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Abstract: This paper presents an integrated approach based on physical–mathematical
models and numerical simulations to optimize sludge treatment using ultrasound. The
main objective is to improve the efficiency of the purification system by reducing the weight
and moisture of the purification sludge, therefore ensuring regulatory compliance and
environmental sustainability. A coupled temperature–humidity model, formulated by
partial differential equations, describes materials’ thermal and water evolution during
treatment. The numerical resolution, implemented by the finite element method (FEM),
allows the simulation of the system behavior and the optimization of the operating pa-
rameters. Experimental results confirm that ultrasonic treatment reduces the moisture
content of sludge by up to 20% and improves its stability, making it suitable for agricultural
applications or further treatment. Functional controls of sonication and the reduction of
water content in the sludge correlate with the obtained results. Ultrasound treatment has
been shown to decrease the specific weight of the sludge sample both in pretreatment
and treatment, therefore improving stabilization. In various experimental conditions, the
weight of the sludge is reduced by a maximum of about 50%. Processed sludge transforms
waste into a resource for the agricultural sector. Treatment processes have been optimized
with low-energy operating principles. Additionally, besides utilizing energy-harvesting
technology, plant operating processes have been optimized, accounting for approximately
55% of the consumption due to the aeration of active sludge. In addition, an extended
analysis of ultrasonic wave propagation is proposed.

Keywords: sludge treatment for agricultural uses; ultrasound; coupled temperature–
humidity–pressure analytical model; FEM analysis

1. Introduction
The adoption of circular business practices is revolutionizing production and con-

sumption patterns, including integrating water services to promote a sustainable and
innovative approach. In the waste management and water treatment system, sewage
sludge derived from municipal waste requires resources, high costs, and specific proce-
dures for its treatment, being a complex by-product to dispose or manage [1]. However,
when reused circularly to extract materials useful to the community, such sludge can be
transformed from a liability into a resource. Being composed of carbon (25–35%), nitrogen
(4–5%), phosphorus (2–3%), and oxygen (20–25%), along with traces of other useful con-
stituents, reference [2] dry sludge from wastewater treatment has considerable potential for
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use in agriculture [3–7]. In addition, digestate (the organic residue produced by anaerobic
digestion) can be used to improve soil properties and is an excellent source of organic
fertilizer, contributing to the nutritional needs of crops while also contributing to the
long-term sustainable growth of agriculture [8–11]. Due to the presence of contaminants,
such as heavy metals, drugs, microplastics, or flame retardants, the potential use of sludge
in agriculture applications is often limited [12,13]. Thus, there is a growing interest in
improving contaminant extraction to address resource recovery and pollution prevention
in sewage sludge management [12,13]. Untreated sludge has a complex structure and high
moisture content, with particles retaining water. Reducing the water content results in a
smaller sludge volume for transport and disposal; accordingly, drying becomes a critical
step in sludge treatment, lowering its transport and disposal costs. Conditioning facilitates
water removal, making dehydration and drying faster and less expensive. Without proper
conditioning, these processes would require more resources, making them less sustainable
and effective. Recent studies have explored different methods of sludge conditioning using
various techniques to improve the effectiveness of treatment [14,15]. A relatively simple
technique that can be integrated with other treatment systems, now well established in
the literature, is based on physical conditioning that applies mechanical forces to sludge
to change its structure and facilitate dewatering and removal of contaminants [16]. While
this technique reduces the viscosity of the material and improves drying, it requires large
amounts of energy and expensive specialized equipment. However, physical conditioning
can be ineffective for some types of sludge, especially in the presence of fine particles
or chemical contaminants that require more specific treatments [17,18]. Then, we are
helped it their removal by sonication using high-frequency compression and rarefaction
sound waves, which create bubbles in the liquid that, when they collapse, cause intense
forces that disintegrate the sludge particles and facilitate the release of intracellular and
extracellular materials [19]. This technique improves dewatering efficiency by increasing
sludge biodegradability, resulting in rapid completion of anaerobic digestion [20,21]. In
addition, sonication is particularly effective in reducing viscosity and making the sludge
more straightforward to process in subsequent stages. However, the high-energy require-
ments and the need for sophisticated instrumentation and calibration make this method not
always advantageous. In addition, the effectiveness of sonication can be limited by specific
characteristics of the sludge, such as the presence of substances resistant to cavitation (the
collapse of tiny bubbles that transmit significant mechanical forces to the solid material in
suspension), making it less effective in some contexts [22,23]. In addition to the above proce-
dure, a less costly method, the hydrodynamic cavitation, can be used for the same purposes.
This method takes advantage of the formation and subsequent collapse of microbubbles of
steam in a fluid, creating intense forces that break up the particles in the sludge. Specifically,
when liquid passes through a constriction or valve at high velocity, it makes a low-pressure
zone that induces bubble formation. The collapse of the bubbles releases enough energy
to break down cellular structures and facilitate the solubilization of organic materials.
While this technique reduces particle size with low energy consumption and less expensive
equipment, it is poorly applicable to high-density slurries and is subject to wear of parts
exposed to cavitation [24,25]. Also, intensive heat treatment, which produces sludge dewa-
tering by destroying pathogens, is possible; however, the high energy consumption and
possible loss of essential elements limit its use [26,27]. Another technique well established
in the literature for dewatering and breaking down sludge structures is microwaves, which
provide selective, rapid, and uniform heating while reducing treatment time but require
expensive equipment without preventing or limiting the formation of unpleasant odors
or toxic compounds [28,29]. As far as contaminant removal is concerned, the application
of a suitable electric current to the (very dense and highly conductive) sludge, which, by
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weakening the binding forces between the particles, helps to separate the solid particles
from the aqueous phase, thus reducing the use of any chemical agents [30,31]. Suppose the
objective is the degradation of organic matter in low-density sludge. In that case, we are
helped by photoanalytical treatment, in which the sludge is exposed to a suitable source of
light (constant and prolonged), aided using specific catalysts (usually titanium dioxide)
capable of reducing harmful organic compounds and pathogens. However, the continuous
exposure to light and the use of expensive catalysts limit its applicability [32,33]. In order
to degradate the organic matter in low-density sludge, the photoanalytical treatment can
be used. In this case, the sludge is exposed to a suitable source of light (constant and
prolonged), aided using specific catalysts (usually titanium dioxide) capable of reducing
harmful organic compounds and pathogens [32,33]. Widespread is the mixing of sludge
with flocculants/coagulants, which aggregate the particles to form heavy agglomerates
that precipitate to the bottom of the tank and rapidly promote dewatering. However, such
chemicals are often expensive and produce residues that require further treatment [33–35].
Studies have investigated the combined use of US and ozone to improve sludge condition-
ing and increase dewatering. Ozone, which is a powerful oxidant, facilitates the rupture of
cell membranes and the solubilization of organic matter, therefore enhancing the effect of
ultrasound. This combination reduces the sludge’s viscosity and its filtration resistance [36].
Other studies have focused on the use of cationic polymers that, when combined with soni-
cation, reduce the concentration of heavy metals and limit the time for sludge conditioning
by making them stable during dewatering [15]. Again, the combination of thermo-alkaline
conditioning with sonication assists in the degradation of complex organic compounds (due
to high temperatures and high pH), facilitating the dewatering of the sludge. The use of
ultrasound promotes further solubilization of the compounds and reduces the viscosity of
the sludge [37,38]. There is no lack of significant studies on the combined use of microwaves
(as a heat source), which can increase the permeability of cell membranes, with ultrasound,
which, by causing cavitation, destroys cellular structures and significantly biodegrades
sludge [39]. Recently, the combination of ultrasonic techniques with electrocoagulation has
been successfully used to remove heavy metals from sludge. Electrical charges destabilize
suspended particles, while sonication breaks down cellular structures, facilitating sedi-
mentation of the sludge [40]. These studies strongly suggest that a major line of research
must be based on using sonication in combination with chemical or physical treatments
to improve sludge quality and manageability significantly. Indeed, combined sonication
methods show superior results compared to single treatments, positively impacting process
efficiency. Research in this field constantly evolves, with the intent to develop increasingly
efficient, sustainable, and environmentally friendly conditioning techniques.

This work introduces an innovative approach that combines sonication with thermal
treatment, proposing an advanced physical–mathematical model that couples the thermal
and ultrasonic aspects. Such a model allows the reconstruction of detailed maps of tem-
perature, humidity, and pressure on the walls of the treatment tank, providing an accurate
and predictive view of system behavior throughout the sludge processing. Integrating this
information enables optimized and scientifically based treatment management, reducing
operating time and costs. The design of the apparatus was preceded by a detailed numerical
simulation using the finite element method (FEM), which allowed the functional charac-
teristics of the tank to be developed and verified virtually, ensuring efficient management
of thermal and water variables [41]. The entire apparatus was built and tested only after
this software validation, demonstrating complete adherence to regulatory standards for
sludge use in agriculture. The proposed system, through integrated sensor monitoring
and optimization of operating parameters, has shown the ability to reduce heavy metal
content and improve the organic composition of sludge, making it fully compatible with
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current environmental requirements. The combined drying and sonication technique also
enables particle size reduction of up to 50%, contributing to the sustainability and reuse of
materials within a circular economy model [42]. This approach emerges as a practical and
innovative model of sustainable sewage sludge management, with results that improve
environmental and energy efficiency and demonstrate the possibility of valorizing sludge
as a safe and certified agricultural resource.

For completeness, with the aim to provide the reader with a comprehensive overview
of related work to the present research, we refer to some scientific studies on innova-
tive sludge treatment and valorization techniques, focusing on sustainable methods, ad-
vanced technologies, and energy and nutrient recovery processes. Prominent among
them are: (a) work on C recovery for bioenergy and N and P recovery for nutrients [43];
(b) on resource recovery for biogas production and P extraction for agricultural reuse [44];
(c) Anaerobic digestion combined with phosphorus recovery from sludge [45]; (d) Chemi-
cal/electrochemical methods for removal of heavy metals [46]; (e) Use of thermolysis and
sonication for biogas production [47]; (f) on biochar production and C sequestration [48];
(g) on the use of electrodehydration to improve water removal [49]; (h) on the use of phy-
toremediation to remove heavy metals [50]; (i) the joint use of microwaves and chemical
treatments to reduce pathogens in sludge and recover P and N [51]; (l) waste-to-energy
for energy resources [52]; (m) hydrothermal carbonization for biofuel production, nutrient
recovery, and energy enhancement [53].

The various sludge treatment techniques discussed above, including physical, thermal,
chemical, and combined approaches, each present specific advantages and limitations
depending on the context of the application. For clarity and to provide a comprehen-
sive overview, the key characteristics, benefits, and limitations of these techniques are
summarized in Table 1.

Table 1. Summary of the main sludge treatment techniques, highlighting their key characteristics, ad-
vantages, and limitations to provide a comprehensive overview of their applicability and effectiveness
in sludge management.

Technique Main Characteristics Advantages Limitations

Physical conditioning

Application of mechanical
forces to alter sludge

structure and facilitate
dewatering.

Reduces sludge viscosity;
improves drying.

High energy consumption;
ineffective for fine

particles.

Sonication

Use of ultrasonic waves to
generate cavitation,

breaking down particles
and structures.

Increases organic material
availability; facilitates

dewatering.

High energy requirements;
less effective for

cavitation-resistant sludge.

Hydrodynamic cavitation

Creation and collapse of
microbubbles through

high-speed fluid flow in
low-pressure zones.

Low energy consumption;
inexpensive equipment.

Limited applicability to
high-density sludge;

mechanical wear.

Thermal treatment
Heat application to destroy

pathogens and promote
sludge dewatering.

Effective pathogen
removal; facilitates

dewatering.

High energy consumption;
potential loss of essential

elements.
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Table 1. Cont.

Technique Main Characteristics Advantages Limitations

Microwave treatment
Selective, rapid, and
uniform heating via

electromagnetic waves.

Uniform heating; reduces
treatment time.

High equipment cost;
potential odor/toxic

compound formation.

Electrocoagulation

Use of electric current to
destabilize particles,

separating solids from the
aqueous phase.

Reduces chemical agents
use; effective for

conductive sludge.

Limited to conductive
sludge; moderate energy

costs.

Photoanalytical treatment

Light exposure with
catalysts (e.g., TiO2) to

degrade harmful organic
compounds.

Removes pathogens and
harmful compounds;

reduces organic matter.

High catalyst cost;
prolonged treatment time

required.

Flocculation Coagulation

Addition of chemical
agents to aggregate

particles, promoting rapid
sedimentation.

Facilitates quick
dewatering; simple

implementation.

High reagent costs;
generates secondary

residues.

Ozone treatment
Use of ozone to oxidize cell
membranes and solubilize

organic matter.

Reduces viscosity;
enhances sonication

efficiency.

High operational costs;
complex maintenance.

Thermo-alkaline
conditioning

Combination of heat and
alkaline treatment to

degrade complex organic
compounds.

Facilitates solubilization
and viscosity reduction.

Requires high
temperatures and pH; high

energy consumption.

Combined techniques

Integration of sonication
with other treatments (e.g.,

microwaves, ozone,
thermo-alkaline).

Enhances overall treatment
efficiency.

Increased operational costs
and complexity compared

to single methods.

The remainder of the paper is organized as follows: the description of the sample-
based sonication technique is given in Section 2. The proposed procedure to enable the
production of sludge for agricultural uses is described in Section 3. In Section 4, we discuss
the details of how to integrate the proposed approach into the treatment of sludge in sewage
treatment plants. In Section 5, a mathematical model that, starting from the quantification
of the ultrasonic power, provides a coupled differential model for the spatiotemporal
reconstruction of temperature and humidity by also obtaining the pressure distribution
inside the sewage tank is formulated. Once the sewage tank has been simulated using the
FEM approach (Section 6) and a possible analytical model was proposed to evaluate the
pressure exerted by the sludge on it (Section 7), the most important results for the analyses
performed in both steady-state and transient regimes, as proposed in Section 8 have been
discussed. Section 9 describes the prototype implemented for moisture detection and
reduction in a sludge treatment tank, highlighting how sonication significantly improved
the performance of the whole process to improve sludge quality (Section 10). Then, a quick
roundup of comparisons with known cases in the literature (Section 11) further confirmed
that the proposed approach is valid in software and hardware. In the last section, some
reflections and possible future developments of the current research are given.

2. Preliminary Laboratory Study: Sonication on a Sample
To test whether the sonication produces sludge that can be used for agricultural

purposes, in compliance with European standards EN 12766-1 and EN 12766-2 [54], at the
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Calabria Service Laboratory we reproduced an ultrasonic bath using the instrumentation
shown in Figure 1 capable of applying US waves with a constant frequency of 20 kHz
(employing a platinum probe with a tip diameter of 25 mm, favoring cavitation since
higher frequencies might not induce the phenomenon mentioned above), for 60 min (with
a sampling time of 5 s) on four wastewater sludge samples of 125 mL each, placed in a 1-L
beaker. In addition, the percentage of electric current generating the US wave of 20, 40, and
60% with power [W] values of 0.3, 0.8, and 1.6, respectively, were amplified, obtaining a
temperature in degrees centigrade of 20, 28, and 36, respectively.

Figure 1. Test apparatus for the sludge pretreatment process by sonication.

During the process, selected parameters allow the transducer to convert electrical energy
into mechanical waves, amplified by the booster, which is transmitted to the sludge, generate
compression and rarefaction cycles, with the ultimate goal of reducing the sludge volume by
at least 15–20%, resulting in a reduction of the maturation time by about 20–30% (reduction
from 20 to 14 days) [54–56]. The effectiveness of sludge decomposition and solubilization
was monitored by verifying the increase in chemical oxygen demand (COD) in the sludge
substrate by titration using a burette, thermoreactor, and digestion vials [57].

ζ Potential and Polydispersity Index (PDI)

An important parameter for the characterization of sludge is represented by the ζ

potential, which measures the electric charge on suspended particles. When it has a high
absolute value (positive or negative), the particles repel each other, leading to a stable
suspension. On the contrary, a low absolute value for it suggests that the particles can ag-
gregate [58]. Furthermore, for the optimization of treatment processes, operators optimize
the dosage of coagulants and flocculants by varying the ζ potential. This process ensures
efficient particle aggregation and improves the overall efficiency of sludge dewatering
and sedimentation processes [18]. To provide a detailed view of the causes of dispersion,
aggregation, or flocculation, we measured the particle size of the sonified sludge (and thus
the stability of the sludge). We measured the values of the ζ potential [mV], defined as ηuη

ϵ0
,

the viscosity of the fluid; u the mobility; ϵ, relative dielectric constant; ϵ0, permittivity of
vacuum) representing the electrical potential at the level of the slipping plane (slipping
plane) measuring the magnitude of electrostatic repulsion/attraction or charge between
the particles during all the tests performed, showing good stability of the samples, since,
for each of them, we obtained ζ ≫ 40 mV. PDI values, defined as the ratio of particle size
σ2 to the square of their diameter d̄2, were also evaluated, quantifying size dispersion (a
value close to zero indicates a uniform distribution of particles, while a high value reflects
a broader and less homogeneous distribution). Specifically, from the initial high values
of PDI obtained (ranging between 15 and 20), following treatment, they were reduced
between 0.921 ± 0.150 and 0.922 ± 0.150. Both ζ and PDI values were obtained through
the Malvern Zetasizer. This instrument measures, with high accuracy, the size, charge, and
concentration of particles (by dynamic light scattering (DLS) with a measurement angle of
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90 degrees) and their molecular weight, as well as the amount of suspended molecules. The
analysis was conducted at different temperatures and durations using appropriate cuvettes.

3. How the Proposed Procedure Enables the Production of Sludge for
Agricultural Uses

The US technique tested in the Laboratory was integrated into an established sludge
treatment process displayed in Figure 2 (whose steps are included in the red dashed box),
while the proposed approach is highlighted with green hatching.

Figure 2. Integration of the proposed approach (enclosed by the green dashed line) into the sludge
treatment process within a wastewater treatment plant (red dashed line). Section (a) represents
the conventional wastewater treatment chain, including pretreatment, sedimentation, biological
treatment, and sludge management. Section (b) highlights the proposed approach, combining
monitoring by humidity and temperature sensors with a sonication system aimed at sludge moisture
reduction (sludge humidity reduction with ∆T).

Sludge from wastewater undergoes a first treatment line (water line) that deals with
the purification of the water to remove contaminants and return it to the environment
following regulatory standards. In contrast, the sludge line manages the sludge produced
from the water line processes, aiming to stabilize it, reduce its volume, and valorize it, for
example, through biogas production. The water line treats the main water stream, while
the sludge line focuses on solid by-product management, working in synergy as sludge
comes from the former’s processes, and the latter’s residues can be recirculated for further
treatment. Specifically, the water line processes sludge from wastewater that undergoes
initial screening through a screening battery that separates heavy parts (coarse sands and
gravels), allowing the filtered sludge to undergo treatment to remove fats and oils. Then,
an aerobic digestion chamber facilitates prolonged aerobic treatment (of about 17–20 days)
and proceeds with appropriate sedimentation. The fraction of sludge that is insufficiently
oxygenated is fed back into the aerobic digestion chamber to repeat the process, while
the remainder undergoes NaClO-based treatment to reduce the presence of pathogenic
microorganisms, bacteria, viruses, and other contaminants, making the sludge safer for
the environment [59]. It is worth noting that in excess flow rates from biological, once the
oils and fats are removed, the sludge goes directly to NaClO-based treatment. A further
portion of the sludge exiting sedimentation constitutes the input to the sludge line, which,
through gravity sludge thickening, aerobic biological stabilization, and sludge dewatering
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with belt filter press, produces the treated sludges (any supernatant is returned to the
water line’s head to be fed into the aerobic chamber). Then, before the treated sludge is
considered waste (to produce dry sludge for agricultural use) at the end of the sludge
line, the proposed procedure subjects it to the sonication process as already described
so that the moisture percentage is significantly reduced by appropriate heat treatment.
Finally, a monitoring system based essentially on moisture and temperature sensors sets
the sonication parameters to optimize the whole process.

4. Integration of an Innovative Approach in the Treatment of Sludge in
Sewage Treatment Plants

Laboratory-tested sonication treatment grafted inside the plant (see Figure 2) lasting up
to 150 min, with the usual sampling carried out every 5 min (measuring COD, temperature,
and PDI), was performed on an 8-liter sludge sample, applying a 230 V amplitude voltage at
50 Hz (constant frequency throughout the treatment duration), with a maximum flow rate
of 50 L/min, with a contact time (total time the slurry remains in contact with a chemical
reagent) per liter of 2.40 s. Four units with a peak power of 1.7 A were used to produce US
waves to achieve the ideal US frequency of 150 kHz, corresponding to maximum cavitation.
As can be seen from Table 2, the data obtained do not reveal any incompatibilities of sludge
use for agricultural purposes, both in terms of heavy metals and the possible presence
of bacteria (Salmonella). It is worth noting that both the treatment duration (150 min)
and the contact time of 2.40 s depend on the sludge composition [60]. The prototype is
powered by four sets of US generators, each with a maximum draw of 1.7 A to ensure the
ideal frequency of 15 kHz, leading to the maximum detected cavitation (usually achievable
between 1.5 A and 1.7 A). Table 3 summarizes the operational parameters of sonication,
while the experimental apparatus is displayed in Figure 3.

Therefore, we consider proceeding with sludge humidity reduction using a thermal
approach. We propose a physical–mathematical model that couples temperature with
humidity to accurately quantify the volume of liquid and condensate inside the sludge
treatment tank.

Figure 3. The experimental apparatus for sludge treatment process by ultrasonic sonication. Left:
the amplifying device with current values increasing in percentage from 0 to 60 A. Right: the tank
containing the sludge during ultrasonic sonication.
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Table 2. Comparison between the parameters given in DL99 for sludge use in agriculture and the
data collected on the sludge produced by the plant.

Heavy Metals (mg/kg)
and Bacteria (MPN/gSS)

National Decree
DL99—29 January 1992

Sludge Analysis of the
Plant

arsenic n.d. //
copper 1000 700–800

zinc 2500 700–1200
cadmium 20 <1
mercury 10 <1

lead 750 90–160
nickel 300 50–90

organic carbon (% sludge) 20 (minimum) 25–30
phosphorus (% sludge) 20 (minimum) 25–30

nitrogen (% sludge) 1.5 (minimum) 4.5–5.5
salmonella 103 (maximum) 30–60

Table 3. Operating parameter of sludge sonication treatment.

Parameters Values

Dimensions 445 × 545 × 1560 mm
Electrical supply 230 V, 50 Hz

US frequency 50 kHz, constant
Tank volume 8 L

Maximum input flow rate 3000 L/h, i.e., 50 L/min
Contact time 2.40 s per every sludge sample

Sonication time 0–150 min, sampling time 5 min

5. Temperature–Humidity Coupled Model for Sludge Treatment
5.1. Quantification of the Acoustic Power

Let Oxyz be an ortho-normal Cartesian coordinate system where Ω ⊂ R3 represents
the sludge; then, the generic vector x = (x, y, z) ⊂ Ω represents a point on the sludge. The
acoustic energy, E, generated and transferred to the sludge sample during US sonication
(following pretreatment in an oven at the initial temperature of 373 ◦C for two hours) is
transformed, in part, into heat that produces an increase in temperature T(x, t) that can be
quantified using a calorimetric approach (highlighting the direct proportionality between
T(x, t) and P). The idea is based on the thermodynamic principle that P supplied by the
US is converted into heat, and thus, the acoustic power can be calculated by measuring the
temperature rise in the sludge.

The US energy (expressed in J) that causes an increase in T(x, t) can be expressed
as [61–63]:

Q = MCp∆T(x, t) (1)

where Q and M are the amount of heat absorbed by the slurry and its mass M (kg); Cp is the
specific heat capacity (J/kg K); and ∆T(x, t) is the increment of T(x, t) (K) (experimentally
measurable by sensors). Then, the power P, if ∆t is the time interval during which heat
transfer occurred, takes the form:

P =
MCp∆T(x, t)

∆t
, (2)

which, in an infinitesimal time frame, becomes:

P = MCp
dT(x, t)

dt
. (3)
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5.2. Fourier’s Law of Heat Conduction

To quantify the heat flux, q (amount of heat per unit area in unit time measured in
W/m2), in the sludge as a function of T(x, t), we use the well-known Fourier’s law:

q = −k∇T(x, t), (4)

asserting that q ∝ ∇T(x, t) through k (W/mK) representing the thermal conductivity of
the sludge, with obvious heat flow from higher-temperature points to lower-temperature
points.

5.3. General Thermal Balance Equation

A heat balance equation is essential to describe the thermal behavior in ultrasonic
sludge treatment, considering heat transfer mechanisms and internal and external energy
sources. This equation allows modeling the interactions between key variables and physical
parameters, making it essential to simulate and optimize the process [61–63].

5.3.1. Thermal Storage Term

Together with Cp, it describes the ability of the fluid to store thermal energy. ∂T(x,t)
∂t

measures the rate at which T(x, t) changes over time. Therefore, the contribution due
to accumulation can be quantified by the term ρCp

∂T(x,t)
∂t . The contribution due to heat

accumulation in the sludge can be quantified as ρCp
∂T(x,t)

∂t where ρ is the density of the
fluid while Cp denotes the capacity of the sludge to store heat [61–63].

5.3.2. Convective Term

This term represents heat transport by convection, describing how the motion of
a slurry at the velocity u(x, t) transports heat energy, influencing the energy balance
with the contribution ρCpu(x, t) · ∇T(x, t), which quantifies the heat gain or loss in the
system [61–63].

5.3.3. Heat Conduction Term

This term represents heat flow by conduction and quantifies how it varies spa-
tially, indicating whether heat enters or leaves a specific region of the fluid, expressed as
∇ · (−k∇T(x, t)) based on the temperature gradient [61–63].

5.3.4. Heat Sources

Denoted by Q(x, t) and Qm(x, t), respectively, they represent heat added by an external
source (e.g., an external heater) and heat generated inside the system due to internal causes
(e.g., chemical reactions or biological processes). Then, the heat generated in the US can act
directly by converting P to heat within the sludge; the second allows the mechanical energy
generated by the US to break up the particles, facilitating heat diffusion and accelerating
the process of temperature homogenization [61–63].

5.4. The Energy Balance Equation

Combining all the contributions, we obtain:

ρCp
∂T(x,t)

∂t + ρCpu(x, t) · ∇T(x, t) +∇ · (−k∇T(x, t)) =
= Q(x, t) + Qm(x, t).

(5)

representing the parabolic differential equation of the second-order partial derivative that
governs the energy balance by describing the evolution of T(x, t), which considers all modes
of energy transfer (conduction, convection, internal and/or external heat sources). The model
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(5) describes the heat transfer and the variation of T(x, t) in the system, influenced directly by
P. Heat conduction depends on the energy transferred per unit time and area, a function of P,
while ultrasonic convection and turbulence influence heat transport in the fluid. Therefore,
the acoustic power determines the thermal behavior of the model [61–65].

5.5. On Moisture Reduction

To calculate the reduction of moisture W(x, t) in a sludge from T(x, t), we use a model
based on the Balance Equation (5). W(x, t), representing the water content per unit volume,
varies with the evaporative flux, Je(x, t), described as:

∂W(x, t)
∂t

= −∇ · Je(x, t), (6)

where Je(Je(x, t) is a function of T(x, t) and vapor pressure, and is written as:

Je(x, t) = ke(T(x, t))
(

pv(T(x, t))− pv,amb
)
, (7)

with ke(T(x, t)) temperature-dependent evaporation coefficient, pv(T(x, t)) saturated vapor
pressure and pv,amb ambient vapor pressure. The source Qm(x, t), associated with water
evaporation, is related to the latent heat λ and the rate of moisture reduction:

Qm(x, t) = λ
∂W(x, t)

∂t
. (8)

The overall moisture reduction is calculated by integrating the residual content W(x, t)
over time and space, compared with the initial content W0(x):

∆W =
∫

Ω

(
W0(x)− W(x, t)

)
dx. (9)

Then, substituting into the (5) the (8), we obtain:

ρCp
∂T(x, t)

∂t
+ ρCpu(x, t) · ∇T(x, t) +∇ · (−k∇T(x, t)) =

= Q(x, t) + λ
∂W(x, t)

∂t
. (10)

5.6. The Coupled System

Considering the balance equation, Equations (6) and (10), the system describing the
evolution of temperature and humidity consists of:

ρCp
∂T
∂t + ρCpu · ∇T +∇ · (−k∇T) = Q + λ

∂W(x, t)
∂t

,
∂W(x, t)

∂t
+∇ · Je(x, t) = 0

Je(x, t) = ke(T(x, t))
(

pv(T(x, t))− pv,amb
)
.

(11)

5.7. On the Existence, Uniqueness, and Regularity of the Solution: Variational Formulation

We work on Ω ⊂ Rn, which is open, restricted, and with edge ∂Ω sufficiently regular.
We define the Cartesian product of function spaces to describe the two coupled variables
T(x, t) and W(x, t) [61–63,66]:

X = H1(Ω)× H1(Ω), (12)

where H1(Ω) is the Sobolev space of functions belonging to L2(Ω) with first-order
weak derivatives in L2(Ω). Weak solutions of the coupled system will be looked for
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in X = L2(0, T; X), with time derivatives
∂T(x, t)

∂t
,

∂W(x, t)
∂t

∈ L2(0, T; X′), where X′ is the

dual space of X′. We multiply the budget equation in (11) by a test function φ ∈ H1(Ω)

and integrate over Ω, obtaining:

∫
Ω

ρCp
∂T(x, t)

∂t
φ dx +

∫
Ω

ρCp(u · ∇T)φ dx +
∫

Ω
k∇T(x, t) · ∇φ dx =

=
∫

Ω
Qφ dx + λ

∫
Ω

∂W(x, t)
∂t

φ dx. (13)

To ensure that the first integral in (13) makes sense, we assume T(x, t) ∈ L2(0, T; H1(Ω))

and
∂T(x, t)

∂t
∈ L2(0, T; H1(Ω)′). As for the second equation in (11), we multiply by a test

function ψ ∈ H1(Ω) and integrate over Ω, obtaining:

∫
Ω

∂W(x, t)
∂t

ψ dx +
∫

Ω
(∇ · Je)ψ dx = 0. (14)

Using, then, the divergence theorem and imposing a natural boundary condition
(Je · n = 0 on ∂Ω), we can write:∫

Ω
(∇ · Je)ψ dx = −

∫
Ω

Je · ∇ψ dx. (15)

Then the second equation of (11) in variational form becomes:

∫
Ω

∂W(x, t)
∂t

ψ dx −
∫

Ω
Je · ∇ψ dx = 0, (16)

that by substituting into it the expression of Je, we obtain:

∫
Ω

∂W(x, t)
∂t

ψ dx −
∫

Ω
ke(T)

(
pv(T)− pv,amb

)
∇ψ dx = 0. (17)

Then, the problem, in weak form, translates to finding a solution (T(x, t), W(x, t)) ∈
L2(0, T; X), such that for each test function (φ, ψ) ∈ X both equations in the variational
form are satisfied.

5.7.1. Existence and Uniqueness

We define the paired bilinear operator A : X × X → R as [61–63]:

A((T(x, t), W(x, t)), (φ, ψ)) =

=
∫

Ω
k∇T(x, t) · ∇φ dx +

∫
Ω

ρCp(u · ∇T(x, t))φ dx+

+
∫

Ω
ke(T)

(
pv(T)− pv,amb

)
∇ψ dx. (18)

It is simple to verify that the operator A is continuous, i.e., there exists C > 0 such
that:

|A((T(x, t), W(x, t)), (φ, ψ))| ≤
≤ C(∥T(x, t)∥H1 + ∥W(x, t)∥H1)(∥φ∥H1 + ∥ψ∥H1). (19)
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Moreover, A is coercive under the assumptions of uniform positivity of the coefficients
(k(x) ≥ k0 > 0):

A((T(x, t), W(x, t)), (T(x, t), W(x, t))) ≥
≥ α(∥T(x, t)∥2

H1 + ∥W(x, t)∥2
H1), (20)

where α > 0. The functional associated with the source and coupling terms is:

F((φ, ψ)) =
∫

Ω
Qφ dx + λ

∫
Ω

∂W
∂t

φ dx +
∫

Ω

∂W
∂t

ψ dx. (21)

Under the assumptions of regularity (Q ∈ L2(Ω), ∂W
∂t ∈ L2(0, T; H1(Ω)′), F is con-

tinuous. Then, the Lax-Milgram theorem guarantees the existence and uniqueness of
(T, W) ∈ L2(0, T; X).

5.7.2. Regularity

The regularity of the solutions T(x, t) and W(x, t) can be analyzed by exploiting the

coupled structure of the system. In particular, the time derivative
∂T(x, t)

∂t
belongs to

L2(0, T; H1(Ω)′). This result is ensured by the regularity of W(x, t), which belongs to
L2(0, T; H1(Ω)), and by the fact that the coupling term λ

∂W(x,t)
∂t is sufficiently regular.

Consequently, T(x, t) evolves in time regularly within a weak functional space.
The elliptic structure of the term −∇ · (k∇T(x, t)) in the first equation also guarantees

that T(x, t) ∈ H1(Ω) at each instant t, provided that k, u, Q are regular. If k is sufficiently
regular, e.g., k ∈ C2(Ω), we can conclude that T(x, t) ∈ H2(Ω) for each instant t.

The regularity of the solution W(x, t) depends directly on the regularity of T(x, t)
through the nonlinear term Je = ke(T)

(
pv(T) − pv,ambbig). If T(T(x, t) ∈ H1(Ω), then

W(x, t) ∈ H1(Ω). If moreover T(x, t) ∈ H2(Ω) and the coefficients ke(T) and pv(T) are
regular, e.g., C2, then we can conclude that W also belongs to H2(Ω).

6. The Numerical Model
6.1. Time Discretization

We apply the implicit Euler’s method for the temporal discretization of the terms ∂T
∂t

and ∂W
∂t , obtaining: [61–63]

∂T
∂t

≈ Tn+1 − Tn

∆t
,

∂W
∂t

≈ Wn+1 − Wn

∆t
, (22)

which substituted in the variational formulation, gives, for Tn+1:

∫
Ω

ρCp
Tn+1 − Tn

∆t
φ dx +

∫
Ω

ρCp(u · ∇Tn+1)φ dx +
∫

Ω
k∇Tn+1 · ∇φ dx =

=
∫

Ω
Qφ dx + λ

∫
Ω

Wn+1 − Wn

∆t
φ dx, (23)

and for Wn+1:∫
Ω

Wn+1 − Wn

∆t
ψ dx −

∫
Ω

ke(Tn+1)
(

pv(Tn+1)− pv,amb
)
∇ψ dx = 0. (24)
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As for spatial discretization, we partition Ω into a mesh Th, composed of M finite
elements. We approximate the solutions Tn+1 and Wn+1 as linear combinations of basis
functions ϕi(x), as follows:

Tn+1
h (x) =

N

∑
i=1

Tn+1
i ϕi(x), Wn+1

h (x) =
N

∑
i=1

Wn+1
i ϕi(x), (25)

where Tn+1
i and Wn+1

i are the values of the solutions at the nodes of the mesh. The test
functions are chosen from the same basis, namely φ = ϕi and ψ = ϕj.
Then, substituting these expansions into the variational equations, we obtain for Tn+1:

N

∑
j=1

[∫
Ω

ρCp
ϕjϕi

∆t
dx

]
Tn+1

j +

+
N

∑
j=1

[∫
Ω

k∇ϕj · ∇ϕi dx +
∫

Ω
ρCp(u · ∇ϕj)ϕi dx

]
Tn+1

j =

=
∫

Ω
Qϕi dx +

N

∑
j=1

[∫
Ω

λϕjϕi

∆t
dx

]
Wn+1

j −
∫

Ω

ρCpTnϕi

∆t
dx, (26)

and for Wn+1:

N

∑
j=1

[∫
Ω

ϕjϕi

∆t
dx

]
Wn+1

j −

−
N

∑
j=1

[∫
Ω

ke(Tn+1)
(

pv(Tn+1)− pv,amb
)
∇ϕj · ∇ϕi dx

]
Wn+1

j =
∫

Ω

ϕiWn

∆t
dx. (27)

6.2. Algebraic Formulation

For computational needs, we define the mass matrix and stiffness matrix for T as:

(MT)ij =
∫

Ω
ρCpϕjϕi dx. (28)

and:
(AT)ij =

∫
Ω

k∇ϕj · ∇ϕi dx +
∫

Ω
ρCp(u · ∇ϕj)ϕi dx. (29)

respectively, while, for W, the mass and stiffness matrix (dependent on T), take the follow-
ing forms:

(MW)ij =
∫

Ω
ϕjϕi dx, (30)

(AW(T))ij =
∫

Ω
ke(T)

(
pv(T)− pv,amb

)
∇ϕj · ∇ϕi dx. (31)

Finally, considering the source term:

(FT)i =
∫

Ω
Qϕi dx, (FW)i =

∫
Ω

ϕiWn dx, (32)

our coupled linear system becomes:MT
Tn+1−Tn

∆t + ATTn+1 = FT + λMT
Wn+1−Wn

∆t

MW
Wn+1−Wn

∆t − AW(Tn+1)Wn+1 = 0.
(33)
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The resolution of the described coupled algebraic system requires numerical methods
since it includes nonlinear dependencies and couplings between the variables Tn+1 and
Wn+1. The system (33) can be written in the following form:[

MT/∆t + AT −λMT/∆t
0 MW/∆t − AW(Tn+1)

][
Tn+1

Wn+1

]
=

=

[
FT + MTTn/∆t + λMTWn/∆t

MWWn/∆t

]
. (34)

It is nonlinear, since AW(Tn+1) depends on Tn+1). Then, using an iterative approach
based on Newton-Raphson, we define the residual as:

R(T, W) =

[
MT

T−Tn

∆t + ATT − λMT
W−Wn

∆t − FT

MW
W−Wn

∆t − AW(T)W

]
, (35)

such that we find (Tn+1, Wn+1) such that R(Tn+1, Wn+1) = 0. Then, we expand R(T, W)

around an initial estimate (Tk, Wk) at step k using a Taylor series:

R(Tk+1, Wk+1) ≈ R(Tk, Wk) +
∂R
∂T

∆T +
∂R
∂W

∆W, (36)

where:
∆T = Tk+1 − Tk, ∆W = Wk+1 − Wk. (37)

6.3. Linearization of the Algebraic System

Linearizing the coupled system, we obtain the following linear system:[
∂RT
∂T

∂RT
∂W

∂RW
∂T

∂RW
∂W

][
∆T
∆W

]
= −

[
RT(Tk, Wk)

RW(Tk, Wk)

]
, (38)

where:
∂RT
∂T

=
MT
∆t

+ AT ,
∂RT
∂W

= −λMT
∆t

, (39)

∂RW
∂T

= −∂AW(T)
∂T

W,
∂RW
∂W

=
MW
∆t

− AW(T) (40)

where ∂AW (T)
∂T is a matrix that is calculated by differentiating AW(T) with respect to T. At

each iteration, k the system becomes [61–63]:[
MT
∆t + AT − λMT

∆t
− ∂AW (Tk)

∂T Wk
MW
∆t − AW(Tk)

][
∆T
∆W

]
= −

[
RT(Tk, Wk)

RW(Tk, Wk)

]
. (41)

from which the updating of solutions is ensured as follows:

Tk+1 = Tk + ∆T, Wk+1 = Wk + ∆W. (42)

Obviously, iterations proceed to that some residual, ϵ < 0, satisfies:

∥RT(Tk+1, Wk+1)∥+ ∥RW(Tk+1, Wk+1)∥ < ϵ. (43)

Then, calculating the matrices MT , MW , AT , and the basic form of AW(T), for each
time step n + 1, we initialize Tn+1

0 = Tn and Wn+1
0 = Wn and perform Newton-Raphson

iterations until convergence. The solution (Tn+1, Wn+1) gives the updated values of the
variables at the next time step.
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Solution of the Algebraic System

At each iteration, the linear system can be written in the following form:

K

[
∆T
∆W

]
= −

[
RT(Tk, Wk)

RW(Tk, Wk)

]
, (44)

where:

K =

[
KTT KTW

KWT KWW

]
, (45)

with:
KTT =

MT
∆t

+ AT , KTW = −λMT
∆t

, (46)

KWT = −∂AW(Tk)

∂T
Wk, KWW =

MW
∆t

− AW(Tk). (47)

Whose known term is:

b = −
[

RT(Tk, Wk)

RW(Tk, Wk)

]
. (48)

Once the matrices MT , MW , AT , AW(Tk) are constructed by FEM discretization, K
is constructed as a sparse block matrix in which KTT and KWW are dominant diagonal
matrices. Finally, the paired KTW and KWT blocks (calculated from the problem under
study). Since the linear system is large with sparse matrices, GMRES is employed. For
more complex problems, we can introduce a preconditioner based on the diagonal blocks
KTT and KWW to speed up convergence.

6.4. Relationship Between W(x, t) and the Liquid Water Content

To quantify the volume of liquid and condensate inside the sludge treatment tank,
starting from temperature T(x, t) and moisture W(x, t), it is necessary to implement an
approach that integrates the following steps. Since W(x, t) represents the moisture content
per unit volume of the sludge, to obtain the total volume of initial and residual liquid water
in the tank, it will be sufficient to calculate:

Vinizial
water =

∫
Ω

W0(x) dx, Vresidue
water (t) =

∫
Ω

W(x, t) dx, (49)

where W0(W0(x) is the initial moisture content. During heat treatment, some evaporated
water condenses on the inner surfaces of the tank or accumulates as droplets. The volume
of condensate can be quantified by balancing the evaporative flux and considering the
fraction that turns into condensate. Then, from Je(x, t), the total evaporated water flux
is calculated:

V̇evaporate(t) =
∫

Ω
Je(x, t) dx. (50)

Assuming that a fraction ηtextcondensate of the evaporated volume turns into conden-
sate (depending on environmental and system conditions), the total volume of condensate
is given by:

Vcondensate(t) =
∫ t

0
ηcondensate · V̇evaporate(τ) dτ. (51)

The coefficient ηtextcondensate can be determined experimentally or modeled from
the pressure and temperature inside the tank. The total volume of liquid inside the tank,
Vliquid(t), includes the residual liquid in the sludge and the accumulated condensate:

Vliquid(t) = Vresidue
water (t) + Vcondensate(t). (52)
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Integrating the above terms on Ω yields, at each time step, Vresidue
water (t), V̇evaporate(t),

and Vcondensate(t), Obviously, it is essential to specify the flow and temperature conditions
at the surface of the tank to model evaporation and condensation correctly.

6.5. FEM Calculations

To implement the FEM calculation of the volume of liquid and condensate in the tank,
since T(x, t) and W(x, t) have already been obtained, we proceed as follows. Since the
initial and residual volumes of water are calculated by integrating W0(x) and W(x, t) on
the domain Ω, we can proceed with the following discretization:

Vinizial
water ≈

M

∑
e=1

∫
Ωe

Wh
0 (x) dx, Vresidue

water (t) ≈
M

∑
e=1

∫
Ωe

Wh(x, t) dx, (53)

in which Wh(x, t) = ∑N
i=1 Wi(t)ϕi(x) is the FEM approximation of x, t), while x(x) is the

shape functions defined on the mesh. For each element of the mesh, Ωe, we calculate:∫
Ωe

Wh(x, t) dx ≈ WT
e Me, (54)

where Me represents the elemental mass matrix, whose generic element is given by:

(Me)ij =
∫

Ωe
ϕiϕj dx. (55)

Finally, adding up all the contributions, we will obtain:

Vresidue
water (t) ≈

M

∑
e=1

WT
e Me. (56)

As for the evaporative flux given by (50), it can be approximated by:

V̇evaporate(t) =
∫

Ω
Jh
e (x, t) dx, (57)

where Jh
e (x, t) is the FEM approximation of the evaporative flux:

Jh
e (x, t) =

N

∑
i=1

Je,i(t)ϕi(x). (58)

Then, for each element Ωe, we calculate∫
Ωe

Jh
e (x, t) dx ≈ JT

e Me, (59)

where Je is the vector of nodal values of Je on the element. Then, summing the contributions
of all the elements, we have:

V̇evaporate(t) ≈
M

∑
e=1

JT
e Me. (60)

To compute the total volume of condensate (51) at each time step, we use the trape-
zoidal integration method:

Vn+1
condensate ≈ Vn

condensate +
∆t
2

· ηcondensate ·
(
V̇n

evaporate + V̇n+1
evaporate

)
, (61)
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where V̇n
evaporated and V̇n+1

evaporated are the evaporative fluxes at the time steps n and n + 1,
respectively, thus providing the total volume in the tank.

7. On the Pressure Exerted by the Sludge on the Tank
If p(x, t) represents the pressure exerted by the sludge on the tank, being coupled

with both T(x, t) and W(x, t), its computation requires considering both thermodynamic
and mechanical effects of the system. We preliminarily observe that p(x, t) is generally
related to the thermodynamic behavior of the material and depends on the density of the
slurry, ρ(x, t), compressibility K(T, W), as well as T(x, t) and W(x, t). Without detracting in
generality, we model p(x, t) by an equation of state describing the behavior of the material:

p(x, t) = p0 + K(T(x, t), W(x, t))[ρ(x, t)− ρ0], (62)

where p0 is the reference pressure (referenced to T0, W0), ρ0 is the density of the sludge at T0

and W0, K(T(x, t), W(x, t)) is the compressibility modulus of the sludge. It is worth noting
that ρ(x, t) varies as a function of T(x, t) and W(x, t) due to thermal expansion and change
in water content, which, to a good approximation, leads to the following formulation:

ρ(x, t) = ρ0[1 − βT(T(x, t)− T0) + βW(W(x, t)− W0)], (63)

where βT is the coefficient of thermal expansion and βW is the coefficient of change in
density with respect to moisture. Similarly, for the compressibility of sludge:

K(T(x, t), W(x, t)) = K0[1 + αT(T(x, t)− T0) + αW(W(x, t)− W0)], (64)

where K0 is the compressibility modulus at reference conditions, and αT and αW are
coefficients of variation of K with respect to T and W. Then, the total pressure, p(x, t),
becomes:

p(x, t) = p0 + K0[1 + αT(T(x, t)− T0)+

= αW(W(x, t)− W0)] · ρ0[−βT(T(x, t)− T0) + βW(W(x, t)− W0)]. (65)

Finally, by expanding and simplifying, we obtain:

p(x, t) = p0 + A(T(x, t)− T0) + B(W(x, t)− W0)+

+C(T(x, t)− T0)(W(x, t)− W0), (66)

where A = K0ρ0αT − K0ρ0βT , B = K0ρ0αW + K0ρ0βW , C = K0ρ0(αT βW + αW βT).
Then, once the distributions of T(x, t) and W(x, t) have been obtained, K(T(x, t, W(x, t)) is
computed and then ρ(x, t) is quantified as specified above.

7.1. Comsol Multiphysics® Implementation

The sonication process, in pretreatment, produced a modest decrease in sludge weight,
so a prototype software mixer was designed to reduce the weight of heat-treated sludge
more significantly. The numerical model described above was implemented in both steady-
state and transient regimes to identify areas within the prototype that were less stressed
by the pressure and temperature exerted on the sludge. Results regarding moisture and
pressure distribution are obtained over a temperature range of 296.96 K to 377.96 K based
on the operating characteristics of the sludge treatment tank.
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7.1.1. Some Specifications of the Mixing Tank

Geometrically, it is cylindrical and exhibits rotational symmetry about its longitudinal
axis (axial symmetry), implying that every plane section passing through the cylinder’s
axis is identical, regardless of the rotation angle. Such symmetry reduces the 3D geometric
problem to analyzing only a single plane section that includes the cylinder’s axis. Since
this section faithfully represents the geometry of the entire system, it is not necessary to
model the entire 3D domain to study its geometric characteristics. In addition to geometric
symmetry, the validity of the reduction is also supported by the fact that the physical
conditions are also symmetrical concerning the axis. Reducing the problem from 3D to 2D
offers computational advantages by requiring fewer resources than 3D by reducing the
number of nodes and elements in the mesh. Figure 4 displays the front and top elevation
of the (aluminum) sludge mixing tank in which the conduit required to heat the tank
(also aluminum), the 1.4301 stainless steel mixing system, and the high-density (28 kg/m3)
polyethylene outer shell with high thermal insulation properties (λ = 0.04) are evident.

Figure 4. 2D prototype of the sludge treatment tank.

7.1.2. Some Relevant Details About the Designed Mesh

To solve the problem numerically, once the device was implemented geometrically
(see Figure 5) under both steady-state and transient conditions, an obtained mesh was
constructed using a Delaunay triangulation calibrating it for a fluid dynamics problem
whose maximum element size is 0.00335, while their minimum size is around 1.5 × 10−3.
The optimized curvature factor is 0.4, while the maximum element growth ratio is worth 1.2.
The obtained mesh has 11,817 degrees of freedom and exhibits high quality since the aspect
ratio is ≈1, while the skewness is 0. In addition, the smoothness parameter is gradual, and
the condition number is minimal, while the Jacobian determinant is positive and stable.
The obtained mesh is characterized by 4448 triangular elements and 560 quadrangular
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elements. In addition, the number of elements is 588, while those on the vertices are 20.
The obtained mesh can be viewed in Figure 6.

Figure 5. Mixing device designed using FEM for sludge treatment.

Figure 6. Mesh designed for the analysis of fluid dynamics inside the mixing tank.

Remark 1. During this study, a preliminary grid independence analysis was performed to ensure
that the results obtained using the finite element method were not affected by the density or size of
the mesh used. For this purpose, different discretization configurations were considered, varying
the maximum size of the grid elements and analyzing the impact on the main parameters of
interest, such as temperature, pressure, and humidity distribution within the system. The results
showed substantial convergence for an optimized grid, ensuring a balance between accuracy and
computational times. Therefore, the chosen mesh configuration was found to be adequate to precisely
describe the physical phenomena under consideration without compromising the reliability of the
simulations. These checks, although preliminary, confirm the independence of the model with respect
to the adopted grid and represent a solid basis for the development of further future studies.

8. Some Relevant Results
Once the device was implemented, a series of simulations were carried out in both

transient and steady state to evaluate the temperature and humidity distribution. However,
since the sludge tank is a hermetically sealed aluminum container, to prevent potentially
dangerous mechanical instability problems, we equip the pressure control device inside it.

Stationary and Transient Regimes

Simulations in a steady state (temperature and pressure are constant), since the system
already reaches the steady state of equilibrium, showed the areas with lower thermal
and pressure stresses being less affected by altered environmental conditions, providing
valuable indications for the structural stability of the container, eventually.

On the other hand, simulations in the transient regime, during critical phases (startup,
heating, and/or cooling of the container as highlighted in Figure 7) showed the evolution
of temperature and pressure over time, highlighting how the system responds to rapid
or gradual changes in external or internal conditions. In addition, less stressed areas are
easily identified as they show fewer thermal and pressure fluctuations, signaling areas of
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greater thermal and structural stability. The combined analysis identifies critical stresses; by
comparing the results of the two regimes, areas that maintain low stresses in both transient
and steady state can be identified, suggesting naturally less stressed regions. Areas that
show limited changes in stresses during the transient and stabilize these conditions in
the steady-state regime are indicators of structural reliability, with a low probability of
deformation or failure.

Figure 7. Temperature distribution inside the tank.

Figure 8a displays the areas where the pressure assumes relevant values with appar-
ent overload near the mixer plate (the operating parameters used only listed in Table 4
(please note that the density of the sludge varies with its moisture content during the
drying process.). This is in line with expectations since the mixer, being a moving element,
undergoes both the action due to the gravity force of the sludge and the effects due to
rotation. Obviously, the distribution of the moisture percentage (see Figure 8b) is almost
uniform throughout the tank, except in the areas near the mixer plate (tank bottom) where
the drying action is more significant.

Figure 8. (a) Pressure distribution and (b) relative humidity inside the sludge-filled tank.
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Table 4. Benchmarks for sludge from wastewater.

Parameter Value Unit Note

p0 101,325 Pa Standard atmospheric pressure
ρ0 1050 kg/m3 Sludge average density
K0 2.2 × 109 Pa Water-like compressibility modulus
T0 293.15 K Reference temperature (20 ◦C)
W0 0.95 kg/kg Relative humidity (95%)
βT 2.1 × 10−4 K−1 Thermal expansion coefficient
βW 0.05 (kg/kg)−1 Variation of density versus humidity
αT 0.002 K−1 Coefficient of compressibility modulus vs. temperature
αW 0.01 (kg/kg)−1 Variation of compressibility modulus with respect to humidity

9. Prototype for Moisture Detection and Reduction in a Sludge
Treatment Tank

Once the system was designed and tested in software mode, we built the prototype
for sludge treatment equipped with mechanical and electronic components for proper
operation. Specifically, the tank should be connected to a heat source to heat the sludge.
The realized prototype, shown in Figure 9 and consisting of the sludge treatment device
(a), mixer (b), and sensors placed inside the tank, is insulated by a layer of polystyrene
to prevent heat loss. The sludge, coming from the sonication process, is mixed for about
30 min by a mixer operated by a special mechanical component, which is installed above
the tank as per the software design. Sensors to measure the mechanical strength of the
sludge (to derive the moisture content) were installed inside the treatment tank and placed
at the bottom, middle, and top of the tank, as demonstrated by the software analysis. In
addition, temperature sensors have been set up so that it is monitored during the heating of
the tank to dehydrate the sludge by decreasing its moisture content, allowing a maximum
temperature of 110 °C [67]. Finally, for safety benefits, an automatic pressure relief valve is
installed that can raise the internal device, allowing excess vapors to escape. The prototype
is equipped with a 3PM-0030 impeller agitator (PRO-DO-MIX® Srl Unipersonale), PAdova,
Italy) driven by an 18.5 kW three-phase AC motor that provides the necessary power to
operate the agitator under any operating condition. Figures 10 and 11 show, respectively,
a general and detailed view of the sludge structure before sonification treatment. In
Figure 10, a compact and dense structure is clearly observed, with a high viscosity that
prevents effective separation of the solid particles from the liquid matrix. This characteristic
is typical of raw sludge, in which the presence of particle aggregates and water retention are
significant. In Figure 11, a close analysis of the morphology of the sludge highlights a non-
uniform grain size distribution, with the presence of agglomerates of variable dimensions
and flocculent structures. The non-homogeneous nature of the particles, combined with
the presence of lumps and physical-chemical bonds between the components, confirms the
difficulty in the dewatering process of untreated sludge. Figure 12 shows the evolution of
the sludge structure during ultrasound treatment. The progressive disintegration of the
agglomerates is evident, accompanied by a reduction in the viscosity of the material.
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Figure 9. Details of the proposed prototype: (a) Sludge treatment device; (b) Wastewater treatment
mixer; (c) Mixer and Sensors placed inside the sludge treatment tank

Figure 10. Image of raw sludge before ultrasonic treatment. An aggregated and compact structure is
observed, a typical characteristic of untreated sludge, with particles of heterogeneous dimensions
and high viscosity.

Figure 11. Close-up view of the sludge morphology before sonification. The non-uniform distribution
of the particles and the presence of lumps indicate a slightly disintegrated state with a high tendency
to sedimentation.
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Figure 12. Distribution of sludge structure during ultrasonic treatment. A gradual disintegration
of the agglomerates and a reduction in viscosity are observed, indicative of the cavitational effect
induced by sonification, which facilitates the breaking of the particles and the release of intracellular
and extracellular materials.

10. Experimental Activity: Some Survey Results
10.1. On the Sonication Process

It is evident, as shown in Figure 13, that high electric currents rapidly stabilize the
average particle size, exhibiting a marked decrease of up to 55% in particle size at 1.6 W
(corresponding to a 60% amplification of the current), between the 20th and 25th minutes
of the sonication treatment. However, the reduction is not pronounced by halving the
power (corresponding to an amplification of 40% of the current), standing at 49% in the
same time interval. By further reducing the power (0.3 W), the size reduction is around
52% with but between the 30th and 45th minutes (corresponding to current amplification
of 20%). As for the ζ potential decreases if the negative surface charge does likewise,
providing a clear indication of the stability of the colloids present. As highlighted in Table 5,
starting from ζ = −11.8 mV, belonging to the usual range from −10 mV to −30 mV, it
showed, after sonication pretreatment, a slight fluctuation with a negative trend as the
percentage of applied electric current increased. Since the particles tend to repel each other
electrostatically in these cases, it is necessary to add flocculating chemical agents.

Figure 13. Particle size distribution over time at different amplifications.
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Table 5. ζ potential for sludge treated with ultrasound.

Amplification—Treatment Time Untreated 20%
(35 min)

40%
(25 min)

60%
(25 min)

ζ Potential (mV) −11.8 −12.2 −11.5 −9.62

Then, as is well known [68], the addition of Ca2+ and Mg2+ contributes significantly
to the flocculation process by neutralizing surface negative charges, as well as by creating
ionic bridges between negatively charged particles or between functional groups in the
polymer flocculants and the sludge particles by increasing [Ca2+] and [Mg2+] reduces the
electric double layer of the particles by decreasing electrostatic repulsion, increasing the
attractive van der Waals forces that promote aggregation. However, [Ca2+] and [Mg2+]
must be carefully controlled to avoid excess cations that cause very dense or unstable
floccules settling rapidly or difficult to separate.

Dispersion agents (non-superactive polymers or highly active substances) added to
sludge also prevent sedimentation by deflocculating solids by reducing their viscosity and
increasing the amount of dispersible powder material.

To achieve a stable dispersion (ζ potential greater than +30 mV or less than −30 mV),
we used the combined effect of Silcosperse HLD5 at 3% v/v, silicon-free high-performance
for water-based pigmented systems (total solids: 49.0–51.0%; active agent: 39.0–41.0%; pH:
7.0–9.0, with the ultrasound treatment (Table 6).

Table 6. ζ potential and conductivity for sludges containing a dispersing agent and treated with US.

Current Percentage
Treatment Time 20% (35 min) 40% (25 min) 60% (25 min) Silcosperse (%w/v) Conductivity

(mS/cm)

ζ potential (mV)
−12.3 −11.8 −11.5 −14.8 1.0 1.28
−11.1 −12.2 −12.1 −15.2 1.5 1.19
−12.5 −11.6 −12.3 −14.9 3.0 1.20

The results confirmed that the above combination of treatments produces stable
dispersion by improving the interaction between US and sludge. The additive allows the
sludge to become conductive. Since the additive allows the sludge to become conductive,
as its concentration increases, conductivity increases.

The effectiveness of sludge disintegration and solubilization was monitored by ob-
serving COD trends in the sludge supernatant.

10.2. On COD Values and Specific Gravity Reduction

Treatment of samples with US increases COD value, indicating a high content of
oxidizable organic material in the sample due to disintegration. COD is around 2012 mg/L
for untreated sludge, while 35 min of sonication increases to 2200 mg/L with ζ of 20%. If
we then perform a 25-minute sonication, COD is around 3534 mg/L with ζ of 40% and
3429 mg/L with ζ of 60%. As previously observed in batch experiments, treatment by
ultrasound increases COD value, indicating a high content of oxidizable organic material
in the sample due to the disintegration process. In the case of the pre-industrial prototype
test, a better efficiency of the disintegration process is noted in Table 7.

In the same frequency range, sonication tests were performed to evaluate the impact of
the treatment in the sludge drying phase. The disintegration process, induced by sonication,
fragments the sludge particles into smaller units, promoting steam migration to the surface
and reducing particle aggregation during the drying process. The results, shown in Table 8,
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show a slight reduction in specific gravity of between 1 and 2% compared to the untreated
and dried samples under identical experimental conditions (from 34.02 g to 34.01 g) due to
the reduced moisture content of the sonicated sample.

Table 7. COD absolute and percentage change obtained during the pretreatment phase carried
out in the laboratory with a sludge volume (sewage sludge) of 125 mL and during the use of the
pretreatment prototype industrial installed in the sewage treatment plant for the treatment of a sludge
volume equal to 8 L.

Test in Batch (V = 125 mL) Testing with Pre-Industrial
Prototype (V = 8 L)

COD—Initial (mg/L) 2000 66
COD—Final (mg/L) 3500 552

Variation (%) +75 +736

Table 8. Sludge drying test comparing untreated sludge and ultrasonically treated sludge
(60% amplification).

Sample Type Initial Weight (g) Weight Reduction (%)

Untreated sludge 37.52 9.32
Sludge treated with US (60% A) 38.04 10.61

10.3. On the Reduction of Sludge Weight

The results obtained during the measurement campaign showed a further percentage
reduction in sludge weight. Specifically, the sludge treated in the tank had an initial weight
of 38.05 g and a final weight of 33.52 g, resulting in a percentage reduction in weight of
11.91%. The samples were treated at about 105°C in the sludge treatment tank for 2 h
(see Figure 14). Comparing the initial and final weight data of the pretreated, US, and
tank-treated sludge, the trend shown in Figure 15 emerges.

Figure 14. Prototype of a sludge mixing tank. Sludge, once sonicated, is deposited in a conveyor
belt and fed into the prototype. Equipped with a temperature sensor and a humidity sensor, the
prototype mixing tank heats the already ultrasonically treated sludge, further reducing the amount
of water and consequently making it lighter.
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Figure 15. Untreated Sludge (Blue)—US (Orange)—Prototype Heat Source (Grey).

The trend shown indicates a slight decrease in the percentage of sludge weight reduc-
tion when using the prototype whose exclusive use results in higher energy consumption
than the joint use with US pretreatment. As shown in Figure 15, the combination of sonica-
tion with heat treatment leads to a significant reduction in the heating rate of the pretreated
sludge material.

10.4. On the Reduction of Water Content

Finally, the final water content of dry sludge was studied and analyzed, revealing that
sonication alone is inadequate for effective sludge conditioning, making it necessary to
combine with heat treatment by reducing the water content by 9%.

Remark 2. It is important to note that, in addition to evaluating the ζ potential and conductivity,
further sludge characteristics were analyzed to assess the treatment effects. Before sonification,
the sludge exhibited a compact morphology with a non-uniform particle distribution and cohesive
agglomerates, as shown in Figures 10 and 11. During ultrasound treatment, the cavitational effect
progressively disintegrated these structures, facilitating the release of intracellular and extracellular
materials (Figure 12). The increase in chemical oxygen demand (COD) observed during sonification
indicates enhanced bioavailability of organic components and improved biodegradability, beneficial
for subsequent biological processes. Additionally, the combination of sonification and thermal
treatment led to a moisture content reduction, resulting in an 11–12% decrease in sludge weight, as
highlighted in Figure 12. These findings confirm the process’s effectiveness in improving sludge
manageability and its suitability for agricultural applications.

11. Comparison with Some Known Scenarios in Literature
The following simplifications have been considered in our numerical implementation.

First, we have not considered some microflows (polymer thickening and dehydration).
On the contrary, we considered it appropriate to include both nitrogen dioxide and sulfur
dioxide emissions in the combined heat and power production.

Analysis and Optimization of Nutrient and Energy Recovery from Sludge: Comparison of
Composting and Anaerobic Digestion

The scenarios studied in [69,70] assumed that all digested compounds and products
would be used as fertilizers or soil conditioners for agricultural purposes to calculate the
maximum nutrient recovery and energy recovery efficiency. Four processes were selected
in combination for composting and soil application: thickening, dewatering, composting,
and soil application. After pretreatment, the dewatered sludge is started for composting,
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requiring a 50% reduction in sludge weight, about 645 kg of reaction oxygen, and a total of
1975 kg of wood chips as filling agent, including 395 kg of raw chips and 1580 recycled chips.
In combination with anaerobic digestion, land application, and cogeneration, there are five
processes: dewatering, anaerobic digestion, digestion, land application, and cogeneration.
According to the first method, raw sludge undergoes pretreatment, reducing the weight of
expanded sludge by 1/3 with considerable water expenditure. Next, the sludge is subjected
to anaerobic digestion, yielding two main products: 98.6% raw digestate and 1.4% biogas.
The sludge output possesses the characteristics shown in Table 9.

Table 9. Characterization of the sludge processed and leaving the plant.

Heavy Metals
[mg/Kg] Sludge Analysis Heavy Metals

[mg/Kg] Sludge Analysis

Copper 217–247 Zinc 203–357
Cadmium <1 Mercury <1

Lead 24–43 Nickel 17–30

Classifying the treated sludge, as opposed to the incoming sludge, allows it to be
used in the agricultural sector because it meets the parameters required by current regu-
lations. The raw digestate undergoes further dewatering, and the resulting by-products
are transported and spread on agricultural land. At the same time, the generated biogas is
directed to a cogeneration plant for energy recovery [71]. The fusion of anaerobic digestion,
land application, and biogas involves six processes, of which the first four mirror those of
the second method presented. The unique feature lies in the treatment of biogas carried
out by this method through the purification of biogas and the subsequent utilization of
energy. About 41.3% of the biogas is transformed into biomethane, while 48.7% of the
CO2 is removed. The theoretically required amount of oxygen for the combustion of 41.3%
biomethane is four times higher [72]. The disintegration process can be achieved ther-
mally (at 170–190 °C for 30–60 min), resulting in substantial solubilization along with a
transformation of the sludge characteristics. This leads to a significant improvement in
filterability and a reduction in pathogens [73]. Literature methods indicate that the product
of the former method boasts the highest relative nutrient recovery efficiency due to its small
volume and low water content compared to digestate. However, composting is constrained
by its inherent limitations in that it cannot harness the energy content of sludge, making its
energy contribution negligible. This represents a significant disadvantage of composting.
The performance of anaerobic digestion is more complete, although its relative nutrient
recovery efficiency is lower than that of composting. Compared with composting technol-
ogy, anaerobic digestion is more energy efficient and has less environmental impact. The
latter methodology shares a similar energy recovery efficiency as the former but exceeds
it in environmental impact. Therefore, from an overall perspective, the combination of
anaerobic digestion, agricultural application, and cogeneration should be considered the
most optimal. However, all methods presented require intensive electricity consumption.
Contrary to the literature’s findings, the research demonstrates both effective sludge weight
reduction and reasonable energy consumption. Conventional systems suffer energy losses
due to frictional heat, especially with high-pressure pumps and blade mixers that create
turbulence during processing. These turbulences lead to friction between the liquid parti-
cles and the vibrating parts of the equipment, converting the input energy into frictional
heating, which is lost and does not contribute to the dispersion effects. The stronger the
cavitation forces that exert stress on the particles, the less energy is required for effective
dispersion [74]. Finally, the sludge mixer, designed to reduce the water content in the
sludge further, operates based on energy-harvesting techniques [75,76]. It is worth noting
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that the results obtained meet all normative requirements (UNI EN 13657:2004+ UNI EN
ISO 11885:2009 method; UNI 10802-04, UNI 12457-2:04, and UNI EN ISO 11885:09 methods;
UNI EN 13657:2004 and UNI EN ISO 11885:2009 methods). Scrupulous adherence to the
mentioned standards ensures that the procedures adopted are reliable and consistent with
the reference standards, confirming the quality and reliability of the analyses performed.

12. Conclusions
This study introduced an innovative approach for sewage sludge treatment, combin-

ing ultrasonic and thermal treatments to optimize sludge management for agricultural
purposes. The results demonstrated significant improvements in treatment efficiency, with
several key advantages summarized below:

• Reduction of moisture content and improved stability: The ultrasonic treatment,
combined with thermal techniques, achieved a moisture content reduction of up to
20%. This improvement enhanced material stability, making it more suitable for
agricultural use or further processing.

• Increased energy efficiency: Compared to traditional methods, the proposed protocol
reduced energy consumption by up to 60%, demonstrating that ultrasonic techniques
can offer a cost-effective and environmentally sustainable solution for sludge treatment.

• Environmental benefits: The method significantly reduced greenhouse gas emissions,
human toxicity, and fossil fuel consumption, aligning the process with principles of
circular economy and environmental sustainability.

• Validation at scale and practical applicability: The protocol was validated both in
laboratory and real-plant settings, confirming its feasibility for large-scale implementa-
tion in wastewater treatment systems. The proposed methodology adapts to industrial
contexts without requiring costly structural interventions.

In addition to these direct benefits, the study highlighted the effectiveness of the
developed mathematical model, which integrates information on temperature, humidity,
and pressure to optimize operational parameters. This approach enables scientifically
supported treatment management, reducing operational costs and improving the quality
of the final product. Despite the promising results, the study identified some limitations,
including the need to improve the prototype’s reliability during operation and address
some energy efficiency issues. Future developments will focus on refining the prototype,
testing processes on different types of sludge, and implementing advanced monitoring
systems based on soft computing technologies to ensure continuous control of the treated
material composition. In summary, the presented work addresses existing gaps in the
literature, providing an innovative and sustainable solution for sewage sludge treatment.
This study offers a solid foundation for further developments and applications in the
wastewater treatment sector.
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