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Abstract

We obtain nontrivial solutions of a critical (p, ¢)-Laplacian problem in a bounded
domain. In addition to the usual difficulty of the loss of compactness associated with
problems involving critical Sobolev exponents, this problem lacks a direct sum de-
composition suitable for applying the classical linking theorem. We show that every
Palais-Smale sequence at a level below a certain energy threshold admits a subsequence
that converges weakly to a nontrivial critical point of the variational functional. Then
we prove an abstract critical point theorem based on a cohomological index and use it
to construct a minimax level below this threshold.

1 Introduction and main results

The (p, q)-Laplacian operator
Apu+ Aju =div [(|Vu|p_2 + |Vu\q_2) V]
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appears in a wide range of applications that include biophysics [12], plasma physics [25],
reaction-diffusion equations [I, [5], and models of elementary particles [9] 4, 2]. Conse-
quently, quasilinear elliptic boundary value problems involving this operator have been
widely studied in the literature (see, e.g., [3, 17, 24, 16] and the references therein). In
particular, the critical (p, ¢)-Laplacian problem

—Apu—Agu=plu"?u+uff 2u in Q

u =0 on 012,

where € is a bounded domain in RY, N >p > ¢ > 1, 4 > 0, and p* = Np/(N — p) is the
critical Sobolev exponent, has been studied by Li and Zhang [14] in the case 1 < r < ¢
and by Yin and Yang [20] in the case p < r < p*. In the present paper we consider the
question of existence of nontrivial solutions in the borderline case

—Apu—Agu=plulu+ NulP2u+ [uP "2u in Q

(1.1)
u=20 on 0f)

with p € R and A > 0. In addition to the usual difficulty of the lack of compactness
associated with problems involving critical exponents, this problem is further complicated
by the absence of a direct sum decomposition suitable for applying the linking theorem
when p is above the second eigenvalue of the eigenvalue problem

~Aju=plulT%u inQ
(1.2)
u=20 on 092.

To overcome this difficulty, we will first prove an abstract critical point theorem based on
a cohomological index that generalizes the classical linking theorem of Rabinowitz [23].
Weak solutions of problem (.1)) coincide with critical points of the C!-functional

1 1 A 1 x
D(u) = / ( |[VulP + = |Vul? — L Jul? — = JulP — — |ulP ) dr, ué€ Wol’p(Q), (1.3)
Q\P q q p
where Wol’p(Q) is the usual Sobolev space with the norm |[ul| = [[Vul|, and [|-[|, denotes
the norm in LP(€2). Recall that ® satisfies the Palais-Smale compactness condition at the
level ¢ € R, or (PS). for short, if every sequence (u;) C Wol’p(Q) such that ®(u;) — ¢ and

®'(u;) — 0, called a (PS). sequence, has a convergent subsequence. Let
[V ull7

S —
wewdr@\(oy llu

(1.4)

p
p*

be the best constant for the Sobolev imbedding VVO1 P(Q) < LP"(Q). Our existence results
will be based on the following proposition.



Proposition 1.1. If ¢ < SN/P/N and ¢ # 0, then every (PS). sequence has a subsequence
that converges weakly to a nontrivial critical point of ®.

Let
Vullg

wewba@ngoy lull?

m = (1.5)

be the first eigenvalue of the eigenvalue problem ([1.2)). First we seek a nonnegative non-
trivial solution of problem (1.1)) when pu < up. Let

. [Vully
M= inf 250 (1.6)
wewlr@\foy Ilull}

be the first eigenvalue of the eigenvalue problem

~Apu=A|uP%u inQ

u=20 on 0f).
Our first main result is the following theorem.

Theorem 1.2. Assume that 1 < ¢ < p and p> < N. If0 < A < A\ and p < jq, then
problem (1.1)) has a nonnegative nontrivial solution in each of the following cases:

(i) N(p—1)/(N —p) <q<(N—-p)p/N,

(@) N(p—1)/(N—=1) <qg<min{N(p—-1)/(N —p),(N —p)p/N},
(i) (1—1/N)p*+p <N andq=N(p—1)/(N —1),

(iv) (p—1)p*/(N —p) <qg<N(p-1)/(N -1).

Now we assume that p < ¢*, where ¢* = Ng¢/(N — ¢q) is the critical exponent for the
imbedding I/VO1 9(Q) < LP(Q). Then we have the following theorem.

Theorem 1.3. Assume that 1 < ¢ < p < min{N,¢*}. If p < pi, then there exists
X () > 0 such that problem (1.1) has a nonnegative nontrivial solution for all X > \*(p).

Let u®(x) = max {#u(x),0} be the positive and negative parts of u, respectively, and
set

1 1 A 1 x
O (u) = / < Vul? + = [Vult = £ (@) = 2 (uhP - = (ut) ) dr, ueWyT(Q).
Q \P q q p

If u is a critical point of ®T, then

ot (w)u~ = / (IVu™ P+ |[Vu~|?) dz =0
0
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and hence v~ = 0, so u = u™ is a critical point of ® and therefore a nonnegative solution

of problem . Moreover, if g > 0 then v > 0 in 2. Indeed, due to the critical growth of
the nonlinearity, we can guarantee that u is bounded by Cianchi [6, Theorem 2|, hence we
apply Lieberman [15, Theorem 1.7], and Pucci and Serrin [22, Theorem 1.1.1] to get u > 0.
Proofs of Theorems and will be based on constructing minimax levels of mountain
pass type for ®* below the threshold level given in Proposition

Next we seek a (possibly nodal) nontrivial solution of problem when p > pp. We
have the following theorem.

Theorem 1.4. Assume that 1 < ¢ < p < min{N,q*}. If p > p1, then there ezists
X*(p) > 0 such that problem (L.1) has a nontrivial solution for all X > X*(u).

This extension of Theorem [I.3]is nontrivial. Indeed, the functional ® does not have the
mountain pass geometry when p > p1 since the origin is no longer a local minimizer, and
a linking type argument is needed. However, the classical linking theorem cannot be used
since the nonlinear operator —A, does not have linear eigenspaces. We will use a more
general construction based on sublevel sets as in Perera and Szulkin [21] (see also Perera et
al. [20, Proposition 3.23]). Moreover, the standard sequence of eigenvalues of —A, based
on the genus does not give enough information about the structure of the sublevel sets to
carry out this linking construction. Therefore we will use a different sequence of eigenvalues
introduced in Perera [19] that is based on a cohomological index.

The Zs-cohomological index of Fadell and Rabinowitz [I1] is defined as follows. Let W
be a Banach space and let A denote the class of symmetric subsets of W\ {0}. For A € A,
let A = A/Zs be the quotient space of A with each u and —u identified, let f : A — RP* be
the classifying map of A, and let f*: H*(RP>) — H*(A) be the induced homomorphism
of the Alexander-Spanier cohomology rings. The cohomological index of A is defined by

sup{m >1: f*(w™ 1) #0}, A#0

A =
i(4) 0 A,

where w € H'(RP™) is the generator of the polynomial ring H*(RP>) = Zs[w]. For
example, the classifying map of the unit sphere S™~! in R™, m > 1 is the inclusion
RP™" ! ¢ RP*, which induces isomorphisms on H? for ¢ < m — 1, so i(S™!) = m. The
following proposition summarizes the basic properties of this index.

Proposition 1.5 (Fadell-Rabinowitz [I1]). The indexi: A — NU{0, 00} has the following
properties:

(i1) Definiteness: i(A) =0 if and only if A =0;

(i2) Monotonicity: If there is an odd continuous map from A to B (in particular, if A C
B), then i(A) < i(B). Thus, equality holds when the map is an odd homeomorphism;



(i3) Dimension: i(A) < dim W;

(i4) Continuity: If A is closed, then there is a closed neighborhood N € A of A such
that i(N) = i(A). When A is compact, N may be chosen to be a d-neighborhood
Ns(A) ={ue W : dist(u,A) < d};

(i5) Subadditivity: If A and B are closed, then i(AU B) < i(A) 4+ i(B);

(i¢) Stability: If SA is the suspension of A # 0, obtained as the quotient space of A X
[—1,1] with Ax {1} and Ax{—1} collapsed to different points, then i(SA) = i(A)+1;

(i7) Piercing property: If A, Ao and Ay are closed, and ¢ : A x [0,1] — AgU A1 is a
continuous map such that o(—u,t) = —p(u,t) for all (u,t) € Ax[0,1], p(Ax[0,1]) is
closed, p(Ax{0}) C Ag and p(Ax{1}) C A1, then i(p(Ax[0,1])NAgNAL) >i(A);

(ig) Neighborhood of zero: If U is a bounded closed symmetric neighborhood of 0, then
i(0U) = dim W.

The Dirichlet spectrum of —A, in ) consists of those u € R for which problem has
a nontrivial solution. Although a complete description of the spectrum is not yet known
when N > 2, we can define an increasing and unbounded sequence of eigenvalues via a
suitable minimax scheme. The standard scheme based on the genus does not give the index
information necessary to prove Theorem so we will use the following scheme based on
the cohomological index as in Perera [19]. Let

1
) P — uESq:{UEWOl’q(Q):/ |wqu=1}.
Q

/ |ul? dx
Q

Then eigenvalues of problem (1.2)) on S, coincide with critical values of W. We use the
standard notation

UV ={ueS;:¥(u) <a}, Vo={uecS;:¥(u)>a}, ack

for the sublevel sets and superlevel sets, respectively. Let F denote the class of symmetric
subsets of S, and set

= inf W(u), keN.
= Mer i >k werr (w)

Then 0 < p1 < pe < pg < --- — +00 is a sequence of eigenvalues of problem ([1.2)) and
Ml < pg+1 — Z(\I]uk) = Z(Sq \ \Ijulc-o-l) =k (17)

(see Perera et al. [20, Propositions 3.52 and 3.53)).



Proof of Theorem ﬂ will make essential use of ([1.7]) and will be based on the following
abstract critical point theorem, which is of independent interest. Let W be a Banach space,
let

S={ueW:|ul|=1}

be the unit sphere in W, and let

m: W\ {0} — S, uHﬁ

be the radial projection onto S.

Theorem 1.6. Let ® be a C'-functional on W and let Ay, By be disjoint nonempty closed
symmetric subsets of S such that

i(Ap) =i(S \ By) < 0. (1.8)
Assume that there exist R > 1 >0 and v € S\ Ay such that

sup ®(A) < inf &(B), sup ®(X) < oo,
where

A={tu:ue Ay, 0<t<R}U{Rm((l—t)u+1tv) :ue Ay 0<t<1},

B = {ru:ue By},

X={tu:ueA, |u|=R,0<t<1}.
LetT' = {y e C(X,W) : v(X) is closed and |, = ida} and set

c:=inf sup P(u).
VEL ey (X)

Then
inf ®(B) < ¢ <sup ®(X)
and ® has a (PS). sequence.

Remark 1.7. Theorem which does not require a direct sum decomposition, generalizes
the linking theorem of Rabinowitz [23].



2 Preliminaries

In this preliminary section we prove Proposition [I.1] and Theorem

Proof of Proposition[I.1 Let (uj) be a (PS). sequence. Then

1 1 M A 1 .
‘I>(Uj)=/Q<p|Vuj|p+q|VUj|q—qluj|q—\Ujlp— Juj [P >d$=c+0(1) (2.1)

p p*
and
@' (uy) uj = /Q (’VUj\p + [V |* = pfug|* = Auy [P - \Uj\p*) dr = o(1) ;| . (2.2)
So
1 1 1 1 .
- — = (|Vu;]? = U‘q—l-(—) u-p}dznzol uj|| +O(1),
LG = D) avut = s+ (3= L) (1) gl + 001

and since ¢ < p < p*, this and the Holder and Young inequalities yield

[l d < o(1) s + O(1).
Since p > 1, it follows from this and (2.1]) that (u;) is bounded in VVO1 P(2). So a renamed
subsequence converges to some u weakly in VVO1 P(Q), strongly in L*(Q) for all 1 < s < p*,

and a.e. in Q. Then u is a critical point of ® by the weak continuity of ®’.
Suppose u = 0. Since (u;) is bounded in Wol’p(Q) and converges to 0 in LP(Q), (2.2)

gives
: (0
P da > oy (1 ~ T

by (L.4). If ||u;]| — 0, then ®(u;) — 0, contradicting ¢ # 0, so this implies

o) = [ (19l + [Vl ~
Q

P = SNP + o(1)

for a renamed subsequence. Then (2.1 and (2.2)) yield

11 11 SN/p
c= -—— Vu-p—|—<—> Vu'q}da:—kolz +0o(1),
LG5 )wwe+ (5 - ) vw (1)2 T +o(1)

p p*

contradicting ¢ < SN/P/N. O



Proof of Theorem[1.6 First we show that A (homotopically) links B with respect to X in
the sense that

VWX)NB#Q Vyel. (2.3)

If (2.3]) does not hold, then there is a map v € C(X, W \ B) such that (X) is closed and
Y|4 =ida. Let

A={Rn((1—|thu+tv):ue Ay, —1 <t <1}

and note that A is closed since A is closed (here (1 — [¢]) u + tv # 0 since v is not in the
symmetric set Ag). Since

SAg— A, (u,t) —» Ra((1—|t])u+ tv)

is an odd continuous map,

i(A) > i(SAg) = i(Ag) + 1 (2.4)
by and of Proposition Consider the map
~(tu), ue AnA

0: Ax[0,1] = W\B, out)= N
—y(—tu), uwe A\A,

which is continuous since 7 is the identity on the symmetric set {tu:u € Ay, 0 <t < R}.
We have ¢(—u,t) = —p(u,t) for all (u,t) € A x [0,1], ¢(A x [0,1]) = y(X) U (=y(X)) is
closed, and (A x {0}) = {0} and ¢(A x {1}) = A since Y|4 = ida. Applying with
Ag={ueW:|u| <r}and Ay ={ue W : ||ul| >r} gives

i(A) <i(p(Ax [0,1)) N Agn Ay) <i(W\B)NS,) =i(S,\ B) =i(S\ By), (2.5)

where S, = {u € W : ||u|]| =r}. By (2.4) and (2.5), i(4o) < (S \ Bo), contradicting (L.8].

Hence ([2.3)) holds.
It follows from ({2.3)) that ¢ > inf ®(B), and ¢ < sup ®(X) since idy € I'. By a standard

argument, ® has a (PS). sequence (see, e.g., Ghoussoub [13]). O

Remark 2.1. The linking construction in the above proof was used in Perera and Szulkin
[21] to obtain nontrivial solutions of p-Laplacian problems with nonlinearities that interact
with the spectrum. A similar construction based on the notion of cohomological linking
was given in Degiovanni and Lancelotti [7]. See also Perera et al. [20, Proposition 3.23].



3 Proofs of Theorems [1.2 and 1.3

Fix ug > 0 in Wol’p(Q) such that ||ug

p = 1. Since ¢ <p <p*,
tP ta ta A tP tP”
O (tug) = / ( \Vug|P + — |Vug|? — 'u—ug — u€> dr — — — —o0
Q\P q q b b
as t — +oo. Take ty > 0 so large that ®* (toug) < 0, let

D= {7 € C([0, 1, W5 () : 7(0) = 0, 7(1) = touo}
be the class of paths joining 0 and tyug, and set

c:=inf max & (u).
vET uey([0,1])

Lemma 3.1. If0 < c < SN/p/N, then problem (1.1)) has a nonnegative nontrivial solution.

Proof. By the mountain pass theorem, ® has a (PS). sequence (u;). An argument similar
to that in the proof of Proposition shows that a subsequence of (u;) converges weakly
to a nontrivial critical point u of ®T. O

We have the following upper bounds for c.
Lemma 3.2. Let A = \/2.
(i) If [o|Vug|P dx > XfQ ub dz, then
] p/(p—q)

cx [ (vuor —Rugyar] " (1) 7l

q p - q/(p—q)
()\/ ub) dx)
Q

(i) If [ |VuolP dz < Xfﬂ ub dz, then

L1 [/ (|Vuol? — puf) do
c<|—-—~- Q2
- q P . q/(p—q)
<)\/u8daz>
Q

Proof. Since v(s) = stoug is a path in T,

]p/ (p—q)

P ~ P
c < max ®T(stoup) < max & (tuy) < max [/ ([Vuol? — Aufy) do — }
s€[0,1] t>0 >0 | p Jo p*
+ tq/ (Vuolt — pud) do— 2 [ wpas|. ©
max | — uo|? — puy) de — — | ugdx
t20 14 Ja 0 p Jo°




Proof of Theorem[1.3 Without loss of generality we may assume that 0 € Q. Let r > 0
be so small that Bs,(0) C Q, take a function ¢ € C§°(Bs,(0), [0,1]) such that ¢ = 1 on
B, (0), and set

P(x) Ue ()
UN\T) = s v =
«(o) (s+|x|p/(p*1))(N_p)/p «(@) ”UaHp*
for € > 0. Then |[Jve[[,- =1 and
/ VoLl do = S+ OeWN-P/p), (3.1)
Q
KeP~1 4 O(eN-p)/p), p? <N
/ vPdr = ¢ KeP~1|loge| + O(eP™Y), p>?=N (3.2)
Q
O(eN-n)/p), p2>N

for some constant K > 0,

) (p—a) /p2 N(p—1
O(eN=Dr—a)/p7), q> %

/Q|Vv€|q dx = O(ffN(N*i”)(1’*1)/(N*1)172 |logel), ¢q= Njg,pjll) (3.3)
O(eN-pal), 0 < ¥

and

O(eP=DINp-(N=p)a/p*) ¢~ Np=1)

N—p
/ vl dx = { O(eNe-1)/p? |logel), q= N]E/p:pl) (3.4)
Q
O(eWN-r)a/p*), q < N]E[p:pl)

as € — 0 (see, e.g., Drabek and Huang [10]). Fixed ug = v., we consider the correspondent
critical level ¢, as described at the bottom of page 8. Our aim is to apply Lemma 3.1.

Since < and by " ‘ , and ‘ )

1 A 1 " "
@ﬂwz@—)wW—*sp@wP Vu € WiT(Q).
D A1 P

Since A < A\ and p* > p, it follows from this that 0 is a strict local minimizer of ®*, so
¢ > 0. We will verify that in each case ¢ < SN/? /N for ¢ > 0 sufficiently small by using

Lemma, with ug = v. and f.

10



Since p?> < N and ¢ > N(p—1)/(N —p) > N(p —1)/(N — 1), we have

1 ~ N/p
= _ p—1 (N—p)/p (p=1)[N/p—q/(p—9)]
<~ [S KP4+ 0(e )] +O(e ). (3.5)

(N—p)/p>p—1since p> < N, and (p—1)[N/p—q/(p—q)] > p—1since ¢ < (N —p) p/N,
so the desired conclusion follows.

[(id)] Since N(p—1)/(N—1) < ¢ < N(p—1)/(N —p), (3-5) still holds, and (p—1)[N/p—
q/(p —q)] > p—1since ¢ < (N —p)p/N.

[(éii)] Since ¢ = N(p —1)/(N — 1) < N(p — 1)/(N — p), we have

c< % [S — KXeP 14 O(g(N—p)/p)}N/p+O(gN(N—pQ)(p—l)/(N—p)pHog5|(N—1)p/(N—p))7
and N(N —p?)(p—1)/(N —p)p>p— 1 since (1 —-1/N)p> +p < N.
[(iv)| Since ¢ < N(p— 1)/(N — 1) < N(p — 1)/(N — p), we have

1 - N/p 2
= _ p—1 (N—-p)/p (N-p*)q/p (p—q)
c< I [S KXeP™" + O(e )] +O(e )s

and (N —p®)q/p(p —q) > p— 1 since ¢ > (p — 1) p*/(N — p). O

Proof of Theorem[I.5 We apply Lemma Since ¢ < p < ¢*, Wol’p(Q) — Wol’q(Q) —
LP(Q) by the Holder inequality and the Sobolev imbedding, so

[Vul? . IVul|?
T = la > la . (3.6)
wewrr@noy llully — wewdingoy llully
By (L.4), (L.5), and (3.6),
1 1 ok * 1 M+ A _ 1
(I)+uZuP_SP/PuP+<1_> qu—*Tp/q VUP VuGW’pQ,
(u) ’ ] pe ] . o [Vullg ’ [Vl 0" ()

where pt = max {p,0}. Since u™ < p1 and p* > p > ¢, it follows from this that 0 is a
strict local minimizer of ®*, so ¢ > 0. It is clear from Lemma that ¢ < SN/P/N for
A > 0 sufficiently large. O

4 Proof of Theorem [1.4]

Proof of Theorem[1.4 Since q < p, WO1 P(Q) — VVO1 () by the Holder inequality. Let S,
denote the unit sphere of WO1 P(Q) and let

() = o WEWST@NO}  mlw) = o w e W@\ {0}

11



be the radial projections onto S, and Sy, respectively. Since p > p1, pp < p < pp41 for
some k > 1. Then

i(mg () = iy (Sg \ W) = K (4.1)

by (L.7). Set M = {u € Wol’q(Q) lull, = 1}. By Degiovanni and Lancelotti [8, Theorem
2.3], the set w1 (¥#*) U {0} contains a symmetric cone C such that C'N M is compact in
C*(Q) and

i(C\ {0}) = k. (4.2)

Since W, () is a dense linear subspace of W, (), the inclusion 7 N (Sg \ Wppyy) N
Wol’p(Q) C ;' (Sg\ ¥y,.,) is a homotopy equivalence by Palais [I8, Theorem 17], so

(7, (S \ Wpupsy) N WP (Q)) = & (4.3)
by . We apply Theorem to our functional ® defined in with
Ao = mp(C\{0}) = mp(C N M), Bo =8\ (17 (S \ W) 0 Wy (),
noting that Ay is compact since C'N M is compact and 7, is continuous. We have
i(Ao) = i(C\{0}) =k
by , and

i(Sp \ Bo) = i(my (Sy \ Wy ) "W P(Q)) = K

by (4.3]), so (1.8)) holds.

For u € Sy and t > 0,

B(tu) < t;/g (IVul? — o [u]?) do — / P de — & < / uf? da — 1) (4.4)

where A = A/2. Pick any v € Sp \ Ap. Since Ap is compact, so is the set
Xo={mp((1—t)u+tv) :uec Ay, 0 <t <1}

and hence

a = inf / |ulP dz > 0, B = sup / (IVul? = plul?) do < oo.
ueXo JO ueXo JQ
Let A > 2/a, so that Aa > 1. Then for u € Ay C Xg and ¢ > 0, ([.4) gives
4
B(tu) < ~(u =) = [ Jultde <0 (4.5)
Q

12



since p > ug. For u € Xo and t > 0, (4.4) gives

% B M _ <1 B 1) (ﬁ-ﬁ-)p/(p—Q)

O (tu) < — ,
q p q p ()\a)q/(p—q)

(4.6)

where 87 = max {3,0}. Fix X so large that the last expression is < SN/P /N | take positive
R> (pBt/q )\a)l/(p*q), and let A and X be as in Theorem Then it follows from (4.5

and that
SN/p
N
Since p < ¢*, Wol’q(Q) — LP(Q) by the Sobolev imbedding, so

sup®(A) <0, sup ®(X) <

IVullg . IVl
o 7 = 7 (4.7)
wewgr\for lully — wewde@pgop lully
By (L.4) and (4.7),
O (u) > 1 ||U||P_i g—p*/p ”qu*le (1 — “) ||Vu||q—é T-rla HVUHP Vu € 7r—1(B0).
R p* q HEk41  p q P

Since p < pp+1 and p* > p > g, it follows from this that if 0 < r < R is sufficiently small
and B is as in Theorem then

inf &(B) > 0.
Then 0 < ¢ < SV/P/N and ® has a (PS). sequence by Theorem a subsequence of which
converges weakly to a nontrivial critical point of ® by Proposition [1.1 O
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