients were not undergoing any medical treatment. They
were evaluated at a baseline time, T0, and 3 months later (time
T1). At the time of the second evaluation, T1, 4 out of 25
subjects resulted converted to AD (Pt 03, Pt 32, Pt 51, Pt 71).

B. EEG recording

The EEG was recorded according to the 10-20 International
System (19 channels: Fp1, Fp2, F3, F4, C3, C4, P3, P4, O1,
O2, F7, F8, T3, T4, T5, T6, Fz, Cz and Pz), with linked earlobe
(A1-A2) reference, during a comfortable resting state.

The sampling rate was set at 1024 Hz and a notch filter
at 50Hz was used. Before recording the EEG, every patient
and her/his caregivers were questioned about the quality and
duration of the last night sleep and about the last meal timing
and content. The EEGs were recorded in the morning.

During the acquisition, the patients kept their eyes closed
but remained awake. The recorded EEG were later manually
reviewed in order to assess that no sleep pattern was visible
and to label the segments affected by artifacts.

C. EEG preprocessing

Four major EEG sub-bands are commonly considered when
processing the EEGs of MCI/AD patients: delta (0.5-4 Hz),
theta (4-8 Hz), alpha (8-12 Hz), and beta (12-32 Hz). Each of
the four sub-bands refers to different functional and physio-
logical parts of the brain.

The EEG signals were band-pass filtered at 0.5-32 Hz. Ev-
ery EEG signal was then split into four sub-signals, each one
associated with a specific sub-band. The components of the
signals were extracted through a set of band-pass filters imple-
mented by the toolbox EEGLab (https://sccn.ucsd.edu/eeglab/)
[37]. In particular, the function eegfiltfft, based on Fast Fourier
Transform (FFT) and inverse FFT, was used to reconstruct the
signal in the desired frequency range.

In this way, a n-channels EEG recording is basically split
into 4 different n-channels EEG recordings corresponding to
the four sub-bands: EEGδ , EEGθ, EEGα, EEGβ . Every
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sub-band-EEG was downsampled to 256Hz and it was then
partitioned into 5 s non-overlapping windows (epochs).

All the algorithms were implemented in Matlab 2016a (The
MathWorks, Inc., Natick, MA, USA).

Before processing the filtered EEG through the proposed
algorithm, the artifactual segments, labelled by EEG experts,
were discarded. The average time length of the EEG record-
ings, after artifact cancellation, was 5.9 min.

III. A NEW EEG-BASED METHOD TO INDIRECTLY
ESTIMATE THE BRAIN CONNECTIVITY IN MCI PATIENTS

To study the connectivity of the brain network represented
by the scalp electrodes (nodes), it is necessary to define
a suitable measure of dissimilarity, between every pair of
electrodes, i and j. This metric should be able to interpret
the coupling strength between the brain areas i and j cov-
ered by the two electrodes. The inter-electrode dissimilarity
is inversely quantified by estimating the coupling strength
between the corresponding EEG signals. In this way, one
can associate a weighted graph to the EEG recorded at T0
and T1 and the two corresponding symmetric matrices of
dissimilarities between the electrodes. In the proposed method,
the matrices of dissimilarities between electrodes are the input
for the hierarchical clustering (HC) step, which allows to group
the electrodes depending on the relative coupling strength
between the corresponding EEG signals. The output of HC
ia a dendrogram representation of the relationship between
the nodes. The node clusters will depend on the selected fusion
level threshold. Fixed a fusion level threshold, a set of clusters
is determined; it is then possible to give an estimate of the
network density (i.e., the ratio between the actual number of
connections and the total number of possible connections). The
connectivity changes of the brain can be indirectly quantified
by comparing the connectivity density of the two graphs, at
T0 and T1. A schematic view of the proposed methodology
is illustrated in Figure 1 and will be discussed in detail,
step by step, following the labelling used in Figure 1. The
proposed method includes the following steps: a) Recording
the EEG and extracting the sub-band signals (delta, theta,
alpha, beta) as described in Section II-C; b) For every EEG
epoch, detecting which motifs occur within that window; c)
Estimating the occurrence rate of the motifs; d) Calculating
the PJD between every pair of EEG signals (i.e. every pair
of electrodes); e) Constructing a network where the nodes are
the electrodes and the dissimilarity between pair of nodes is
represented by the PJD between the two corresponding EEG
signals (in other words, a dissimilarity matrix is constructed,
where the element (i, j) is the PJD between electrodes i and
j; f) Feeding the dissimilarities into hierarchical clustering;
g) Estimating the network density, for different fusion level
thresholds, according to the resulting clusters (two electrodes
are considered “connected” if they belong to the same cluster).
Steps 2 to 6 are applied to every EEG sub-band, independently.
Given a patient, the methodology is applied either to EEG-T0
and EEG-T1, in order to estimate the connectivity densities at
T0 and T1, to compare them and to assess the brain-electrical
connectivity changes over the follow-up.

A. The Permutation Jaccard Distance (PJD) as a novel mea-
sure of coupling strength between time series

Permutation Entropy (PE) was introduced by Bandt and
Pompe [38] as a symbolic descriptor of dynamic complexity
changes in time series. PE projects the time trace into symbols
(motifs), thus estimating the randomness of the time series
regardless of its amplitude, which plays a key role when
analysing EEG. In fact, the amplitude of the EEG recorded
through a given electrode, depends on the distance from the
reference one. When processing the EEG recordings through
amplitude dependent techniques, each EEG signal should
be first normalized to cancel the effect of closeness to the
reference electrode. In contrast, normalization is not necessary
when using a symbolic procedure like PE. However, PE is a
univariate descriptor which can only describe the randomness
of a single time series (i.e. an EEG signal) and cannot quantify
the coupling strength between two or more time series (i.e.
between two or more EEG signals). The proposed descriptor,
PJD, is based on the same projection into symbols adopted
by PE, but it is a bivariate descriptor that can quantify the
coupling strength between two time series. In what follows,
before introducing PJD, some preparatory concepts of Infor-
mation Theory are briefly discussed.

1) Preparatory Information Theory Concepts: Given a time
series x, with N samples, and its probability density function
p(x), the Shannon Entropy of x is defined as:

H(X) = −
N∑
i=1

pX(xi)log(pX(xi)) (1)

Given two time series x and y, with N samples, and their joint
probability density function pX,Y (x, y), their Joint Entropy is
defined as:

H(X,Y ) = −
N∑
i=1

N∑
j=1

pX,Y (xi, yj)log(pX,Y (xi, yj)) (2)

The Mutual Information between x and y is defined as:

MI(X;Y ) = H(X) +H(Y )−H(X,Y ) (3)

The Variation of Information is defined as:

V I(X,Y ) = H(X,Y )−MI(X;Y ) (4)

When normalized by H(X,Y ), V I(X,Y ) becomes a measure
of distance between time series x and y [39]:

JD(X,Y ) = 1−MI(X;Y )/H(X,Y ) (5)

which is a metric because it satisfies the properties of sym-
metry, positivity, boundedness (0 ≤ JD(X,Y ) ≤ 1) and
triangle inequality [39]. In particular, the joint entropy of
X and Y , H(X,Y ), represents the union of the subsets
H(X) and H(Y ). Considering Eq. 3, MI(X;Y ) represents
the intersection between H(X) and H(Y ) [40]. This means
that MI(X;Y )/H(X,Y ) represents the ratio between the
intersection and the union of H(X) and H(Y ), which recalls
the concept of “Jaccard similarity coefficient” (JS) [41], also
known as “Intersection over Union”, traditionally used for
comparing the similarity and diversity between sample sets.
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The Jaccard distance (JD) is defined as JD = 1 − JS
[41]. This is the reason why the term “Jaccard Distance”
for Eq. 5 was adopted in the present work. The concept of
Permutation Jaccard Distance (PJD) will be introduced by
taking advantage of the properties of JD as well as from the
advantages of projecting the time series into symbols.

2) Projecting the time series into symbols: Given two time
series x and y with N samples, they can be mapped into a
m-dimensional space, where m is the embedding dimension.
Given the EEG window under analysis, starting from two
given samples x(t) and y(t) and given a time-lag L, two m-
dimensional vectors, Xt and Yt can be constructed as follows:

Xt = [x(t), x(t+ L), ..., x(t+ (m− 1)L)]T (6)

and

Yt = [y(t), y(t+ L), ..., y(t+ (m− 1)L)]T (7)

In order to make the explanation easily understandable, Figure
1 shows an example of how the method works with m = 3.
In this case, Xt and Yt are both vectors with three elements.
The algorithm disregards the absolute values of Xt and Yt
as it only takes into account the relative amplitude of their
elements: low, medium, high, which are indeed related to no
specific value as they represent the possible levels when an
embedding dimension m = 3 is selected. At each iteration,
three samples (m = 3) of the time series are selected and
compared to each other in order to assess which sample was
relatively “low”, “medium” or “high”. If m = 3, 3 possible
levels are considered and 6 possible ordinal sequences (Motifs)
can be identified (Figure 1). Motifs are denoted with πi,
where i = 1, ..., 6. The algorithm checks which motif occurs
in Xt (motif π4, in the example shown in Figure 1) and
which one occurs in Yt (motif π1, in the example shown
in Figure 1). According to the example shown in Figure 1,
in the first iteration, the algorithm increments the number of
occurrences of motif π4 in time series x, ηX(π4), and the
number of occurrences of motif π1 in time series y, ηY (π1).
The algorithm also increments the number of joint occurrence
of the two motifs π4 and π1, ηX,Y (π4, π1). Then the algorithm
moves to the next sample x(t+1), constructs two new vectors
Xt+1 and Yt+1 and reiterates the procedure. Eventually, the
algorithm estimates the overall probability that a given motif
πi (with i = 1, ..., 6) occurs in x (Eq. 8) and in y (Eq. 9), by
normalizing the number of occurrences η by the total number
of iterations:

pX(πi) = ηX(πi)/(N − (m− 1)L) (8)

pY (πi) = ηY (πi)/(N − (m− 1)L) (9)

The probability that a couple of motifs occurs jointly is:

pX,Y (πi, πj) = ηX,Y (πi, πj)/(N − (m− 1)L) (10)

As explained early in this Section, by discarding the absolute
amplitude of the elements of vectors Xt and Yt, by matching
them with the predetermined Motifs, the procedure becomes
amplitude independent. This characteristic is very useful when
dealing with EEG, because a signal recorded through an
electrode close to the reference one, will inherently have a

lower amplitude, compared to an electrode located farther
away.

3) Permutation Jaccard Distance Definition: Given a time
series x, with N samples and embedding dimension m, the
Permutation Entropy of x is defined as [38]:

PE(X) = −
m!∑
i=1

pX(πi)log(pX(πi)) (11)

Given two time series x and y, with N samples and embed-
ding dimension m, their Permutation Joint Entropy (PJE) can
defined as:

PJE(X,Y ) = −
m!∑
i=1

m!∑
j=1

pX,Y (πi, πj)log(pX,Y (πi, πj))

(12)
Their Permutation Mutual Information (PMI) is defined as:

PMI(X;Y ) = PE(X) + PE(Y )− PJE(X,Y ) (13)

Their Permutation Variation of Information (PVI) is defined
as:

PV I(X,Y ) = PJE(X,Y )− PMI(X;Y ) (14)

Therefore, the Permutation Jaccard Distance between time
series x and y can be defined as:

PJD(X,Y ) = 1− PMI(X;Y )/PJE(X,Y ) (15)

As the coupling strength between x and y increases, PJD is
expected to decrease, because the two time series become more
synchronized. In fact, as the coupling strength increases, PMI
increases and the joint randomness (therefore PJE) decreases.
As a consequence of JD definition (Section III-A1) PJD
satisfies the properties of a metric and is bounded between
0 and 1. The advantages of using PJD are manifold: since
PJD is a symbolic methodology, it is less sensitive to artifacts
because it projects the EEG time series into a set of symbols
(motifs). This is because the amplitude alteration in the EEG
signals due to artifacts, would not alter the amplitude of the
symbols. The robustness to noise of motifs-based descriptors,
is discussed in detail in [42] and the independence from
the amplitude of motifs-based descriptors is shown in [43].
Furthermore, PJD is a nonlinear metric that is able to capture
the nonlinear dynamics in the EEG.

4) Wavelet Coherence as a descriptor to be compared to
PJD: Conventional coherence measures the synchronization
between two signals, observing only the spectral components
and losing time information. Wavelet Coherence (WC) takes
into account the temporal and frequency information, thus,
it measures the coherence between two signals in the time-
frequency space. As noted, WC outperforms conventional
coherence in the analysis of AD EEGs [34],[35]. WC is based
on the definition of Continuous Wavelet Transform (CWT ),
used in time-frequency analysis. The CWT of a time series
x is defined as:

CWT (a, b) =

∫ +∞

−∞
x(t)Ψ∗a,b(t)dt (16)

where Ψ is the mother wavelet, a the scaling parameter and b
the shifting parameter. In this study, the Morlet wavelet was
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chosen as mother wavelet because it is reasonably localized
in both time and frequency [44]. As each scale is inversely
related to a specific frequency, the CWT is a time-frequency
representation. The wavelet coherence WCxy between two
time series is defined as:

WCxy(a, b) =
|S(C∗x(a, b)Cy(a, b))|2

S(|Cx(a, b)|2)S(|Cy(a, b)|2)
(17)

where Cx(a, b) and Cy(a, b) are the wavelet functions of x
and y at scales a and shift b; the asterisk sign * indicates the
complex conjugate operator. S denotes a smoothing operator
in time and scale. For the Morlet wavelet, a proper smoothing
function S was provided by Torrence and Webster [45]. The
numerator is the wavelet cross spectrum and it displays the
areas with high common power between two signals. The
wavelet coefficients of each WCxy(t, f) are then averaged,
over the frequency, in order to come up with a single average
value of wavelet coherence WCxy(t), for a given EEG epoch
EEG(t) (where t = T0 or t = T1), in every specific sub-band
under consideration f1 − f2 (delta, theta, alpha or beta):

WCxy(t) =
1

f2 − f1

∫ f2

f1

WCxy(t, f)df (18)

where f2 and f1 are the upper and lower frequency bounds of
the sub-band.
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Fig. 2. PJD as a function of coupling strength c and embedding dimension
m for the identical Henon Maps (top) and the non-identical Henon maps
(bottom).

B. Estimating PJD from the EEG signals

The PJD between every possible pair of electrodes is
computed, for every patient, in every sub-band, at T0 and
T1. Given a sub-band sb (delta, theta, alpha or beta) and the
corresponding EEG signals EEGsb (extracted as described in
Section II-C), given a generic window w under analysis, the
PJDw

x,y(sb) is calculated between every pair of electrodes

10.90.80.7

Coupled Identical Henon Maps

0.6
coupling strength

0.50.40.30.20.10
0

5

1

0.5

0

L

10

P
JD

10.90.80.7

Coupled Non Identical Henon Maps

0.6
coupling strength

0.50.40.30.20.10
0

5

L

0.2

0.8

0.6

0.4

10

P
JD

Fig. 3. PJD as a function of coupling strength c and lag L for the identical
Henon Maps (top) and the non-identical Henon maps (bottom).

x and y. Such values are then averaged over the time (i.e.
over the windows) in order to come up with an average PJD
value PJDx,y(sb) for every couple of electrodes x and y, in
every sub-band sb. In the end of the analysis, PJD

T0

x,y(sb)

and PJD
T1

x,y(sb) are computed for every pair of electrodes.
The same procedure is carried out with WC and WC

T0

x,y(sb)

and WC
T1

x,y(sb) are estimated.

C. PJD-based hierarchical clustering

The goal of the present paper is to use HC to cluster
the electrodes according to their mutual PJDs and to sub-
sequently estimate the connectivity density of the network
of electrodes. HC partitions a dataset of N samples into
nC clusters. There are two kind of HC: agglomerative and
divisive. The divisive HC assigns the entire dataset to a cluster
and then iteratively splits it into groups until all groups are
single clusters. This algorithm is computationally expensive
and is not frequently used [46]. In this work, the agglomerative
approach is adopted. It assigns an individual cluster to each
data point and then, iteratively, merges the two most similar
clusters. The procedure is repeated until all subsets belong to
a single cluster [47]. Different agglomerative HC algorithms
have been proposed in literature [48], in this paper, a com-
plete linkage algorithm is employed. This method, called also
furthest neighbour, defines the dissimilarity D(A,B) between
two clusters A and B through the maximum distance between
two objects a and b where a ∈ A and b ∈ B. The choice of the
“distance” between objects is therefore crucial. In this paper,
a distance metric sensitive to longitudinal changes in EEG
coupling strength was necessary, this is the reason why PJD
was adopted. Using PJD, the dissimilarity between objects (i.
e. electrodes) x and y is defined as: DT0

x,y(sb) = PJD
T0

x,y(sb),
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when processing EEG-T0, and on DT1
x,y(sb) = PJD

T1

x,y(sb)
when processing EEG-T1. In this way, two dissimilarity ma-
trices DT0(sb) and DT1(sb), are created, for every patient, in
every sub-band. For comparison purpose, the same procedure
is applied using WC instead of PJD. With regards to WC,
the dissimilarity between electrodes x and y is defined as
the complementary of wavelet coherence (that is bounded
between 0 and 1): DT0

x,y(sb) = 1−WC
T0

x,y(sb), when analysing
EEG-T0, and on DT1

x,y(sb) = 1−WC
T1

x,y(sb) when analysing
EEG-T1. Therefore, two WC-based dissimilarity matrices are
created, for every patient, in every sub-band.

D. Network density estimation

Given a patient, a time Ti of patient monitoring in the
follow-up program (T0 or T1), a sub-band sb under analysis
(delta, theta, alpha or beta) and a selected coupling strength
descriptor (PJD or WC), a dissimilarity matrix DTi(sb) is
constructed as described in Section III-C. HC is applied to the
matrix DTi(sb). The output of HC can be represented through
the dendrogram, which gives a view of the links among elec-
trodes as a function of the fusion level. Given a fusion level FL,
the electrodes linked at a level lower than FL will belong to the
same cluster and will be considered connected. Therefore, for
every dissimilarity matrix DTi(sb) and for every fusion level
threshold FL, a set of clusters is determined. Subsequently, the
number of active connections ACTiFL(sb) is calculated. Noting
that the total number of possible connections between n nodes
of a network is n ∗ (n− 1)/2 , the network density ND can
be defined as:

NDTi
FL(sb) =

ACTiFL(sb)

n ∗ (n− 1)/2
(19)

ND represents the ratio between the number of active con-
nections and the number potential connections of a network.
ND = 0 represents a totally disconnected network whereas
ND = 1 represents a fully connected one. Appendix provides
a pseudo-code of the whole procedure.

IV. RESULTS

A. Sensitivity of PJD to changes in the coupling strength
between simulated interacting dynamic systems

The aim of the present Section is to test PJD as a descriptor
of the coupling strength between simulated time series, in
order to assess if it is sensitive to changes in the coupling
strength between interacting dynamic systems. PJD was tested
on two unidirectionally coupled Henon Maps X and Y. Henon
Maps have been extensively used in the literature to validate
measures of coupling strength [49] [50]. The unidirectionally
coupled Henon Maps are defined by the following equations:{

X : xn+1 = 1.4− x2n + bxxn−1

Y : yn+1 = 1.4− [cxn + (1− c)yn]yn + byyn−1
(20)

where n is the step of iteration. System X drives system
Y nonlinearly, according to the coupling strength c, which
ranges from 0 to 1, where c=0 represents no coupling and
c=1 represents complete coupling. In the analysis of identical
systems, bx=by=0.3. In the analysis of nonidentical systems,
bx=0.3 and by=0.1. Identical and nonidentical systems are
discussed in detail in [51]. X and Y are initialized randomly.
After initialization, X and Y are iteratively computed according
to Eq. 20. Every 1000 steps, c is updated by c = c+ 0.01. In
this way, two time series with 110000 samples are generated.
The two simulated time series are then processed within non-
overlapping windows of 1000 samples. The PJD between X
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Fig. 4. Dendrograms of patient 51 (who was diagnosed MCI at T0 and AD at T1), in every EEG sub-band, at T0 and T1. The vertical axis of the dendrogram
represents the distance or dissimilarity between clusters (fusion level). The horizontal axis represents the electrodes. Each joining (fusion) of two clusters
is represented by a vertical line splitting into two vertical lines. The horizontal position of the split, shown by the short vertical bar, provides the distance
(dissimilarity) between the two clusters. An example of how the electrodes are clustered when the fusion level thresold is set at 0.3 is shown.

and Y is calculated within each window, therefore, a sample of
PJD is estimated every 1000 simulated samples of X and Y. In
the end of the analysis, 110 PJD values are calculated, each
one associated to a specific c value. In order to come up with a
smooth PJD estimation, given a c0 value and the correspond-
ing c0 ÷ c0 + 0.1 range, the 10 PJD values estimated within
that range are averaged. Figure 2 shows PJD as a function
of both the coupling strength c and embedding dimension
m, for identical (top sub-plot) and non-identical Henon maps
(bottom sub-plot). PJD decreases as the coupling strength
increases. This suggests that a decreasing PJD reflects an
increasing coupling strength, as expected. With regards to
identical systems, the behaviour looks similar for different m
values. For 0 < c < 0.7, PJD decreases monotonically as c
increases, thus showing that PJD is sensitive even to small
coupling variations. The critical threshold c = 0.7 corresponds
to the condition of identical synchronization between the two
systems. For c > 0.7, PJD reveals a strong synchronization
between the two coupled systems. With regard to non-identical
systems, as m increases, PJD becomes less sensitive to
coupling strength variations. In fact, increasing m inherently
reduces the joint probability of every pair of motifs and,
therefore, inherently reduces the estimated synchronization
between time series x and y. Finally, Figure 3 shows PJD

as a function of the coupling strength c and the lag L. Once
again, PJD decreases as the coupling strength increases. The
behaviour looks the same for different L values. The issue of
optimal parameter setting in the projection of EEG time series
into symbols, specifically for AD/MCI patients, is discussed in
detail in [42]. That paper reported that the setting m = 3 and
L = 1 allowed for better capturing the slowing effect typical
of MCI/AD EEGs. In conclusion, since m = 3 and L = 1 was
shown to work fine on the EEGs of AD patients [42] and since
that setting worked fine also in the theoretical experiments on
Henon Maps shown in the present work, m = 3 and L = 1
was adopted herein.

B. Sensitivity of PJD to changes in the EEG coupling strength
associated to the transition from MCI to AD

After having evaluated the ability of PJD to follow changes
in the coupling strength between simulated coupled time
series, the significance of the variation of PJD levels from T0
to T1 was assessed, for every patient, in every sub-band. The
same analysis was carried out by using WC instead of PJD.
PJD and WC were estimated at time T0 and T1, according
to the procedure described in Section III-B. Once PJD

Ti

x,y(sb)
is estimated, for every pair of electrodes, in every sub-band,
we can define the two vectors PJDT0

(sb) and PJDT1
(sb),
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Fig. 5. ND evolution in subject Pt 30 (stable MCI). ND is depicted as a function of the fusion level threshold, in every sub-band, at T0 (continuous line)
and at T1 (dashed line).
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Fig. 6. ND evolution in subject Pt 51 (converted to AD at T1). ND is depicted as a function of the fusion level threshold, in every sub-band, at T0
(continuous line) and at T1 (dashed line).

where every element of the vector is associated with a pair
of electrodes x and y. In order to evaluate the significance
of the overall PJD variation in the transition from T0 to
T1, the two populations (i. e. the two vectors PJDT0

(sb)

and PJDT1
(sb)) were statistically compared. The intra-subject

statistical analysis was carried out by the Wilcoxon rank sum
test [52], using the Matlab Statistics Toolbox (Mathworks).
Given a patient and a sub-band, the null hypothesis that the two
vectors under consideration, PJDT0

(sb) and PJDT1
(sb), are

independent samples from identical continuous distributions
with equal medians, was tested. The statistical significance
was set at p < 0.05.

Table I reports the results. Table I reports the p values
associated with decreased coupling strength (increased PJD or
decreased Coherence). The significant values (p < 0.05) are
highlighted in bold. The p values associated with increased
coupling strength are denoted with “Not Significant” (NS).
With regard to PJD analysis, the intra-subject variability
study shows that PJD increased significantly (p < 0.05), be-
tween T0 and T1, in the overall range (0.5-32Hz), in delta and
theta sub-bands specifically in the prodromal AD patients (Pt
03, 32, 51 and 71). In patients 32, 51 and 71, PJD significantly
increased also in alpha and beta bands. The results show that
PJD appears to be sensitive to the connectivity reduction that
is expected to be induced by MCI progression towards AD,
specifically in delta and theta bands, as well as in the overall
range 0.5−32Hz. As regards WC, three out of four converted
patients (Pt 03, 32 and 71) exhibited a significant decrease of
WC (p < 0.05), between T0 and T1, in the overall range
(0.5 − 32Hz) and in delta band, however, such a behaviour
was also observed in the stable patient Pt 152.

In conclusion, a peculiar behaviour of converted patients
could be detected only using PJD: PJD significantly in-

creased, between T0 and T1, in the overall range (0.5-32Hz)
as well in delta and theta sub-bands. With regard to the intra-
subject statistical analysis of PJD and WC variations from T0
to T1, PJD seems to outperform WC as a coupling strength
descriptor, however, although PJD seems to outperform WC,
the proposed approach (coupling strength descriptor + HC +
network density estimation) either to PJD and WC in order
to investigate in detail how they influenced the performance
of the whole methodology. The results will be shown in the
following sections.

C. Estimating changes in connectivity density through PJD-
based HC

The present Section illustrates the results of the proposed
method, coupling strength (PJD or WC) + HC + network
density estimation. As described in those sections, considering
a patient, a time Ti in the follow-up program (T0 or T1), a
sub-band sb under analysis (delta, theta, alpha or beta) and a
selected coupling strength descriptor (PJD or WC), the dis-
similarity matrix DTi(sb) was estimated and HC was applied
to it. The output of HC was represented as a dendrogram, in
order to plot the connection among the electrodes as a function
of the fusion level. Given a fusion level FL, the electrodes
linked at a level lower than FL were considered connected.
The explanatory dendrogram of a converted patient, Pt 51 is
shown in Figure 4. In order to provide a view at-a-glance
of how the connectivity changed from T0 to T1, an arbitrary
fusion level was selected (0.3), for either time T0 and time
T1, and the corresponding clusters are depicted in Figure 4.
It is worth noting that the clusters significantly changed for
Pt 51. For example, in delta band, at time T0, three single
elements were observed and a large cluster with 16 elements
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was obtained, whereas, at time T1, 6 clusters were obtained,
with a size ranging from 2 to 6 elements.

In order to quantify the results of such a visual evaluation,
the network density ND was estimated, according to the
method described in Section III-D. ND measures how many
connections are active, as a function of the selected fusion
level threshold. ND was estimated, according to Eq. 19,
for different fusion level thresholds, ranging from 0 to 1,
with a step of 0.01. Figures 5 and 6 show two explanatory
representations of ND evolution, as a function of the fusion
level threshold, in every sub-band, for patients Pt 30 (stable
MCI) and Pt 51 (converted to AD), respectively. In Figures 5
and 6, ND was estimated using the PJD-based method. With
regard to Pt 30 (Figure 5), it is observed that the two trends
(ND(T0) and ND(T1)) essentially overlap for FL < 0.55
in every sub-band, whereas they differ significantly in Pt 51,
even for FL < 0.55.

This result indicates that ND significantly changed in
patient Pt 51, in the transition from T0 to T1, whereas it
remained stable in patient Pt 30. In order to quantify the
results shown in Figures 5 and 6, the percent variation of
the area below the two curves was calculated, NDT0(sb) and
NDT1(sb), for every patient, in every sub-band sb:

4ND(sb)% =
(NDT1(sb)−NDT0(sb))

NDT0(sb)
∗ 100 (21)

The results are reported in Table II, for both the PJD-based
and the WC-based methods. With regard to the PJD-based
method, patients converted to AD (prodromal AD) experienced
a reduction of the ND area in every sub-band and have been
highlighted in grey in Table II. With regard to WC, three out
of four converted patients exhibited such a reduction, together

with two non converted patients, thus making the WC-based
method less sensitive and specific. Limited to the analysed
dataset, by using the PJD-based method, the ND reduction in
every sub-band, as well as in the overall range 0.5 − 32Hz,
seems to be associated with the conversion from MCI to AD. A
behaviour peculiar of converted patient could not be detected
by the WC-based method.

V. DISCUSSION

This paper proposes a method for studying the connectivity
of complex systems based on hierarchical clustering and on a
novel metric called Permutation Jaccard Distance (PJD). The
method is novel from either the theoretical and the application
point of view. PJD is a novel measure of coupling strength
between time series hereby introduced as the basic metric of a
hierarchical clustering-based method for connectivity analysis.
The choice of the metric is indeed decisive in hierarchical
clustering. From the application point of view, innovation lies
in the fact that the proposed method has been applied to the
longitudinal study of EEG connectivity in MCI patients, which
has never been studied in literature. The brain is indeed a com-
plex system and the neurophysiological signals, like EEG, are
the output of such a system. Learning from EEG data can help
to understand the behaviour of the system that generated them,
this is the reason why neural networks and learning systems
have been extensively used in EEG analysis, for example in
disease diagnosis [11], [23], [28], [34], [53], [54], [55], Brain
Computer Interface applications [56], EEG-based studies of
the brain condition [57], cognitive [58] or task analyses [59].

The present paper addressed the importance of developing
novel EEG-based biomarkers, able to objectively quantify the
changes caused by the progression of Alzheimer’s disease,
from the stage of MCI to the final dementia stage.
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Since it is commonly believed that AD weakens the con-
nectivity between the different cortical areas in the brain,
the authors developed an EEG-based method for the indirect
estimation of brain-electrical connectivity changes within a
patient follow-up program.

The present work resulted from a translational research
conducted at the IRCCS Neurolesi Center Bonino-Pulejo of
Messina (Italy). Twentyfive MCI subjects were recruited and
involved in a follow-up program that consisted in reevaluating
the patients at time T1, three months after the first evaluation
(time T0). The goal of the present study was to develop novel
biomarkers for the objective quantification of the effects of
disease’s progression on the brain-electrical connectivity.

The proposed method considers the EEG electrodes as
nodes of a network. The dissimilarity between the nodes is
estimated as the complement of the coupling strength between
the corresponding EEG signals. Such dissimilarities are then
used as input to Hierarchical Clustering (HC) to cluster the
electrodes and subsequently estimate the connectivity density
of the network (ND). To our best knowledge, such a method
has not been proposed in the literature yet. Therefore, the
novelty of the paper does not rely in replacing WC with
PJD but in introducing a novel method (EEG signals Cou-
pling Strength Descriptor + Hirerachical Clustering + Network
Density estimation) to indirectly estimate cortical connectivity
changes induced by MCI degeneration towards AD.

In the early experiments, the coupling strength was esti-
mated by Wavelet Coherence, due to the promising results in
the literature on MCI/AD EEG analysis. Since the proposed
method, when based on WC, did not exhibit a specific be-
haviour for converted patients, the authors decided to propose
a new method for estimating the coupling strength between
EEG signals, taking advantage of the projection of time series
into symbols, according to Bandt and Pompe theory [38]. In
the present research, the Permutation Jaccard Distance (PJD)
was introduced and its ability to estimate the coupling strength
between simulated dynamic interacting systems was tested.
By using the PJD-based method, a ND reduction could be
detected in every sub-band, as well as in the overall range
0.5− 32Hz, only in the converted patients.

The WC-based method did not show any peculiar behaviour
for converted patients. According to the achieved results, the
PJD-based network density estimation method seems to show
potential as an EEG-marker in the follow-up analysis of MCI
subjects. Both WC- and PJD-based methods will be tested
on the upcoming extended dataset currently under construction
at the IRCCS Neurolesi Center. Our future goal is to build a
multistep longitudinal database where the patient is evaluated
every 3 (up to 4) months.

The results presented in this study can be considered en-
couraging for the following reasons: 1) PJD is a new method
for estimating the coupling strength between time series,
particularly useful when it is not desirable to pre-normalize
the available recordings; 2) This study could stimulate the
clinical centers to perform further follow-up studies on MCI
and test the proposed methodology on additional data; and
3) The proposed method can be in principle used on other
neurological disorders affecting the cortical connectivity such

as Parkinsons disease [60] [53], schizophrenia [54], [61],
epilepsy [62] [63], ADHD [64] and autism [55].

Hopefully, the present work will encourage longitudinal
studies on MCI patients, which are long overdue and strictly
necessary to develop biomarkers that are able to objectively
quantify the diseases progression towards AD. It could also
encourage the clinical centers to cooperate and share their
follow-up data, which would dramatically increase the size
of the available dataset and speed-up the development of the
aforementioned biomarkers.

VI. CONCLUSIONS

In the present paper, the importance of developing novel
EEG-based biomarkers for the objective quantification of the
effects of brain degeneration from the stage of Mild Cognitive
Impairment (MCI) to the possible dementia-due-to-AD stage,
was addressed. AD is defined in the literature as a discon-
nection disorder, because it weakens the connectivity between
different cortical areas.

In this paper, the authors introduced a novel, EEG-based,
method for the indirect estimation of brain connectivity in
MCI patients and for the objective quantification of con-
nectivity changes over the follow-up. The proposed method
considers the EEG electrodes as nodes of a network. The
dissimilarity between the nodes is estimated through PJD.
Hierarchical Clustering (HC) is then applied in order to
cluster the electrodes according to their mutual dissimilarity.
The connectivity density ND of the network is eventually
calculated for different fusion levels. The method was tested
either on PJD and WC. First, the ability of PJD to estimate
the coupling strength between simulated dynamic interacting
systems was tested. Then, the method was applied for estimat-
ing the coupling strength between the EEG signals of the MCI
patients involved in the study. The intra-subject variability
analysis showed that the four patients who converted to AD
exhibited a significantly (p < 0.05) increased PJD (reduced
overall coupling strength), particularly in delta and theta bands.
According to the proposed method, only the four converted
patients showed a connectivity density reduction, in every
sub-band under consideration (delta, theta, alpha, beta), as
well as in the overall 0.5 − 32Hz range. The remaining 21
stable MCI patients did not exhibit such a behaviour. The
reduced connectivity density reflects the expected reduced
coupling strength between the brain areas that comes with
MCI progression towards AD.

In the future, the database will be extended to include
more patients and more steps in the follow-up program. The
retrospective study of the resulting longitudinal database might
help to develop EEG-based predictive biomarkers that can
estimate the probability of conversion to AD.
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