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Abstract

The paper proposes a nonlocal limit analysis procedure to evaluate the load

bearing capacity of metal matrix nanocomposites (MMNCs) structural ele-

ments. The promoted procedure rephrases and extends, in a nonlocal con-

text, a static limit analysis numerical method, known in literature as elastic

compensation method. Due to the ductility and the intrinsic nonlocal be-

haviour of MMNCs materials, a nonlocal elastic-perfectly plastic constitu-

tive behaviour is hypothesized with the further hypothesis that nonlocality

belongs only to the elastic phase. An associative von Mises type yield condi-

tion together with a nonlocal elasticity model of integral type are adopted.

A nonlocal formulation of the finite element method is used throughout and

a numerical application is presented and critically discussed with the aim to

test the capability of the method in capturing the main features of the novel

nonlocal limit analysis approach.
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1. Introduction

In recent years, a great research effort has been devoted to the production

and the analysis of new composite materials designed for structural and in-

dustrial applications. To be competitive, such materials have to possess, be-

side the desirable lightweight, an improved mechanical behavior that means

higher stiffness and strength properties, appropriate damping capacity, wear

resistance etc. Metal matrix nanocomposites (MMNCs) which are obtained

by adding, to the metal matrix (usually steel, aluminium or magnesium al-

loys), stronger nanoparticles, such as aluminium and yttrium oxide, carbon

nanotubes etc., seem to provide, among others, the research answer to the

industrial needs (see e.g. Casati and Vedani [1] or Mirza and Chen [2] and

references therein). Notwithstanding the foregoing affirmed, the widespread

use of these materials is still limited in practical applications due to the dif-

ficulty in modeling their constitutive behavior mainly for what concern the

post-elastic phase and consequently in using commercial numerical codes for

the analysis of structural elements consisting thereof. It should be further

noted that, by their own nature, the MMNCs are materials, in which the

diffusive processes arising at a nano-scale level influence the behavior at the

macroscopic level, [5], so that a proper modeling of these materials cannot

apart from use of the so called nonlocal approaches (see e.g. Bažant and

Jirásek [3] or Bažant and Cedolin [4]).

To overcome the drawbacks related to a reliable description of the post-

elastic behavior, taking also into account the nonlocal nature of structural

elements made of MMNCs and in the final perspective of providing useful

information about the load carrying capacity of such elements, this work pro-

2



poses a plastic limit analysis approach of nonlocal type. This kind of approach

appears plausible due to an overall ductile behavior shown by MMNCs, [6]. In

particular, a limit analysis procedure, known as elastic compensation method,

[7] is considered to evaluate a lower bound to the plastic collapse load mul-

tiplier of MMNCs structural elements. The procedure, which makes use of

sequences of elastic analyses in order to mimic the behavior of the structure

at a state of incipient collapse, is here formulated in a nonlocal elastic con-

text. To this purpose, a nonlocal elastic-perfectly plastic constitutive model

is assumed with the hypothesis that the nonlocal behavior pertains only to

the elastic phase. The nonlocal elastic description is pursued by an enhanced

version of the nonlocal integral Eringen model,[10] , while the nonlocal elastic

computations, required by the promoted limit analysis numerical procedure,

are performed with a nonlocal finite element method (NL-FEM) implemented

by the authors in [8]. A numerical example is presented and the obtained

results are critically discussed to highlight limits and potentials of the novel

approach.

2. Theoretical framework

2.1. Constitutive assumptions

Structural elements made of MMNCs are considered in their elastic regime,

under the hypotheses of small strains, plane stress conditions and loads acting

in a quasi-static manner. To take into account the presence of nanoparticles

within the metal matrix, the elastic behavior is modelled as nonlocal, i.e.

a constitutive relation of integral type and containing two internal mate-

rial parameters is assumed. By hypothesis the nonlocal behavior pertains
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only to the elastic phase, the post elastic phase is assumed to be (local)

perfectly-plastic and obeying an associative flow rule of von-Mises type (see

e.g. Ref.[9]). The postulated constitutive equations read:

σ(x) = D(x) : R(ε(x)− εp(x)) = D(x) : R(εe(x)) (1)

ε̇p(x) = λ̇
∂f(σ(x))

∂σ(x)
(2)

f(σ) ≤ 0; λ̇ ≥ 0; λ̇f(σ) = 0. (3)

In the above equations: σ(x) and ε(x) are the stress and the strain tensors,

the apices p and e stand for plastic and nonlocal elastic, respectively; D(x)

is the elastic moduli tensor, f(σ) is the assumed von-Mises yield function

and plastic potential so that Eqs.(2) and (3) are the classical flow laws of

standard J2 plasticity. Finally, R is a regularization operator obtainable

from the following explicit form of Eq.(1):

σ(x) = D(x) : εe(x)− α
∫
V

J (x,x′) : [εe(x′)− εe(x)] dV ′ ∀ (x, x′) ∈ V.

(4)

The novelty, with respect to a local treatment, is given by Eq.(4), which is

a nonlocal elastic relation of Eringen-type already experienced by the authors

in ([8], [10]). More precisely, equation (4) represents a two-phases local-

nonlocal material model, the proportion of the nonlocal phase being governed

by the nonlocal material parameter α. The nonlocal tensor J (x,x′), entering

Eq.(4), is defined in terms of: the elastic moduli tensor evaluated at x and x′;

a scalar attenuation function, say g(x,x′), together with a weighted form of

it. By hypothesis, g(x,x′) depends on an internal length material scale, say

`, as well as on the Euclidean distance, |x− x′|, between points x and x′ in
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V . The attenuation function plays a crucial role in nonlocal theory (see again

[8]), assigning a weight to the nonlocal effects induced at the field point x by

a phenomenon acting at the source point x′. The shape of g(x,x′), beside

the value assumed for `, determines the so called influence distance, say

LR, i.e. the length denoting the wideness of the continuum region, neighbor

of x, within which long distance nonlocal interactions act. Skipping the

analytical details, given in the previously quoted papers, it is worth noting

that the adopted nonlocal elastic model (4) belongs to the general class of

microcontinuum field theories which try to model diffusive processes arising

at microscopic molecular level by macroscopic material parameters, as α and

` in (4). The need for doing so is related to the necessity of overcome some

deficiencies of local classical elasticity which is unable to take into account

phenomena arising within the microstructure of the material that, however,

have a relevant influence on the material/ structural behavior (see e.g. stress

description at a tip of a crack, size effects, material containing nano-particles,

and so on).

Approaches based on nolocal integral theories can be traced back to the late

fifties and even before (see e.g. Refs. [13], [12], [14], [11]); more recently,

gradient theories (see e.g. Aifantis and co-workes [15], [16]); peridynamic

theories (see e.g. Silling [17], [18]), continualization theories [19] moved in

the same direction and basically with the same goal of solving problems the

classical elasticity cannot solve. A part from the very different analytical and

conceptual structure of the above theories, they all share a common feature,

namely the assumption of an internal length material scale. As suggested in

[20], [21], just to quote one of the most attractive nonlocal approach, if the
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analysis is carried on at micro– or molecular–level the value of ` should be

related to the intermolecular distance, but if, as desired, the analysis is carried

on at a macroscopical level, `, or a quantity related to ` defining at which

extent nonlocal interaction act, should be defined according to convenience.

In practice the value of ` has to be chosen taking into account the element-size

within a FE approach or the grid-size within a meshless approach.

Focusing the attention on the integral nonlocal approach here assumed, if,

from one side, an abundant recent literature deals with the analytical shape

of the kernel g(x,x′) (see e.g. Ref. [22]), on the other side, to the authors’

knowledge, no experimental studies have solved the problem of determining

a reliable value of ` for a given nonlocal material. The identification of `,

as well as of α, the second material parameter entering the adopted model,

remains a point, not tackled here, left open to discussion being the weak point

of the here adopted, but perhaps of all, nonlocal approaches when applied to

real problems. Different values of ` will be assumed in the sequel to highlight

the differences between a local and a nonlocal treatment of a FE-based limit

analysis procedure applied to a MMNCs structural element.

2.2. Nonlocal finite elements

As described in details in [8], to which we refer for sake of brevity, on the

base of Eq.(4) and of a nonlocal total potential energy principle, first conceived

in [11], a nonlocal formulation of the well known finite element method can be

developed. The main peculiarity of NL-FEM is the circumstance that each

element, beside the standard local stiffness matrix, is endowed with a set

of nonlocal element stiffness matrices whose entries derive from the mutual

interactions with the other elements in the mesh. Such set of element matrices
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can be given the shape:

knonloc
n :=

∫
Vn

BT
n (x) γ2(x)D (x)Bn(x) dVn, (5)

knonloc
nm :=

∫
Vn

∫
Vm

BT
n (x)J (x,x′)Bm(x′) dVm dVn, (6)

where: Bn(x) and Bm(x) are the usual notations for the element matrices

containing the shape functions derivatives pertaining to elements #n and

#m, respectively; J (x,x′) is the nonlocal operator(in matrix form) entering

model (4) and γ(x) is a scalar-valued nonlocal operator equal to the integral

on the domain volume V of the function g(x,x′), (see again [8] for further

details). The nonlocal nature of matrices (5) and (6), pertaining to element

#n, is witnessed both by the presence of γ(x) and the double integration

carried on element #n and its neighbor #m, respectively. The structure of

this matrices, all derived through a variationally consistent rationale, renders

each NL-FE able to catch the (nonlocal) interactions exerted on it by the

neighbors NL-FEs.

It is worth noting that the NL-FEs mutual interactions are confined to within

a certain number of neighbors elements, i.e. the ones belonging to an influ-

ence zone whose wideness depends from the material internal length `. The

assembling procedure, yielding a global nonlocal stiffness matrix and a (stan-

dard) global nodal force vector, follows the standard procedure of FEM. Ob-

viously, the global nonlocal stiffness matrix will collect many contributions

for each NL-FE so resulting with a bandwidth larger with respect to the

standard (local) one. All the integrations are performed with standard rules,

standard it is also the way the boundary conditions are enforced. Once the

global system of algebraic equations is solved, stresses, strains and related
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quantities, are easily output at the sampling points and/or at nodes. A recent

contribution, [23], explored the correct way to handle structural symmetric

nonlocal problems, but this is out of the scope of the present work.

3. Nonlocal limit analysis

A plastic limit analysis approach of nonlocal type is proposed for the

addressed MMNCs structural elements. The approach grounds on two main

remarks: i) MMNCs structural elements exhibit a ductile behavior, [6]; so

to search for a plastic collapse load, with reference to an associative von

Mises-type yield condition, seems appropriate in this context; ii) the limit

analysis here performed is aimed to the evaluation of a lower bound (LB)

to the plastic collapse load multiplier. Such LB is evaluated through a FE-

based procedure, already experienced by the authors in different contexts,

([25], [26], [27], [28]) and requires only sequences of elastic analyses.

The key-idea of the approach promoted in this paper is then to rephrase

the LB-FE-based procedure performing sequences of nonlocal elastic FE anal-

yses. The NL-FEM of section 2.2 will be the numerical tool. The constitutive

assumptions of section 2.1, confining the nonlocality of the material only to

the elastic phase, will be also consistently met.

The procedure to be rephrased is known, in the local context, as elastic

compensation method (ECM) and belongs to the static approach of limit

analysis aimed at evaluate the maximum load value, in equilibrium with a

plastically admissible stress field, at which the structure find itself at a state

of incipient collapse. The nonlocal ECM (NL-ECM) will mimic the redistri-

bution of nonlocal stresses arising within the structure, discretized in NL-FEs,
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and subjected to load increasing up to collapse. To this aim, as in the local

version, the redistribution is operated performing many sequences of nonlocal

elastic FE analyses. At each sequence, the applied loads, say P (s)p̄ with P (s)

= load multiplier of the current sequence (s) and p̄ = reference loads, are in-

creased of a fixed increment, say4P , so that P (s+1) = P (s)+4P . Within the

current sequence a NL-FE analysis of the structure is carried on iteratively

redistributing the computed nonlocal elastic stresses by reducing the elastic

modulus of each NL-FE in which a scalar (von Mises) measure of the nonlo-

cal elastic stress attains or is beyond an admissible threshold. The sequences

stop when, for the current applied load, the redistribution fails, that is when

a fixed maximum value of iterations (NL-FE analyses) is attained without

succeeds in bringing all the stresses below or at the admissible threshold.

The NL-ECM can be easily explained with reference to the sketch of Fig.1

where the assumed von Mises surface is represented in the deviatoric π-plane

as:

ρ2 − ρy = 0, (7)

which is a circle of radius ρy :=
√

2
3
σy (σy being the uniaxial yield stress)

with ρ :=
√

2J2 (J2 being the second deviatoric stress invariant).

At start, i.e. for s = 1 (first sequence), a load P (s)p̄ is applied to the

structure discretized in NL-FEs. P (s) denotes the load multiplier of the

current sequence, p̄ the reference loads. A first (k = 1) NL-FE analysis is

carried out and averaged (within the GPs of the element) nonlocal stress

value ρ
(k−1)
#e is computed for each NL-FE#e. Within the elements where

ρ
(k−1)
#e is greater than ρy (see again Fig.1) the elastic modulus is reduced to

bring the not admissible stress onto the yield surface according to:
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Figure 3  Geometrical sketch of the limit analysis procedure in the deviatoric plane for steel bars: 
(a) the matching procedure from iteration (k-1) to (k) performed at the current GP of current bar 
element; (b) stress points measured within the steel bar elements #1, #2, #3, …, #e, …, #n, to apply 
ECM, Rρ  dealing with the ”maximum stress” among the bar elements. 
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Figure 1: Geometrical sketch of the limit analysis procedure in the deviatoric plane:

averaged scalar-valued stresses measured within the elements #1, #2, #3, ...,#e, ...,#n

to apply NL-ECM, ρ
(k−1)
max denoting the “maximum stress” among all the elements in the

mesh.

E
(k)
#e = E

(k−1)
#e

[
ρy

ρ
(k−1)
# e

]2

. (8)

Such values are sored to be used at next iteration (analysis). The “maximum

stress” in the whole mesh is also detected, i.e. the stress point farthest away

from the von Mises circle, ρ
(k−1)
max in Fig.1. If such maximum value is greater

than ρy you try to redistribute the current load P (s)p̄ performing a new NL-

FE analysis with the updated E
(k)
#e moduli; if ρ

(k−1)
max is less than ρy compute

a lower bound multiplier as:

P
(k−1)
LB = ρy

P (s)

ρ(k−1)
max

, (9)

increase the intensity of the acting loads setting P (s+1) = P (s) +4P (4P
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= fixed increment of the load multiplier) and perform a new sequence of

elastic analyses in the attempt to redistribute a greater load. The sequences

stop when the load increase does not allow the maximum stress to be brought

below, or at, yield by redistribution. The PLB is then the last computed value

corresponding to the last admissible stress field, say at iteration K, attained

for the maximum (redistributed) load, say the one obtained at sequence (S),

i.e. P (S)p̄. The PLB is eventually given by:

PLB = ρy
P (s)

ρ(K)
max

. (10)

4. Validation of the proposed procedure

The nonlocal limit analysis approach presented in the previous sections is

employed to solve a simple numerical example. Beside to verify the numerical

implementation of the whole procedure, which is not trivial, the numerical

example is aimed to test the capability of the method to capture the effects

of nonlocality in the ultimate load value predicted for the structural element

made of MMNCs, precisely: 1.5%CNTs/AZ91D(after[29]). A square plate

of length L, thickness t and subjected to tensile uniform stress at the right

side is considered. On the opposite left side the plate is constrained so to

prevent displacements in both horizontal and vertical directions. In the left

part of the upper and lower edges and for a length equal to b the vertical

displacements are also impeded. The mechanical configuration of the plate

is drawn in Fig.2; the latter reports the geometrical data, the sketch and

the intensity of the applied load as well as the mechanical parameters of the

considered MMNCs, which is assumed to obey the constitutive relation given
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Figure 2: Mechanical sketch of the analysed nonlocal square plate.

in (4). In the run example, and in absence of appropriate experimental data,

the nonlocal parameter α is set equal to 50, while the value of the nonlocal

parameter, `, is varied in a range from 0 (local case) to 5. As explicitly

declared in Section 2.1, the purpose of the application is not so much to

perform a sensitivity analysis varying the nonlocal parameters, but rather

to highlight the differences between a local and a nonlocal limit analysis

procedure both in terms of lower bound to the plastic collapse limit load

multiplier and distribution of plastically admissible stresses at collapse. The

procedure has been implemented by the authors in a fortran code which

performs the sequences of nonlocal elastic analyses of the structure by the

NL-FEM code. To this purpose, the plate of Fig.2 is discretized using a

uniform mesh consisting in 100 isoparametric, 8-nodes, plane stress nonlocal

elements.
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 PLB Num Seq Diff %  

 

0 1.20 12 -- 

1 0.90 14 25 

3 1.12 9 6.6 

5 1.18 15 1.6 

    

 Table 1: Lower bound multipliers, PLB , for the analyzed plates; number of sequences

performed, Num Sequ; differences, in percentage, between local and nonlocal cases, Diff

%

.

The result of the analyses, in terms of PLB, are reported in Table 1 for the

four examined `-value cases. By inspection of the predicted values appears

evident that, if a nonlocal behavior of the plate is assumed, the model re-

turns a more conservative lower bound. The differences, with respect to the

local case, present a wide range of variability (from 1.6% to 25%) showing a

significant dependence of the predictable lower bound of the plastic collapse

limit load of the structure from the nonlocal features of its constituent ma-

terial. It has also to be noted that, for all the examined cases, the PLB value

is reached in few sequences, so confirming the robustness of the NL-ECM

method. Further considerations can arise by observing the contour plots of

the stress scalar measure ρ, reported in Fig.3, over the entire mesh and at

last considered sequence of the NL-ECM procedure. Indeed, the distribution

of the stress invariant ρ furnishes information about the admissible stress

field related to the maximum redistributable load; in particular, the zones of
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Figure 3: Contour plot of the stress invariant ρ [daN/cm2] at last sequence of the NL-ECM

procedure and for ` = 0 (local case) a); ` = 1 b); ` = 3 c); ` = 5 d).
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the structure in which the value of ρ is close to its threshold limit (ρy ) locate

the zones of the structure in which plastic mechanisms are at an incipient

activation stage. The differences in ρ distributions, being equal all the other

parameters, are greater the smaller are the values of `. Comparing Figures

3 a) and b), corresponding to the cases ` = 0 and ` = 1, respectively, it can

be observed as in the first case (local) there is a sort of uniformity in the

values of ρ (and therefore of the stress state) being the area with values of

ρ near to its threshold close to the loaded edge. Quite different appears the

situation in the second case, (for ` = 1), where the values of ρ near to the

limit threshold are registered in the two narrow areas of wideness b at the

upper and lower edges on the left. Figure 3 b), (for ` = 1), shows also a less

redistribution of the stresses within the structure which justifies the lower

value of the PLB in this case with respect to the local one. The same qual-

itative behavior can be observed for the cases ` = 3 and ` = 5, Fig 3c) and

3d) respectively, showing this time that more ` is larger more the ”nonlocal”

result is close again to the local one. This last assertion is understandable

looking at the adopted constitutive model (4) and considering the way the

attenuation function acts. Indeed, model (4) returns results very close to the

local ones either for values of ` approaching zero and for values of ` being

large with reference to the size of the structural element and this by the

flattering at the weighting (attenuation) function g(x,x′) for large ` values.

5. Conclusions

The paper has presented a nonlocal formulation of the elastic compensa-

tion method, a limit analysis numeriaca procedure aimed to evaluate a lower
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bound to the plastic collapse load multiplier of structural elements made up

of metal matrix nanocomposites. Precisely, materials whose constitutive de-

scription requires a nonlocal treatment. The promoted approach has been

developed assuming for the MMNCs a nonlocal elastic-perfectly plastic be-

haviour in which the nonlocality, of integral type, has been confined only

to the elastic phase. An associative von Mises-type yield condition has also

been hypothesized. The nonlocal elastic analyses required by the presented

nonlocal limit analysis procedure have been performed by means of a NL-FE

code already developed by the authors. The procedure has been tested with

the aid of a simple numerical example which has highlighted the differences

between the local and the nonlocal approach both in terms of lower bound

to the elastic collapse load multiplier and in terms of distribution of stresses

at a state of incipient collapse. In particular, it has been evidenced that the

nonlocal limit analysis returns a more conservative lower bound and that

also the redistribution of the stresses at collapse is different. Eventually, the

differences in the numerical findings have shown a significative dependence

from the nonlocal features of the constituent material. It is worth noting that

very attractive ”non-conventional” limit analysis formulations have been pro-

posed in recent contributions in the realm of strain gradient plasticity (see

e.g.[30], [31] and references therein). The present contribution is obviously

much different from those above, not only because it takes advantage from a

numerical procedure which, in the nonlocal context here addressed, requires

only nonlocal elastic FE analyses. This task is easier from a computational

point of view possessing an apposite NL-FEM code already experienced.

From a wider point of view, the quoted nonconventional limit analysis
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theories and the present nonlocal limit analysis theories and the present

nonlocal limit analysis procedure move in the same direction, that is they

offer a new perspective for a classical design tool, as it was limit analysis for

steel structures many decades ago, in the realm of advanced innovative mate-

rials as, for example, the metal matrix nanocomposites have addressed. The

authors, avoiding enthusiastic conclusions, are conscious that the presented

results are at embryonic stage however they give a sufficient confidence on

the novel method here proposed.
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