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Electromagnetic Inverse Profiling for Plasma
Diagnostics via Sparse Recovery Approaches

Loreto Di Donato , Andrea Francesco Morabito , Giuseppe Torrisi ,

Tommaso Isernia , Senior Member, IEEE, and Gino Sorbello

Abstract— The 1-D single-view multifrequency electromagnetic
inverse scattering problem, or inverse profiling, is addressed
to provide effective means for plasma diagnostics, taking into
account the dispersive properties of such a medium. To this aim,
first-order linearized approaches are considered in light of the
renewed possibility to conveniently solve the underlying ill-posed
problem through the sparse recovery optimization provided
by the prominent compressive sensing theory. The intrinsic
theoretical limitation of such a problem when tackled by means of
the standard minimum energy solution is discussed, and effective
approaches based on sparse recovery are proposed and tested
against simulated data that deal with reliable benchmarks for
microwave imaging in plasma diagnostics.

Index Terms— Compressive sensing (CS), electromagnetic
inverse profiling, linear inverse scattering, microwave plasma
diagnostics.

I. INTRODUCTION

IN microwave-induced plasma ion sources, noninvasive
diagnostic methods based on microwave interferometry,

time-domain spectroscopy and polarimetry are currently used
to infer the mean value of plasma electron density over the
line of sight along the propagation axis [1]–[4]. All the above
methods provide line-averaged values of plasma electron
density.

On the other hand, the actual profile of the plasma electron
density is of great interest in studying plasma properties and
can be retrieved by ultrafast reflectometry in principle [5], [6].
In this case, the probing-signal frequency can be varied to
match the plasma frequency at which the total reflections
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occur; thus, by measuring the phase of the reflected signal,
the position of the plasma surface can be inferred. However,
a limit of such a technique is the impossibility to measure
nonincreasing electron density plasma profiles due to the
impenetrability of the first plasma layers [5], [6].

In this paper, we adopt relatively high-frequency probing
with some advantages. First, at frequencies substantially higher
than the cyclotron frequency, plasma constitutive relations are
simpler since the plasma behaves as an isotropic medium.
Second, by properly choosing the working frequency band
well above the plasma frequency, plasmas behave as penetrable
media, allowing for a volumetric diagnostic of their consti-
tutive parameters. Finally, in small-sized plasma chambers
with dimensions at a plasma frequency comparable to plasma
wavelength, the use of short probing wavelengths mitigates
the effect of multiple spurious reflections from the embedding
case, without the need to model such cumbersome scenarios.
As a result, the propagation of an electromagnetic wave in
plasma can be addressed, to first approximation, as a 1-D
problem in both large and compact reactors, such as tokamak
and electron cyclotron resonance (ECR) ion source (ECRIS),
respectively.

In light of the above-mentioned methods, 1-D inverse scat-
tering techniques can represent a useful, noninvasive means
to address plasma electron density profile measurement in
plasma reactors. Pioneering works on the 1-D inverse scatter-
ing problem dates back two or three decades due to facing its
computational simplicity and manageable mathematical mod-
eling [7]–[13]. However, the main contributions have shown
that the problem of recovering an embedded slab (processing
multifrequency data) is severely limited both in terms of the
amount of information (degree of freedom of the scattered
field) and the spatial variations of the slabs, which can actually
be retrieved [10], [11]. In particular, the retrieval problem is
further deteriorated when the recovery problem is addressed
with the homogeneous background, i.e., the “nondistorted”
case [11], [13]. On the other hand, the approaches based on
nonlinear recovery strategies entail the drawback of local
minima [14]. For example, the Newton–Kantorovich-based
approach proposed in [12] achieves satisfactory reconstruc-
tions only if the thickness of the inhomogeneous layer is
assumed to be known (a strong a priori information), and
noiseless measurements are considered. Therefore, the solution
of the 1-D inverse scattering problem by standard mini-
mum energy solutions implies severe intrinsic limitations,
which, for real diagnostic applications, prevent exploiting its
solution.

More recently, the compressive sensing (CS) framework
offered the possibility to retrieve unknown signals by process-
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ing a number of data at a sampling rate far below the
well-known Nyquist rate, provided that the unknown can
be represented in a sparse fashion [15]–[17]. This frame-
work provides a great advantage in terms of number and
kind of measurements needed to successfully perform both
the measurements and the retrieval process. Finally, nearly
optimal reconstruction and super-resolution can be achieved
by means of sparse recovery approaches. According to the
above reasoning, the 1-D electromagnetic inverse scattering
problem is worth reconsidering since the CS-based approaches
are able to recover different kinds of permittivity profiles,
whose retrieval is forbidden via standard approaches based
on minimum L2-norm solutions [18]. As a result, an accurate
solution of the 1-D inverse scattering problem can provide
very useful information in plasma diagnostics.

According to the above reasoning, in this paper, we inves-
tigate the possibility to retrieve unknown 1-D dispersive
lossy plasma profiles processing multifrequency scattered
(i.e., reflected) field data.

The paper is structured as follows. In Section II, the imaging
problem is formulated, and the linearized approaches under the
Born approximation (BA) and Rytov approximation (RA) are
recalled. In Section III, the adopted sparse solution approaches
are introduced and described in the case of multifrequency data
processing, while Section IV is concerned with the method
validation against the simulated data in the case concerned
with cold lossy dispersive plasma media. The conclusions
follow. Throughout the paper, the time factor exp{ jωt} is
assumed and dropped.

II. STATEMENT OF THE PROBLEM

A. Integral Formulation and Linearized Inversion Models

We consider the 1-D inverse scattering problem wherein the
unknown slab is embedded into a homogeneous domain with
complex dielectric permittivity εb in the range [−L/2, L/2]
over the z-direction assumed as propagation axis, i.e., the
line of sight in plasma chambers. The probing field, i.e., the
field in absence of the slab, is assumed plane waves of
unitary amplitude Ei (z, ω) = exp(−jkzz) propagating in
z-direction at difference frequencies, and the scattered field
is measured at positions z− ≤ −L/2 outside the investigation
domain. Here, kz = ω(μ0ε0εb)

(1/2) is the propagation constant
with εb = ε�

b − jσb/ω�0 being the equivalent permittivity
accounting for both the displacement and conductivity cur-
rents in the background medium. Under the above-mentioned
assumptions, the incident field (i.e., the field without the slab)
and the total field (i.e., the field in presence of the slab) must
satisfy the following Helmholtz equations, respectively:

∂2 Ei

∂z2 + k2
z Ei = 0 (1)

∂2 E

∂z2 + k2(z)E = 0. (2)

Defining the scattered field as Es = E −Ei and subtracting (1)
from (2), one easily obtains the nonhomogeneous Helmholtz
equation for the scattered field

∂2 Es

∂z2 + k2
z Es = −k2

z χ(z) E . (3)

For any arbitrary ω, (3) can be solved through the electromag-
netic potentials theory [7], and the inverse scattering problem

can be conveniently formulated as the solution to the following
two coupled integral equations:

E(z, ω) = Ei (z, ω)+k2
z

� L
2

− L
2

gi(z, z�, ω)E(z�, ω)χ(z�, ω)dz�

ω ∈ 	, z ∈ [−L/2, L/2] (4)

Es(z
−, ω) = k2

z

� L
2

− L
2

ge(z
−, z�, ω)E(z�, ω)χ(z�, ω)dz�

ω ∈ 	, |z−| ≥ L/2. (5)

In (4) and (5), the respective Green’s functions can be
expressed as

gi(z, z�, ω) = − j

2kz
exp

� − jkz|z� − z|� (6)

ge(z
−, z�, ω) = − j

2kz
exp

� − jkz|z� − z−|� (7)

while the contrast function, i.e., the actual unknown, relating
the dielectric properties of the slab to those of the background
medium, can be ultimately expressed as

χ(z, ω) = εp(z, ω)

εb(ω)
− 1. (8)

In (8), εp is the complex permittivity of the (unknown) plasma
slab. Moreover, 	 = [ω1, ..., ωm , ..., ωM ] is the discrete set of
probing angular frequencies used to gather field data.

The solution to (4) and (5) implies a nonlinear problem
since the total field within the domain is unknown, depend-
ing on the turns in the contrast function. A possibly very
simple way to circumvent this drawback is resorting to the
first-order models [8], [11], [13], [19], [20], such as the BA
and RA. Both approximations are valid when the slab is weak,
i.e., when it has dielectric properties similar to those of the
background medium. In particular, the BA simply requests to
substitute the total field in (4) with the incident one, while the
RA needs to account for the time delay the field accumulates
when it propagates into an electrically extended medium, even
of small contrast. As a result, the BA produces better estimates
of a slab with large deviations in the refractive index but
small size, while the RA provides more accurate estimates
for electrically extended slabs with small deviations in the
refractive index [21].

The recovery problem (4) and (5) has been studied mainly
under the BA approximation. For example, in [9], a quadratic
approach based on a field approximation given by the
truncation of the geometrical Born–Neumann series at the
first-order term has been proposed. It has been shown that only
low-harmonics content profiles can be effectively retrieved.
On the other hand, the so-called “distorted Born” case has
been addressed in [11] and [10], where the ultimately achiev-
able imaging performance has been analytically investigated.
In such a case, the number of independent parameters and the
“spatial harmonic content” that can be retrieved form inversion
of multifrequency scattered field data stays very low and,
in addition, is limited to the class of slowly varying contrasts.
As a result, several kinds of profiles that can be of actual
interest in inverse profiling applications, such as step-wise
rectangular slab or similar, cannot be retrieved at all.
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B. Dispersive Model for Cold Isotropic Lossy Plasma

As we are interested in inverse profiling of a dispersive
medium, whose real and imaginary parts of the permittivity
are frequency dependent, the data equation has to be slightly
manipulated through simple algebra in order to express the
unknown contrast function in terms of quantities that do not
depend on frequency. We start considering the explicit fre-
quency dependence of the permittivity for an isotropic (unmag-
netized) cold plasma with electronic collisions as follows:

εp = 1 − ω2
p

ω2 + ν2 − j
ω2

pν

ω(ω2 + ν2)
. (9)

Thus, the plasma conductivity becomes

σp = �0νω2
p

ω2 + ν2 .

For a vacuum background, i.e., εb = 1 and σb = 0, the contrast
function reads

χ(z, ω) = − ω2
p

ω2 + ν2 − j
ω2

pν

ω(ω2 + ν2)
.

Therefore, under the reasonable assumption ω2 >> ν2

(i.e., at sufficiently high probing frequency with respect to
the collision frequency), the data equation (5) can be recast in
terms of the unknowns ω2

p and ν, that is,

Ês(z
−, ω) = M̂ k2

z

� L/2

−L/2
ge(z

−, z�, ω)Ei (z
�, ω)

×
�
−ω2

M

ω2

ω2
p(z

�)
ω2

M

− j
ω3

M

ω3

ν(z�)ω2
p(z�)

ω3
M

�
dz� (10)

with

Ês =

⎧⎪⎪⎨
⎪⎪⎩

Es(z−)

Es(z−)

Ei (z−)

M̂ =

⎧⎪⎪⎨
⎪⎪⎩

1

1

Ei (z−)

(11)

for BA (top row) and RA (bottom row), respectively.
Moreover, in (10), it is convenient to introduce the
normalization factors ω2

M and ω3
M . In this way, the data

equation can be expressed in matrix–vector form involving
only frequency independent real quantities as follows:

⎡
⎢⎣−ω2

M

ω2 Re(S)
ω3

M

ω3 Im(S)

−ω2
M

ω2 Im(S) −ω3
M

ω3 Re(S)

⎤
⎥⎦

⎡
⎢⎢⎢⎣

ω2
p

ω2
M

νω2
p

ω3
M

⎤
⎥⎥⎥⎦ =

�Re(Ês)

Im(Ês)

�
(12)

where Re(S) and Im(S) are the real and imaginary parts,
respectively, of the integral operator kernel in (10).

C. Two-Step Inversion Strategy

The problem (12), which consists of a set of linear equations
in the unknowns ω2

p and the product νω2
p , could be principally

and directly solved by means of numerical approaches based
on the minimum energy solution in the space of square inte-
grable functions, such as the truncated singular value decom-
position (TSVD) or Tikhonov regularization [18]. However,
as discussed in Section I and as will be shown in Section IV,

the standard energy minimum solution is intrinsically unable
to provide satisfactory reconstructions for a large class of
unknown profiles. Furthermore, due to the way the two actual
unknowns appear in the data equation, i.e., through their
product in the imaginary part, we propose a two-step inversion
strategy.

Since the order of collision frequency is assumed to be
ν << ωM , we can reasonably assume that the impact of
the collision frequency on the scattered field is negligible.
As a result, the problem can be split in two subproblems,
wherein the first part is concerned with the recovery of ω2

p

solving the first NM equations of the system (12). Afterward,
the remaining part of the system can be solved for ν. The first
subproblem reads

⎡
⎢⎣−ω2

M

ω2 Re(S)

−ω2
M

ω2 Im(S)

⎤
⎥⎦

�
ω2

p

ω2
M

�
=

�Re(Ês)

Im(Ês)

�
. (13)

Once the vector ω2
p is retrieved, its estimated value can be put

into the rest of the linear system to solve the subproblem⎡
⎣

ωM

ω3 ω2
p Im(S)

−ωM

ω3 ω2
p Re(S)

⎤
⎦

�
νp

ωM

�
=

�Re(Ês) − a
Im(Ês) − b

�
. (14)

Here, a and b are defined by means of the matrix–vector inner
product

a =
�
−ω2

M

ω2 Re(S)

� �
ω2

p

ω2
M

�
(15)

b =
�
−ω2

M

ω2 Im(S)

� �
ω2

p

ω2
M

�
. (16)

III. SPARSE SOLUTION APPROACHES

FOR RECTANGULAR SLABS

CS theory [16], [17] provides several optimization tools
based on constrained �1 minimization, provided that the
unknown signal can be represented through a sparse
basis [15]. In the following, the basics are briefly recalled.

Let us consider a generic linear problem of the following
kind:

�x = y (17)

where y is the NM × 1 data vector, x is the Nz × 1 unknown
vector, and � is the NM × Nz matrix, which relates the
unknown to data vector, also known as sensing matrix.

Let us also adopt a convenient representation matrix 
such that x = s with only few coefficients s different
from zero. According to CS theory, it is possible to solve the
inverse problem (17) even if NM is (much) less than Nz but is
sufficiently larger than the number K of coefficients different
from zero (with K < NM < Nz ). In this respect, a rule of
thumb assumes that the number of measurements needed to
achieve a reliable solution is NM ≥ cK log(Nz/K ), with c as
a small constant [17].

Furthermore, additional properties also have to be satisfied
to reliably apply CS-based approaches. In particular, the matrix
A = � should not cancel out any information about the
original signal, i.e., the image of the rows of � should be
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spread out in the space defined by the columns of  , and vice
versa. Accordingly, the larger the incoherence is, the better the
probability to retrieve sparse signals by compressed measure-
ments. Moreover, a related property states that matrix A should
approximately preserve the Euclidean length of K -sparse sig-
nals, so that each K -sparse vector has to show a nonnegligible
image in that data space. The exact requirements of the latter
property is formalized by means of the so-called restricted
isometry property [16], [17], which guarantees conditions for
a nearly exact recovery. By leaving aside the proof of these
properties for matrix A (which generally can be verified for
random Gaussian matrices), it is only worth to recall that,
in the linearized inverse scattering problem, the functional
relationship between data and unknown is ruled by the Fourier
transform [7], [18]. Numerical analysis of canonical cases has
suggested successful reconstructions in more than 50% of
cases when NM ≥ 4K and in more than 90% of cases when
NM ≥ 8K [16], [17].

Provided the above hypotheses holds true, it is possible
to solve the inverse linear problem As = y by means of
different optimization constrained problems [16], [17] based
on minimization of the �1-norm of the unknown when rep-
resented in a sparse dictionary [22]. Moreover, recent works
have shown that �1-optimization can also be exploited if the
objective function involves the directional derivative of the
unknown [23]. For these reasons, we consider the following
recovery problems:

argmin �s��1 subject to �As − y��2 ≤ δ (18)

argmin

����ds

dz

����
�1

subject to �As − y��2 ≤ δ (19)

and the dual version of (19) as follows:

argmin �As − y��2 subject to

����ds

dz

����
�1

≤ � (20)

In (18), s is the unknown vector, � · ��1 and � · ��2 denote the
�1-norm and �2-norm, respectively, and the parameter δ, which
depends on the level of required accuracy as well as on the
modeling (field approximation) and measurement error (noise
on data), is positive. It is worth noting that the choice of δ is
not a simple task; however, in order to avoid the null vector
solution, δ can be chosen as a tradeoff between the recon-
struction accuracy and the feasibility of the optimization task,
i.e., 1/10||y||�2 ≤ δ ≤ ||y||�2 . Similar considerations apply to
the choice of the parameter � in (20), which also depends on
the sparsity of the unknown at hand. Moreover, taking into
account the real positive valued unknowns, a further positivity
constraint (s ≥ 0) has been enforced in (18), (19) and (20).

The approach (18) is known as basis pursuit denoising or
least absolute shrinkage and selection operator problem [17].
In (18), the minimization of the �1-norm promotes the search
of sparse solutions, while the constraint enforces data consis-
tency, i.e, among all the solutions consistent with the measured
data (within the given error δ), the sparsest one is sought.

On the other hand, in (19) and (20), the minimization of
the �1-norm promotes the search of solutions with a sparse
derivative among all the solutions consistent with the measured
data (within the given error threshold δ). In Section IV,
the adoption of the different inversion strategies is shown to be
assessed on the basis of the sought plasma dielectric profile.

It is worth noting that the optimization problems introduced
above will be applied separately in two subsequent steps

to solve the systems (13) and (14), respectively. Since the
regularization parameters may not be the same value, we refer
to them with subscripts 1 (δ1 or �1) and 2 (δ2 or �2) to
distinguish between the first and second optimization steps.

Finally, it is worth mentioning that, for all the numeri-
cal examples in the following section, we have considered
only the usual pixel representation basis (pulsewidth). This
occurs because, although more refined representation bases
could be in principle adopted, the very small number of
independent parameters brought by the measurement process
in the 1-D inverse scattering problem would require expansion
bases able to represent the unknown profile with a very
low number of nonnull coefficients, i.e., large “degree of
sparsity” (small K ). As an example, wavelet representation
bases, thus far exploited in the framework of inverse scattering,
are generally not suitable to guarantee such a condition.

IV. NUMERICAL EXAMPLES

We consider several examples dealing with the recovery of
plasma slabs with different shapes, dimensions, and constitu-
tive parameters. In all the numerical setups, the length of the
investigation domain is L = 26 cm, which is a typical length
of a ECRIS plasma chamber operating at the plasma-heating
frequency fRF = ωRF/2π = 2.45 GHz. The domain is
probed by means of a set of plane waves at different angular
frequencies in the band [18.5 − 26.5] GHz (being the probing
signal-frequencies ωm � ωRF ) with a step of 100 MHz. This
frequency range has been used, for example, in [1], where a
frequency-swept-based microwave interferometry has allowed
for the noninvasive measurement of electron plasma density
in an ECRIS-type device. The scattered field is measured at
z− = −L/2 = −13 cm. The reconstruction performance has
been evaluated by the standard error metrics defined by the
following:

errω2
p

= ||ω2
p − ω̂2

p||2
||ω2

p||2
(21)

errν = ||ν − ν̂||2
||ν||2 (22)

where the quantities under the hat symbol ˆ are the recon-
structed values.

Different plasma profiles have been considered taking into
account the typical measured electron density profiles of
plasma ion sources, with the exception of the first case
that represents only an initial check aimed to show peculiar
properties of the adopted inverse profiling approach based
on CS.

The first property is a lossless (i.e., collisionless), very thin
rectangular plasma slab of 5 mm with a sparsity degree of
K = 5 (i.e., the number of nonnull expansion coefficients
in the 1-D pixel basis). At the smallest probing wavelength
(1.13 cm), the dimension of the slab is under the Rayleigh
limit of the diffraction tomography (λ/2). In all the frequency
bands, |χ | ≤ 0.01; thus, the BA is fully satisfied over all
the whole frequency range. The reflected fields have been
simulated by means of an in-house method-of-moment (MoM)
forward simulator based on a conjugate gradient minimization
scheme in which the exact permittivity plasma formula (9)
(without the approximation ν2 << ω2) has been considered.
Finally, the scattered field has been corrupted with an additive
white Gaussian noise of 5%. We have first considered the
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Fig. 1. Reconstruction of a thin lossless (collisionless) plasma pulselike slab
by means of BA setting. (a) Plasma frequency and (b) collision frequency
retrieved by means of TSVD (considering only the first largest 32 singular
values), err

ω2
p

= 94%. Reconstruction of the plasma frequency and collision

frequency by means of the �1-based approach (18). (c) and (d) Considering all
the 81 measurements (δ1,2 = 0.03). (e) and (f) Considering only 2 randomly
chosen measurements at 20 and 24.2 GHz (δ1,2 = 0.0045). In both cases,
the reconstruction error is about err

ω2
p

= 80%. Blue solid line: actual profile.

Red dashed line: retrieved profile.

standard reconstruction approaches based on the singular value
decomposition (SVD). The inversion is performed through the
TSVD [18] considering only the first singular values larger
than 20 dB with respect to the maximum one. The results are
shown in Fig. 1(a)–(b). On the other hand, the reconstruction
obtained with approach (18) is shown in Fig. 1(c)–(d). As it
can be seen, the sparsity-based approach is able to recover
the real part of the plasma frequency fairly well, considering
that the retrieved collision frequency profile is negligible,
while the standard minimum energy approach is completely
unable to retrieve the plasma pulsation profile. The CS-based
approach is able to estimate the position and shape, even if the
width of the slab is underestimated such that only one of the
actual five coefficients is retrieved. Additional details of the
reconstruction processes and performance are reported in the
caption of Fig. 1. In this respect, the minimum nonredundant
number of complex samples needed to represent the scattered
field (degrees of freedom), according to [11, eq. 13], stays
very low at � 0.3. For this reason, it is very challenging to
recover exactly a pulselike rectangular slab from such a limited
amount of information, even when adopting sparsity promot-
ing approaches. However, the reconstruction capabilities are
unaltered even if the number of processed measurements are
massively reduced to only two of the recorded set that are ran-
domly chosen among all the available measurements, as shown
in Figs. 1(e)–(f). Finally, although the reconstruction errors are
large in all the considered cases (see error values reported
in the caption of Fig. 1), the sparsity recovery approach
allows for the appraisal of the magnitude of the plasma
frequency, while the TSVD reconstruction brings completely
unsatisfactory results.

The second set of examples considers the same simulation
parameters but for slabs of different width (Lslab=20 cm),
which may resemble a realistic electron density profile. Usu-
ally, an almost flat high-density plasma is formed inside

Fig. 2. Reconstruction of lossy tick plasma rectangular slabs with different
peak values of collision frequency via RA by means of CS approach (19).
Plasma frequency (left column) and collision frequency (right column)
retrieved for (a) and (b) δ1,2 = 0.005, err

ω2
p

= 0.94%, and errν = 76.91%;

(c) and (d) δ1 = 0.005 and δ2 = 0.0045, err
ω2

p
= 10.9%, and errν =

18.15%; (e) and (f) δ1 = 0.0075 and δ2 = 0.0057, err
ω2

p
= 23.27%, and

errν = 11.77%. Blue solid line: actual profile. Red dashed line: retrieved
profile.

the ECR “plasmoid” delimited by the ECR layer, where the
confinement of the magnetic field B (having the a so-called
“minimum B structure”) satisfies the ECR condition BEC R =
2π fRF me/e. The electron density is peaked on the plasma
cavity axis inside the “plasmoid,” while it decreases very fast
outside the ECR zone [24]. In this case, taking into account
the wider extension of the plasma, the dimension of the slab is
long, with several wavelengths in the whole adopted frequency
range (12 < Lslab/λ < 18). For this reason, the RA has been
considered in approach (19), as the approach (18) is expected
to be unsuccessful.

Three different collision frequency values were chosen to
take into account both the linearized model approximation and
the sensitivity of the inversion approach. Indeed, the adopted
models cannot take into account plasma collision frequency
values that do not fulfill condition ν2 << ω2. On the other
hand, too small collision frequency values entail decreasing
losses, which are very difficult to retrieve when on the order
of the model approximation and measurement errors. In this
case, the number of degrees of freedom of the scattered field
(calculated via [11, eq. 13]) is 10, so that more reliable
reconstructions are expected with respect to the thin slab.
In addition, in this case, the superior performance of the
sparsity promoting approach is confirmed with respect to the
TSVD approach. The results obtained in the latter resembles
those previously shown for the thin slab and are not shown
for the sake of brevity. This method achieves very small final
reconstruction errors of approximately 0.4% for the plasma
frequency profile, as shown in Fig. 2. On the other hand, taking
into account the above reasoning, reconstructions for the
collision frequency become better for increasing values of ν,
as shown in Fig. 2 (b), (d), and (f) (0.1ωRF , 0.2ωRF , and ωRF
for the peak value of ν, respectively, at fRF = 2.45 GHz).
In particular, for the greater value of ν, the approach is able to
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Fig. 3. Reconstruction of a tick “horn”-shaped lossy plasma slab via RA and
approach (20). (a) Plasma frequency and (b) collision frequency retrieved for
�1 = 16 and �2 = 50, err

ω2
p

= 7.24%, and errν = 68%. Reconstruction of

a thick “double-horn”-shaped lossy plasma slab via RA and approach (20).
(c) Plasma frequency and (d) collision frequency retrieved for �1 = 19 and
�2 = 200, errωp2 = 16.29%, and errν = 80.89%. Blue solid line: actual
profile. Red dashed line: retrieved profile.

achieve coarse reconstruction of the central part of the collision
frequency profile, while it slightly underestimates the value of
the plasma frequency, as shown in Fig. 2(e) and (f).

Finally, we have considered more complicated stepwise
shaped plasma slabs in order to assess the capability of
the proposed approach in retrieving slabs with a smaller
degree of sparsity (larger K ) as well as with more realistic
plasma profiles. In this case, we consider a “hole” in the
distribution of the electron density with two peaks almost
exclusively at the ECR zones, i.e., a hollow density profile.
The electron energy peaks can sometimes be seen just outside
the RF resonances, and a hot electron ring can sometimes
be seen outside the core of an ECR ion source [24]. How-
ever, in this case, the approach exploited to perform inverse
profiling is (20), since the number of nonnull derivative
coefficients is larger than the rectangular slab. Therefore, this
approach is expected to show better performance than (19),
which has been confirmed by a number of extensive numerical
trials.

As shown in Fig. 3, the proposed approach is still capable of
retrieving the shape of the slab but with larger reconstruction
error cost. However, the shape of the plasma pulsation profile
can be effectively inferred form the achieved results. Indeed,
the number of degrees of freedom are essentially related to
the extent of the slab (for any given frequency band); thus,
the reconstruction performance is expected to worsen with
increasing number of null unknown coefficients even in the
stepwise representation basis.

Finally, it is interesting to observe that in the case of
thick slabs, when the number of processed data is gradually
reduced at different undersampling rates, the reconstruction is
unsatisfactory both from a qualitative and quantitative points of
view, opposite to what happens in the case of pulse-like plasma
slabs (results not shown for the sake of brevity). This is in
agreement with the results and the argumentation shown in the
case of thin slab, where instead the reconstruction capability
is essentially independent of the number of processed data.

V. CONCLUSION

The problem of retrieving 1-D isotropic unmagnetized dis-
persive plasma profiles from multifrequency reflected waves
has been addressed via CS linearized-based approaches. This
allows for achieving reconstructions that cannot be addressed
by means of standard minimum energy solution approaches,
such as the SVD and the Tikhonov regularization. In particular,
sparsity-promoting approaches are able to estimate realistic
plasma pulsation profiles with good accuracy as well as colli-
sion frequency profiles when the latter are not smaller than one
order of magnitude of the probing frequencies. On the other
hand, for more complicated stepwise constant representation of
plasma slabs, the performance of the methods tends to worsen
because of the limited amount of information content that can
be gathered from 1-D multifrequency scattering experiments.
This research will be further addressed in processing data
gathered under experimental conditions dealing with ECRIS
chambers, as well as in adopting different inversion approaches
and representations that are able to take full advantage of
sparsity based approaches.
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